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Abstract: We study a continued fraction X(7) of order six by using the modular function theory. We first prove
the modularity of X(7), and then we obtain the modular equation of X(7) of level n for any positive integer n;
this includes the result of Vasuki et al. forn = 2, 3, 5, 7 and 11. As examples, we present the explicit modular
equation of level p for all primes p less than 19. We also prove that the ray class field modulo 6 over an
imaginary quadratic field K can be obtained by the value X?(t). Furthermore, we show that the value 1/X(t)
is an algebraic integer, and we present an explicit procedure for evaluating the values of X(t) for infinitely
many 7’s in K.
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1 Introduction

A continued fraction X(t) of order six is defined as the quotient of mock theta functions

(S (-q; Z)n n%+2n o0 n?
Ko =at (Z q(;";q‘(‘])n >/(Z_; (ngz)n>

n=0

where 7 € §, § is the complex upper half plane, g := e*™" and (a; g)n = [[},(1 - ag/™"). This was studied by
Vasuki et al.[10], and they expressed X(7) by an infinite product

B o
X0 -0 1 =g g

Other types of Ramanujan continued fractions have been studied before. One of these is a continued
fraction of order twelve U(1), defined by

q(1-q)

¢1-g)1-4g%
’1-¢%)(1-4¢")
- +gD)+

U(r) :=

1-¢g3+
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Mahadeva Naika et al. [8] found the infinite product form of U(7):

oo (1 _ 12"-1)(1 _ 12n—11)
U(r) = QH a _qq12n75)(1 _len#)
n=1

and the modular equations of levels 3 and 5 by theory of hypergeometric series. Moreover, they evaluated
U(t) at T = i/m for several rational numbers m. For examples,

2
U («—3) _ V/-108+108v2 - v/12+1272
2 v/-108 + 108V/2 + V/12 + 122

and

U (ﬁ) _ V1265 +72V15- 1623 -279 - 1
2 V/1261/5 + 72115 - 1624/3 - 279 + 1
This follows from the fact that U(7) is a generator of the function field on I';(12) and a singular value U(7) is
an algebraic unit for any imaginary quadratic quantity 7. This value U(7) is also contained in some ray class
field over an imaginary quadratic field; this is proved by the authors [7].

Vasuki et al. studied X(7) using the identities of theta functions [10]. They obtained the modular equations
of X(1) of levels 2, 3, 5,7 and 11 [10, Theorem 2.1-2.5]. However, there is no result on evaluating X(7) at an
imaginary quadratic number 7 and generating a class field over an imaginary quadratic field.

The goal of this paper is to study a continued fraction X(7) of order six by using the modular function
theory. We first prove the modularity of X(7) in Theorem 3.1, and then we find the modular equations of X(7)
of level n for any positive integer n in Theorem 3.2. Table 1 shows the exact modular equations of X(r) of
levels 2,3,5,7,11, 13, 17 and 19; this result includes the result of Vasuki et al. in [10, Theorems 2.1-2.5] for
n = 2,3,5,7 and 11. We show that the ray class field modulo 6 over an imaginary quadratic field K can
be obtained by the value X?(r) (Theorem 4.1 and Corollary 4.5). We also show that the value 1/X(r) is an
algebraic integer contained in a certain number field (Theorem 4.2). Furthermore, we find an explicit relation
between X(7) and C(t), where C(7), called Ramanujan’s cubic continued fraction, will be defined in (4.1). We
can evaluate the values X(6) at infinitely many 0’s by using such a relation (Theorem 4.3). Examples of (2)
and (3) of Theorem 4.3 are presented in Examples 4.8 and 4.10. We use MAPLE program to find the modular
equations and examples.

2 Preliminaries

We begin with some definitions and properties regarding the theory of modular functions. Let I'(1) = SL,(Z)
be the full modular group. For any positive integer N, the congruence subgroups I'(N), I'1(N), I'*(N), I'o(N)
and I'°(N) of I'(1) consist of matrices (@ 2) congruent to (39), (37), (}9), (5+) and (% ?) modulo N,
respectively. Let " = $ U QU {oo} , where ) is the complex upper half plane {7 € C : Im(t) > 0}.

A congruence subgroup I acts on " by v(7) = (at + b)/(ct + d) for v € I'. Then the quotient space I'\$)"
is a compact Riemann surface with an appropriate complex structure. One can identify v with its action on
$". We call an element s € Q U {oo} a cusp. If there exists v € I' such that v(s;) = s;, then we say that two
cusps s1 and s, are equivalent under I'. We also call the equivalence class of such s a cusp. We note that there
exist at most finitely many inequivalent cusps of I'. For any cusp s of I', there exists an element p of SL;(Z)

such that p(s) = oc. Let h be the smallest positive integer satisfying

p! (é }11) p e {#1}-T, 1)



204 —— Y.LleeandY.K.Park DE GRUYTER

and we call h the width of s. One can easily check that the width h of s depends only on the equivalence class
of s under I', and it is independent of the choice of p.

We call a C-valued function f(t) a modular function on a congruence subgroup I if f(7) satisfies the
following three conditions:
1. f(t) is meromorphic on §).
2. f(7)isinvariant under I', in other words, (f o v)(1) = f(r) forall y € I
3. f(t) is meromorphic at all cusps of I'.
More precisely, the last condition means the following: for a cusp s of I', let h be the width of s and p be an
element of SL,(Z) such that p(s) = oo by (2.1). We thus have

(Fop™)(r+h) = (fop‘1 ((1) ’1’> p) (') = (Fop™) (@),

and so f o p~! has a Laurent series expansion in g;, = e2™"" and (f o p™1)(1) = > nsne Anqy With an, # 0 for
some integer ngy. We call ng the order of f(1) at the cusp s and write ny = ordsf(7). We say that f(7) has a zero
(respectively, a pole) at s if ordsf(7) is positive (respectively, negative). Moreover, a modular function f(7) is
holomorphic on $" if f(r) is holomorphic on $ and ordsf() = 0 for all cusp s. We may identify a modular
function on I with a meromorphic function on the compact Riemann surface I'\ $". Any holomorphic modular
function on I' is constant.

Let Ao(I) be the field of all modular functions on I, and let A¢(I')g be the subfield of A¢(I') consisting
of all modular functions f(7) whose Fourier coefficients belong to Q. One can identify Ao(I') with the field
C(I'\$") of all meromorphic functions on the compact Riemann surface I'\$". Note that if f(1) € Ao(I) is
nonconstant, then the extension degree [Aq(I') : C(f(7))] is finite and it is the total degree of poles of f(7). In
this paper we consider the modular functions with neither zeros nor poles on $), and so the total degree of
poles of f(1) is — )", ordsf(7), where the summation runs over all the inequivalent cusps s at which f(r) has
poles.

