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Abstract: In the present work, we construct a Dunkl generalization of the modified Szasz-Mirakjan operators
of integral form defined by Paltanea [1]. We study the approximation properties of these operators including
weighted Korovkin theorem, the rate of convergence in terms of the modulus of continuity, second order
modulus of continuity via Steklov-mean, the degree of approximation for Lipschitz class of functions and the
weighted space. Furthermore, we obtain the rate of convergence of the considered operators with the aid of
the unified Ditzian-Totik modulus of smoothness and for functions having derivatives of bounded variation.
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1 Introduction

The theory of approximation deals with finding out functions which are easy to evaluate, like polynomials,
and using them in order to approximate complicated functions. In this direction, Weierstrass (1885) was the
first who gave a result for functions in C[a, b], known as the Weierstrass approximation theorem which
had a valuable impact on the growth of many branches of mathematics. Many researchers like Picard, Fejer,
Landau, De la Vallee Poussin proved the Weierstrass theorem by using singular integrals. In 1912, Bernstein
[2] established the Weierstrass theorem for h € C[0, 1], by constructing a sequence of linear positive operators
as
SNEAWY nk [k
Ba(h;x)=> [, |X"(1-x)""pl =], neN, xe[0,1].
oo \k n
In 1950, for any h € C[0, o0), Szasz [3] demonstrated that the sequence
k
nx k
Salhix) = e 3 ) b() x€[0,00),
i K n
converges to h(x), provided the infinite series on the right side converges. In [4], Rosenblum defined an
expression for the generalized exponential function as
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where the coefficients ~, (r) are defined as follows:

2Ir(r+v+1/2)
r(v+1/2)

JL(r+v+1/2) I1(1/2)

Y (2r) = (2m)! I'(v+1/2) Ir'(v+1/2)

and

22 r(r+v+3/2)
I'(v+1/2) N

~ I(r+v+3/2) I(1/2)
w(2r+1)= Cm+ O 12y T+3)2)
forreNoand v > -1/2.

The generalized factorial v, satisfies the following recurrence relation
Y (r+1)=(r+1+2v0r1)7.(r), reNo, 1

where 6, is defined to be 0 if r is a positive even integer and 1 if r is a positive odd integer.

In 2014, Sucu [5] established a relation of the generalized exponential function with a positive approxi-
mation process for continuous functions. Forv > 0, n € N, x > 0Oand f € C[0, c0), Sucu defined the following
operator generated by extended exponential function as

SE(Fix) = 1 i (nx)rf(quer). )

ev () S 7w (' \ " n
The operator defined by (2) is known as Dunkl generalization of Szasz operators. The author studied qualita-
tive and weighted approximation results for these operators. In 2015, ic6z and Cekim [6], introduced a Dunkl
modification of Szasz operators defined by Sucu [5] via g—calculus and studied the rate of convergence of
these operators. In the same year, Ic6z and Cekim [7], also studied the approximation properties of Stancu
type generalization of Dunkl analogue of Szasz-Kantorovich operators.

In 2016, Mursaleen et al. [8], introduced Dunkl generalization of Szasz operators involving a sequence

ra(x) = x - L. n e N and established some direct results. Subsequently, Mursaleen and Nasiruzzaman

2n’
[9] studied g-Dunkl generalization of Kantorovich type Szasz-Mirakjan operators.Very recently Wafi and
Rao [10] constructed Szasz-Durrmeyer type operators based on Dunkl analogue and investigated the rate
of convergence by means of classical modulus of continuity, uniform approximation using Korovkin type
theorem on a compact interval.
In 2008, Paltanea [1] introduced the following family of modified Szasz-Mirakjan operators of integral

form:

) kK ®
(i) -0y + 3 02 [ Ty 0" roe), ©

wheren > 0,p > 0,x > Oand f : [0, 00) — R is taken such that the above formula is well defined. In our
present work, we define the Dunkl analogue of the operator (3). For p > 0, v > 0 and h € C,[0, ) := {f €
C[0, o) : |f(t)] < Mf(1+t7), (M is a constant depending only on function f) V ¢ > 0}, we introduce

Loy 1 ad (nx)k r np  _npu kp-1 f(0)
Enrl00 =ty &0 00 ] Tk ® T 000B G G “
or, equivalently,
Lap(0i) = [ W, pw()du, ©)
0
h
o WO, pu) = 3 — - (0" _mponpt oot L 500
O e () () Ty ¢ en(m) "

§(t) being the Dirac-delta function.

