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Abstract:We study a continued fraction X(τ) of order six by using themodular function theory. We �rst prove
the modularity of X(τ), and then we obtain the modular equation of X(τ) of level n for any positive integer n;
this includes the result of Vasuki et al. for n = 2, 3, 5, 7 and 11. As examples, we present the explicit modular
equation of level p for all primes p less than 19. We also prove that the ray class �eld modulo 6 over an
imaginary quadratic �eld K can be obtained by the value X2(τ). Furthermore, we show that the value 1/X(τ)
is an algebraic integer, and we present an explicit procedure for evaluating the values of X(τ) for in�nitely
many τ’s in K.
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1 Introduction
A continued fraction X(τ) of order six is de�ned as the quotient of mock theta functions

X(τ) := q
1
4

( ∞∑
n=0

(−q; q2)nqn
2+2n

(q4; q4)n

)/( ∞∑
n=0

qn
2

(q2; q2)n

)

where τ ∈ H,H is the complex upper half plane, q := e2πiτ and (a; q)n =
∏n
j=1(1 − aq

j−1). This was studied by
Vasuki et al.[10], and they expressed X(τ) by an in�nite product

X(τ) = q
1
4

∞∏
n=1

(1 − q6n−5)(1 − q6n−1)
(1 − q6n−4)(1 − q6n−2) .

Other types of Ramanujan continued fractions have been studied before. One of these is a continued
fraction of order twelve U(τ), de�ned by

U(τ) :=
q(1 − q)

1 − q3 +
q3(1 − q2)(1 − q4)

(1 − q3)(1 + q6) +
q3(1 − q8)(1 − q10)

(1 − q3)(1 + q12) + · · ·

.
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Mahadeva Naika et al. [8] found the in�nite product form of U(τ):

U(τ) = q
∞∏
n=1

(1 − q12n−1)(1 − q12n−11)
(1 − q12n−5)(1 − q12n−7)

and the modular equations of levels 3 and 5 by theory of hypergeometric series. Moreover, they evaluated
U(τ) at τ = i

√
m for several rational numbers m. For examples,

U
(
i
2

)
=

4
√
6
√
3 − 9 − 1

4
√
6
√
3 − 9 + 1

,

U
(√

−3
2

)
=

4
√
−108 + 108 3√2 − 4

√
12 + 12 3√2

4
√
−108 + 108 3√2 + 4

√
12 + 12 3√2

and

U
(√

−5
2

)
=

4
√
126
√
5 + 72

√
15 − 162

√
3 − 279 − 1

4
√
126
√
5 + 72

√
15 − 162

√
3 − 279 + 1

.

This follows from the fact that U(τ) is a generator of the function �eld on Γ1(12) and a singular value U(τ) is
an algebraic unit for any imaginary quadratic quantity τ. This value U(τ) is also contained in some ray class
�eld over an imaginary quadratic �eld; this is proved by the authors [7].

Vasuki et al. studiedX(τ) using the identities of theta functions [10]. Theyobtained themodular equations
of X(τ) of levels 2, 3, 5, 7 and 11 [10, Theorem 2.1-2.5]. However, there is no result on evaluating X(τ) at an
imaginary quadratic number τ and generating a class �eld over an imaginary quadratic �eld.

The goal of this paper is to study a continued fraction X(τ) of order six by using the modular function
theory. We �rst prove the modularity of X(τ) in Theorem 3.1, and then we �nd the modular equations of X(τ)
of level n for any positive integer n in Theorem 3.2. Table 1 shows the exact modular equations of X(τ) of
levels 2, 3, 5, 7, 11, 13, 17 and 19; this result includes the result of Vasuki et al. in [10, Theorems 2.1-2.5] for
n = 2, 3, 5, 7 and 11. We show that the ray class �eld modulo 6 over an imaginary quadratic �eld K can
be obtained by the value X2(τ) (Theorem 4.1 and Corollary 4.5). We also show that the value 1/X(τ) is an
algebraic integer contained in a certain number �eld (Theorem 4.2). Furthermore, we �nd an explicit relation
between X(τ) and C(τ), where C(τ), called Ramanujan’s cubic continued fraction, will be de�ned in (4.1). We
can evaluate the values X(θ) at in�nitely many θ’s by using such a relation (Theorem 4.3). Examples of (2)
and (3) of Theorem 4.3 are presented in Examples 4.8 and 4.10. We use MAPLE program to �nd the modular
equations and examples.

2 Preliminaries
We begin with some de�nitions and properties regarding the theory of modular functions. Let Γ(1) = SL2(Z)
be the full modular group. For any positive integer N, the congruence subgroups Γ(N), Γ1(N), Γ1(N), Γ0(N)
and Γ0(N) of Γ(1) consist of matrices

( a b
c d
)
congruent to

( 1 0
0 1
)
,
( 1 *
0 1
)
,
( 1 0
* 1
)
,
(
* *
0 *
)
and

(
* 0
* *
)
modulo N,

respectively. Let H* = H ∪Q ∪ {∞} , where H is the complex upper half plane
{
τ ∈ C : Im(τ) > 0

}
.

A congruence subgroup Γ acts on H* by γ(τ) = (aτ + b)/(cτ + d) for γ ∈ Γ. Then the quotient space Γ\H*

is a compact Riemann surface with an appropriate complex structure. One can identify γ with its action on
H*. We call an element s ∈ Q ∪ {∞} a cusp. If there exists γ ∈ Γ such that γ(s1) = s2, then we say that two
cusps s1 and s2 are equivalent under Γ. We also call the equivalence class of such s a cusp. We note that there
exist at most �nitely many inequivalent cusps of Γ. For any cusp s of Γ, there exists an element ρ of SL2(Z)
such that ρ(s) = ∞. Let h be the smallest positive integer satisfying

ρ−1
(
1 h
0 1

)
ρ ∈ {±1} · Γ , (2.1)
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and we call h thewidth of s. One can easily check that the width h of s depends only on the equivalence class
of s under Γ, and it is independent of the choice of ρ.

We call a C-valued function f (τ) a modular function on a congruence subgroup Γ if f (τ) satis�es the
following three conditions:
1. f (τ) is meromorphic on H.
2. f (τ) is invariant under Γ, in other words, (f ◦ γ)(τ) = f (τ) for all γ ∈ Γ.
3. f (τ) is meromorphic at all cusps of Γ.
More precisely, the last condition means the following: for a cusp s of Γ, let h be the width of s and ρ be an
element of SL2(Z) such that ρ(s) = ∞ by (2.1). We thus have

(f ◦ ρ−1)(τ + h) =
(
f ◦ ρ−1

(
1 h
0 1

)
ρ
)
(ρ−1τ) =

(
f ◦ ρ−1

)
(τ),

and so f ◦ ρ−1 has a Laurent series expansion in qh = e2πiτ/h and (f ◦ ρ−1)(τ) =
∑

n≥n0 anq
n
h with an0 ≠ 0 for

some integer n0. We call n0 the order of f (τ) at the cusp s and write n0 = ords f (τ). We say that f (τ) has a zero
(respectively, a pole) at s if ords f (τ) is positive (respectively, negative). Moreover, a modular function f (τ) is
holomorphic on H* if f (τ) is holomorphic on H and ords f (τ) ≥ 0 for all cusp s. We may identify a modular
functionon Γwith ameromorphic functionon the compact Riemann surface Γ\H*. Anyholomorphicmodular
function on Γ is constant.

Let A0(Γ) be the �eld of all modular functions on Γ, and let A0(Γ)Q be the sub�eld of A0(Γ) consisting
of all modular functions f (τ) whose Fourier coe�cients belong to Q. One can identify A0(Γ) with the �eld
C(Γ\H*) of all meromorphic functions on the compact Riemann surface Γ\H*. Note that if f (τ) ∈ A0(Γ) is
nonconstant, then the extension degree [A0(Γ) : C(f (τ))] is �nite and it is the total degree of poles of f (τ). In
this paper we consider the modular functions with neither zeros nor poles on H, and so the total degree of
poles of f (τ) is −

∑
s ords f (τ), where the summation runs over all the inequivalent cusps s at which f (τ) has

poles.