The Klein form is a main tool for obtaining our main theorems. The Weierstrass o-function is defined by
L) REAWE 2k
o(z;L) :=z H (1 w)e 2\w)
weL-{0}
where L is a lattice in C and z € C. The Weierstrass {-function is also defined by the logarithmic derivative of

o(z; L) as follows:
). 9&D _1 1 1,2
§zs 1) = ozl z Z (z—w ot w2> :
weLl-{0}

We notice that o(z; L) is holomorphic with only simple zeros at every lattice point w € L and {(z;L) is
meromorphic with only simple poles at every lattice point w € L. Moreover, it is easily checked that
0(Az; AL) = Ao(z; L) and {(Az; AL) = A"1{(z; L) for any A € C*. The Weierstrass p-function p(z; L) is defined by

olz; L) = -{'(z;L) = le + Z <(z _1w)2 _ %) .
weL-{0}

Since p(z + w; L) = p(z; L) and %[((Z +w; L) =0foranyw € L, {(z+ w; L) - {(z; L) depends only on a lattice
point w € L and not on z € C. Hence we may let

n(w; L) :={(z+w;L)-{(z;L)
for w € L. Fixing the basis {w;, w,} for L = Zw; + Zw,, define the Weierstrass n-function by
n(z; L) := ain(ws; L) + axn(wy; L)

forz = a;w; + a,w; € Cand ay, a; € R. By using the fact that n(z; L) does not depend on the choice of the
basis {w1, w>}, n(z; L) is well-defined and n(rz; L) = rn(z; L) forany r € R.
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Now we define the Klein form by
K(z; L) := e M&DZ25(2, 1)

and
Ko(t) = K(a11 + ax; Z1 + 7),

where a = (ai1,a,) € R?. We note that K,(7) is holomorphic and nonvanishing on § if a € R? - Z2.
Furthermore, K(7) is homogeneous of degree 1, that is, K(Az; AL) = AK(z; L).

Let v = (‘C’ Z) € SLy(Z) and a = (a;, a;) € R?. The Klein form K, satisfies the following properties
(K0)-(K5):
(KO) K-4(7) = -Ka(7).
(K1) Ka(yT) = (cT + d)  Kary (7).
(K2) For b = (b1, b,) € Z?, we have that

Kq.6(1) = €(a, b)Ka(7),

where S(Cl, [l) _ (_1)b1bz+b1+b2 eni(bzal—blaz)'

(K3) For a = (r/N, s/N) = (1/N)Z? - Z? and v € I'(N) with an integer N > 1, we obtain that
Ka(y7) = £a(y)(cT + d) ' Ka(7),

where eq(7) = _(_1)((a—1)r+cs+N)(br+(d—1)s+N)/NZ eni(brz+(d—a)rs—csz)/Nz.

(K4) Let T € $), z = a1T+a> witha = (a1, a2) € Q%> -7Z2,and let ¢ = e?™7 and g, = e2™7 = ¢?7i%22Ma1T Then

_ _L miay(a1-1) jai(a-1)/2¢q _ — (1-4g"q)(1- CI"CIEl)
Ka(1) = -5 e q a qz)}_[1 teroL

and ordgKq(7) = (a1)((ay) - 1)/2, where (a;) is a rational number such that O < {(a;) < 1 witha; - (a;) €
Z.

(K5) Let f(1) =], K™9(7) be a finite product of Klein forms with m(a) € Zand a = (r/N, s/N) = (1/N)Z2-7?
foraninteger N > 1,andletk=-3%" m(a). Then f(r) is a modular form of weight k on I'(N) if and only if

Som@rr =Y m@s* =3, m(@rs=0 (mod N) if N is odd,
Som@rr =Y m@s*=0 (mod 2N),>, m(@)rs=0 (mod N) if N is even.

We can refer to [6] for more details on Klein forms.

Consider the modular function on I = I'o(N1)NT°(N,) N1 (N3)NTY(N,)NIT(Ns). Let N = lem(N3, Ny, Ns),
m = lem(Ny, N3, Ns)lem(N, N4, N5)/N and § = (lcm(NgNa,Ns) <1>). Then B~1I'8 = I'1(N) N I'o(mN), which

contains (3 1).Forf € Ao(Iand vy € I', we have f o 8 € Ao(BITB) = Ap(I'1(N) N I',(mN)) because
(foB)o(B B =forB=fop.

Since the width of oo is 1 on I'1 (N) N I'o(mN), (f o B)(7) has the Fourier expansion ), ., anq". It means that
f o B is easier to treat than f.

The last thing that we need to discuss is some information on cusps of congruence subgroup
I'1(N) n TI'o(mN). For positive integers N and m, let I' = TI1(N) N I'o(mN). When INI'(1)/T(1)ee =
{rI (e, ..., gl (1)}, the set {1(c0), ..., v5(e0)} is a set of all inequivalent cusps of I such that ;(co)
and ~;j(eo) are not equivalent under I' for any distinct i and j. Consider the set

M= {(e,d e (z/mNz)*: (e, d) = 1} .
In fact, (¢, d) = 1 if and only if (¢, d, mN) = 1. Moreover, we define the subgroup A of (Z/ mNZ)X

A= {s(L+NK) € (Z/mNZ)" ik =0,...,m-1}.
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If there exists S € A and 11 € Z/mNZ satisfying
¢;=5-ciandd; =5-dy +n-¢cq,
we define an equivalence relation ~ on M by (¢1,d1) ~ (¢3, d,) for (¢1, d1), (€2, d,) € M. Hence, a map

¢ : I\I(1)/T(1)es — M/ ~by ¢(I' (415)) = [(c, d)] is well-defined and bijective. Now we have the following
lemma.

Lemma 2.1. Supposethata,c,a’,c’ € Zand (a,c) = (a’, c’) = 1. Consider +1/0 as oo. Then with the notation
A as before, a/c and a’|c’ are equivalent under I'y(N) N To(mN) if and only if there exist s € A C (Z/mNZ)*
and n € Z such that (‘é’) = (E’lgg"C) (mod mN).

For a positive divisor x of mN, let TIx s : (Z/mNZ)* — (Z/xZ)* be the natural surjective homomorphism.
For a positive divisor ¢ of mN, let sc Lo ,ﬂ € (Z/(mN/c)Z)* be all the distinct coset representatives
of ,n/c(4) in (Z/(mN/c)Z)*, where nc = ¢(mN/c)/|nmN/c(A)\ and ¢ is the Euler’s ¢p-function. Then we take
Sc,i € (Z/mNZ)* such that 7,/ (Sc,1) = s ; forany i = 1,..., nc, and let

Sc 1= {ﬁ,...,me (Z/mNZ)"} .

