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Abstract: The aim of this paper is to deal with the boundedness of the 6-type Calderén-Zygmund opera-
tors and their commutators on Herz spaces with two variable exponents p(-), g(-). It is proved that the
0-type Calderén-Zygmund operators are bounded on the homogeneous Herz space with variable exponents
KZ‘E%(') (R™). Furthermore, the boundedness of the corresponding commutators generated by BMO function
and Lipschitz function is also obtained respectively.
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1 Introduction and Main Results

The theory of Calderén-Zygmund operators, which has played very important roles in modern harmonic
analysis with lots of extensive applications in the others fields of mathematics, has been extensively studied
(see [1-6], for instance). In 1985, Yabuta introduced certain 6-type Calderdon-Zygmund operators to facilitate
his study of certain classes of pseudodifferential operators (see [7]). Following the terminology of Yabuta, we
recall the so-called 6-type Calderén-Zygmund operators. Let 8 be a non-negative and non-decreasing function

on R* = (0, oo) satisfying
1
/ @dt < oo, (1.1)
0

A measurable function K(:, -) on R" x R"\{(x, x) : x € R"} is said to be a 8-type Calderén-Zygmund kernel if
it satisfies

IKG, y)| < Clx—y[™, x=y, (1.2)
and
IK(x,y) - K(x,y)| + |K(y, x) - K(y, X)| < C6<‘\)’(<:))(/||>‘X —y|™, asjx-y|=2]x-x|,¥=y. (1.3)

Definition 1.1 Let Ty be a linear operator from § into its dual §'. One can say that Ty is a 6-type Calderén-
Zygmund operator if it satisfies the following conditions:
(1) Ty can be extended to be a bounded linear operator on L2(R") ;
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(2) there is a 6-type Calder6n-Zygmund kernel K(x, y) such that

Tof(0) = [ K y)F0)dy, as f & CZ(R") and x ¢ supp. (1.4)
Rn
It is easy to see that the classical Calderdn-Zygmund operator with standard kernel is a special case of 6-
type operator T, as 0(t) = t® with 0 < § < 1. Given a locally integrable function b, the commutator generated
by Tg and b is defined by

[b, Tolf(x) = b(x)Tof (x) - Te(b - f)(x) = /[b(X) - b(Y)IK(x, y)f(y)dy. (1.5)
Rn

Such type of operators are extensively applied in PDE with non-smooth area. Many authors concentrate
on the boundedness of these operators on various function spaces, we refer the reader to see [8-14] for
its developments and applications. In [11], Quek-Yang established the boundedness of Ty on spaces such
as weighted Lebesgue spaces, weighted weak Lebesgue spaces, weighted Hardy spaces and weighted weak
Hardy spaces. Ri-Zhang obtained the bounedness of Ty on Hardy spaces with non-doubling measures and
non-homogeneous metric measure spaces in [12, 13]. Wang proved the boundedness of Ty and [b, Tg] on
the generalized weighted Morrey spaces in [14]. Inspired by the results mentioned previously, a natural
and interesting problem is to consider whether or not the 6-type Calderén-Zygmund operators Ty and their
commutators [b, Ty] are bounded on Herz space with variable exponents. The purpose of this paper is to give
a positive answer.

The spaces with variable exponent have been widely studied in recent ten years. The results show that
they are not only the generalized forms of the classical function spaces with invariable exponent, but also
there are some new breakthroughs in the research techniques. These new real variable methods help people
further understand the function spaces. Lebesgue spaces with variable exponent LP)(R") become one class
of important function spaces due to the fundamental paper [15] by Kovocik Rakosnik. The theory of the
function spaces with variable exponent have been applied in fluid dynamics, elastlcity dynamics, calculus of
variations and differential equations with non-standard growth conditions(for example, see [16—20]). In [21],
authors proved the extrapolation theorem which leads the boundedness of some classical operators including
the commutators on LP(')(R”). Karlovich and Lerner also obtained the bundedness of the singular integral
commutators in [22]. The boundedness of some typical operators is being studied with keen interest on spaces
with variable exponent (see [23-26]). Recently, Tao and Yang established the boundedness of 8-Type C-Z
operators and their commutators generated respectively by BMO functions, Lipschitz functions and Besov
functions on variable exponent Lebesgue spaces LP)(R") (see [27]), at the same time, the boundedness of
singular integrals with variable kernel and fractional differentiations is also obtained.