The Klein form is a main tool for obtaining our main theorems. TheWeierstrass σ-function is de�ned by

σ(z; L) := z
∏

ω∈L−{0}

(
1 − z

ω

)
e
z
ω +

1
2 (

z
ω )

2
,

where L is a lattice in C and z ∈ C. TheWeierstrass ζ -function is also de�ned by the logarithmic derivative of
σ(z; L) as follows:

ζ (z; L) := σ
′(z; L)
σ(z; L) = 1

z +
∑

ω∈L−{0}

(
1

z − ω + 1
ω + z

ω2

)
.

We notice that σ(z; L) is holomorphic with only simple zeros at every lattice point ω ∈ L and ζ (z; L) is
meromorphic with only simple poles at every lattice point ω ∈ L. Moreover, it is easily checked that
σ(λz; λL) = λσ(z; L) and ζ (λz; λL) = λ−1ζ (z; L) for any λ ∈ C×. TheWeierstrass ℘-function ℘(z; L) is de�ned by

℘(z; L) := −ζ ′(z; L) = 1
z2 +

∑
ω∈L−{0}

(
1

(z − ω)2 −
1
ω2

)
.

Since ℘(z +ω; L) = ℘(z; L) and d
dz [ζ (z +ω; L)] = 0 for any ω ∈ L, ζ (z +ω; L) − ζ (z; L) depends only on a lattice

point ω ∈ L and not on z ∈ C. Hence we may let

η(ω; L) := ζ (z + ω; L) − ζ (z; L)

for ω ∈ L. Fixing the basis {ω1, ω2} for L = Zω1 + Zω2, de�ne theWeierstrass η-function by

η(z; L) := a1η(ω1; L) + a2η(ω2; L)

for z = a1ω1 + a2ω2 ∈ C and a1, a2 ∈ R. By using the fact that η(z; L) does not depend on the choice of the
basis {ω1, ω2}, η(z; L) is well-de�ned and η(rz; L) = rη(z; L) for any r ∈ R.
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Now we de�ne the Klein form by

K(z; L) := e−η(z;L)z/2σ(z; L)

and
Ka(τ) = K(a1τ + a2;Zτ + Z),

where a = (a1, a2) ∈ R2. We note that Ka(τ) is holomorphic and nonvanishing on H if a ∈ R2 − Z2.
Furthermore, Ka(τ) is homogeneous of degree 1, that is, K(λz; λL) = λK(z; L).

Let γ =
( a b
c d
)
∈ SL2(Z) and a = (a1, a2) ∈ R2. The Klein form Ka satis�es the following properties

(K0)–(K5):
(K0) K−a(τ) = −Ka(τ).
(K1) Ka(γτ) = (cτ + d)−1Kaγ(τ).
(K2) For b = (b1, b2) ∈ Z2, we have that

Ka+b(τ) = ε(a, b)Ka(τ),

where ε(a, b) = (−1)b1b2+b1+b2eπi(b2a1−b1a2).
(K3) For a = (r/N, s/N) = (1/N)Z2 − Z2 and γ ∈ Γ(N) with an integer N > 1, we obtain that

Ka(γτ) = εa(γ)(cτ + d)−1Ka(τ),

where εa(γ) = −(−1)((a−1)r+cs+N)(br+(d−1)s+N)/N
2
eπi(br

2+(d−a)rs−cs2)/N2
.

(K4) Let τ ∈ H, z = a1τ+a2 with a = (a1, a2) ∈ Q2 −Z2, and let q = e2πiτ and qz = e2πiz = e2πia2e2πia1τ. Then

Ka(τ) = −
1
2πi e

πia2(a1−1)qa1(a1−1)/2(1 − qz)
∞∏
n=1

(1 − qnqz)(1 − qnq−1z )
(1 − qn)2

and ordqKa(τ) = 〈a1〉(〈a1〉−1)/2, where 〈a1〉 is a rational number such that 0 ≤ 〈a1〉 < 1 with a1 − 〈a1〉 ∈
Z.

(K5) Let f (τ) =
∏

a K
m(a)
a (τ) be a �nite product of Klein formswithm(a) ∈ Z and a = (r/N, s/N) = (1/N)Z2−Z2

for an integer N > 1, and let k = −
∑

a m(a). Then f (τ) is a modular form of weight k on Γ(N) if and only if{∑
a m(a)r

2 ≡
∑

a m(a)s
2 ≡

∑
a m(a)rs ≡ 0 (mod N) if N is odd,∑

a m(a)r
2 ≡

∑
a m(a)s

2 ≡ 0 (mod 2N),
∑

a m(a)rs ≡ 0 (mod N) if N is even.

We can refer to [6] for more details on Klein forms.

Consider themodular function on Γ = Γ0(N1)∩Γ0(N2)∩Γ1(N3)∩Γ1(N4)∩Γ(N5). Let N = lcm(N3, N4, N5),
m = lcm(N1, N3, N5)lcm(N2, N4, N5)/N and β =

(
lcm(N2 ,N4 ,N5) 0

0 1

)
. Then β−1Γβ = Γ1(N) ∩ Γ0(mN), which

contains
( 1 1
0 1
)
. For f ∈ A0(Γ) and γ ∈ Γ, we have f ◦ β ∈ A0(β−1Γβ) = A0(Γ1(N) ∩ Γ0(mN)) because

(f ◦ β) ◦ (β−1γβ) = f ◦ γβ = f ◦ β.

Since the width of ∞ is 1 on Γ1(N) ∩ Γ0(mN), (f ◦ β)(τ) has the Fourier expansion
∑

n∈Z anq
n. It means that

f ◦ β is easier to treat than f .

The last thing that we need to discuss is some information on cusps of congruence subgroup
Γ1(N) ∩ Γ0(mN). For positive integers N and m, let Γ = Γ1(N) ∩ Γ0(mN). When Γ\Γ(1)/Γ(1)∞ ={
Γγ1Γ(1)∞, . . . , ΓγgΓ(1)∞

}
, the set

{
γ1(∞), . . . , γg(∞)

}
is a set of all inequivalent cusps of Γ such that γi(∞)

and γj(∞) are not equivalent under Γ for any distinct i and j. Consider the set

M :=
{
(c, d) ∈

(
Z/mNZ

)2 : (c, d) = 1
}
.

In fact, (c, d) = 1 if and only if (c, d,mN) = 1. Moreover, we de�ne the subgroup ∆ of
(
Z/mNZ

)×
∆ :=

{
±(1 + Nk) ∈

(
Z/mNZ

)× : k = 0, . . . ,m − 1
}
.
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If there exists s ∈ ∆ and n ∈ Z/mNZ satisfying

c2 = s · c1 and d2 = s · d1 + n · c1,

we de�ne an equivalence relation ∼ on M by (c1, d1) ∼ (c2, d2) for (c1, d1), (c2, d2) ∈ M. Hence, a map
ϕ : Γ\Γ(1)/Γ(1)∞ → M/ ∼ by ϕ(Γ

( a b
c d
)
) = [(c, d)] is well-de�ned and bijective. Now we have the following

lemma.

Lemma 2.1. Suppose that a, c, a′, c′ ∈ Z and (a, c) = (a′, c′) = 1. Consider ±1/0 as∞. Then with the notation
∆ as before, a/c and a′/c′ are equivalent under Γ1(N) ∩ Γ0(mN) if and only if there exist s ∈ ∆ ⊂ (Z/mNZ)×

and n ∈ Z such that
(
a′
c′
)
≡
(
s−1a+nc
sc

)
(mod mN).

For a positive divisor x of mN, let πx : (Z/mNZ)× → (Z/xZ)× be the natural surjective homomorphism.
For a positive divisor c of mN, let s′c,1, . . . , s′c,nc ∈ (Z/(mN/c)Z)× be all the distinct coset representatives
of πmN/c(∆) in (Z/(mN/c)Z)×, where nc = ϕ(mN/c)/|πmN/c(∆)| and ϕ is the Euler’s ϕ-function. Then we take
sc,i ∈ (Z/mNZ)× such that πmN/c(sc,i) = s′c,i for any i = 1, . . . , nc, and let

Sc :=
{
sc,1, . . . , sc,nc ∈ (Z/mNZ)×

}
.