For a positive divisor ¢ of mN, let a’. , e1re- 0 dem. € (Z/cZ)" be all distinct coset representatives of
(A N ker(mmyy ) C (Z/cZ), where me = ¢(c)/|mc(A N ker(my,n )| = ¢(c) « |y (D] |7, (4)] and

co = mN/(c,mN/c). We take a@.; € (Z/mNZ)* such that nc(a.;) = fj foranyj = 1,..., mc. Moreover,
one can choose a representative a. j of @ ; such that 0 < a1, ..., ac,m. < mN and (ac,,-, mN) = 1, and let
Ac = {aC’]_, ceey acymc} .

We then have a set of inequivalent cusps by using the sets S and A¢ for 0 < ¢ | mN.
Lemma 2.2. With the notation as above, let
S:= {(E-@,@) € (Z/mNZ)? :0<c| mN,s.; € Sc,acj € Ac}.

For given (C - 5. ,d.;) € S, we can take x,y € Z such that (x,y) = 1,X = ¢-5.;andy = da.; because
(c+S¢,i» ac,j, mN) = 1. Thenthe set of y/x with such x and y is a set of all the inequivalent cusps of 't (N)NI'o(mN)
and the number of such cusps is

Sl= > neeme= Y PAp(mN/c)

e, (A
0<c|mN 0<c|mN ‘ CO( )|

where co = mN/(c, mN/c).
The following lemma gives us the width of each cusp of I'1 (N) N I'y(mN).

Lemma 2.3. Consider +1/0 as oo. Let a/c be a cusp of I' = I'1(N) N I'o(mN), where a,c € Z and (a, c) = 1.
Then the width h of a cusp a/c inT\$)" is given by

ho m/(c?/4, m) ifN=4,(m,2)=1and (c,4) =2
") mN/(c,N) - (m, c2/(c, N)) otherwise.

The proofs of Lemmas 2.1, 2.2 and 2.3 are given in [3, Lemma 1-3].

3 A continued fraction X(7) of order six

In this section we prove the existence of a modular equation of X(7) (Theorem 3.2) for any level by showing
the modularity of X(7) (Theorem 3.1). The followings are parts of our main results.



DE GRUYTER Modular equations of a continued fraction of order six =—— 207

Theorem 3.1. 1. The function field generated by X*(t) over C is the field of modular functions on I'1 (6)NI°(2).
2. X(1) is a modular function on (I'1(12) N I°(4), (£ 9), (¢ ).

Theorem 3.2. For any positive integer n, one can find a modular equation Fn(x, y) of X(1) of level n.

We note that .

K6 i6)(T)
1/6,16)
X@) =G ]]
io Kesejie(1)

as the finite product of Klein forms by (K4) with {y = e*™/V,

Proof of Theorem 3.1. (1)
Note that
C((@) = Ao(I) = CYWD) =40 (§9) 7 T(49))

where I' is a congruence subgroup of genus zero, f(1) is a modular function on I', and N is a positive integer.
It is thus sufficient to prove that
C(X*(21)) = Ao(T0(12)). 3.1

By (K5), X?(7) is a modular function on I'(6). Since X?(7 + 2) = X?(1), X*(7) is a modular function
on (I'(6), (42)) = I'1(6) N I°(2). Furthermore, X*(27) is a modular function on (3 (1))71 - (r(6)Nre(2)) -
(239) = I'(6) N Io(12). In other words, X*(21) € Ao(I'1(6) N Ix(12)) = Ao(I'o(12)) by using the fact that
(I'1(6) N Io(12)) - {£I} = Tx(12).

There are six inequivalent cusps on I'x(12), and we observe the behaviour of X?(27) at each cusp from
the following table.

cusps || oo [0 |1/2]1/3]1/4 ] 1/6
ordsX?2) [ 1 [0 o | 0o | -1 ] O

We note that the degree d = [Ao(I'o(12)) : C(X2(21))] of the field extensions is the total degree of poles.
Let Sr,(12) = {°=,0,1/2,1/3,1/4, 1/6} be the set of inequivalent cusps on I'7(12). Since

d=- Y ordsX*(27) = —ord; , X*(27) = 1,
SESFO(H)

ord, x%(21)<0

we conclude that A¢(I'n(12)) = C(X%(21)).
(2) By (K5), X(7) is a modular function on I'(12). From (K1) and (K2), one can check that

01

Xo (2 (1’) () = X(1)

Xo <1 4) (1) = X(t + 4) = X(1),

and
Xo <‘67 ‘56> (1) = X(1).
Hence X(r) is a modular function on I", where I' := (I'(12),(3%),(:9)., (¥ ¥)) = (1(12) n

ro@, (%), (4 9
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SRR

for~ € I'', we have that X(27) is invariant under the action of I’ = (3 (1’)_1 9= (r1(12)nre(2), (352N
We denote I' = I'/ {+I} (respectively, I' = I' ) if -I € I (respectively, if -I ¢ I') for any I' € SL,(Z). Since
[[5(12) : [1(12) N T°(2)] = 4 and I';(12) N I°(2) c I'"" ¢ I'x(12), we obtain that [[o(12) : "] = 2.

Assume that there exists a congruence subgroup I'y such that Ay(I'x) = C(X(1)), i.e., the genus of the
field of modular functions is zero. Then the congruence subgroup I'y corresponding to X(27) is also of genus
zero. Moreover, I C I'y and [Ix(12) : FT(] = 2 by Theorem 3.1 (1). Unfortunately, it dose not guarantee that
the genus of I’ is zero. That is the reason why we need to use X?() or X?(27) instead of X(7).

Remark 3.3. Since

For convenience, we fix that
1

T X2Q21)
The following lemma shows the existence of an affine plain model, so-called modular equation.

f()

Lemma 3.4. Let n be a positive integer. Then we have
Q(f (1), f(n1)) = Ao(I'o(12n))g.

Proof. By Theorem 3.1 (2), Q(f(7)) = Ao(I'0(12))g. Clearly, f(1) € Ao(I'0(12n))q since I'n(12) > Io(12n). For
B=(39), wegetIo(12) N B To(12)B = I'b(12n) and f(n7) = (f o f)(1) € Ao(B ' I0(12)B)g C Ao(I'o(12n))q.
It is thus sufficient to show that Q(f(7), f(nt)) > Ao(I'0(12n))g. We take M; € I'y(12) and write

F0(12) = U; (F0(12n) . M,) (32)

as a disjoint union.
We claim that all functions f o § o M; are distinct. Suppose that

foBoMij=foBoMy

for i and i’ with i # i’. Then f o My M;*B! = f and BMy M;' B! € Q" - I'p(12). We get My M;' € I'o(12n)
because Ml-/Ml-‘1 € Bry(12)B and M;, M; € I'9(12); but, this is a contradiction to (3.2). Consequently, f(7)
and (f o B)(1) = f(nT) generate Ay(I'o(12n)). O

By the table in the proof of Theorem 3.1 (2), f(7) has a simple pole at o and a simple zero at 1/4 as a modular
function on I'x(12). Next, we investigate the behaviour of f at all cusps s € Q U {eo}.