It is well known that Herz spaces play an important role in harmonic analysis. After the Herz spaces with
one exponent p(-) were introduced in [28], the boundedness of some operators and some characterizations
of these spaces were studied widely (see [29-32]). In this paper, we will study the boundedness of the 6-type
Calderén-Zygmund operators Ty and their commutators [b, Ty] on Herz spaces with two variable exponents
p(+), q(-). In order to do this, we need to recall some notations and definitions.

Denote P(R™) to be the set of the all measurable functions p(x) with p_ =: ess Xienﬂgn p(x) > 1 and p, =:

ess sup p(x) < oo and B(R™) to be the set of all functions p(-) € P(R") satisfying the condition that the Hardy-
xERN

Littlewood maximal operator M is bounded on L? O(RM), PO(R™) the set of all measurable functions p(x) with
p->0andp; < oo,
Given a function p(x) € P(R"), the space L’®(R") is now defined by

px)
Ifll oy = inf { 0> 02 / ('ff;‘)') <1
R"

[15]

Given a function p(-) € P°(R"), the space LPO(R") is defined by

PORM = {f |fP° € LIO(R™) for some po with 0 < po < p-and g(x) = I%X)} '
0
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It is easy to see that the above Luxemburg-Nakano quasi-norm is also equivalent with!!]
1
W llzmogany = ILFIPO N 2B s

where g(x) = % and for some po with 0 < pg < p-.
Before recalling the Herz spaces with two variable exponents, we will introduce the following function
space, which is named as the mixed Lebesgue sequence space (see [33]).

Definition 1.2[24’ 3l Let p(-), g(-) € P°(R™). The mixed Lebesgue sequence space with variable exponent
190(2P0) is the collection of all sequences {f; 1o of measurable functions on R" such that

20l oy = inf {],1 >0t Ao ({fj/y}:o) < 1} < oo,
where

had 1 p(x)
Aoy {fi}20) = > inf { py >0 / <|f1( )|/HM) drx<1

j=0 Rn

Noting g+ < oo, we see that

Alq(-)(Lp(»))({fi};ZO) - H |f “I()‘

P

)
Letk € Z, By = {x € R": |x| < 2K}, C; = Bi\Bi_1, Xk = Xc,-

Definition 1.32% Let a € R, p(1),g(-) € P°(R™). The homogeneous Herz space with variable exponent

<Z(%( )(R™) is defined by

K@ = {f € LEDR™NOD) : oo < 2}

where

q(
ey = IH2 IR0V s = inf {11 20,3 | (*=ipwiim)

)
o0 S 1,.
P LaO
Remark 1.1 (1) It is easy to see that I'(Sig(')(R") = [PO(R") and if p(x) = po and g(x) = qo are constants, then
<Z(L§( J(RM) = K32 (R") is just the usual Herz spaces (see [34]).
) If g1(-), g2(-) € PO°(R™) satisfying (q1)+ < (g2)-, then (see [24])

e, q1() (mon v, q2 () (ron
Kp(_) (R") c Kp(.) (R™).
Definition 1.5[3 > When 0 < B < 1, the Homogeneous Lipschitz space Lipg (R™) is the space of functions such

fhet e+ h) - £00)]
X+ X
Iflluip, = sup  ——————
MR8 " heRneo |h|B
Our main results in this paper are fomulated as follows.

Theorem 1.1 Suppose that Ty is a 0-type Calderdn-Zygmund operators with 0 satisfies (1,1), p(-) € B(R"),
q1(-), g2(-) € PO(R™) with (g2)- = (g1)+ and p(-)/q>(-) € P(R™). If -nb1, < a < nd1q, where 811, 81, are the
constants in Lemma 2.2, then the operator Ty is bounded from Kgigl(')(R") to I'(ZE?(')(R").