For a positive divisor c of mN, let a′c,1, . . . , a′c,mc ∈ (Z/cZ)× be all distinct coset representatives of
πc(∆ ∩ ker(πmN/c)) ⊂ (Z/cZ)×, where mc = ϕ(c)/|πc(∆ ∩ ker(πmN/c))| = ϕ(c) · |πmN/c(∆)|/|πc0 (∆)| and
c0 = mN/(c,mN/c). We take ac,j ∈ (Z/mNZ)× such that πc(ac,j) = a′c,j for any j = 1, . . . ,mc. Moreover,
one can choose a representative ac,j of ac,j such that 0 < ac,1, . . . , ac,mc < mN and (ac,j ,mN) = 1, and let

Ac := {ac,1, . . . , ac,mc} .

We then have a set of inequivalent cusps by using the sets Sc and Ac for 0 < c | mN.

Lemma 2.2. With the notation as above, let

S :=
{
(c · sc,i , ac,j) ∈ (Z/mNZ)2 : 0 < c | mN, sc,j ∈ Sc , ac,j ∈ Ac

}
.

For given (c · sc,i , ac,j) ∈ S, we can take x, y ∈ Z such that (x, y) = 1, x = c · sc,i and y = ac,j because
(c·sc,i , ac,j ,mN) = 1. Then the set of y/x with such x and y is a set of all the inequivalent cusps of Γ1(N)∩Γ0(mN)
and the number of such cusps is

|S| =
∑

0<c|mN

nc · mc =
∑

0<c|mN

ϕ(c)ϕ(mN/c)
|πc0 (∆)|

,

where c0 = mN/(c,mN/c).

The following lemma gives us the width of each cusp of Γ1(N) ∩ Γ0(mN).

Lemma 2.3. Consider ±1/0 as∞. Let a/c be a cusp of Γ = Γ1(N) ∩ Γ0(mN), where a, c ∈ Z and (a, c) = 1.
Then the width h of a cusp a/c in Γ\H* is given by

h =
{
m/(c2/4,m) if N = 4, (m, 2) = 1 and (c, 4) = 2,
mN/(c, N) · (m, c2/(c, N)) otherwise.

The proofs of Lemmas 2.1, 2.2 and 2.3 are given in [3, Lemma 1-3].

3 A continued fraction X(τ) of order six
In this section we prove the existence of a modular equation of X(τ) (Theorem 3.2) for any level by showing
the modularity of X(τ) (Theorem 3.1). The followings are parts of our main results.
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Theorem 3.1. 1. The function �eld generated by X2(τ) overC is the �eld ofmodular functions on Γ1(6)∩Γ0(2).
2. X(τ) is a modular function on 〈Γ1(12) ∩ Γ0(4),

( 1 0
6 1
)
,
( −7 −6

6 5
)
〉.

Theorem 3.2. For any positive integer n, one can �nd a modular equation Fn(x, y) of X(τ) of level n.

We note that

X(τ) = ζ 524
5∏
j=0

K(1/6,j/6)(τ)
K(2/6,j/6)(τ)

as the �nite product of Klein forms by (K4) with ζN = e2πi/N .

Proof of Theorem 3.1. (1)
Note that

C(f (τ)) = A0(Γ)⇐⇒ C(f (Nτ)) = A0
(( N 0

0 1
)−1 Γ ( N 0

0 1
))

,

where Γ is a congruence subgroup of genus zero, f (τ) is a modular function on Γ, and N is a positive integer.
It is thus su�cient to prove that

C(X2(2τ)) = A0(Γ0(12)). (3.1)

By (K5), X2(τ) is a modular function on Γ(6). Since X2(τ + 2) = X2(τ), X2(τ) is a modular function
on 〈Γ(6),

( 1 2
0 1
)
〉 = Γ1(6) ∩ Γ0(2). Furthermore, X2(2τ) is a modular function on

( 2 0
0 1
)−1 · (Γ1(6) ∩ Γ0(2)) ·( 2 0

0 1
)
= Γ1(6) ∩ Γ0(12). In other words, X2(2τ) ∈ A0(Γ1(6) ∩ Γ0(12)) = A0(Γ0(12)) by using the fact that(

Γ1(6) ∩ Γ0(12)
)
· {±I} = Γ0(12).

There are six inequivalent cusps on Γ0(12), and we observe the behaviour of X2(2τ) at each cusp from
the following table.

cusp s ∞ 0 1/2 1/3 1/4 1/6
ordsX2(2τ) 1 0 0 0 −1 0

We note that the degree d = [A0(Γ0(12)) : C(X2(2τ))] of the �eld extensions is the total degree of poles.
Let SΓ0(12) = {∞, 0, 1/2, 1/3, 1/4, 1/6} be the set of inequivalent cusps on Γ0(12). Since

d = −
∑

s∈SΓ0(12)
ordsX2(2τ)<0

ordsX2(2τ) = −ord1/4X2(2τ) = 1,

we conclude that A0(Γ0(12)) = C(X2(2τ)).
(2) By (K5), X(τ) is a modular function on Γ(12). From (K1) and (K2), one can check that

X ◦
(
1 4
0 1

)
(τ) = X(τ + 4) = X(τ),

X ◦
(
1 0
6 1

)
(τ) = X(τ)

and

X ◦
(
−7 −6
6 5

)
(τ) = X(τ).

Hence X(τ) is a modular function on Γ′, where Γ′ := 〈Γ(12),
( 1 4
0 1
)
,
( 1 0
6 1
)
,
( −7 −6

6 5
)
〉 = 〈Γ1(12) ∩

Γ0(4),
( 1 0
6 1
)
,
( −7 −6

6 5
)
〉.
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Remark 3.3. Since

X ◦
(
2 0
0 1

)(
2 0
0 1

)−1
γ

(
2 0
0 1

)
= X ◦

(
2 0
0 1

)

for γ ∈ Γ′, wehave that X(2τ) is invariant under the action of Γ′′ =
( 2 0
0 1
)−1 Γ′ ( 2 0

0 1
)
= 〈Γ1(12)∩Γ0(2),

( −7 −3
12 5

)
〉.

We denote Γ = Γ/ {±I} (respectively, Γ = Γ ) if −I ∈ Γ (respectively, if −I ∈ ̸ Γ ) for any Γ ∈ SL2(Z). Since
[Γ0(12) : Γ1(12) ∩ Γ0(2)] = 4 and Γ1(12) ∩ Γ0(2) ⊂ Γ′′ ⊂ Γ0(12), we obtain that [Γ0(12) : Γ′′] = 2.

Assume that there exists a congruence subgroup ΓX such that A0(ΓX) = C(X(τ)), i.e., the genus of the
�eld of modular functions is zero. Then the congruence subgroup Γ′X corresponding to X(2τ) is also of genus
zero. Moreover, Γ′′ ⊂ Γ′X and [Γ0(12) : Γ′X] = 2 by Theorem 3.1 (1). Unfortunately, it dose not guarantee that
the genus of Γ′′ is zero. That is the reason why we need to use X2(τ) or X2(2τ) instead of X(τ).

For convenience, we �x that
f (τ) = 1

X2(2τ) .

The following lemma shows the existence of an a�ne plain model, so-calledmodular equation.

Lemma 3.4. Let n be a positive integer. Then we have

Q(f (τ), f (nτ)) = A0(Γ0(12n))Q.

Proof. By Theorem 3.1 (2), Q(f (τ)) = A0(Γ0(12))Q. Clearly, f (τ) ∈ A0(Γ0(12n))Q since Γ0(12) ⊃ Γ0(12n). For
β =

( n 0
0 1
)
, we get Γ0(12) ∩ β−1Γ0(12)β = Γ0(12n) and f (nτ) = (f ◦ β)(τ) ∈ A0(β−1Γ0(12)β)Q ⊂ A0(Γ0(12n))Q.