Lemma3.5. Leta,c,a’,c’ € Zand f(t) = 1/X*(27). Then we obtain the following assertions:

1. f(t) has apole at a/c € QU {oo} with (a, ¢) = 1 ifand only if (a, c) = 1 and c = 0 (mod 12).

2. f(nt) has a pole at a’' /¢’ € QU {oo} if and only if there exist a, ¢ € Z such that a/c = na’/c’, (a,c) = 1
and ¢ = 0 (mod 12).

3. f(r)hasazeroata/c € QU {oo} ifand only if (a, c) = 1 and ¢ = +4 (mod 12).

4. f(nt) has a pole at a’/c' € Q U {oo} if and only if there exist a, ¢ € Z such that a/c = na’/c’, (a,c) = 1
and ¢ = #4 (mod 12).

Proof. We know that f(7) has the only simple pole at a/c € Q U {oo} if and only if there exists s € A =
(z/ 1ZZ)X with (¢) = (§) (mod 12) by Lemma 2.1. This proves (1) and (2).

To prove (3) and (4), it is enough to find the condition for a/c € Q U {co} to be equivalent to 1/4 under
I'x(12). By using Lemma 2.1 again, (%) = (5'14%4") (mod 12) fors € (Z/lzz)x and n € Z. Hence, ¢ should
be congruent to +4 (mod 12) and (a, ¢) = 1. O
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We denote d; (respectively, dn) by the total degree of poles of f(t) (respectively, f(n)). Then there exists a
polynomial Fy(x, y) such that

Fal,y) = Y Cix'y € QIX, V]

O<izdy
Osgjsd;

and Fa(f(1), f(n1)) = 0. Ishida-Ishii [5] proved the following lemma using the theory of algebraic functions.
This is useful when we check which coefficients C; ; of I (x, y) are zero.

Lemma 3.6. For any congruence subgroup I, let f1(1) and f>(1) be nonconstant such that C(f,(1)), f>(1)) =
Ao(I) with the total degree D; of poles of f;(t) for j = 1, 2, and let

Fo,y)= > Cix'y € Clx,y]
0<i<D,
0<j<D;
be such that F(f(1), f>(1)) = 0. Let Sy be a set of all the inequivalent cusps of I', and let
Sj,0 = {s € Sr : fj(1) has zeros at s }

and
Sj,e0 = {S € Sr : f;(1) has poles at s}

forj=1,2.Let
a=- Z ordsf1(1), b = Z ordsf1(1).
SES1,6MNS20 $€S81,0NS2,0

We assume that a (respectively, b) is 0 if S1 .. N S2,0 (respectively, S1,0 N S2,0) is empty. Then we obtain the
following assertions:
1. Cp,,q # 0. Inaddition, if Sy ec C S2,00 U S2,0, then Cp, ; =0 foranyj # a.
2. Co,p # 0.Inaddition, if S1,0 C S2,.0 U S2,0, then Cy j = 0 for any j # b.
3. C,',D1 = OfOTO <i< |Sl,0 n Sz,oo|, D, - |51’°<, n Sz,oo| <i<D,.
4, Ci,O =0forO<i< |Sl,0 n Sz,o‘, D, - ‘Slym N 52,0| <i<D,.

If we interchange the roles of f1(1) and f>(t), then we may have more properties similar to (1)-(4). Suppose

that there existr ¢ R and N, n1, n, € Z with N > 0 such that

f}‘(T +7) = eZnin;/ij(T)

forj =1, 2. Then we get the following assertion:
5. Ifnqi+nyj # niD; + npa (mod N), then C; j = 0. Here note that nyb = n1D, + nya (mod N).

Proof. See [5, Lemma 3 and 6]. O

Proof of Theorem 3.2. 1f C(f,(1), f>(1)) is the field of all modular functions on some congruence subgroup
for which f1(r) and f,(7) are nonconstant, then the extension degree [C(f1 (1), f2(7)) : C(fj(1))] is equal to the
total degree d; of poles of f; (j = 1, 2). Hence we get the polynomial @(x,y) € C[x, y] such that @(f; (1), y)
(respectively, @(x, f>(1))) is a minimal polynomial of f,(1) (respectively, f1(1)) over C(f1(t)) (respectively,
C(f2(1))). Let f1(1) = f(1) and f,(1) = f(nT). By Lemma 3.6, for any positive integer n we obtain a polynomial
Fn(x,y) € Qlx, y] such that Fn(f(7), f(n7)) = O with deg, Fn(x,y) = d, and deg, Fn(x,y) = d; since the
g-expansion of f(r) has only rational coefficients. Hence we get F,(1/X%(t), 1/X*(nt)) = 0 by substituting
(1) = 1/X%(27). Let

be a polynomial with Fn(X(1), X(n1)) = 0. By factorizing this, we can choose only one irreducible factor
Fn(x,y) € Z[x, y] satisfying F,(X(1), X(n1)) = 0. In detail, by replacing x (respectively, y) by the g-expansion
of X(1) (respectively, X(nT)) in each irreducible factor of Fy(x, y), one of the irreducible factors of Fn(x, y)
can be written as 0(g") for a suitable integer N; then we denote such an irreducible factor by Fx(x, y). Thus,
Fn(x, y) is the modular equation of X(7) of level n for a positive integer n. O
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Using Lemma 3.6, we obtain the modular equations of f(7) of levels 2 and 3 as follows.

Theorem 3.7. The modular equations of X(t) of levels 2 and 3 are found as follows:

1. (Modular equation of level 2)
1-X%(271)

4y _ 32
X(1)=X (ZT)l +3X2(21)’

2. (Modular equation of level 3)

X>(1) - X(371) + 3X(1)X2(37) - 3X*(1)X>(31) = 0.