Theorem 1.2 Let b € BMO, m € N and p(-), q1(-), g»(-) and a are the same as in Theorem 1.1. Suppose that
[b, Ty] is defined by (1.5) with 6 satisfying

1
/ GT logt|dt < oo. (1.6)
0
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Then the commutator [b, Tp] is bounded from Kzigl(')(R”) to Kzigz(')(R”).

Theorem 1.3 Let b € Lipg(R")(0 < B < 1) and [b, Ty] be defined by (1.5) with 6 satisfying (1.6). Suppose that
01(), 42(-) € P°R™) with (g2)- = (q1)+ and p1(), p2(-) € B(R") is such that (p1)+ < §, 1/p1(x) - 1/p2(x) =
B/n, (1 = B/m)p2(-) € B(R™) and p1(-)/q2() € PR"). If -nb1, < a < nbdq1, then the commutator [b, Ty] is
bounded from K;;‘(If)(')(R”) to K;;C(I.Z)(.) (RM).

We make some conventions. In what follows, C always denotes a positive constant which is independent
of the main parameters involved but whose value may differ in different occurrences, | E| denotes the Lebesgue
measure of E € R". Given a function f, we denote the mean value of f on E by fg =: ﬁ Je f()dx. p'(-) means

the conjugate exponent of p(-), namely, 1/p(x) + 1/p’(x) = 1 holds.

2 Preliminary Lemmas

Before proving the main results, we need the following lemmas.
Lemma 2.111%] (Generalized Holder’s Inequality) Let p(-), p1(-), p2(*) € p(-) € P(R™).
(1) For any f € LPY(R™) and g € LP V(RM),

/ 001X < ol 18l
Rn

where Cp =1+1/p™ -1/p*. '
(2) Forany f € LP*O(R") and g € LP>O(R"), when 1/p(x) = 1/p1(x) + 1/p2(x), we have

1fFOIgCO Loy < Coropa If o 1115505

where Cp, p, = (1 +1/py_ - 1/p1)/P-.
Lemma 2.2%2 1f pi € BR")(i = 1, 2), then there exist constants p; 1, p;», C > 0, such that for all balls
B € R" and all measurable subsets S € B,

, 5; , 8
IXllrogn B Xslysiogn <@) * el (ﬂ) ’2

Xsllpogn ~ 117 lixall , "~ \IBI lIxsll , "~ \IBl

1710 (Rn PO (Rn

Lemma 2.3539! I p;(-) € B(R"), then there exists a constant C > 0 such that for all balls B € R",
1
@HXB||LP(')(R”)||XBHLp,(»)(]Rn) < C.

Lemma 2.4/24 Let p(+), ¢1(-) € PRM).If f € LPIO(RM), then

min(1f | Foger» 11 Froaer) < H 1£19¢ H o0 < maX([|f | g0 » U117 pc0000)-

Lemma 2559 Let b € BMO and m be a positive integer. There exists a constant C > 0, such that for any
k,j € Zwith k > j,

M Ccp|¥ < sup ml\(b = bg)" X8 pon < CIDIV;

) [|(b = bp)™xB, | proy@my < Clk = D™ DI X By Lot () -
Lemma 2.630! If p(-) € B(R"), then there exist constants 0 < § < 1, C > 0, such thatforall Y € T, all
nonnegative numbers to and all f € LL (R") with fo/=0(Q € V),

6
Zfo‘;;l Xo <C||> toxe ;

Qey LPO(RR) Qey LPO(RM)
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where T denotes all families of disjoint and open cube in R".

Lemma 2.724 Let b ¢ Lipg(R") and m be a positive integer. There exists a constant C > 0, such that for any
k,jeZwithk>j

1 C_1||b\|£"ipﬁ < W”XBHZI}(')(RII)H(I) = bp)"X5llLro@n < ClIDIItip,s

() 11(b = b)) ™, | o eny = CIBRI™™ BTy 8 s ey

Lemma 2.87] Letf € Lipﬁ(R”), 0<B<1,1<p<oo, By CB;. Wehave

() 1flluip, = SUPs 15 (7o J IF0O) = falPdx) /P
) If, ~ f3,] < Clflluip, |B2/*/".