We define the operator given by (4) as a Dunkl generalization of modified Szasz-Mirakjan operators of
integral form. In the present paper, our focus is to study the approximation properties of these operators
via weighted Korovkin theorem, Steklov mean, the Lipschitz class functions, and the moduli of continuity
(classical and weighted). We also establish the degree of approximation in terms of the unified Ditzian-Totik
modulus of smoothness and for functions having derivatives of bounded variation.
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2 Preliminaries
In the following lemma we obtain the estimates of the moments for the operators Ln,,(.; x).

Lemma 2.1. The operators Ly, , satisfy the following inequalities:
(1) Ln,p(1;x) =1,
() 1L (u53) - ¥ < 22,
x(1+6vp+p) . 4’ p -2
, np nZp
3 (1+p) + nzxpz (2+(3-6v)p+(1+4”-2v)p%),

np
2

3
V) [Lnp(usx) - x| < X 4 2 (11+18p+ (7 + 1607 + 100)p>) + ——= (6 + (11 + 180)p) + (6 + 240> +
np | n2p? 3

(i) |Ln,p(u*;x) - X?| <

(V) |Lnp(W5x) - x| <

180)p” + (1 - 34v + 4” + 170°

Consequently, for the operator Ly, ,(.; x), we have the following inequalities:
2v
(@ |Ln,p(u-x;x)| < PR
x(1+p+10vp) . 4% p - 2v
np nzp

© Lup((u-x)'5x) < 2% Axox2m0) , X
p

(11+340)p+ (6+18v+720%) p + (1= 34v + 41 + 49.°) p° )+ (321/ 2+ 4807 p7 + 4P p-120).

(b) Ln,p((u—-x)%x) <

]

(19+(30 36u)p+(11+2y+561/ )o? )+ (6+
n3p3

1 (n r np npt kp-1
npt ddt+
e, (%) kzmyuc) Flpy® 0
B - S (2 Wy S W
el,(l’lX) k=1 ’Yu(k)F(kp) d eu(nx)
1 oo (nx)k

" e (n0) & (k)
=1.

(ii) Using (1), we have

1L S ot F o —npt kp-1
ev(nx) Z:l%(k) I'(kp )e (npt)™"" u dt,

1 ()t (nx)]
- [Z RNy

ne,(nx)| iz w =
1 &, ()
- neu<nx>[”xe”("") 2 kzle"ka)]
v = (nx)

ne,(nx) i k%,(k)
Hence

|Ln,p(u; x) — x| <

Proof. (1) Ln,p(1;x) = e, (nx)’

Ln,p(u;x) =

2v i (nx)* 2
ne,(nx) {Zwk) n’
Using similar calculations, one can easily prove (iii) — (v), therefore the details are omitted. The

consequences (a) — (c) are straightforward, hence we skip the proofs. O

(1+p+10vp) 42p-2v
p T op

Remark 2.2. Using Lemma 2.1 and choosing C(v, p) = Max( ), we obtain

Lap(u=x%0 < L (1) <40, say,
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3 Main results

Theorem 3.1. Leth e C,(R"). Then,
lim L,y (5:) = H(0),

uniformly on each compact subset A of [0, o).
Proof. In view of Lemma 2.1,
En,p(ui;x) - x', asn - oo, uniformly on A, fori=0,1, 2.

Hence, the required result follows from applying the Bohman-Korovkin criterion [11]. O

Let Cp[0, co) denote the space of bounded and uniformly continuous functions on [0, o) endowed with the

sup norm, [|f]| = SUPyxe[0,00) If ()]
The first and second order modulus of continuity are respectively defined as

w(f,9) = sup f(x+u) = f(x+V)|
X,u,ve[0,00),|lu—v|<d

and
wa(f,6) = sup f(x+2u)-2f(x+u+v)+f(x+2v)|, §>0.