Proof. (1) By Lemma 3.4, Q(f(1), f(27)) = Ao(I'0(24))g. We may write the set Sy () of inequivalent cusps as

By Lemma 3.5 and the property (K4) of the Klein form, with considering the width at each cusp,
ord, ;,f(1) = ord, ;3f (1) = 1 and ord; 1,f(7) = ordeof (1) = -1

and
ord;/sf(27) = 2 and ord=f(27) = -2.
In other words, both of the total degrees of poles of f(7) and f(27) are 2, and there exists a polynomial F, (x, y)
satisfying F>(f (1), f(21)) = 0. Let
sz(X, Y) = Z Ci,}'Xiyj.
0<i,j<2

Since the set of poles of (1) and the set of zeros of f(27) are disjoint, we may assume that C,,0 = 1. By
substituting x = f(7) and y = f(27) to F,(x, y),

Fr(x,y) = x> =X’y +y* + 3y

because all coefficients of g-expansion of F> (f (1), f(27)) should be zero. Consider the polynomial F>(x, y) =
X4 F,(1/x%, 1/y%) = 3x*y? + x* + y* - y2. Since F,(x, y) is irreducible, we get that

X221)(1 - X2(21)
1+3X2(21)

X'(1) =
(2) Note that

Q(f(7), f(31)) = Ao(T0(36))g

and

where Sp (3¢) is the set of all inequivalent cusps of I'4(36). For s € Sp(3¢)»

-1 ifs e {1/12,5/12, 00},
> 0 otherwise

ordsf (1) = {

and
-3 ifs = oo,
> 0 otherwise.

ordsf(31) = {
So we may write the modular equation of f(7) of level 3 as

F3(x,y) = Z Ci X'y
0si,j<3
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Moreover, the only zero of f(31) is 1/12, and there is no cusp s at which both f(7) and f(371) vanish
simultaneously. This means that we may assume that Co 3 = 1 by Lemma 3.6 (2). By substituting g-expansions
of f(t) and f(37) to X and Y in F3(x, y), respectively, we get

F3(x,y) = y> - 9x + 6xy* + 3x°y - X°y?

and
~ 1 1
F3(x,y) :=x%y* x I3 (Xj, yj)

=03 +y+3xy% + 32203 -y + 3xy? - 3x2X0). (3.3)

We note that x> + y + 3xy? + 3x2y3 = 2¢3/* + - .. by substituting x = X(t) and y = X(37), so we take the other
factor of (3.3) as the modular equation of X(7); thus,

F3(x,y) = X -y+ 3xy2 - 3x2y3

and
X’(1) - X(37) + 3X(0)X?(37) - 3X2(1)X>(31) = 0.

The following theorem is useful for finding the modular equations of f(1) and X(7).

Theorem 3.8. With the notation as above, let p be a prime = 5. Then the modular equation Fp(x,y) =
ZOsi,jsp+1 Ci,jxiyj € QIx, y] of f(7) = 1/X?(27) satisfies the following conditions:

1. Cpi1,0#0,Cops1 #0,

2. Cipi1=0,Cpi1;=0G=1,...,p+1),

3. C]-,0=O,C0,j=0(j=0,...,p).

Proof. Assume that p > 5 is a prime. We may take the set S, (1,,,) of inequivalent cusps on I'4(12p) as follows:

3 Jeopot 111 1°1 1 1 1
Fo(lzp)_ ’ ’2’3’4,6, 12’p; 2p’3p,4p,6p .

Considerccand Oas 1/12p and 1/1 respectively. By Lemma 2.3, the width h; . of thecusp 1/cis 12p/(12p, c?)
for a divisor c of 12p. Hence

ord;1,f(1) = -p, ordeof (1) = -1, ord,;;,f(p7) = -1, and ord=f(p7) = —p.

So we obtain the modular equation F,(x, y) of f(1) of level p:

Foluy)= > Ciyx'y.
Osi,jsp+1

Let f1(1) = f(r) and f>(1) = f(p1). Using the notation in Lemma 3.6,

a=0andb = Z ordfi(r)=p+1

Sesl,oﬂSz,o
because S1,0 = Sz,0 = {1/4, 1/4p}. Therefore, we get (1) because
Cp+1,0 = Cps1,a #0and Co pi1 = Co p # 0.

Moreover,

Cps1,j=0 forj+#0,
Coj=0 forj#p+1.
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By switching the roles of f(7) and f(p7), let f1(1) = f(pT), fo(1) = f(7) and

F;J(X, y) = Z C:’]le]
Osi,jsp+1

satisfying Fp,(f(p7), f(1)) = 0. By using Lemma 3.6 again, we get

Cjpe1 = C1/g+1,j =0 forj#0,
Cio=C5;=0 forj#p+1.

O

In [10], Vasuki et al. computed the modular equations of X(r) of levels 2, 3, 5, 7 and 11, where they used
different methods for each level. They did not present the general method for getting the modular equation
of higher levels. We can get the modular equation of any integer level. The following table, which can be
computed by Theorem 3.2, shows the modular equations of levels 2, 3,5, 7,11, 13,17 and 19.

Since f(t) is a generator of a field of modular functions on congruence subgroup with genus zero, its
modular equation has similar properties to the modular equation of the classical elliptic modular function
j(1). We state those properties in Theorem 3.9 after setting some notation.

Consider I' := I'4(12). For any integer a with (a, 6) = 1, we choose g5 € I'(1) such that o, (‘161 0)
(mod 12). Clearly, o4 € I'y(12). For instance, we may choose g4 as

10 5 12
O:1 =2 and 0.5 = + .
01 12 29

For every integer n with (n, 6) = 1, we can write

10 ab
r(oo)r-U U mm(5)
O<aln Osbh<n/a a

(a,b,n/a)=1

as the disjoint union and [I'\I' (3 ) I'l = n [1,x(1 +1/p) [9, Proposition 3.36].
Define the polynomial
O, )= [T JI (x-(Foagp)@)
O<aln Osb<n/a
(a,b,n/a)=1

of degree n len(l +1/p) with ag  := 0q (g n’/’ g ) Each coefficient of the @, (x, y) (in x) is an elementary
symmetric function of foa, j, and invariant under I'. It means that they are in C(f(7)) and @x(x, 7) € C(f(1))[x]
because Ao(I') = C(f(1)). By abuse of notation we may write @n(x, f(7)) instead of @n(x, 7). By using a, ) =
an,0 =0n (B9), (foan,0)(r) = f(n1). Since foay, o is a zero of @n(x, f(1)), Pn(f(n7), f(1)) = 0. Let f(n1) = f1(1),
f(1) = fo(r) and the set S; .., (respectively, S; o) be the set of cusps which are poles (respectively, zeros) of (7).
With the same notation as Lemma 3.6, write —a for the order ordsf; (1) of f; at the cusp sin S; o N S2,0. When
we multiply @y (x, f(7)) by a suitable power of f(7), we get a polynomial Fn(x, f(1)) € C|x, f(1)] satisfying
Fn(f(n7), f(1)) = 0. Since f(1) = 1/X%(21) and (n, 6) = 1, a might be zero and we regard @n(x, f(1)) as a
polynomial of x and f(t). Hence we have the following theorem.