Lemma2.94 etk € N, a; > 0, 1 < py < oo. Then

migpk, > ko Ak < 1;

(o] oo
Zaﬁk < (Z ap)’, where p. = { k€ -
k=0 k=0 max P, > ko Ak > 1.

Lemma 2.10127! Suppose that Ty is a 6-type Calderén-Zygmund operator and 6 satisfies (1,1). Let p(-) € B(R"),
then there exits a constant C independent of f such that

ITo)l Lron) < ClIFll oo gy

Lemma 2.1127! Let b ¢ BMO(R™). Suppose that p(-) € B(R") and 0 satisfies (1.6), then there exists a constant
C independent of f such that
I[Bs Tol(A)l porqgny < ClIBIIF Il o6 qeny-

Lemma 2.122"! Let b € Lipg(R™) for 0 < B < 1. Suppose that 6 satisfies (1,1) and p(-) € P(R") be such that
P+ < % Define q(:) by

11 B

p0) g0 n’

If g(-)(1 - é) € B(R™), then there exists a constant C independent of f such that

b, To) ()l Larmny < ClIDIILipymIf Il oo n -

3 Proof of Main Theorems

Proof of Theorem 1.1. Letf ¢ nggl(')(R"). Write

fO0 =" fOx00 £ Y £,

j=—o0 j=—o0

Due to p(-)/q»(-) € P(R™), which implies inf(p(-)/g»(-)) = 1, then we have

2(4)
(ZkaTe(f)Xk)q
n

< 1} .
p0)
L1220)

HTe(f)HK%Z(q(Rn) = inf {n >0: )

k=—o0

Since

()
H (z“m(f)xu)q
n

<C

_ ()
2k 3 To(fil \
N1

p()

L 50 ()

La20)
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k+2 q2() oo q2()
ol (241ZEE T el 2 ks Tolid \ ™
nM12 0O n13 0. ’
L920) L1720
where
k-3 °° k+2 =
k ki
n1 = 4 2% S To(Fl s M2 =|[4 20 ) Tolfdxid ;
j=—o0 k=—o0l1220(1r0) j=k-2 k=—o00 [11220)(LPO)
N3z = H zka| Z To (x| and 1 =111 +N12 + N13-
j=k+3 k=—oco 11220 (Lp())
Hence,
||T0(f)|\1-<%2(-)(w) < C(n11 + 12 + M13)-
This implies that, in order to prove our theorem, we only need to show n11, 112, 113 < C|/f| For

simplicity, we denote Ag = ||f]| K010 @ny*
p

0
First, we consider 171,. By Lemma 2.4 and using Aoki-Rolewicz’s theorem, we have

—oco

oo k+2 q2() oo k+2 (@)
Z <2ka Zi:k—Z TQ(f])Xk|> < Z Zka‘ Z) +k 2 Tg(f] Xk| ’
k=—co Ao O — Ao J7%)
. 2 To(Fxal
coy 30| F
k=—c0 ]=k*2 Lp(‘)
where o
zku‘zlﬁz TG(f)Xkl q>2
(q2)-, (—’ ez <1,
(q%)k = ) ) Lqp;'))
20 o2, ol \ ¥
(g2)+, (—’ 2 > 1.
0 Lqub))
By using Lemma 2.10, it follows
1
=) ki k+2 qZ(') oo k+2 (qz)k
e “1555 5k Tolfixxd ey Z 241f|
Ao b0 Ao
k=—o0 L50 k=—o0 \j=k-2 Lr®)
(@)
2l ||
<C .
> [,
Since f € f(“ ql()(]R") we can easily see || 2/l < 1land > 2l o
s Ao g~ k=-oco Ao L%
Lemma 2.4 and Lemma 2.9, we have
(ql)k
oo K42 q2() - NI
Z Zkal Zj:k—Z Te(f})X/<| <C Z 2k“|f)(k\ 00| @
Ao W) Ao 20
k=—c0 L0 k=—c0 La10)
oo © q-
24\ "
ol Y| ()
= La10)

<C.

