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Abstract: A super edge-magic total (SEMT) labeling of a graph o (V, E) is a one-one map 7" from V(p) U E(p)
onto {1,2,...,|V(p) uE(p)|} such that 3 a constant “a” satisfying 7' (v) + T (vv) + T'(v) = a, for each edge
vv € E(p), moreover all vertices must receive the smallest labels. The super edge-magic total (SEMT) strength,
sm(p), of a graph g is the minimum of all magic constants a(7"), where the minimum runs over all the SEMT
labelings of . This minimum is defined only if the graph has at least one such SEMT labeling. Furthermore,
the super edge-magic total (SEMT) deficiency for a graph g, signified as us (p), is the least non-negative integer
nso thatpunkK; has a SEMT labeling or +oo if such n does not exist. In this paper, we will formulate the results
on SEMT labeling and deficiency of fork, H-tree and disjoint union of fork with star, bistar and path. Moreover,
we will evaluate the SEMT strength for trees.
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1 Preliminaries

All graphs examined here are finite, simple, planar and undirected. The graph g has vertex-set V() and
edge-set E(p).Letp = |V(p)|and q = |[E(p)|. A bijection? : V(p)UE(p) - {1,2,...,p+q}iscalled an EMT
labeling of a graph p if T'(v) + Y(vv) + T (v) = a, where “a” is the constant called the magic constant of . The
graph that satisfies such a labeling is said to be an EMT graph. An EMT labeling 7" is called a SEMT labeling if
Y(V(p)) ={1,2,...,p}. A graph that admits this type of labeling is called a SEMT graph. Kotzig and Rosa
[1] and Enomoto et al. [2] were the first to introduce the concepts of EMT and SEMT graphs- Wallis [3] called
this labeling a strong EMT labeling- respectively and conjectured that every tree is EMT [1], and every tree is
SEMT [2]. These conjectures have become very prominent in the area of graph labeling. Many classes of trees
have been verified to admit (super) EMT labelings, such as trees with upto 17 vertices by a computer search
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[4], stars [5, 6], paths, caterpillars [1] and subdivided stars [7-16] etc. However, in general, these conjectures
are still open.

The (super) EMT strength of a graph g, denoted by (sm(p)) m(p), is defined as the minimum of all magic
constants a(7"), where the minimum is taken over all the (super) EMT labelings of . This minimum is defined
only if the graph has at least one such (super) EMT labeling. One can easily perceive that, since the labels of
graph p(V, E) are from the set {1, 2,...,p +q},

p+q+3<sm(p)<3p.

Avadayappan et al. first introduced the notions of EMT strength [17] and SEMT strength [18] and found EMT
strength for path, cycle etc., and also the exact values of SEMT strength for some graphs. In [19-21], the SEMT
strengths of fire crackers, banana trees, unicyclic graphs, paths, stars, bistars, y-trees and the generalized
Petersen graphs have been observed.

Kotzig and Rosa [1] verified that for any graph p, 3 an EMT graph x s.t. x = o unK; for some non-negative
integer n. This fact leads to the concept of EMT deficiency of a graph p, (), which is the minimum non-
negative integer n s.t. ¢ U nK; is EMT. In particular,

pulp) =min{n>0:punky is EMT.}

In the same paper [1], Kotzig and Rosa gave the upper bound for the EMT deficiency of a graph p with n
vertices i.e.,
n(n-1)

2
where Fj, is the n" Fibonacci number. Figueroa-Centeno et al. [22] defined a similar concept for SEMT labeling
i.e., the SEMT deficiency of a graph p, denoted by us(g), is the minimum non-negative integer n s.t. p U nk;
has a SEMT labeling, or +oo if there is no such n, more precisely,
IfM(p) ={n>0:punkK; isa SEMT graph}, then

p(p) < Fnya=2-n-

minM(g) if M(p) # ¢

wslp) = {+oo if M(p) = ¢

It can be seen easily that for every graph g, u(p) < ps(p). In [22, 23], Figueroa-Centeno et al. provided
the exact values of SEMT deficiencies of several classes of graphs. They also proved that all forests have
finite deficiencies. Ngurah et al. [24], Baig et al. [25] and Javed et al. [26] gave some upper bounds for the
SEMT deficiency of various forests. In [27], Figueroa-Centeno et al. conjectured that every forest with two
components has SEMT deficiency at most 1. The examination of deficiencies in this paper will put evidence on
this conjecture. However, this conjecture is still open too.