X,u,ve[0,00),|lu—v|<d

Theorem 3.2. Let h € Cp[0, co)and w(h;d), § > 0, be its first order modulus of continuity. Then the operator
Ln,p (-3 ) satisfies the inequality

2
1Ly (B3 %) — b(X)] < (1 +\J x(1+ 1;)1//)4—;)) . 4Ly Z; Zy)w(b, \;ﬁ)

Proof. By definition of w(h;¢), Lemma 2.1 and Cauchy-Schwarz inequality, we may get

|Ln,p (b3 %) = b(X)] < Ln,p(Jb(u) - H(x)[5x)
< (1 N %cn,pqu —x;x))w(b;é)

< (1 + % Ln,p((u —X)Z;X))W([Jﬂs)

2
B 1+l X(1+101/p+p)+41/p 2v w(B;6).
13 np n2p

1/2

Now, choosing § = n~ "/, we immediately obtain the result. O

Corollary 3.3. Ifh e Lipy(a), 0 < a < 1, then

2
|Ln,p(b;x) =B < M (1+\} x(1+10vp +p) . 4y p—Zy).

ne/2 o np

For f € Cp[0, ), the Steklov mean is defined as

fh(x):%[f[zf(x+u+v)—f(x+2(u+v))]dudv. 6
0 0

Lemma 3.4 ([12]). The Steklov mean fy(x) satisfies the following properties:
L |lfa = fll < w2(f, h),
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2. fr,fy € Cp[0, o0) and
! 5 44 9
fall < gwlfs ) lifull < 502(F5 ).

Theorem 3.5. For h' € Cg[0, ), we have
2 ’
[ (032) = DO < M7+ 26(1 5 np, (X) Vo, (),

where M is some positive constant, in,.,,(X) is as defined in Remark 2.2 and w(b,; §) denotes the modulus of
continuity of b .

Proof. Since ¢ Cp[0, 00) 3 M > O such that |h((x)| <M, Vx2=0.
Using mean value theorem, one may write

b(u) = b(x) + (u—-x)b'(¢)
= h(x) + (U —0h () + (U -x)(0'(Q) - b’ (x)),

where ¢ lies between u and x.
Now, applying the operator Ly, ,(.; x) on both sides of the above equality and using Lemma 2.1, we get

1292 = DGO < I | 1= 350] + L (= X[ () = (0 )
< M2 Lo (u = () = (0 ). @)

Now, from (5), and Cauchy-Schwarz inequality, we can get

Lop(u =l () =’ COlsx) = [ Wix, mpwlu=xily' () ' (x)ldu
0

</ Wt =o', )1+ 5

< fW(X, n,p,u)w(f)',é)(|u_x|+ (u ;X)z)du

w(h,’ 6)
1

<w(b’, ) (WYnw,p(x)) + Vi (X)- ®)

Choosing 6 = ¥n,,,(x) and combining (7)-(8), we arrive to conclusion. O

Theorem 3.6. Let ) € Cp[0, o). Then for each x € [0, o), we have

x(1+ 10vp + 4P — 2 _
( v+ p) i V})wz(h;” 2.
p np

(£ (9520 =500 € (i) + (2 ; i{

Proof. Applying Lemma 2.1 and Lemma 3.4, one has

|Ln,p(B = frs )| < |6 = full < w2(bs h).

Since f,'; € Cg[0, o), by Taylor’s expansion,
Fu) = Fu () + (U=0fa () + [ (u=8)fi(5)ds.

Applying operator Ly, (.; x) on the above equality, we get

[yl
2

Lo (fa(u) = fa ()3 )] < [Ifall 1£n,p (s = x5 )] + 22 Lo (= X)%3%).
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Hence, using Lemma 2.1, we have
|Ln.p (05 %) = H(X)| < [Lnp(h = fr3 X)) + [Lnp(Ffr = fa(x)50)] + [fr(x) = b(x)]

ng<h;h>+f;l||2:+Vh”("(“m”’”") L2 -

2 np
10v x(1+10vp+p) 41/2,0 -2
< = 24 2 -h).
N A 22 i)
Finally, choosing h = nY 2 the required result is obtained. O

Next, we define some weighted spaces on [0, co) to obtain the weighted approximation results for the
operators defined by (4).
Bo(R") = {f : |[f(x)| < Msa(x)},

Co(R"):={f:f e Bs(R")nC[0, 0))},

and

Ch(R™) = {f feCo(R")and hm f(( )) k (some constant))},
where o(x) =1+ X’ isa weight function and My is a constant depending only on the function f. From [13],
it is noted that C, (R") is a normed linear space endowed with the norm ||f||, := sup [f((x))|

It is well known that the classical modulus of continuity w(f; é) does not tend to zero if f is continuous
on an infinite interval. Therefore, in order to study the approximation of functions in the weighted space
ck (R™), Ispir and Atakut [13] introduced the following weighted modulus of continuity

oy If (x +h) - f(x)|
2039) = xe[o,il:)l?wga (1+h?)(1+x2)’

and proved that lims_ o+ 22(f;6) = 0 and
If(u) - f(x)|<2(1+ Ju- X|)(1+5 )(1+x Y1+ (u- x) )2(f;6), u,x¢€[0,00).