(@)

K5

< 1. Hence, by
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(qz)k

Here (q1)+ < (q2)- < (¢3)c and g+ = rlglein
Now let us turn to estimate 1711 .

. Consequently, we have 1, < CAo.

ITo(f;)00)] = | K(x, y)fi(y)dy| < C ,,If,(y)\dy
| Ix-yl

Letx € Cy, y € Cj, j < k-3, thenwehave [x-y| = x| - |y| = %|x|. Hence, we have
[ To(N] < Clx|™Ifll 1 my -

2% fys| a0)
Ao

Thus, By Lemmas 2.1-2.4 and the fact that < 1, it follows that

LpOa1()
o ka q2() o ka n q2()
e |2 Tolfxd 3| (2 |3 X s ey
AO L AO P
k=-oc0 L4320 k=—oc0 120
oo (@)
) =N TRE
¢} i |
=—00 )720)
) (qﬁ)k
<CY, 160 Il o
k=—c0 LP(R,,)
(@)
oo k-3
k(a=n) fi IXBill 1o )
<C 2 Tl o B
k§o j;o Ao LP(R,) HXB,‘HLP’(')(]RH)

(@)«

1
oo k-3 ja q10) || v
(-i)a-ns1) || [ 12 FX;]
o351 g (12 ,

k=-co | j=—oo LPOa1O)(Rn)

where o
2 2 T\ 20
(qZ)*s ( |Zl o ol 0 <1,
(Q%)k = ) Lo
2 52 1ol \ T
(Q2)+, <M) 0 > 1.
L720)

If (q1)+ < 1, then by Lemma 2.9 and the fact (q1)+ < (q2)- < (g})i, we have

(a2

oo X k-3 a2() o [ k-3 ; a1() @D
Z 2" Zi:—oo Te(fj))(k\ <c Z Z S )a-ns) |21an].|
Ao b0 j A
2 —

0
k=-co L4 LPOa10(Rn)

k=-co

qx

o ; q:1() oo
127 fx; (k=j)(@-nb11)
<Cq Y (AO > 2 u <C,

j=—oo LPOa1O(Rn) k=j+3

(@)«
where g« = mlg (qf)+

If (g1)+ = 1, then 1 < (q1)+ < (g2)- < (g3)x. Thus, for a < né1,, by applying Hélder’s inequality and
Lemma 2.9, we get

@)y
oo k k-3 qZ(’) oo k-3 . ql() (a1)+
e | 25 ol ¢3S Y g2 (1220
Ao . Ao
L
k=-c0o L3020 k=—c0 | j=—oco

LPOa10(Rn)
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k-3 ,
Z 9 (k=pla-nb11)((g1).) /2

j=—c0
oo i Q1(') oo 7
127f; (k=))(@-nd11)(g1). /2
<C Z " Z 2 gy <C,
J=70° LPOa10)(Rn) k=j+3
where g« = I;Pig qu)k This implies that n751 < CAy.
€
Finally, we are going to estimate 1,3. Let x € Cy, y € Cj, j = k + 3, then we have [x - y| 2 |y| - [x| 2 %|y|.
Hence, we have
I To(f)0A| < C27"|Ifjll 2 )
ja| £, q1()
Thus, By Lemmas 2.1-2.4 and the fact that ’ (ZIA‘—’;X") < 1, it follows that
LrOa1()
oo oo q2() oo oo i q2()
3 <2ka| 2joks3 Te(fj)Xk|> ’ Y <2ka| Dok 2 m||fi|L1(R“)Xk|> ’
= Ao L2 = Ao L2
- f (@3)k
k -
<C Z 2% Z 27 ] X1l oo (Xl o
k=—co j=k+3 LP(Rn)
- (@3
<C Z 2ka Z 2—1n fX) H)(Bk”uv()(]Rn)|
Ke—oo j=k+3 LP(R,) ||XB]HL11()(]R"
@0 @ (@
e Lol 1 Iy q1)+
<303 pleiamsi) ('”:f)(ﬂ) :
k=—oco | j=k+3 0 LPOa1()(R)
where o
2% s Toad \
(qZ)—y <+ 20 < 1:
(@3 = 0 L&t
2k Tl \
R o I PRt
L920)