In this paper, we established the results on SEMT labelings and deficiencies of fork, H-tree and disjoint
union of fork with star, bistar and path. Also the SEMT strengths of fork and H-tree are discussed. A useful
survey to know about the numerous graph labeling methods is the one by J. A Gallian [28] and for all graph-
theoretic terminologies and notions we refer the reader to [29, 30].

2 Theresults

A star on n vertices is isomorphic to complete graph K; 1. A bistar BS(v, v) on n vertices is obtained from
two stars K1, and K3, by joining their central vertices through an edge, where v, v > 1, v + v = n — 2. A path
denoted by P, is a graph consisting of n vertices and n — 1 edges. The subdivided star T(n1,na,...,n,)isa
tree obtained by inserting n, — 1 vertices to each of the 1" edge of the star K1, p» Wherel <1< p,n >1and
p > 3. The vertex-set and edge-set are defined as

V(T(ni,na,...,n,)) ={k}u{x':1<1<p;1<b<n}
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and

E(T(nl,nz,...,np)):{kxll:1gzgp}u{xf’xf’+l:1315;);13&sn,—l}

respectively. Moreover, Yn, =1, T (1,1,...,1) 2 Ky .

N——— —
p—times

Definition 2.1. A fork, denoted by Fry, ¢ € N\{1}, is a tree deduced from 3 equally sized paths of length ¢ that
is Py : X1, X2,), X3,5, 1 <) < ¢, a single new vertex x o is added to the path x, ;; 1 < j < ¢ through an edge, these
three paths are joined together by two edges that are x,,1x,+1,1, 1 < 1 < 2. Precisely, the set of vertices and the
set of edges of fork are as respectively:

V(Fre) ={x;;:1<1<3,1<)< 0} u{xz0}

E(Fry) ={xyxi+1:1<1<3,1<)<0 -1} u{x,1ix1,1: 1 <1< 2} u{x20%2,1},

illustrated in Figure 1.

Fig. 1. Fork Frg

Definition 2.2. H-tree is represented as Hy, ¢ € N consisting of four equally sized paths joined together by
two new vertices forming alphabet H shape, illustrated in Figure 2. The vertex and edge sets of H-tree are as
respectively:

Vip)={x;:1=1,2,1<)<20+1}

E(p) = {XiX)+1:1<1<2,1 <)< 20} U{X1 041X2,041}-

Fig. 2. H-tree H,

Note 1. Fork Fr, can also be written as T(1, ¢, ¢ — 1, ¢) where ¢ € N\{1}, as we can see that it is basically a
subdivision of star K 4. Javed, Hussain, Ali and Shaker [8] have discussed the SEMT labelings on subdivisions
of star K1,4 but the advantage of SEMT labeling scheme presented in this paper over the previous ones
mentioned in [8] is that it holds for all positive integers ¢ > 1, not only for odd positive integers. H-tree can
be taken as a subdivision of bistar BS(2, 2) and this subdivision is carried out for all positive integers but the
point to remember is that all the four legs of H should be equal in order.

The following lemma gives us a necessary and sufficient condition for a graph to be SEMT and in proving the
main results, we will frequently use this. Conditions given in this Lemma are easier to work with than the
original definition.
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Lemma 2.3 ([6]). A (p,q)-graph e is SEMT if and only if there exists a bijective function T : V(p) —
{1, 2,...,p} such that the set
S={T()+7(v):vveE(p)}

consists of q consecutive integers. In such a case, g extends to a SEMT labeling of p with the magic constant
a=p+q+min(S), where

S={a-(p+q),a-(p+q)+1,...,a-(p+1)}.