It is thus su�cient to show thatQ(f (τ), f (nτ)) ⊃ A0(Γ0(12n))Q. We take Mi ∈ Γ0(12) and write

Γ0(12) = ∪i
(
Γ0(12n) ·Mi

)
(3.2)

as a disjoint union.
We claim that all functions f ◦ β ◦Mi are distinct. Suppose that

f ◦ β ◦Mi = f ◦ β ◦Mi′

for i and i′ with i ≠ i′. Then f ◦ βMi′M−1i β−1 = f and βMi′M−1i β−1 ∈ Q× · Γ0(12). We get Mi′M−1i ∈ Γ0(12n)
because Mi′M−1i ∈ β−1Γ0(12)β and Mi ,M′

i ∈ Γ0(12); but, this is a contradiction to (3.2). Consequently, f (τ)
and (f ◦ β)(τ) = f (nτ) generate A0(Γ0(12n)).

By the table in the proof of Theorem 3.1 (2), f (τ) has a simple pole at ∞ and a simple zero at 1/4 as a modular
function on Γ0(12). Next, we investigate the behaviour of f at all cusps s ∈ Q ∪ {∞}.

Lemma 3.5. Let a, c, a′, c′ ∈ Z and f (τ) = 1/X2(2τ). Then we obtain the following assertions:
1. f (τ) has a pole at a/c ∈ Q ∪ {∞} with (a, c) = 1 if and only if (a, c) = 1 and c ≡ 0 (mod 12).
2. f (nτ) has a pole at a′/c′ ∈ Q ∪ {∞} if and only if there exist a, c ∈ Z such that a/c = na′/c′, (a, c) = 1

and c ≡ 0 (mod 12).
3. f (τ) has a zero at a/c ∈ Q ∪ {∞} if and only if (a, c) = 1 and c ≡ ±4 (mod 12).
4. f (nτ) has a pole at a′/c′ ∈ Q ∪ {∞} if and only if there exist a, c ∈ Z such that a/c = na′/c′, (a, c) = 1

and c ≡ ±4 (mod 12).

Proof. We know that f (τ) has the only simple pole at a/c ∈ Q ∪ {∞} if and only if there exists s ∈ ∆ =(
Z/12Z

)× with ( ac ) ≡
(
s
0
)
(mod 12) by Lemma 2.1. This proves (1) and (2).

To prove (3) and (4), it is enough to �nd the condition for a/c ∈ Q ∪ {∞} to be equivalent to 1/4 under
Γ0(12). By using Lemma 2.1 again, ( ac ) ≡

(
s−1+4n
4s

)
(mod 12) for s ∈

(
Z/12Z

)× and n ∈ Z. Hence, c should
be congruent to ±4 (mod 12) and (a, c) = 1.
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We denote d1 (respectively, dn) by the total degree of poles of f (τ) (respectively, f (nτ)). Then there exists a
polynomial Fn(x, y) such that

Fn(x, y) =
∑
0≤i≤dn
0≤j≤d1

Ci,jxiyj ∈ Q[X, Y]

and Fn(f (τ), f (nτ)) = 0. Ishida-Ishii [5] proved the following lemma using the theory of algebraic functions.
This is useful when we check which coe�cients Ci,j of Fn(x, y) are zero.

Lemma 3.6. For any congruence subgroup Γ, let f1(τ) and f2(τ) be nonconstant such that C(f1(τ)), f2(τ)) =
A0(Γ) with the total degree Dj of poles of fj(τ) for j = 1, 2, and let

F(x, y) =
∑
0≤i≤D2
0≤j≤D1

Ci,jxiyj ∈ C[x, y]

be such that F(f1(τ), f2(τ)) = 0. Let SΓ be a set of all the inequivalent cusps of Γ, and let

Sj,0 =
{
s ∈ SΓ : fj(τ) has zeros at s

}
and

Sj,∞ =
{
s ∈ SΓ : fj(τ) has poles at s

}
for j = 1, 2. Let

a = −
∑

s∈S1,∞∩S2,0

ords f1(τ), b =
∑

s∈S1,0∩S2,0

ords f1(τ).

We assume that a (respectively, b) is 0 if S1,∞ ∩ S2,0 (respectively, S1,0 ∩ S2,0) is empty. Then we obtain the
following assertions:
1. CD2 ,a ≠ 0. In addition, if S1,∞ ⊂ S2,∞ ∪ S2,0, then CD2 ,j = 0 for any j ≠ a.
2. C0,b ≠ 0. In addition, if S1,0 ⊂ S2,∞ ∪ S2,0, then C0,j = 0 for any j ≠ b.
3. Ci,D1 = 0 for 0 ≤ i < |S1,0 ∩ S2,∞|, D2 − |S1,∞ ∩ S2,∞| < i ≤ D2.
4. Ci,0 = 0 for 0 ≤ i < |S1,0 ∩ S2,0|, D2 − |S1,∞ ∩ S2,0| < i ≤ D2.

If we interchange the roles of f1(τ) and f2(τ), then we may have more properties similar to (1)-(4). Suppose
that there exist r ∈ R and N, n1, n2 ∈ Z with N > 0 such that

fj(τ + r) = e2πinj/N fj(τ)

for j = 1, 2. Then we get the following assertion:
5. If n1i + n2j ≢ n1D2 + n2a (mod N), then Ci,j = 0. Here note that n2b ≡ n1D2 + n2a (mod N).

Proof. See [5, Lemma 3 and 6].

Proof of Theorem 3.2. If C(f1(τ), f2(τ)) is the �eld of all modular functions on some congruence subgroup
for which f1(τ) and f2(τ) are nonconstant, then the extension degree [C(f1(τ), f2(τ)) : C(fj(τ))] is equal to the
total degree dj of poles of fj (j = 1, 2). Hence we get the polynomial Φ(x, y) ∈ C[x, y] such that Φ(f1(τ), y)
(respectively, Φ(x, f2(τ))) is a minimal polynomial of f2(τ) (respectively, f1(τ)) over C(f1(τ)) (respectively,
C(f2(τ))). Let f1(τ) = f (τ) and f2(τ) = f (nτ). By Lemma 3.6, for any positive integer n we obtain a polynomial
Fn(x, y) ∈ Q[x, y] such that Fn(f (τ), f (nτ)) = 0 with degx Fn(x, y) = d2 and degy Fn(x, y) = d1 since the
q-expansion of f (τ) has only rational coe�cients. Hence we get Fn(1/X2(τ), 1/X2(nτ)) = 0 by substituting
f (τ) = 1/X2(2τ). Let

F̃n(x, y) = x2d2y2d1Fn
(
1
x2 ,

1
x2

)
be a polynomial with F̃n(X(τ), X(nτ)) = 0. By factorizing this, we can choose only one irreducible factor
Fn(x, y) ∈ Z[x, y] satisfying Fn(X(τ), X(nτ)) = 0. In detail, by replacing x (respectively, y) by the q-expansion
of X(τ) (respectively, X(nτ)) in each irreducible factor of F̃n(x, y), one of the irreducible factors of F̃n(x, y)
can be written as O(qN) for a suitable integer N; then we denote such an irreducible factor by Fn(x, y). Thus,
Fn(x, y) is the modular equation of X(τ) of level n for a positive integer n.
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Using Lemma 3.6, we obtain the modular equations of f (τ) of levels 2 and 3 as follows.

Theorem 3.7. The modular equations of X(τ) of levels 2 and 3 are found as follows:
1. (Modular equation of level 2)

X4(τ) = X2(2τ) 1 − X
2(2τ)

1 + 3X2(2τ) ,

2. (Modular equation of level 3)

X3(τ) − X(3τ) + 3X(τ)X2(3τ) − 3X2(τ)X3(3τ) = 0.

Proof. (1) By Lemma 3.4,Q(f (τ), f (2τ)) = A0(Γ0(24))Q. We may write the set SΓ0(24) of inequivalent cusps as

SΓ0(24) =
{
∞, 0, 12 ,

1
3 ,

1
4 ,

1
6 ,

1
8 ,

1
12

}
.

By Lemma 3.5 and the property (K4) of the Klein form, with considering the width at each cusp,

ord1/4f (τ) = ord1/8f (τ) = 1 and ord1/12f (τ) = ord∞f (τ) = −1

and
ord1/8f (2τ) = 2 and ord∞f (2τ) = −2.