(@3)
(a)+)

DE GRUYTER

Noticing that (g;)- = (¢1)+ and a > —-né1,, by a similar argument about 1771, we have 1713 < CAg.
Combing the estimates of n711, 1712 and 113, we finish the proof of Theorem 1.1.

Proof of Theorem 1.2. Let b € BMO(R"), f € Kgigl(')(R"). As in the proof of Theorem 1.1, we write

fOO =" flx0 £

> fi.

j==eo j=oo
Since
. q()
(Hbﬂ(f)x)” |l (IS, Tl \
n L;Z#? M21
ka k+2 q2(-)
2 \E, —k- 2[b Tyl (f]))(k\
+C
122
oo )
2k 52 s 1b, Tl \ ©
+C
n23

L2

p0)

)

=

=~
S
~

=

~
S
~
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where
k-3 k+2
na1 = || {2 D" b, Tol(Fi)xul} e , n22 = {250 D7 (B, Tol e 1o ;
j=—oco 19200(Lp0)) j=k-2 1420 (Lp0))
n2s = {21 Y [b, Tol(ixal e and 1 =11 + 22 + N23-

j=k+3 19200(LP0))

Hence, it is enough to prove 1,1, 122, 23 < C||b||+Ag, where 1y = ||f|\1-<a,ql(.)(Rn).
()
We first estimate 1,5. Noticing that [b, Ty] is bounded on LPO(R") (see Lemma 2.11), as the same argument
about in 771, in the proof of Theorem 1.1, we immediately get

N 2(9)
i <2ka| Z}’_‘:kz_z[b, Tg](fj))(k|>q <C.

Aol[b||- 20

koo 1020

That is to say, 1725 < C||b||+Ao.

Next, we estimate 7,;. Let x € Cy, j < k - 3, suppfj € C;. By the estimation of Ty(f;) in the proof of
Theorem 1.1, we have

ITo(F)0A| < ClxI™"(Ijll 2y
Then, it follows that
|[b, Tolf;(x)| = |Tol(b(x) - b)f;](0)| < Clx|™"[|(b(-) = B)f| L1 (n)-

Thus, using Lemma 2.4 and Aoki-Rolewicz’s theorem, we obtain

Aol[b]|+ 20

L920)

k=—c0

i <2k0(|z]__oq b TO](f])Xk|>q2()

oo 42()
ey 25| 2 B = ) sy \
e AollB- -
e
oo ka -n (@3)k
ey 2K I3 (B C) = BYfa emid
A Nk o
o b b f (@D
<C i :
& AOHbH LR, ||XkHLp()
oo |f (a5
<C> Bl i - kg o |
k=—oc0 LP(R,) H H

where b; = b¢, = ﬁ fC; b(y)dy and

_ )
2 82 . 1ol \ 72
, (g2)-, ( IAOHbH' o <1,
(q2)k = N
@ (2=t \ O
QZ +s AOHbH" 0 .
L720)

Applying the Holder’s inequality and Lemma 2.5 with the case m = 1, we know that
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Aol|B ]« »0)

L720)

S (z"“ >3 b, Tal (il ) 0

k=—o0

<C i
k=—o0

(@)«

\f,

\b|| (b - b)XB o Xl oo

L@y |
(@)«

||Xj||Lp'<-)(k = DIxs, 0
LP(Rp)

\fz

G
o

\f;l

= X8l o
<C 2K N (e j)|B L
kZm Z ‘ k| ”X k”LP()

LP(Ry)

Furthermore, by the same argument as 7711 in the proof of Theorem 1.1, we have

> (z"“ S [, Tol (il ) 0

Aol|b||+ PO
. L120)
2
oo k-3 . |f‘ Q1(') ﬁ (‘b)k
<0y [ 3 k- patenenon (TX})
k=—oo \j=—oo 0 L (Ry)

i )
oo 121\
<C
i )
oo |2]af)(_ ‘ q1
{Zj=_°° ( AO ] >
<C,

where g« = mm (qz)k . Therefore, 11 < C||b||+Ao.