Avadayappan et al. made a following remark about SEMT graphs i.e.,

Note 2. ([18]). Let T be a SEMT labeling of o with the magic constant a(7"). Then, adding all the magic
constants obtained at each edge, we get

qa(T)= >, deg,(n)T(v)+ . T(e), q=|E(p)| @

veV(p) ecE(p)

This condition holds also for EMT labelings. The term deg, (v) in above expression is the degree of vertex
v € V(p), which can be defined as the number of vertices that are adjacent to v, form a set denoted by N, (v),
and deg, (v) = |[Np(v)|is the degree of v in .

There may exist a variety of SEMT labeling schemes for a single graph- if any graph admits a SEMT
labeling then another distinct SEMT labeling will surely exist for the same graph because of the dual super
labeling detailed in [31]- and of course there will be as many different magic constants as the distint labeling
schemes. Many researchers have found the lower and upper bounds of magic constants for various graphs.
In [7], Ngurah et al. obtained lower and upper bounds of the SEMT magic constants for subdivision of star
K 1,3 i.e.,

Lemma 2.4 ([7]). If T(m,n, k) is a SEMT graph, then magic constant “a” is in the following interval: %(St2 +
1

3t+6)<ac 27(51‘2 +11t-6), wheret=m+n +k.

Javaid [32] gave upper and lower bounds of SEMT magic constants for subdivided stars T(n1, na, ..., n;) with
any n, > 1, 1 <1 <, in the form of following lemma:

Lemma 2.5 ([32]). If T(n1,na,...,n,) is a super (a, 0)-EAT graph, then 211(512 +12 - 2lr+9l1 - ry<ac
%(512 —r?*+2lr+51+71), wherel = ¥I_, n,.

Now we find the upper and lower bounds of magic constants for H-tree. Clearly, H-tree H;;¢ > 1 has 44 + 2
vertices and 4/ + 1 edges. Among these vertices, two vertices have degree 3, four vertices have degree 1, and
the remaining vertices have degree 2, see fig 2. Suppose H, has an EMT labeling with magic constant “a”, then
qga where g = 4/ + 1, can not be smaller than the sum obtained by assigning the smallest two labels to the

vertices of degree 3, the g — 5 next smallest labels to the vertices of degree 2, and four next smallest labels to
the vertices of degree 1; in other words:

2 q-3 q+1 2gq+1
qa>3>1+2y 1+ Y 1+ y 1
1=1 1=3 1=q-2 1=q+2
_18+2q(q-5)+4(29-1)+3q(q+1)
- 2
B 5¢°+q+14
- 2

An upper bound for ga can be achieved by giving the largest labels to the vertices of degree 3, and the g — 5
next largest labels to the vertices of degree 2, and four next largest labels to the vertices of degree 1, in other
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words:

2g+1 2g-1 q+4 q

qa<3 > 1+2 Y 1+ Yy 1+

1=2q 1=q+5 1=q+1 1=1
6(4g+1)+2(3q+4)(q-5)+4(2g+5)+q(g+1)
2

7¢* +11q - 14
2

Thus, we have the following result,
Lemma 2.6. If H, is an EMT graph, then magic constant “a” is in the following interval:
i(5 2y +14)<a<i(7 21+ 11q - 14)
2q qa +q =43 q q
By a similar argument, it is easy to verify that the following lemma holds.
Lemma 2.7. If H, is a SEMT graph, then magic constant “a” is in the following interval:
i(5 >4 +14)<a<i(5 > +13q-14)
2q a +q == q q
In the next results of this section, we will construct the SEMT labeling and strength for Fork and H-tree.
Theorem 2.8. For ¢ > 2, the graph p = Fr, is SEMT with magic constant a = 6{ + [32—[] + 4.
Proof. Letp = Fry, £>2,where

V(p)={x,;:1<1<3,1<)<u{xa0}

E(p) ={xixi+1:1<1<3,1<)<l -1} u{x,1x41,1: 1 <1< 2} u{x20X2,1}

Letp =|V(p)|and g = |(E(p)|, thenp =3¢+ 1 and g = 3¢
Consider the vertex labeling 7 : V(p) — {1, 2,...,p} as follows:

T(Xz,o) =/+1

1+(0+1)(5) +(5h) ;1= 1(mod2),1=1,3
J=1(mod2),)>1
¢-12 ;1= 0(mod2),1=2
]=0(mod2),)>2
[37[1+f(%)+d+2 ;1=1(mod2),1=1,3
] =0(mod2),)>2
[F1+0-5+1 ;1= 0(mod2),1=2
J=1(mod2),)>1

T(x,) =

The edge-sums generated by the above labeling 7™ are the set of consecutive positive integers S = {h+1, h+
2,...,h+q},whereh = [3211 + 2. Thus by Lemma 2.3, ”7"” can be extended to a SEMT labeling of p and we
obtain the magic constant a = p + ¢ + h + 1, where h + 1 = min(S). O

From this theorem, we obtain the magic constant a(7") = 6£ + [37‘)] + 4; £ > 2 for Fork tree and by given lower

bound of magic constants in Lemma 2.5, we have a(7") > 5‘123%12, where g = 3/, thus we can conclude:

Theorem 2.9. The SEMT strength for Fork Fry; ¢ > 2 (subdivision of star K1 4) is in the following interval:

150 ¢
% <sm(Fry) <60+ [3?] +4, (22,
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Theorem 2.10. For ¢ > 1, the graph p = H, is SEMT with magic constant a = 2(5¢ + 3).
Proof. Letp = Hy, £> 1, where
V(ip) ={x,;:1=1,2,1<)<20+1}

E(p) ={xiXiy41:1<1<2,1<) <20} U{X1 011X2 041}

Letv=|V(p) and e = |E(p)|, thenp = 4¢ + 2 and q = 40 + 1.
Consider the vertex labeling 7" : V(p) — {1, 2,...,p} as follows:

1+51 ;1= 1(mod2),1=1
J=1(mod2),j>1
20-2241 ;1=0(mod2),1=2
] =0(mod2),j)>2
2(0+1) + 52 51=1(mod2),1=1
]=0(mod2),)>2
4671_71+2 ;1=0(mod2),1=2
J=1(mod2),j>1

T(x,) =

The edge-sums generated by the above labeling 7™ are the set of consecutive positive integers S = {h+1, h +
2,...,h+q}, where h = 2(¢+ 1). Thus by Lemma 2.3, ”7"” can be extended to a SEMT labeling of © and we
obtain the magic constant a = p + ¢ + h + 1, where h + 1 = min(S). O

This theorem gives us the magic constant a(Y") = 2(5¢ + 3),¢ > 1 for H-tree and by given lower bound of
2
magic constants in Lemma 2.7, we have %, where g = 4¢ + 1. Thus we can conclude:

Theorem 2.11. The SEMT strength for H-tree Hy, ¢ > 1 (subdivision of bistar BS(2, 2)) is in the following

interval:
4002 +22¢+ 10

<sm(H,) <100+6, (>1.
40+ 1 sm(Hz) *

In the next section, we will study the SEMT labelings and deficiencies of forests consisting of fork, star, bistar
and path.

2.1 Semt labeling and deficiency of forests formed by fork, star, bistar and path

Theorem 2.12. For{¢> 2,
(a): Fry UKy o is SEMT.
(b) /JS(FI’Z (@] Kl,w—l) <1.
where w = £ — 1.

Proof. (a): Consider the graph p = Fryu K; .
Letp =|V(p)|and g = |(E(p)|, then
p=3l+wm+2

qg=3l+w
We define a labeling T : V(Fry) - {1,2,...,3¢+ 1}, as
5] +e(55h) - 52 51=1(mod2),1=1,3
]=0(mod2),)>2
[§J+%+1 ;1=0(mod2),1=2
J=1(mod2),j>1

Now consider the labeling ¥ : V(p) — {1,2,...,p}.
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Forl1<k<w+1,
12)+15k=1
U(yk) =
30+k ;k=+1