Theorem 3.7. Foreachl ¢ CZ‘,(R*), the sequence of linear positive operators {Ly,, }, satisfies the following

equality
YIILI’I.}O 1£n,p (5 x) = b(x)||> = O.

Proof. From Lemma 2.1, clearly limp oo || Ln,p(1;X) = 1|jc =0
Now,

sup [£ne (i) x| _ 20
>0 1+ x? n x>0 1+x2
p1%
o

IN

Therefore, limp—oo ||Ln,p(U; X) — x|l = 0. Again,

2.0\ _ .2
[Ln,p(u”;x) — x7| < (1+p+6vp) sup X (41/ p- 21/)S 1

su <

xzop 1+x? np x>0 1+ 2 nZp xs0 1+x2
< (1+p+6vp) . (4% p - 2v)
- 2np n2p ’

we obtain limp_.co ||Ln,,(u’;x) — X’ = 0. Hence, applying weighted Korovkin-type theorem given by
Gadzhiev [14], we reach the desired result. O
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Theorem 3.8. Leth ¢ CX (R™). Then the following inequality is verified

[Ln,p (B3 X) = H(x)|
XES[;{I;) (1+x2)5/2

SICQ(b;\/lﬁ),

where K is a constant not dependent on b and n.

Proof. Using (5), definition of £2(f; §), Lemma 2.1 and Cauchy-Schwarz inequality, one can easily see that

[Lap (53 ) = ()] < / W, o, wlb(w) = H(x)|du

< 2(1+62)(1+x3)2(h; 5)fW(x n, p,u)(1+| |)(1+(u X)?)du
<2(1+46°)(1 +x2)9(h;5)(£n,p(1;x) + Lnp((u—-x)%x)

(0500 (0% (L (- 0)520)

Now, choosing 6 = we arrive to conclusion immediately. O

f,
In our next result, we shall discuss a direct result with the help of unified Ditzian-Totik modulus of smoothness
wgr(b3t), 0 < A < 1. In 2007 Guo et al. [15] discussed the direct, inverse and equivalence approximation
results by means of unified modulus. We consider ¢?(x) = 1+xand f € C5[0, ). The modulus wea(h, t), 0<
A <1, is defined as

wya (b, t) = sup sup ‘h(ﬂ W)_f(X_W)

A 2 2
O<h<t xa o 2(x) €[0,00)

1)

and the corresponding K-functional is given by
o _ A 7
Ko (0,0) = inf {|Io gl + €0*¢'l |,

where W = {g : g € ACj,[0, ), ||¢Ag’|| < oo}, ACj is defined as the space of locally absolutely
continuous functions on [0, o).
From [16], there exists a constant C > O such that

Clwgr (5, 8) < Kga (B, ) < Cwga (b, t). )

Theorem 3.9. Foreach ) € Cg[0, o) and sufficiently large n, we have

¢1—)\
(L (B:) = ()| SAww(h, ﬁ),

where A is some constant not dependent on b and n.

Proof. By the definition of K4 (h; t), for fixed A\, nand x € [0, 00), we can find a g = gy, x,» € W) such that

1-)
f( ) loxg’ll < 2K¢A(h, ‘Z’f ) (10)

From the representation of g as g(u) = g(x) + [, g'(s)ds, it follows that

f g'(s)ds ;x). (1)

b - gl +

Cnp(85%) - 8(x)| < c(
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Applying Holder’s inequality,

'(s)ds| < |l¢™g

A 1-2
<l¢”g"ll[u - x|

u A
1
X/(f)(s)ds
<|le*elllu-x"M2(VT+u- Vi)
A
1
Vitu+vIrx

< 2M16 g |llu - x|

2 lu-x
(1+x)M2

Hence, in view of Cauchy-Schwarz inequality and Remark 2.2,

|

A
) < 216 )g)\/Hz Ln,p(|u - x|;x)

2Y6*g|
< s Lnal =501

2M|o*g'l| {C(v, p)}*? 12
ST g

(1-X)
< %H&g'nzk{cw,p)}”z. (12)

We may write,

|Ln,0(h;X) = b(X)| < |Ln,p(h =85 X)| +[Ln,p(85X) —8(X)| +[8(x) = h(x)]
<2|lb - gl + [Ln.p(g5 %) — g(x)]. (13)

Now, using (10)-(13), one can easily obtain

¢(1 M2y
£ (652 ~ 000 < 201 - gl + g 2 C, ) 2.
\/_
Choosing A = Max (2, 2*(C(v, p)'/?), using (10) and the relation given in (9), we arrive at the required result.