In other words, both of the total degrees of poles of f (τ) and f (2τ) are 2, and there exists a polynomialF2(x, y)
satisfying F2(f (τ), f (2τ)) = 0. Let

F2(X, Y) =
∑

0≤i,j≤2
Ci,jxiyj .

Since the set of poles of f (τ) and the set of zeros of f (2τ) are disjoint, we may assume that C2,0 = 1. By
substituting x = f (τ) and y = f (2τ) to F2(x, y),

F2(x, y) = x2 − x2y + y2 + 3y

because all coe�cients of q-expansion of F2(f (τ), f (2τ)) should be zero. Consider the polynomial F̃2(x, y) :=
x4y4F2(1/x2, 1/y2) = 3x4y2 + x4 + y4 − y2. Since F̃2(x, y) is irreducible, we get that

X4(τ) = X
2(2τ)(1 − X2(2τ))
1 + 3X2(2τ) .

(2) Note that
Q(f (τ), f (3τ)) = A0(Γ0(36))Q

and
SΓ0(36) =

{
∞, 0, 12 ,

1
3 ,

2
3 ,

1
4 ,

1
6 ,

5
6 ,

1
9 ,

1
12 ,

5
12 ,

1
18

}
,

where SΓ0(36) is the set of all inequivalent cusps of Γ0(36). For s ∈ SΓ0(36),

ords f (τ) =
{
−1 if s ∈ {1/12, 5/12,∞} ,
≥ 0 otherwise

and

ords f (3τ) =
{
−3 if s = ∞,
≥ 0 otherwise.

So we may write the modular equation of f (τ) of level 3 as

F3(x, y) =
∑

0≤i,j≤3
Ci,jxiyj .
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Moreover, the only zero of f (3τ) is 1/12, and there is no cusp s at which both f (τ) and f (3τ) vanish
simultaneously. Thismeans thatwemay assume that C0,3 = 1by Lemma3.6 (2). By substituting q-expansions
of f (τ) and f (3τ) to X and Y in F3(x, y), respectively, we get

F3(x, y) = y3 − 9x + 6xy2 + 3x2y − x3y2

and
F̃3(x, y) := x6y6 × F3

(
1
x2 ,

1
y2

)

= (x3 + y + 3xy2 + 3x2y3)(x3 − y + 3xy2 − 3x2x3). (3.3)

We note that x3 + y + 3xy2 + 3x2y3 = 2q3/4 + · · · by substituting x = X(τ) and y = X(3τ), so we take the other
factor of (3.3) as the modular equation of X(τ); thus,

F3(x, y) = x3 − y + 3xy2 − 3x2y3

and
X3(τ) − X(3τ) + 3X(τ)X2(3τ) − 3X2(τ)X3(3τ) = 0.

The following theorem is useful for �nding the modular equations of f (τ) and X(τ).

Theorem 3.8. With the notation as above, let p be a prime ≥ 5. Then the modular equation Fp(x, y) =∑
0≤i,j≤p+1 Ci,jx

iyj ∈ Q[x, y] of f (τ) = 1/X2(2τ) satis�es the following conditions:
1. Cp+1,0 ≠ 0, C0,p+1 ≠ 0,
2. Cj,p+1 = 0, Cp+1,j = 0 (j = 1, . . . , p + 1),
3. Cj,0 = 0, C0,j = 0 (j = 0, . . . , p).

Proof. Assume that p ≥ 5 is a prime. Wemay take the set SΓ0(12p) of inequivalent cusps on Γ0(12p) as follows:

SΓ0(12p) =
{
∞, 0, 12 ,

1
3 ,

1
4 ,

1
6 ,

1
12 ,

1
p ,

1
2p ,

1
3p ,

1
4p ,

1
6p

}
.

Consider∞and0as1/12p and1/1 respectively. ByLemma2.3, thewidth h1/c of the cusp1/c is 12p/(12p, c2)
for a divisor c of 12p. Hence

ord1/12f (τ) = −p, ord∞f (τ) = −1, ord1/12f (pτ) = −1, and ord∞f (pτ) = −p.

So we obtain the modular equation Fp(x, y) of f (τ) of level p:

Fp(x, y) =
∑

0≤i,j≤p+1
Ci,jxiyj .

Let f1(τ) = f (τ) and f2(τ) = f (pτ). Using the notation in Lemma 3.6,

a = 0 and b =
∑

s∈S1,0∩S2,0

ordf1(τ) = p + 1

because S1,0 = S2,0 = {1/4, 1/4p}. Therefore, we get (1) because

Cp+1,0 = Cp+1,a ≠ 0 and C0,p+1 = C0,b ≠ 0.

Moreover, {
Cp+1,j = 0 for j ≠ 0,
C0,j = 0 for j ≠ p + 1.
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By switching the roles of f (τ) and f (pτ), let f1(τ) = f (pτ), f2(τ) = f (τ) and

F′p(x, y) =
∑

0≤i,j≤p+1
C′i,jxiyj

satisfying F′p(f (pτ), f (τ)) = 0. By using Lemma 3.6 again, we get{
Cj,p+1 = C′p+1,j = 0 for j ≠ 0,
Cj,0 = C′0,j = 0 for j ≠ p + 1.

In [10], Vasuki et al. computed the modular equations of X(τ) of levels 2, 3, 5, 7 and 11, where they used
di�erent methods for each level. They did not present the general method for getting the modular equation
of higher levels. We can get the modular equation of any integer level. The following table, which can be
computed by Theorem 3.2, shows the modular equations of levels 2, 3, 5, 7, 11, 13, 17 and 19.

Since f (τ) is a generator of a �eld of modular functions on congruence subgroup with genus zero, its
modular equation has similar properties to the modular equation of the classical elliptic modular function
j(τ). We state those properties in Theorem 3.9 after setting some notation.

Consider Γ := Γ0(12). For any integer a with (a, 6) = 1, we choose σa ∈ Γ(1) such that σa ≡
(
a−1 0
0 a

)
(mod 12). Clearly, σa ∈ Γ0(12). For instance, we may choose σa as

σ±1 = ±
(
1 0
0 1

)
and σ±5 = ±

(
5 12
12 29

)
.

For every integer n with (n, 6) = 1, we can write

Γ
(
1 0
0 n

)
Γ =

⋃
0<a|n

⋃
0≤b<n/a

(a,b,n/a)=1

Γσa

(
a b
0 n

a

)

as the disjoint union and |Γ\Γ
( 1 0
0 n
)
Γ| = n

∏
p|n(1 + 1/p) [9, Proposition 3.36].

De�ne the polynomial
Φn(x, τ) :=

∏
0<a|n

∏
0≤b<n/a

(a,b,n/a)=1

(
x − (f ◦ αa,b)(τ)

)

of degree n
∏
p|n(1 + 1/p) with αa,b := σa

(
a b
0 n/a

)
. Each coe�cient of the Φn(x, y) (in x) is an elementary

symmetric functionof f◦αa,b and invariant under Γ. Itmeans that they are inC(f (τ)) andΦn(x, τ) ∈ C(f (τ))[x]
because A0(Γ) = C(f (τ)). By abuse of notation we may write Φn(x, f (τ)) instead of Φn(x, τ). By using αa,b =
αn,0 = σn

( n 0
0 1
)
, (f ◦αn,0)(τ) = f (nτ). Since f ◦αn,0 is a zero ofΦn(x, f (τ)),Φn(f (nτ), f (τ)) = 0. Let f (nτ) = f1(τ),

f (τ) = f2(τ) and the set Sj,∞ (respectively, Sj,0) be the set of cusps which are poles (respectively, zeros) of fj(τ).
With the same notation as Lemma 3.6, write −a for the order ords f1(τ) of f1 at the cusp s in S1,∞ ∩ S2,0. When
we multiply Φn(x, f (τ)) by a suitable power of f (τ), we get a polynomial Fn(x, f (τ)) ∈ C[x, f (τ)] satisfying
Fn(f (nτ), f (τ)) = 0. Since f (τ) = 1/X2(2τ) and (n, 6) = 1, a might be zero and we regard Φn(x, f (τ)) as a
polynomial of x and f (τ). Hence we have the following theorem.