LetA=[3f]+1

A+[81+0(50) -5 si=1(mod2),1=1,3
J=1(mod2),;>1
T =
() A+{§]+FT2+1 ;1=0(mod2),1=2

J=0(mod2),)>2
T(x2,0) =¥(x2,0) =30+ w+2
U(xy,)="(x,), 1<1<3,1<)<¢
The edge-sums generated by the above labeling "¥” are the set of consecutive positive integers S = {h+1, h+
2,...,h+q}, whereh = [32—€J + 2. Thus by Lemma 2.3, ”¥” can be extended to a SEMT labeling of p and we

obtain the magic constant a = p + ¢ + h + 1, where h + 1 = min(S).
(b): Let O= Fr, U K1,o-1 U K;. Here

V(0) = V(Fry) u V(K1,m-1) U {z}

V(Kl,w_l) = {yk : 1<k< w} and E(Kl,w_1) = {,Vl)/k : 2<k< w}
Let p’ = |(V(0)| and ¢’ = |E(0)|, then
!

p=3+wm+2
and

q=30+w-1
Before formulating the labeling ¥’ : V(0) - {1,2,...,p'}, keep in view the labeling 7 defined in (a). We
define the labeling ¥’ as follows:

T(Xz,]) = W(Xz,]) = W,(Xl,]); 1<1< 3, 1 <) </

with A :W(yl) :W’(yl)
W'(yk) =U(yx); 1<k<w

V(z)=30+w+1
&U,(Xz,o) =U(x2,0)=7(x20)=30+w+2

79

The edge-sums generated by the above labeling ”¥’” are the set of consecutive positive integers S = {h+1, h+
2,...,h+q'}, where h = [%J + 2. Thus by Lemma 2.3, ”%’” can be extended to a SEMT labeling of U and we
obtain the magic constant a = p’ + ¢’ + h + 1, where h + 1 = min(S). O

Theorem 2.13. For /¢ > 2,

(a): Fry uBS(¢, €) is SEMT.
(b): ps(Fre uBS(¢,€-1)) < 1.
where £ =(-2,¢ > 0.

Proof. (a): Consider the graph p = Fr, u BS((, €).
Let p = V()| and g = |E(p), then
p=3{+C+£+3

q=30+(+&+1

Before formulating the labeling ¥ : V(p) — {1, 2,...,p}, keep in view the labeling 7" defined in theorem
2.12. We define the labeling ¥ as follows:

T(Xl’]) = %(Xw); 1 <1< 3, 1 S] < J4
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with A = [32—“ +¢+1

|

NS

|+t ;hb=1,1<t<¢

[¥J+§+1 ih=2,t=0
W(Zb[):
3¢+¢+2  3b=1,t=0

30+C+t+2;p=2,1<t<¢
T(x2,0) =¥(x20) =30+ +E+3

The edge-sums generated by the above labeling ”¥” are the set of consecutive positive integers S = {h+1, h +
2,...,h+q}, where h = [lfj + ¢ + 2. Thus by Lemma 2.3, ”¥” can be extended to a SEMT labeling of o and
we obtain the magic constanta = p + g + h + 1, where h + 1 = min(S).

(b): Let Oz Fry, u BS(¢, ¢ — 1) u K. Here

V(0) = V(Fr,) U V(BS(,€ - 1) U {z)
Let p’ = |V(0U)| and ¢’ = |E(U)|, then
p =30+¢+E+3

and
q =30+C+¢

Before formulating the labeling ¥’ : V(0U) - {1, 2,...,p"}, keep in view the labeling 7 defined in theorem
2.12. We define the labeling ¥’ as follows:

T(xy) =¥(xy)=¥'(x,); 1<1<3,1<)<¢
with A = ¥(z20) = ¥'(z20) = | | + ¢+ 1
W (z11) = W(z1e); O0<t<(
W' (z2) =W(za); O<t<E-1
U(z)=30+C+E+2
W' (x2,0) =W (Xx2,0) =T (X2,0) =30+ +E+3

The edge-sums generated by the above labeling "¢’ are the set of consecutive positive integers S = {h+1, h+
2,...,h+q'}, where h = [%‘J +¢ + 2. Thus by Lemma 2.3, ”¥’” can be extended to a SEMT labeling of U and
we obtain the magic constant a = p’ + ¢’ + h + 1, where h + 1 = min(S). O

In the next two theorems, we will present two distinct SEMT labelings- which are non-dual of each other- for
disjoint union of path P,, and fork.