O

Next, we discuss the degree of approximation for functions having derivatives of bounded variation. Let
HJ[O0, o) denote the space of all f € C»[0, co) such that f’ is equivalent to a function locally of bounded
variation.

If f € H[O, 00), we may write

()= [ gwdu+£(0),
0
where g is locally of bounded variation on [0, o).

Lemma 3.10. Let x € (0, o). Then for sufficiently large n, we have

(A) Inp(x,t) = fW(x n, p,u)du < (C(V tf;)z(lzx), 0O<t<x,
C(v,p) (1+x)

, X<t<oo,

(i) 1-0np(x,t) = [W(X’n’p’u)du < (x-1t)?
t
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where C(v, p) is a positive constant depending on v and p.

t
Proof. (i) Using Remark 2.2, for sufficiently large n, we have 9, ,(x,t) = /W(x,n,p,u)du <
0

t
X-u C(v,p) (1+x)
Of(x_t)W(xnp,u)du oo )En,,((u x)%; x)_(X 02
(ii) By a similar reasoning, one can easily prove (ii). Hence the details are omitted.

O

In the following theorem, it is shown that the points x € (0, co), where the left hand and right hand derivatives
of f/ exist, Ln,,(f;X) = f(x), as n — oo.

Theorem 3.11. Let ) € H[O, o). Then, for each x € (0, oo) and sufficiently large n, we have

(£ (05) -0 < |1 Copy 1 MO OS]
cewn(5) £V o)+ ol 9 )
oty » 20 PO g, ) 122D, |h'<x+>|\/m
-0 B2 230 -t (x+)|+f( v hx)+C(V p)(““[g( V bx),

where C(v, p) > 0, is a constant and V4 f is the total variation of f on [c, d] and f is defined by

f'(t)-f'(x=), 0<t<x
fe(t) = 0, t=x, (14)
fi(t) - f'(x+) x<t<oo.

Proof. Let f € H[0, o). Then from (14), we can easily write

() = 5 (50e) +5/(0-)) + 0 w) + 5 (8 () ~'(x-)) sgn(u )

() (870) = 50 0er) 41 (x))), 5)
where
1, u=x
x(u) = {O, U+ X.

Using (5), for each x € (0, o0), we have

Lap(5:%) ~(x) = [ W n,p,u)(6(u) - b(x))du
0

= [ W(x, n,p,u)( h'(t)dt) du (16)
/ /

X

__[(fxh'(t)dt)W(x,n,p,u)dqu[oo(fu b’(t)dt)W(x,n,p,u)du_

0 X

Ay ::/X(/Xh'(t)dt)W(x,n,p,u)du, A, ::/oo(/ub'(t)dt)W(x,n,p,u)du.

0

Let
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Using [ 6x(t)dt = 0, from (15), we obtain

A= { / (;(n'<x+>+h'<x—>)+b;<t>+;(h’<x+>—h’(x—))sgn(t—x))dt}wwn’p’u>du
0

u

= ;(h’(x+)+h'(x—))/(x—u)W(X,n,p,u)du+f(/h;(t)dt)w(x,n,p,u)du
0 0 u

2 () =00 [ - wWe s p, u)d. )
0

Similarly,

oo u

A, = [ {f (; (0" (x+) + b (x=)) + by () + % (b (x+) - h'(x—))sgn(t—x))du}w(x, n, p,u)du

X

- ;(b'(x+)+h'(x—))/(u—x)W(x,n,p,u)du+f(fb;(t)dt)W(x,n,p,u)du

+ %(b/(xﬂ_h’(x_))/(u—x)W(x,n,p,u)du. (18)

Combining the equations (16)-(18), we have

ﬁn,p(f);x)—h(x)=%(b'(X+)+h'(X—))f(u—x)W(x, n, p, u)du
0

oo

2 (0o ()) [ Ju= Xm0

0

_fx(th;(t)dt)W(x,n,p,u)du+jo(/u f);(t)dt)W(X,n,p,u)du.