Theorem 3.9. With the same notation as above, for any positive integer n such that (n, 6) = 1, let f(1) =
1/X%(27) and ®n(x, y) be a polynomial with @, (f (1), f(nT)) = 0. Then we have the following assertions:

1. @n(x,y) € Zlx, yl and deg, ®n(x, y) = deg, ®n(x, y) = n]], (1 +1/p).

®n(x, y) is irreducible both as a polynomial in x over C(y) and as a polynomial in y over C(x).

Dn(x,y) = Dnly, X).

If nis not a square, ®n(x, x) is a polynomial of degree > 1 whose leading coefficient is +1.

(Kronecker’s congruence) Let p be an odd prime. Then

SR N

Dp(x,y) = (F -y)x-yP) (mod pZ[x, y]).
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Table 1: The modular equation Fy(x, y) of X(7) of levels 2, 3,5,7,11,13,17 and 19

p ‘ The modular equation Fy(x, y) of X(7) of level p
2 | (X" -y)( - y?) + 4x4y?

3 | (@-y) -3y -1)
5

7

(X5 —)/)(X+y5) + 5xy (X3y — Xy3 _ 2X4y4 + x4+ )/4)

7 = y)x +y7)

+7xy(x* + 2%y + (-x2 +3x8) y2 + (1-3x%) y* - 2xy° + (-4x® +3x2) y©)

11 | (M -y -yt

+11xy(x* = 2x8 + 6 X7y + (-6 x10 = 15x% + x2) y2 + 45x7y> + (1 - 45 x5 - 28 x*) y*

+84x°y° + (27 x10 - 84x® - 15x2) yb + 45 X3y7 + (-2 + 27 x5 - 45x%) y® + 6 xy?

+(-6x2 - 22x10 + 27 x8) y10)

13 | (B -y -yB)

+13xy(x* =3x8 + x12 + (-x3 - 2x11 + 10x7) y + (2Xx2 - 20x% - 10x19) y?

+(-x+10x> +68x%) y? + (27 x12 - 13x% - 115x8 + 1) y* + (10x3 + 90 x!1 + 131 x7) y®
+(-20x% - 64x5 - 180x10) y® + (131x° + 90x% + 10X) y” + (-115x" - 117 x8 + 81x12 - 3) y®
+(-81x +90x7 +68x3) y? + (-10x? + 162 x0 - 180x°) y1° + (-2 x + 90 x> - 81 x°) y!!
+(-27x% +81x% + 1 -56x12) y12)

17 | (7 =) +y*)

+17xy(-2x10 - 5x8 + x* + 7x'2 + (16 x5 + 21x7 - 28x!1 - 23) y

+(14x0 +34x10 - 2x2 - 14xM) y?2 + (2x-35x13 + 168x% - 35%%) y?

+(160x8 +30x12 - 30x% + 1+ 63x16) y* + (-378x7 + 959 x1 - 252 x1° + 35 x3) y°
+(-210x% + 14x% + 306 x1° + 306 x14) y© + (1512 x13 - 1583 x° - 21 x + 378x°) y’
+(-405x16 + 160 x* - 5 - 1190 X8 + 1440 x12) y® + (1701 x1° + 1583 x” - 3402 x!! - 168 x3) y°
+(306x® + 1134 x™ + 34 x% - 1890 x10) y10 + (3402 x° - 959 x° + 28 x - 2835 x13) y!!
+(1440x8 + 729 x16 - 2430 X2 +30x" +7) y12 + (35x3 - 1458 x1° + 2835 x!1 - 1512 x7) y13
+(306x® + 1134 x10 - 1458 x14 — 14 x2) y¥ + (252 x° + 1458 x13 - 1701 x° - 16 x) y*°
+(729x12 - 386 x1° - 2 + 63 x* - 405 x8) y16)

19 | -y +y?)

-19xy(6x16 - x* + 6 x8 - 12x12 + (5x° - 52x° - 26 x17 + 65x13) y

+(65x10 +18x18 + 4 x2 — 42 x% - 87 x1*) y2 + (-135x1> - 20x11 + 2x7) 3

+(-261x16 - 200x8 + 33 x* - 1+ 21 x12) y* + (520x° + 585 x17 - 5x - 1916 x13) y°

+(591x6 - 151210 + 63 x - 42 x2 - 324 x18) y© + (-180x1° — 1144 x!1 - 2x3) y7
+(6+2091x8 + 1755 x16 - 4536 x12 - 200 x*) y8 + (=520 x> - 4212 x%7 + 52 x + 4680 x13) y°
+(-5400 x1% + 1458 x18 + 6273 x10 - 1512 X6 + 65 x2) y10 + (162 x1% + 20> + 1144 x7) y?

+ (15957 x12 - 12 - 10206 x1© - 4536 X8 + 21 x*) y12 + (-4680x° + 1916 x> — 65 x + 3645 x17) y13
+ (63 x° - 87 x? — 2187 x8 - 5400 x1° + 8019 x14) y14 + (162 x'1 + 180x7 + 135 x3) y1°
+(-10206 x'2 + 6 + 8748 x16 - 261 x* + 1755 x8) y16 + (585 x> + 4212 x° - 3645 x'3 + 26 x) y7
+ (1458 x10 - 324 x5 - 2187 x14 + 18 x2 + 1036 x18) y18)

Proof. Since f(t)=q ' +2q+q° +---, f(1) has a Fourier expansion

f@) =g+ cpmg™  (cp(m) € 7).

m=1

Let 1, be the automorphism of Q(¢») over Q defined by 1 (¢x) = ¢ for an integer k with (k, n) = 1. Since

a b _ a’t +ab _ y»—ab -a*/n - abm _a’m/n
(fo (0 n/a)) (T)_f<T) e +,;Cf(m)(n 1 ’
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) induces an automorphism IY) « of Q(&) (™) over Q(¢n) such that

b (f o (3 7) m) = GRS cplmg g,

m=1

When we take an integer b’ such that 0 < b’ < n/a and b’ = bk (mod n/a), we get ab’ = abk (mod n)

and
~ ~ a b ~ a b
Yi(foagp) = i (fOUa (0 n/a>>=':bk (fo(On/a>)
a b a b
=fo(0n/a> :foO’a (On/a) =foaa,b/.

This implies that l//)k(@n(x,f(T)) = On(x, f(1)).

We note that the degree of @y (x, f(1)) in xisn Hmn(l +1/p),andletd :=n len(l +1/p). By using that
(f o 1,0)(1) = f(/n), Dn(f(r/n), f(1)) = 0 and [C(f(r/n), f(1)) : C(f(1))] < d.