LrOa1()

)
z;i,-+3(k—f)z(k-ﬁ(“-“@u)} L Bh<1,

q
sz+3(k—j)2(kj)(“”511)(‘11)+/2} , (0> 1.

P01 ()

Fmally, we estlmate N23.Letx € Cy, y € Cj, j = k + 3, suppf; € C;. By the estimation of the Ty(f;) in the
proof of Theorem 1.1, we have

ITo(F)()| < C27™If; |l 11 gny-

From this, it follows

I[b, Tolf;()| = | Tol(b(x) = B < C27™[(b() = B)f;l 1 ey

Thus, when a > —né1,, as in the similar way to estimate 1,1 before, we obtain

S (Zk“l s l, Tl )Xl ) 0

Ao||b]|« 20)
L720)
oo ka oo -jn (qg)k
2% Zj=k+3 277|(b(-) - b)f]'||L1(R")Xk|
<C Z
it Aol b+ 0
= = 16O - b o
<C ake 5 oin || B2 T Il
k=z_°° j§3 AOHb”* LY(R,)
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j=k+3

- k3 £ (@3
scy (23 2T u b” 16 = Bidxs o Xl o
k=—oc0 j=—oo 0 llzr(ry)
- - ; (@3
< C zka 2]}1(](_]) B ||XB;<HLP(‘) ‘ )|
k:Z_°° j;} | ]‘ HXB;”L!J(-) /10 LP(R,)
1 (@3
o o . |fX‘ q1() || @+
<C Z Z (] _ k)z(k*})(ﬂ”l(slz) (A]> <C,
k=—co | j=k+3 0 LPO(RM)
where o
2| S lb Tl 2
, (qZ)*s ( IApoH* L')) < 1’
(@2 = N
(q ) zknl E;:k+3[b!T9]Xk‘ qZ() >1
274+ Aollbll 0 ’
L720)
Hence,
123 < C||b||+Ao.
Combing the estimates of 17,1, 722 and 1,3, we finish the proof of Theorem 1.2. O
Proof of Theorem 1.3. Let b € Lipg(R"),0< < 1,f € K“ ql()(]R") Write
f00 =3 foox0 2 Y F).
j=—oc0 j=—o0
We use similar notations as in the proof of Theorem 1.2. Let
k+2
na1 = ({2 Z [b, Tol()xal Yo o132 = |[{2°) D7 [b, Tl (Fxul 1w :
== 1220(1P20)) j=k=2 1220(1p20)
H 2513 [b, Tol(Fxul and 7 = n31 + 132 + N33.

k=—oco |112200(LP20))
Similarly, we have
I[b, Tg](f)||k;’2‘f(?)(')(uen) < Cn =C(31 + 132 +1N33).

We are now going to estimate 131, 1732, 133. For simplicity, we also denote Ag = ||f]| KO @ny”
©

We first estimate n3,. Noticing that [b, Ty] is bounded LP1O(RM) to LP2O(RM) (Lemma 2.12), as the same
argument about in 174, in the proof of Theorem 1.1, we immediately get

<C.
P20

L4320

oo q2()
S 2ke) 2 Ib, Tal el \
Aol|B|lLip,rr)

k=-o0

Thus, N32 < CHbHLipﬁ(R")AO'
Now let us turn to estimate n731. Let x € Cy, j < k-3, suppf; € C;. By the estimation of 1,1 in the proof of
Theorem 1.2 and the generalized Hélder’s inequality, we have