Theorem 3.9. With the same notation as above, for any positive integer n such that (n, 6) = 1, let f (τ) =
1/X2(2τ) and Φn(x, y) be a polynomial with Φn(f (τ), f (nτ)) = 0. Then we have the following assertions:
1. Φn(x, y) ∈ Z[x, y] and degx Φn(x, y) = degy Φn(x, y) = n

∏
p|n(1 + 1/p).

2. Φn(x, y) is irreducible both as a polynomial in x over C(y) and as a polynomial in y over C(x).
3. Φn(x, y) = Φn(y, x).
4. If n is not a square, Φn(x, x) is a polynomial of degree > 1 whose leading coe�cient is ±1.
5. (Kronecker’s congruence) Let p be an odd prime. Then

Φp(x, y) ≡ (xp − y)(x − yp) (mod pZ[x, y]).
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Table 1: The modular equation Fp(x, y) of X(τ) of levels 2, 3, 5, 7, 11, 13, 17 and 19

p The modular equation Fp(x, y) of X(τ) of level p

2 (x4 − y2)(1 − y2) + 4x4y2

3 (x3 − y) − 3xy2(xy − 1)
5 (x5 − y)(x + y5) + 5xy

(
x3y − xy3 − 2 x4y4 + x4 + y4

)
7 (x7 − y)(x + y7)

+7xy(x4 + 2 x5y +
(
−x2 + 3 x6

)
y2 +

(
1 − 3 x4

)
y4 − 2 xy5 +

(
−4 x6 + 3 x2

)
y6)

11 (x11 − y)(x − y11)
+11xy(x4 − 2 x8 + 6 x9y +

(
−6 x10 − 15 x6 + x2

)
y2 + 45 x7y3 +

(
1 − 45 x8 − 28 x4

)
y4

+84 x5y5 +
(
27 x10 − 84 x6 − 15 x2

)
y6 + 45 x3y7 +

(
−2 + 27 x8 − 45 x4

)
y8 + 6 xy9

+
(
−6 x2 − 22 x10 + 27 x6

)
y10)

13 (x13 − y)(x − y13)
+13xy(x4 − 3 x8 + x12 +

(
−x3 − 2 x11 + 10 x7

)
y +

(
2 x2 − 20 x6 − 10 x10

)
y2

+
(
−x + 10 x5 + 68 x9

)
y3 +

(
−27 x12 − 13 x4 − 115 x8 + 1

)
y4 +

(
10 x3 + 90 x11 + 131 x7

)
y5

+
(
−20 x2 − 64 x6 − 180 x10

)
y6 +

(
131 x5 + 90 x9 + 10 X

)
y7 +

(
−115 x4 − 117 x8 + 81 x12 − 3

)
y8

+
(
−81 x11 + 90 x7 + 68 x3

)
y9 +

(
−10 x2 + 162 x10 − 180 x6

)
y10 +

(
−2 x + 90 x5 − 81 x9

)
y11

+
(
−27 x4 + 81 x8 + 1 − 56 x12

)
y12)

17 (x17 − y)(x + y17)
+17xy(−2 x16 − 5 x8 + x4 + 7 x12 +

(
16 x15 + 21 x7 − 28 x11 − 2 x3

)
y

+
(
14 x6 + 34 x10 − 2 x2 − 14 x14

)
y2 +

(
2 x − 35 x13 + 168 x9 − 35 x5

)
y3

+
(
160 x8 + 30 x12 − 30 x4 + 1 + 63 x16

)
y4 +

(
−378 x7 + 959 x11 − 252 x15 + 35 x3

)
y5

+
(
−210 x6 + 14 x2 + 306 x10 + 306 x14

)
y6 +

(
1512 x13 − 1583 x9 − 21 x + 378 x5

)
y7

+
(
−405 x16 + 160 x4 − 5 − 1190 x8 + 1440 x12

)
y8 +

(
1701 x15 + 1583 x7 − 3402 x11 − 168 x3

)
y9

+
(
306 x6 + 1134 x14 + 34 x2 − 1890 x10

)
y10 +

(
3402 x9 − 959 x5 + 28 x − 2835 x13

)
y11

+
(
1440 x8 + 729 x16 − 2430 x12 + 30 x4 + 7

)
y12 +

(
35 x3 − 1458 x15 + 2835 x11 − 1512 x7

)
y13

+
(
306 x6 + 1134 x10 − 1458 x14 − 14 x2

)
y14 +

(
252 x5 + 1458 x13 − 1701 x9 − 16 x

)
y15

+
(
729 x12 − 386 x16 − 2 + 63 x4 − 405 x8

)
y16)

19 (x19 − y)(x + y19)
−19xy(6 x16 − x4 + 6 x8 − 12 x12 +

(
5 x5 − 52 x9 − 26 x17 + 65 x13

)
y

+
(
65 x10 + 18 x18 + 4 x2 − 42 x6 − 87 x14

)
y2 +

(
−135 x15 − 20 x11 + 2 x7

)
y3

+
(
−261 x16 − 200 x8 + 33 x4 − 1 + 21 x12

)
y4 +

(
520 x9 + 585 x17 − 5 x − 1916 x13

)
y5

+
(
591 x6 − 1512 x10 + 63 x14 − 42 x2 − 324 x18

)
y6 +

(
−180 x15 − 1144 x11 − 2 x3

)
y7

+
(
6 + 2091 x8 + 1755 x16 − 4536 x12 − 200 x4

)
y8 +

(
−520 x5 − 4212 x17 + 52 x + 4680 x13

)
y9

+
(
−5400 x14 + 1458 x18 + 6273 x10 − 1512 x6 + 65 x2

)
y10 +

(
162 x15 + 20 x3 + 1144 x7

)
y11

+
(
15957 x12 − 12 − 10206 x16 − 4536 x8 + 21 x4

)
y12 +

(
−4680 x9 + 1916 x5 − 65 x + 3645 x17

)
y13

+
(
63 x6 − 87 x2 − 2187 x18 − 5400 x10 + 8019 x14

)
y14 +

(
−162 x11 + 180 x7 + 135 x3

)
y15

+
(
−10206 x12 + 6 + 8748 x16 − 261 x4 + 1755 x8

)
y16 +

(
−585 x5 + 4212 x9 − 3645 x13 + 26 x

)
y17

+
(
1458 x10 − 324 x6 − 2187 x14 + 18 x2 + 1036 x18

)
y18)

Proof. Since f (τ) = q−1 + 2q + q3 + · · · , f (τ) has a Fourier expansion

f (τ) = q−1 +
∞∑
m=1

cf (m)qm (cf (m) ∈ Z).

Let ψk be the automorphism ofQ(ζn) overQ de�ned by ψk(ζn) = ζ kn for an integer k with (k, n) = 1. Since(
f ◦
(
a b
0 n/a

))
(τ) = f

(
a2τ + ab

n

)
= ζ −abn q−a

2/n +
∞∑
m=1

cf (m)ζ abmn qa
2m/n ,
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ψk induces an automorphism ψ̂k ofQ(ζn)((q1/n)) overQ(ζn) such that

ψ̂k

(
f ◦
(
a b
0 n/a

)
(τ)
)
= ζ −abkn q−a

2/n +
∞∑
m=1

cf (m)ζ abkmn qa
2m/n .

When we take an integer b′ such that 0 ≤ b′ < n/a and b′ ≡ bk (mod n/a), we get ab′ ≡ abk (mod n)
and

ψ̂k(f ◦ αa,b) = ψ̂k

(
f ◦ σa

(
a b
0 n/a

))
= ψ̂k

(
f ◦
(
a b
0 n/a

))

= f ◦
(
a b′

0 n/a

)
= f ◦ σa

(
a b′

0 n/a

)
= f ◦ αa,b′ .