Therefore,

b'(x+) = b'(x-)
2

fm(fu hi(t)dt)W(x,n,p,u)du

[Ln,p (b3 %) = (x)] <

W‘|£",P(M_X;X)|+

fx(thi((t)dt)w(x,n,p,u)du
0 u

Lnp(|u = x5x)

+ + . (19)

Next, we assume that
X X
En,l,p(hQ,X)=f(th(t)dt)W(X,n,p,u)du,
0 u

and

En,z,p(h;,x):f(fb;(t)dt)W(x,n,p,u)du.

Now, we need to only estimate E,1,,(by, X) and En2,,(hy, X).
Using the definition of ¥y, , given in Lemma 3.10 and integrating by parts, we have

X

4 - 4 a n ’ r 4
Enip(tor) = [ ( i m(t)dt) 0] gy [} ) (3, 0.
u 0

0
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Therefore,

X=X

Enap 0l < [ 100100 w)du+ [0 (0) 00 (x ).

X
0 xX=

As we have fy(x) = 0 and 9n,,(x, u) < 1, we obtain

[ 05 ()l n, (6, u)du = [ 15 () = B0l (x, W)

f(\/ff)
Using Lemma 3.10, Remark 2.2, and considering u = x - %,
Lax\ [ bk
[ e o e Y e 2
0
v Vil [ x
< c, p>(“")[(\/m)dt<c<u (92) Zl(v h;).
1 ¢ m=1 \x-3
Hence,
) 1ex\Wa [ x |
Eu 050 = €)1 z_l(\/x hx) AN @0

Again in order to estimate Ey >, ,(by, x), using integration by parts and Lemma 3.10,

2x u oo u
/([h;(t)dt)aau(l—ﬂn,,,(x,u))du 2/(] h;(t)dt)W(x,n,p,u)du
2

X 2x
’(t)dt]u—ﬁn,p(x, 2|+ [ 10(0)I(L = 9 p 06, w))du

|E"’2,P(h;ix)| < +

[

o| [ (000 = bW 1, o) (6, w)

2x

5}

f (u-x)W(x,n, p,u)du.

2x

+ [0 (x+)|

We may write

X+

flbx(u)l(l i, (x, 1)) = [ 9% (I(L = 9, (6, w)) du + [ %) (1 = 9, x, )l

= N1 +N2, say

Using fy(x) = 0and 1 — 95, ,(x, u) < 1, we obtain

Ni- [ 15(8) ~ 0011 () du < [ (\fb;)duzx(\fh;).

X

Using Lemma 3.10 and assuming u = x + ¥, we obtain
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vn x+% [Va] Mtlfx+x
1+x 1+x !
o1 )f(\/hx) ars (L) 2 [(\/n;)dt
X

[VA] [x+%
<o) 5 (v h;)-

m=1 X

Collecting the estimates of N1 and N, (21), yields us

x [VA] (x5
/Ihx(u)|(1 O (6, 0))du < (\/ hx)+C(l/ p)(“") > (\/ h;).

Hence, applying Cauchy-Schwarz inequality and Lemma 3.10,

|Enz.p (5, )| gM.,f(u2+1)W(x,n,p,u)du+|h(x)|IW(x,n,p,u)du
2x 2x

B ()| € p>( )+c<u p>(“")|b<z> B(x) = Xty (x=)

f( V hx)+C(u p>(“")[§ (\/h)

Now, since u < 2(u — x) and x < u — x when u > 2x, we have

My | (@ +1D)W(x,n, p,u)du +[h(x)| | W(x,n, p,u)du
/ /
< (My + (X)) f W(x,n, p,u)du + 4 My f(u - X)ZW(X, n, p,u)du

Mf( —x)*W(x, n, p,u)du+4./\/l[)f(u X)’W(x, n, p, u)du

< (4./\/1;, + W)C(V,p)(l:;x).

Consequently,

|En,2,p<n;,x>|s(ww“‘“;z'*’(")')cw,p)(l”) ey €0 )

1+x X 7
#Cws )| o )02 =500 —x0' ()l + | Vb
X
1+ 4T (X
+C(1/,p)( ) > ( \/ bx |- (21)
nx |\ X
Finally, combining the equations (19)-(21), we arrive at the required result. O
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