S (z"ﬂz,__w[b o) (f,)xk)‘”“

Ao|[I|Lip, (e

P20
L3920

k=—
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o k=3 (b b)f (@3
- |(b - by
sC Z 2k Z W X!l pa
k=—o0 jm—oo || ONENLIPER™Y) || 1) ()
o k=3 )
S B 1B = B, 0
Pl o llpg, 1B lipyn)
oo k-3 |f ‘ (q%)k
k(a-n) j 1
<C 2 ——|[(b-bxz ., .
k:z_°<> 1‘;0 Ao LP1(Ry) HbHLipﬁ(R") | }XB’HLPNHXI(”LPZ()
(@)«
> =300 (b - bl
k(a—n) |f]‘ | J2AB; 1l p)0)
<C 2 IXB | o200 — 37— ,
k=Z—oo jgo ol 1B lipy )
where
(@), | (2 Tl 420) 4
4)- 7R 1] prwecy mo 51
(@) = L1420
zka| Zl_{*} [b T, ]X | lIz()
(@), ||| —m— > 1.
Aol1Bluipjem P10
L920)
1 1 ,
As 500 " paG = ne Weuse the following fact (see [38])

C1IBIP™ X5 oo < IXB I rsorny < C21BIE ™ X8 ot -

Together with Lemma 2.2-2.4 and Lemma 2.7, we obtain

2(4)
i (z"“|z ' [b, Te(f])Xk)q

AOHbHLlpﬁ(R”)

)210)

= L220)
(@«
N Ifil |B;|PIn
= X, Xkl o100
k:z—oo Ao LP1(R,) | By ‘ﬁ/n il ppi 0 LP1
= (@)«
k
: Z e Z HXBi”Lp'l(»)||Xk||Lp1<-)
k=—o0 Pt 3
(@)«
3 sl |1
<C o kla-n) By | 11 illpio || 51
k; 2 B i 0 e
o [ k3 £\ 00 . @)k
(=p)a-ns1) || (I e
o3 (5 2w | (1)
e 1 (®y)

Furthermore, by the same argument as 171, in the proof of Theorem 1.1, we get

oo ()
2k S22 b, Tol(fxd

Z <C.

/\OHbHLlpﬁ(R") )

L4920

k=—oc0
This implies that
131 < C||b|pip,rno-

Finally, we estimate n33. Let x € Cy, y € Cj, j 2 k + 3, suppf; € C;. By the estimation of the 7,3 in the
proof of Theorem 1.2 and the generalized Holder’s inequality, we have

S (2"“| S s lby Tol (il ) 20

A
k=-c0 0
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( ) (@)
= = _jn|| |(b=bJfj|
<C Z zka Z 27" ! HXkHLPz(~J
k=-c0 j=k+3 AolIblvip e L'(Ry)
<C Z zk(a n) Z >in |fl‘ (b~ bk)XBkHLPz(') ,
K=—oo j=k+3 L1(R,) HbHLipﬁ(R”)
where o
2 o= b, Tl (el \
(g2)-, ( el ’X”) o S 1
(qg)k = ) LaO
2 55, b, Tl el \ &2
(92)+, (% o > L
L20)

Observe that 1/p1(x) — 1/p,(x) = B/n, which implies 1/p5(x) — 1/p}(x) = B/n. Hence, when a > —né,5, as
argued about 131 before, one has

S <2k“| 5L, Tl ) 0

k=—oo Ao L2
- a3
<C Z g kla-n) Z 2—]n|B |||XBk||Lpz() @
P iok+3 HXB, HLDz(> Ao LP1(R,)
ofar |
cc Y [ 30 ot [7I N cc
< | o <C.
k=—co \j=k+3 LP1O(R,)
Therefore,
133 < C||b|Lip,@nAo-
Summing up the estimates of n31, 7132, and 533, it follows that
l|[b, Te](f)”,-(a,qz(»)(w) < ClIllLipy(em 1l gaay0 gy
1210] p10)
This finishes the proof of Theorem 1.3. O
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