This implies that ψ̂k(Φn(x, f (τ)) = Φn(x, f (τ)).
We note that the degree of Φn(x, f (τ)) in x is n

∏
p|n(1 + 1/p), and let d := n

∏
p|n(1 + 1/p). By using that

(f ◦ α1,0)(τ) = f (τ/n), Φn(f (τ/n), f (τ)) = 0 and [C(f (τ/n), f (τ)) : C(f (τ))] ≤ d.
We have Γαa,b ⊂ Γ

( 1 0
0 n
)
Γ, and so there exist γ, γ′, γa,b ∈ Γ such that γ

( 1 0
0 n
)
γa,b = γ′αa,b. Consider an

embedding ξa,b of C(f (τ/n), f (τ)) to the �eld of all meromorphic functions on H containing C(f (τ/n), f (τ))
over C(f (τ)) de�ned by

ξa,b(h) = h ◦ γa,b .

So ξa,b(f )(τ) = f (τ) and ξa,b(f (τ/n)) = (f ◦ αa,b)(τ) because

ξa,b(f (τ/n)) = ξa,b

(
f ◦
(
1 0
0 n

))
(τ) =

(
f ◦
(
1 0
0 n

)
γa,b

)
(τ) =

(
f ◦ αa,b

)
(τ).

In other words, αa,b ≠ αa′ ,b′ means that f ◦ αa,b ≠ f ◦ αa′ ,b′ ; hence, there exist distinct d embeddings ξa,b
of C(f (τ/n), f (τ)) over C(f (τ)) and [C(f (τ/n), f (τ)) : C(f (τ))] = d. Therefore, Φn(x, f (τ)) is irreducible over
C(f (τ)).

Let F(x, y) be the polynomial determined in Lemma 3.6. Let f1(τ) = f (τ), f2(τ) = f (nτ), dj be the total
degree of fj(τ) for j = 1, 2 and

a = −
∑

s∈S1,∞∩S2,0

ords f (τ).

Then the polynomial F(x, y) is written as

F(x, y) = Cd2 ,ax
n +

∑
0≤i≤d2
0≤j≤d1

Ci,jxiyj .

We have the following relation:
Fn(x, f (τ)) = Cd2 ,a · f (τ)

aΦn(x, f (τ))

because F(x, f (τ)) (respectively, F(f (τ/n), y)) is the minimal polynomial of f (τ/n) (respectively, f (τ)) over
C(f (τ)) (respectively, C(f (τ/n)). As we mentioned before Theorem 3.9, a = 0. Moreover, both F(x, y) and
Φn(x, y) are in Z[x, y]; thus (1) and (2) are proved.

(3) Note that (f ◦ αn,0)(τ) = f (nτ). From that Φn(f (nτ), f (τ)) = 0, Φn(f (τ), f (τ/n)) = 0 and f (τ/n) is a root
of Φn(f (τ), x) = 0. Since Φn(x, f (τ)) ∈ Z[x, f (τ)] and Φn(x, f (τ)) is irreducible, we may assume that there is a
polynomial G(x, f (τ)) such that

Φn(f (τ), x) = G(x, f (τ))Φn(x, f (τ)).

By exchanging x with f (τ) and multiplying G(x, f (τ)),

Φn(f (τ), x) = G(x, f (τ))Φn(x, f (τ)) = G(x, f (τ))G(f (τ), x)Φn(f (τ), x);
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so, we get G := G(x, y) = ±1.
We claim that G = 1. If G = −1, then Φn(f (τ), x) = −Φn(x, f (τ)) = 0. By substituting x = f (τ), we have

2Φn(f (τ), f (τ)) = 0, so f (τ) is a root of Φn(x, f (τ)) = 0. In other words, x − f (τ) divides Φn(x, f (τ)) as a
polynomial. However, Φn(x, f (τ)) is irreducible over C(f (τ)) by (2), which is a contradiction. Hence, G = 1,
and so Φn(f (τ), x) = Φn(x, f (τ)).

(4) We observe that each factor of Φn(f (τ), f (τ)) is

f (τ) − (f ◦ αa,b)(τ) = q−1 − ζ −abn q−a
2/n + O(q1/n). (3.4)

Assume that n is not a square. Let ca,b be the coe�cient of the lowest term of (3.4). Then ca,b is 1 or −ζ −abn .
Hence, the leading coe�cient of Φn(f (τ), f (τ)) is∏

0<a|n

∏
0≤b<n/a

(a,b,n/a)=1

ca,b ,

which is a unit. It is an integer by (1), thus (4) is proved.

(5) Assume that p is an odd prime. We write

g(τ) ≡ h(τ) (mod α)

for g(τ), h(τ) ∈ Z[ζp]((q1/p)) satisfying

g(τ) − h(τ) ∈ αZ[ζp]((q1/n)).

Consider the Fourier expansion of (f ◦ αa,b)(τ) (mod 1 − ζp) as follows:

(f ◦ α1,b)(τ) = ζ −bp q−1/p +
∞∑
m=1

cf (m)ζ bmp qm/p

≡ q−1/p +
∞∑
m=1

cf (m)qm/p (mod 1 − ζp)

= (f ◦ α1,0)(τ),

(f ◦ αp,0)(τ) = q−p +
∞∑
m=1

cf (m)qpm

≡ q−p +
∞∑
m=1

cf (m)pqpm (mod p)

≡ f (τ)p (mod p).

On the other hand,

((f ◦ α1,0)(τ))p =
(
q−1/p +

∞∑
m=1

cf (m)qm/p
)p

≡ q−1 +
∞∑
m=1

cf (m)qm (mod 1 − ζp)

= f (τ).

Hence we get the following congruence equation

Φp(x, f (τ)) =
∏
0≤b<p

(
x − (f ◦ α1,b)(τ)

) (
x − (f ◦ αp,0)(τ)

)
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≡
(
x − (f ◦ α1,0)(τ)

)p (x − f (τ)p) (mod 1 − ζp)
≡
(
xp − (f ◦ α1,0)(τ)p

)
(x − f (τ)p) (mod 1 − ζp)

≡
(
xp − f (τ)

)
(x − f (τ)p) (mod 1 − ζp).

This means that ∑
i
βiXi := Φp(x, f (τ)) − (xp − f (τ))(x − f (τ)p)

belongs to (1 − ζp)Z[x, f (τ)], where βi ∈ (1 − ζp)Z[f (τ)]. However, since we already know that Φp(x, y) −
(xp − y)(x − yp) is contained in Z[x, y], we have

∑
i βix

i ∈ Z[x, f (τ)], that is, βi ∈ Z[f (τ)]. Hence, each βi is
a polynomial in f (τ) whose coe�cient is divisible by (1 − ζp); thus, βi ∈ pZ[f (τ)]. Therefore, the modular
equation of f (τ) satis�es that

Φp(x, y) − (xp − y)(x − yp) ∈ pZ[x, y].

Remark 3.10. Aswementioned in Remark 3.3, we cannot conclude that X(τ) can generate the �eld ofmodular
functions for certain congruence subgroup. But, in Table 1, we observe that the modular equations Fn(x, y)
of X(τ) satisfy the following congruence:

Fp(x, y) ≡
{
(xp − y)(x + yp) if p = 5, 7, 17, 19,
(xp − y)(x − yp) if p = 11, 13.

Hence we conjecture that

Fp(x, y) ≡
{
(xp − y)(x − yp) if p ≡ ±1 (mod 12),
(xp − y)(x + yp) if p ≡ ±5 (mod 12).

4 Ray class �elds and evaluation of X(τ)
In this section, we prove our remaining results. We �rst show that X(τ) generates the ray class �eld modulo 6
over K. We then prove that as a value, 1/X(τ) is integral and X(rτ) can also be expressed in terms of radicals
for any positive rational number r if X(τ) can be written in terms of radicals. We also present some examples
at the end of this section.

Theorem 4.1. Let K be an imaginary quadratic �eld with discriminant dK and τ ∈ K ∩ H be a root of the
primitive equation ax2 + bx + c = 0 such that b2 − 4ac = dK and (a, 6) = 1, where a, b, c ∈ Z. Then K(X2(τ))
is the ray class �eld modulo 6 over K.

Theorem 4.2. Let K be an imaginary quadratic �eld and τ ∈ K ∩ H. Then the value 1/X(τ) is an algebraic
integer.