We have I'a, ;, C I'(3 9) T, and so there exist v, 7', 74,5 € I' such thaty (§ %) 74,5 = 7' @4 5. Consider an
embedding &, ; of C(f(7/n), f(7)) to the field of all meromorphic functions on §) containing C(f(t/n), f(1))
over C(f(t)) defined by

fa,b(h) =ho Ya,b-
So &, (1) = f(1) and &, ,(f(t/n)) = (f o a4 ,)(T) because

Eap (/) = 0 (fo (é 2)) ™ - (fo (3 g) wa,b> (0= (f 0 &) (.

In other words, a, ; # a4, means that f o a, , # f o &, 13 hence, there exist distinct d embeddings &, ;
of C(f(t/n), f(1)) over C(f(1)) and [C(f(t/n), f(1)) : C(f(1))] = d. Therefore, ®@n(x, (1)) is irreducible over
C(f()).
Let F(x, y) be the polynomial determined in Lemma 3.6. Let f1(1) = f(7), f2(7) = f(n7), d; be the total
degree of fj(r) forj = 1, 2 and
a=- Z ordsf (7).

SES1,6MNS2,0

Then the polynomial F(x, y) is written as

F(x,y) = Cg, qx" + E Cijx'y.
Osisd,
O<j<d,

We have the following relation:

Fn(x, f(1)) = Cq, 4 - f(1)* @ulx, f(1))

because F(x, f(1)) (respectively, F(f(t/n), y)) is the minimal polynomial of f(r/n) (respectively, f(t)) over
C(f(1)) (respectively, C(f(t/n)). As we mentioned before Theorem 3.9, a = 0. Moreover, both F(x, y) and
@n(x, y) are in Z[x, y]; thus (1) and (2) are proved.

(3) Note that (f o an,0)(1) = f(nT). From that @, (f(n1), f(1)) = 0, @n(f(1), f(r/n)) = 0 and f(r/n) is a root
of @n(f(1), x) = 0. Since @n(x, f(1)) € Z[x, f(1)] and ®n(x, f(1)) is irreducible, we may assume that there is a
polynomial G(x, f(t)) such that
@n(f(1), x) = G(x, f(1))@n(x, f(1)).

By exchanging x with f(7) and multiplying G(x, f(1)),

Dn(f(1), x) = G(x, f(1))DPn(x, f(1)) = G(x, f(1))G(f(T), X)Dn(f(T), X);



DE GRUYTER Modular equations of a continued fraction of order six = 215

so, we get G := G(x,y) = 1.

We claim that G = 1. If G = -1, then @u(f(1), X) = -@n(x, f(1)) = 0. By substituting x = f(7), we have
20,(f (1), f(1)) = 0, so f(1) is a root of @y(x, f(r)) = 0. In other words, x — f(r) divides @n(x, f(1)) as a
polynomial. However, @ (x, f(1)) is irreducible over C(f(7)) by (2), which is a contradiction. Hence, G = 1,
and so @n(f(1), x) = Dn(x, f(1)).

(4) We observe that each factor of @,(f(7), f(1)) is
f@) = (Foagp)®) =q" =g+ 0(g"™). (3.4)

Assume that n is not a square. Let ¢, j, be the coefficient of the lowest term of (3.4). Then ¢, 5, is 1 or -{; ab,
Hence, the leading coefficient of @ (f(1), f(1)) is

H H Ca,b>

O<aln Osb<n/a
(a,b,n/a)=1

which is a unit. It is an integer by (1), thus (4) is proved.
(5) Assume that p is an odd prime. We write
g(t) = h(r) (mod a)
for g(1), h(r) € Z[{p1(("/P)) satisfying
g() - h(x) € aZ[p)(g"™).

Consider the Fourier expansion of (f o &, ;)(7) (mod 1 - {p) as follows:

(Foar )@ = &Pq P+ cpmy™q™P
m=1

g P+ > c;(m)g™?  (mod 1 - ¢p)

m=1

= (foa,0)(1),

(foapo)® = gP+> cimg’™

m=1

=q?+ i cp(mPgP™  (mod p)
m=1
= f(r)? (mod p).
On the other hand,
oo p
((foaro)(D) = (q‘”” > cf(m)q"’/p>

m=1

=ql+ Z cp(m)g™ (mod 1 - ¢p)
m=1

- f@).

Hence we get the following congruence equation

Dp(x, f(1)) = H (x = (foayp)(1)) (x = (f o ap,0)(T))

O<b<p
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= (x-(foar,0)(1)” (x-f(1)") (mod 1- )
= (X! = (foay,0)(1)?) (x - f(r)) (mod 1-¢p)
= (x - f() (- f(@P) (mod 1-§).

This means that

D7 BiX' = Dp(x, f(1)) - (6 - f(D))(x - f(T)P)

belongs to (1 - {p)Z[x, f(1)], where 8; € (1 - {»)Z[f(7)]. However, since we already know that @,(x,y) -
(xP - y)(x — yP) is contained in Z[x, y], we have Ziﬁixi € Zlx, f(1)], that is, B; € Z[f(7)]. Hence, each B; is
a polynomial in f(7) whose coefficient is divisible by (1 - {); thus, B; € pZ[f(t)]. Therefore, the modular
equation of f(7) satisfies that

Dp(x,y) - (X - y)(x - yP) € pZIx, y].

O
Remark 3.10. As we mentioned in Remark 3.3, we cannot conclude that X(7) can generate the field of modular

functions for certain congruence subgroup. But, in Table 1, we observe that the modular equations Fn(x, y)
of X(7) satisfy the following congruence:

x -y)x+yP) ifp=5,7,17,19,
Fyp(x,y) = .
p(x.Y) {(xp -y)x-yP) ifp=11,13.
Hence we conjecture that
(xP —y)x-yP) ifp=+1 (mod 12),
Fy(x,y) =
(6y) { (X -y)(x+yP) if p=+5 (mod 12).

4 Ray class fields and evaluation of X(7)

In this section, we prove our remaining results. We first show that X(7) generates the ray class field modulo 6
over K. We then prove that as a value, 1/X(7) is integral and X(r7) can also be expressed in terms of radicals
for any positive rational number r if X(1) can be written in terms of radicals. We also present some examples
at the end of this section.

Theorem 4.1. Let K be an imaginary quadratic field with discriminant dg and T € K N $) be a root of the
primitive equation ax* + bx + ¢ = 0 such that b> - 4ac = dg and (a, 6) = 1, where a, b, ¢ € Z. Then K(X*(1))
is the ray class field modulo 6 over K.

Theorem 4.2. Let K be an imaginary quadratic field and T € K N §. Then the value 1/X(t) is an algebraic
integer.

Theorem 4.3. Suppose that X(1) can be evaluated in terms of radicals. Then X(rt) can also be expressed in
terms of radicals for any positive rational number r.