Theorem 2.14. For /(> 2
(a)@@): Fry u P, is SEMT.
(a)(ii): Fryu P,_1 is SEMT.
(b)(): ps(FryuPr_y) < 1.
(b)(ii): ps(Fryu Pr_3) < 1.
wherer =20 - 1.

Proof. (a): Consider the graph p = Fr, U P,, where
V(P,) = {x: 1<t<o}

and
E(P,) = {Xtxtz1: 1<t<o-1}
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Letp = [V(p)| and g = |E(p)], so we get

p=3l+p+1

q=3l+0-1
where

r ;for a(i)

Q:
r—1;for a(ii)

Before formulating thelabeling¥ : V(p) — {1, 2, ..., p}, keepinview thelabeling 7" defined in Theorem 2.12.
U(x,;)=2(x,) ;1<1<3,1<)<¢
with A = [ 2] + | 22 |. We define the labeling ¥ as follows:

12+ k st=2k-1,1<k< %]
U(xe) = 3£+[32—4J+k—[§J st=2k,1<k<|%],for a(i)
3£+[32—£J+k7[§J71;t:2k,1< < £, for a(ii)

3¢+ [32—ZJ +14]- [%J +1 ;for a(i)
W(Xz’()) = T(Xz’()) =
3£+[32—€J+§—[§J s for a(ii)
The edge-sums generated by the above labeling "¥” are the set of consecutive positive integers S = {h+1, h+
.,h+q}, where h = L%EJ + [%IJ + 1. Thus by Lemma 2.3, ”¥” can be extended to a SEMT labeling of o
and we obtain the magic constant a = p + g + min(S), where min(S) = h + 1.
(b): Let Oz Fry, u P, U K1, where

V(Pg):{xt: 1§t§g},

V(K1) = {z}

and
E(Pp) = {Xexes1: 1<t<o-1}

Let p’ = |[V(U)| and ¢’ = |E(O)|, so we get

p'=30+0+2
q =30+0-1
where
r—2;for b(i)

Q =
r—3 ;for b(ii)
Before formulating the labeling ¥ : V(0) — {1, 2,...,p’}, keep in view the labeling 7" defined in theorem
2.12.
Y(x,) =%(x,) =¥ (x,); 1<1<3,1<5<4,for b(i) and b(ii)both with A = [%J + [QT“J

U (x¢) =¥ (xt), t=1(mod2)

3¢+ [+ k- |4]-1;t=2k1<k< %2, for b(i)
v (xe) =
3£+[32—€J+k—[§J—2;t:2k,1§k<{QT] for b(ii)
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LetB=3¢+ 3]+ % —|£|-1and C=3¢+ 3| +[5L] - 5] -2, then

B+1 ;for b(i)
v'(z) =
C+1 ;for b(ii)

B +2 ;for b(i)
Q'/’(Xz,o) =
C+2 ;for b(ii)
The edge-sums generated by the above labeling "¢’ are the set of consecutive positive integers S = {h+1, h+
2,...,h+q'}, where h = | 3] + [ 21| + 1. Thus by Lemma 2.3, ”¥’” can be extended to a SEMT labeling of O
and we obtain the magic constant a = p’ + ¢’ + min(S), where min(S) = h + 1. O

Theorem 2.15. For ¢ > 2

(a)@@): Fry u P, is SEMT.

(a)(ii): Frpu P,_1 is SEMT, ¢ %2
(b)(): ps(FrguPrp) <1,

(b)(ii): ps(Fry UPy3) < 1; £#2,3
wherer =20-2.