Theorem 4.3. Suppose that X(τ) can be evaluated in terms of radicals. Then X(rτ) can also be expressed in
terms of radicals for any positive rational number r.

Let K be an imaginary quadratic �eld and dK its discriminant. For a positive integer N, denote K(N) by the ray
class �eld modulo N over K. In this section we �rst show that X2(τ) generates the ray class �eld K(6) modulo
6 over K, where τ ∈ K ∩ H is a root of the primitive equation ax2 + bx + c = 0 such that b2 − 4ac = dK .

The following lemmagives us the ray class �eld generated by X2(τ), and it is used for the proof of Theorem
4.1.
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Lemma 4.4. Let K be an imaginary quadratic �eld with discriminant dK , and let τ ∈ K ∩ H be a root of the
primitive equation ax2 + bx + c = 0 in Z[x] such that b2 − 4ac = dK . Let Γ′ be any congruence subgroup such
that Γ(N) ⊂ Γ′ ⊂ Γ1(N). Suppose that (N, a) = 1. Then the �eld generated over K by all the values h(τ) with
h ∈ A0(Γ′)Q is de�ned and �nite at τ; this �eld is the ray class �eld modulo N over K.

Proof. See [2, Corollary 5.2].

Proof of Theorem 4.1. If Γ′ is the congruence subgroup such thatQ(X2(τ)) = A0(Γ′)Q, then Γ′ = Γ1(6)∩Γ0(2)
and Γ(6) ⊂ Γ′ ⊂ Γ1(6) by Theorem 3.1 (2). For an imaginary quadratic �eld K with discriminant dK, consider
τ ∈ K ∩H satisfying aτ2 + bτ + c = 0, where b2 − 4ac = dK, (a, 6) = 1 and a, b, c ∈ Z. Since X is de�ned and
�nite at this τ, K(X2(τ)) is the ray class �eld modulo 6 over K by Lemma 4.4.

Corollary 4.5. Let K be an imaginary quadratic �eld. If Z[τ] is the integral closure of Z in K, then K(X2(τ)) is
the ray class �eld modulo 6 over K.

Proof. Assume that Z[τ] is the ring of integers in K. If aτ2 + bτ + c = 0, where a, b, c ∈ Z and (a, b, c) = 1,
then a should be 1. Hence, K(X2(τ)) is the ray class �eld modulo 6 over K.

The Hauptmodul is the normalized generator of a genus zero function �eld with q-series q−1 + O(q). Now, we
focus on proving that 1/X(τ) is an algebraic integer.

Lemma 4.6. The Hauptmodul of A0(Γ1(6)) is 1/X4(τ) − 4.

Proof. Let g(τ) = 1/X4(τ). Since g(τ) is written as the product of Klein forms:

g(τ) = ζ6
5∏
j=0

K4(2/6,j/6)
K4(1/6,j/6)

(τ) = q−1
∞∏
n=1

(1 − q6n−4)4(1 − q6n−2)4
(1 − q6n−5)4(1 − q6n−1)4 ,

g(τ) is a modular function on Γ(6) by (K5). Moreover, g(τ + 1) = g(τ); this implies that g(τ) ∈ A0(Γ1(6)). Note
that there are four inequivalent cusps ∞, 0, 1/2 and 1/3 with widths 1, 6, 3 and 2, respectively. By (K4), the
orders of g(τ) at ∞, 0, 1/2 and 1/3 are −1, 0, 1 and 0, respectively. Hence, g(τ) generates the �eld A0(Γ1(6)),
and it has q-expansion q−1+4+6q+4q2−3q3+O(q4). It implies that g(τ)−4 = 1/X4(τ)−4 is the Hauptmodul
of Γ1(6).

In [4], the cubic continued fraction C(τ) is de�ned as follows:

C(τ) =
q1/3

1 +
q + q2

1 +
q2 + q4

1 + · · ·

. (4.1)

Then we get the following lemma.

Lemma 4.7. Let X(τ) and C(τ) be de�ned as before. Then

X4(τ) = C3(τ)
1 + C3(τ) .

Proof. In [4, Lemma 15], the Hauptmodul of Γ1(6) is 1/C3(τ) − 3. By uniqueness of Hauptmodul, 1/C3(τ) =
1/X4(τ) − 1, so the result follows.

Proof of Theorem 4.2. By [4, Theorem 16], 1/C(τ) is an algebraic integer for τ ∈ K ∩ H. Hence we have that
1/X4(τ) and 1/X(τ) are algebraic integers because 1/C3(τ) = 1/X4(τ) − 1.
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Proof of Theorem 4.3. For given r ∈ Q>0, we write r as r = a/b for relatively prime integers a and b. For a
prime factor p of r, let

τ0 =
{
pτ if p | a,
τ/p if p | b,

and take the modular equation Fp(x, y) of X(τ) of level p in Table 1. Let

P(t) :=
{
Fp(X(τ), t) if p | a,
Fp(t, X(τ)) if p | b.

By solving the equation P(t) = 0, we can get �nitely many solutions s1, . . . , sl which are written in terms of
radicals. For a su�ciently large N and q0 = e2πiτ0 , we check the absolute values

absj :=

∣∣∣∣∣q1/40

N∏
n=1

(1 − q6n−50 )(1 − q6n−10 )
(1 − q6n−40 )(1 − q6n−20 )

− sj

∣∣∣∣∣
for j = 1, . . . , l. Then there is only one j′ with extremely small absj′ , and so we have X(τ0) = sj′ . We may
repeat these steps until we get X(rτ).

Example 4.8 (Evaluation of X(i)). One can obtain that

X(i) =
√

4√12 −
√
3√

3
(4.2)

by going through the following procedure:
1. By [1, Theorem 3 (4.1)], C((1 + i)/2) = (1 −

√
3)/2.

2. Since X4(τ) = C3(τ)/(1 + C3(τ)), X4((1 + i)/2) = (3 − 2
√
3)/9.

3. By comparing the approximation of X((1 + i)/2) with is · 4
√
(3 − 2

√
3)/9 (s = 0, 1, 2, 3), we can see that

X
(
1 + i
2

)
= −i 4

√
3 − 2

√
3

9 = −i
4
√
3 − 2

√
3√

3
.

4. Using the fact that the modular equation of level 2 is

x4 + 3x4y2 − y2 + y4, (4.3)

four zeros of (4.3) are

s1 :=
√

4√12 +
√
3√

3
, s2 := s1, s3 := i

√
4√12 −

√
3√

3
, s4 := −s3

when x := X((1 + i)/2).
5. Hence we �nd X(1 + i) = s4.
6. Actually, X(i) should be ϵi · X(1 + i) (s = 0, 1, 2, 3). By comparing the approximation of X(i) with ϵi · s4

again, we get

X(i) =
√

4√12 −
√
3√

3
.

In detail, for q0 = e−2π, let

absj :=

∣∣∣∣∣q1/40

100∏
n=1

(1 − q6n−50 )(1 − q6n−10 )
(1 − q6n−40 )(1 − q6n−20 )

− ϵjs4

∣∣∣∣∣ .
Then abs1 = 0.5 · 10−9.
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Remark 4.9. One can use the value C(i) =
√
6
√
3−

√
3−1

4 for some steps. Then we get the value

X(i) =
√

4√27
√
2 −
√
3 − 1

4√3
√
3 + 4√3

√
2 +
√
3
,

which is equal to (4.2).

Example 4.10. Using the same method as Example 4.8, we obtain the following evaluations.
1.

X(
√
−2) =

√
1 − 3

√
3 + 3

√
2

3 − 3
√
2 + 3

√
3
,

2.

X(
√
−5) =

√
3
√
ξ5 − 1

3 + 3
√
ξ5
,

where ξ5 = −31 + 8
√
15 + 14

√
5 − 18

√
3.

In [1, Theorems 3 and 5], we can �nd the values

C(
√
−2/2) = (

√
6 − 2)/2, C((1 +

√
−5)/2) = (

√
5 − 3)(

√
5 −
√
3)/2,

and these are useful for �nding the values X(
√
−2) and X(

√
−5).
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