Let K be an imaginary quadratic field and d its discriminant. For a positive integer N, denote Ky by the ray
class field modulo N over K. In this section we first show that X>() generates the ray class field K(5) modulo
6 over K, where T € K N §) is a root of the primitive equation ax? + bx + ¢ = 0 such that b? - 4ac = d.

The following lemma gives us the ray class field generated by X 2(1), and it is used for the proof of Theorem
4.1.
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Lemma 4.4. Let K be an imaginary quadratic field with discriminant di, and let T € K N $) be a root of the
primitive equation ax®> + bx + ¢ = 0 in Z[x] such that b* - 4ac = dg. Let I be any congruence subgroup such
that I'(N) c I'" c I'1(N). Suppose that (N, a) = 1. Then the field generated over K by all the values h(t) with
h € Ao(I")q is defined and finite at t; this field is the ray class field modulo N over K.

Proof. See [2, Corollary 5.2]. O

Proof of Theorem 4.1. IfI" is the congruence subgroup such that Q(X?(1)) = Ao(I")g, thenI” = I'1(6)NI°(2)
and I'(6) c I c I'1(6) by Theorem 3.1 (2). For an imaginary quadratic field K with discriminant d, consider
T € KN $ satisfying at? + bt + ¢ = 0, where b? - 4ac = dg, (a, 6) = 1 and a, b, ¢ € Z. Since X is defined and
finite at this 7, K(X?(1)) is the ray class field modulo 6 over K by Lemma 4.4. O

Corollary 4.5. Let K be an imaginary quadratic field. If Z[t) is the integral closure of Z in K, then K(X?(1)) is
the ray class field modulo 6 over K.

Proof. Assume that Z[7] is the ring of integers in K. If at®> + bt + ¢ = 0, where a, b, ¢ € Z and (a, b, ¢) = 1,
then a should be 1. Hence, K(X?()) is the ray class field modulo 6 over K. O

The Hauptmodul is the normalized generator of a genus zero function field with g-series g~ + 0(q). Now, we
focus on proving that 1/X(t) is an algebraic integer.

Lemma 4.6. The Hauptmodul of Ao(I'1(6)) is 1/X*(1) - 4.

Proof. Let g(t) = 1/X*(1). Since g(t) is written as the product of Klein forms:

(T) _ ( H (2/6 ]/6)( ) _ —1 H (1 - q6n_4)4(1 - 46"_2)4
4 — 6n- — g6n-1)4’

K(1/6 i/6) (1 q n 5)4(1 q n 1)4
g(1) is a modular function on I'(6) by (K5). Moreover, g(t + 1) = g(1); this implies that g(1) € A¢(I'1(6)). Note
that there are four inequivalent cusps oo, 0, 1/2 and 1/3 with widths 1, 6, 3 and 2, respectively. By (K4), the
orders of g(1) at oo, 0, 1/2 and 1/3 are -1, 0, 1 and 0, respectively. Hence, g(7) generates the field Ao (I'1(6)),
and it has g-expansion g +4+6q+4q° -3¢° + 0(q*). It implies that g(t) - 4 = 1/X*(1) -4 is the Hauptmodul
of I'1(6). O

In [4], the cubic continued fraction C(7) is defined as follows:

q1/3

a+q
2 4

qa +q
1+ 1+-.--

C(7) = (4.)

2
1+

Then we get the following lemma.

Lemma 4.7. Let X(1) and C(1) be defined as before. Then

(1)

4 _
X = 1+C3(1)°

Proof. In [4, Lemma 15], the Hauptmodul of I'; (6) is 1/C3(t) - 3. By uniqueness of Hauptmodul, 1/C3(1) =

1/X*(1) - 1, so the result follows. O

Proof of Theorem 4.2. By [4, Theorem 16], 1/C(7) is an algebraic integer for T € K N §. Hence we have that
1/X*(1) and 1/X(7) are algebraic integers because 1/C3(7) = 1/X*(1) - 1. O
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Proof of Theorem 4.3. For given r € Q.q, we write r as r = a/b for relatively prime integers a and b. For a
prime factor p of r, let
To = {pr ifp|a,
7/p ifp|b,

and take the modular equation Fy(x, y) of X(7) of level p in Table 1. Let

|} Fp(X(0),0) ifp|a,
PO {Fp(t, X(r)) ifp | b.

By solving the equation P(t) = 0, we can get finitely many solutions sy, . .., s; which are written in terms of
radicals. For a sufficiently large N and go = e2™™, we check the absolute values

N _ _
(1 _ q6n 5)(1 _ q6n 1)
abs; := |ql* 0 0 J_g
o H (1-g§(1-g5"2) 7
forj = 1,..., 1. Then there is only one j* with extremely small abs;/, and so we have X(7() = s;;. We may
repeat these steps until we get X(rt).
O
Example 4.8 (Evaluation of X(i)). One can obtain that
. V12 - /3
X(0) = Tf (42)

by going through the following procedure:

1. By[1, Theorem 3 (4.1)], C((1 +1)/2) = (1 - v/3)/2.

2. Since X*(1) = C3(0)/(1 + C3(1)), X*((1 + D)/2) = 3 - 2/3)/9.

3. By comparing the approximation of X((1 + i)/2) with i* - v/(3 - 2v/3)/9 (s = 0, 1, 2, 3), we can see that

1+i\  .4/3-2v3  .V/3-2V3
X(z)“l\/ 5 -~ 5

4, Using the fact that the modular equation of level 2 is

x*+3xty? -y eyt (4.3)

four zeros of (4.3) are

when x := X((1 +1)/2).
5. Hence we find X(1 + i) = s4.
6. Actually, X(i) should be €' - X(1 + i) (s = 0, 1, 2, 3). By comparing the approximation of X(i) with €’ - s,
again, we get
V12 -/3

X(@) = 7

In detail, for gg = 727, let

abs; :

100 _ _
_ q1/4 H (1-g8"°)1-g§"") _ sl
¢ A-g§m(1-g8m?)

Then abs; = 0.5 - 107°.
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Remark 4.9. One can use the value C(i) = 7Vé\/§4'f3’1 for some steps. Then we get the value

X0 - VY2V -3 -1
V3V3+V3V2I+3

which is equal to (4.2).

Example 4.10. Using the same method as Example 4.8, we obtain the following evaluations.

1.

~ 1-3V3+3V2
X(V=2)= 3-3v2+3V3’

X5 =, [2V5 1

3+3/&

where & = -31 + 8v/15 + 14/5 - 18+/3.

In [1, Theorems 3 and 5], we can find the values

C(v-2/2) = (vV6-2)/2, C((1++v-5)/2)=(/5-3)5-3)/2,

and these are useful for finding the values X(v/-2) and X(v/-5).
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