Proof. (a): Consider the graph p = Fr, u P,, where
V(P,)={x: 1<t<o}

and
E(Pp) = {xxts1: 1<t<o-1}

Letp = [V(p)|and g = |E(p)], so we get

p=3l+po+1

q=3l+p-1
where

r ;for a(i)

Q =
r-1;for a(ii)
Before formulating the labeling ¥ : V(p) — {1,2,...,p}, keep in view the labeling 7" defined in theorem
2.12.
’:Z/(Xz,]) :T(Xl’]) ;1<1<3,1 <) </

with A = [%‘ZJ +[21]. We define the labeling ¥ as follows:

|31+ Kk st=2k,1<k<[%5]

U(xe) = 3!+[37£J+k—[§]—1 st=2k-1,1<k<¥,for a(i)

30+ 2]+ k-4 -25t=2k-1,1<k<[%],for a(ii)

3€+[37ZJ+§—[§J ;for a(i)
U(x2,0) =T (x2,0) =
3¢+ 2] +12]- 4] -1 for a(i)
The edge-sums generated by the above labeling ”¥” are the set of consecutive positive integers S = {h+1, h +
2,...,h+q},where h = [32—£J + [97‘1] + 1. Thus by Lemma 2.3, ”%” can be extended to a SEMT labeling of ©

and we obtain the magic constant a = p + g + min(S), where min(S) = h + 1.
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(b): Let O Fry u P, U K1, where
V(P) = {xi: 1st<o),

V(K1) = {z}

and
E(PQ):{X[Xt+1: 1£t£g—1}

Let p’ = |V(U)| and ¢’ = |E(O)|, so we get

p =30+0+2
q =30+0-1
where
r—2;for b(i)

Q:
r—3 ;for b(ii)

Before formulating the labeling ¥’ : V(0) - {1,2,...,p’}, keep in view the labeling " defined in theorem
2.12.
T(xy,y) =¥ (xy,) =¥ (x,); 1<1<3,1<)<¥, for b(i) and b(ii)bothwith A = |3f|+[%1]
' (x¢) =¥(x¢), t=0(mod2)

, 30+ |2 +k-|4]-25t=2k-1,1<k<|%], for b(i)
T (xt) =
3¢+ [+ k- |4]-3;t=2k-1,1<k< %, for b(ii)

LetB:3£+[32—ZJ+[%1J—[%J—ZandC:3£+[37€J+%—[%J—B,then
B +1 ;for b(i)
v'(z) =
C+1 ;for b(ii)

B +2 ;for b(i)
W,(Xz,o) =
C+2 ;for b(ii)

The edge-sums generated by the above labeling ”¥’” are the set of consecutive positive integers S = {h+1, h +
2,...,h+q'}, where h = | 2] +[%1] + 1. Thus by Lemma 2.3, ”¥’” can be extended to a SEMT labeling of U
and we obtain the magic constant a = p’ + ¢’ + min(S), where min(S) = h + 1. O

Concluding remarks

In this paper, we defined new terminologies for a particular class of subdivided stars and subdivided bistars
named as fork Fr, and H-tree H, respectively. Furthermore, we established the results on SEMT labelings and
deficiencies of fork, H-tree and disjoint union of fork with star, bistar and path.

Javaid [32] gave upper and lower bounds of SEMT magic constants for subdivided stars T(ni, na, ..., ny)
with any n, > 1, 1 < 1 < r. This paper extended the key concept for evaluating the bounds for H-tree.
Consequently, we ended up on the SEMT strengths of fork and H-tree. We conclude the paper with the
subsequent open problems:

Open problem 1. Make SEMT forests of existing trees with newly defined trees in this manuscript.



1324 — S.Kanwaletal. DE GRUYTER

Open problem 2. Find the SEMT labeling for disjoint union of any number of isomorphic or non-isomorphic
copies of Fork tree and H-tree and determine the bounds for their deficiencies.

Open problem 3. Find the exact values of the SEMT strength for Fry, and H,.

Open problem 4. Find the SEMT strength of forests with more than one component, mentioned in this paper.

Acknowledgement: The authors are deeply indebted to the referees for their valuable thoughts and remarks
to improve the original version of this manuscript. The research contents of this paper are partially supported
by HEC (5420/Federal/NRPU/R & D/HEC/2016).
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