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Abstract: In this paper, chaos and bifurcation are explored for the controlled chaotic system, which is put
forward based on the hybrid strategy in an unusual chaotic system. Behavior of the controlled system with
variable parameter is researched in detain. Moreover, the normal form theory is used to analyze the direction
and stability of bifurcating periodic solution.
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1 Introduction

In 1963, the first three dimensional autonomous chaotic system (Lorenz system) was proposed in the literature
[1]. After that, the construction and theoretical research of the chaotic system have become a hot issue in the
nonlinear science. What is more, many three-dimensional chaotic systems have been put forward one after
another, including Chen system [2] and Lii system [3], which have to be mentioned. In the sense of literature
[4], Chen system is the dual system of Lorenz system, whereas Lii system acts as a bridge between the both. In
1994, with the aid of a computer, Sprott has found 19 three-dimensional chaotic systems [5]. Rossler system
[6] and Chua system [7] have also received widespread attention from scholars. More about the contents of
chaotic systems can be seen in the literature [8-11]. For most 3D systems, there may be only one equilibrium
point, two symmetric equilibrium points, three equilibrium points or even more, their common features are
that all of the equilibria are unstable [12]. In 2008, Yang and Chen [13] introduced a chaotic system [14] with
a saddle point and two stable node-foci. Wei and Yang introduced a class of chaotic systems with only two
stable equilibria [15]. In particular, the above mentioned chaotic systems have a common characteristic: the
total stability of the two symmetric equilibria is always the same. Bifurcation analysis and control is one of
the most popular research theme in the domain of bifurcation control [16-21].
Liu et al. [22] gave a new 3D chaotic system as follows:

x=a(y-x), y=-c+xz, z=b-y>

There are only two nonlinear terms on the right side of the system, which is simple, but the local dynamic
behavior is complex and interesting. There is a pair of equilibrium points in the system, whose positions are
symmetric but the stability is opposite. The nature of this new chaotic system has attracted extensive interest
[23-26]. In this article, we design a hybrid strategy which consists of a parameter and a state feedback , and
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it is added to the last system, and we can get the controlled chaotic system as follows:
x=a(y-x), y=-c+xz+m(x-y), 2=b-y’.

Apparently, this strategy not only ensures that the equilibrium structure and the dimension of the original
system are unchanged. To analyze complex dynamical behaviors of the controlled system and evaluate
differences of chaos between the original system and controlled system, we study the chaos and bifurcation
of the controlled system through analyzing the variable parameter. First, phase trajectories, Lyapunove
exponents and bifurcation path are numerically investigated. Chaotic area, period area and several periodic
windows within the range of control parameter in controlled system are found. Then a sufficient condition for
the existence of Hopf bifurcation of controlled system are given. The next theorem describes following details:
the existence and expression of the bifurcation periodic solutions are explored, and the stability, direction
and the period size also are studied.

The remainder of the article is arranged as follows: In section 2, hybrid control strategy of Hopf bifurcation
is examined. In section 3, bifurcation diagrams and Lyapunov exponents of the controlled system with
varying parameter m are analyzed in detail. The Hopf bifurcation and its periodic solution of the controlled
system are explored in section 4. Finally, section 5 is summing up the full text.

2 Hybrid control strategy

For the convenience of description, the original system proposed in [22] as follows:

x=a(y-x)
y=-C+xz (2.1)
(=b-y’,

when parameters a (a > 0), b and c are all real constants, and x, y, z are three state variables in this case.
Apparently, when ¢ = 0, system (2.1) is invariant while it is under the transformation T(x, y, z)—>T(-x, -y, z).
In the sense of this transformation, the system not itself invariant under the T transformation, and there is
another orbit that corresponds to it. We calculate the next formulas:

a(y-x) =0, —-c+xz=0, b—yZ:O.

It is easily obtained that if b> + ¢* = 0, there are non-isolated equilibria 0, (0, 0, z); if either b < O or b = 0O and
¢ # 0, there is not an equilibrium; if b > 0, there are two equilibria E*(v/b,\/D, ﬁ) and E’(—\/E,—\/E,—%) .
In this part, based on the model (2.1), we design a controller to get the controlled system as below

x=a(y-x)
y=-c+xz+m(x-y) (2.2)
z=b-y%

As needed, we only have to control the second equation, and the other two equations remain unchanged.
Obviously, the characteristic of the control law is to ensure that the structure of the equilibrium and the
dimension of the original system (2.1) are unchanged. Especially, if m = 0, the controlled system will restore
to the original system.

The linearized system (2.2) acts at E*, and we can get the Jacobian matrix

-a a O
JF=|lm+zt -m x*|,
0 -2y*0

its characteristic equation being

AN =X + (m+a)\? + (2xy* — az*)A + 2ax*y* = 0. (2.3)
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2bmvb

a(a+m)?’

Regarding the controlled system, we conclude that if ¢ > E* is unstable while E~ is stable, and if

ﬁé’ﬁ‘r/f), E* is stable while E~ is unstable. The stability of the both is always opposite.

We just analyse the stability of equilibrium E*. By using the Routh-Hurwitz criterion, we can easily prove
the equilibrium E* is stable while ¢ < ;é’;'m’;).
The formula (2.3) at equilibrium E™ is just as follows:

c<

Ac(N) =N +(m+a)/\2+(2b—a—2)/\+2ab:0. Q.4)

7

LetA=m+a,B=2b- %, C = 2ab. On the basis of the Routh-Hurwitz criterions, with the equation (2.4),
whileA >0,C >0,AB-C > 0,i.e.a>0,b >0,and c < 2bmv/b all of the real parts of the three roots are

a(a+m)’
negative. We take into account the characteristic equation (2.3) at equilibrium E~ in the same way.

3 Complex dynamic behavior

To research and investigate the dynamic behaviors of the controlled system (2.2), a host of numerical simula-
tions are carried out. The obtained results reveal that the controlled system (2.2) exhibits very significant and
complex dynamical behaviors.

In this part, we fix a = 1.5, b = 1.7, ¢ = 0.05, while varying m € [-1.6, 0.27]. By analyzing Lyapunov
exponents spectrum and corresponding bifurcation diagram for (2.2) just as manifested in Fig.1 and Fig.2,
one can get the following conclusions.

(1) When the parameters m ¢ [-1.6,-1.52] and m ¢ [-1.5,-1.49], the controlled system of maximum
Lyapunov exponent is often equal to zero here. System (2.2) keeps periodic motion.

(2) When the parameters m = —1.51, there are two Lyapunov exponents equal to zero. Combining with the
phase portrait shown in Fig.3, it easily seen that the controlled system performs a quasi periodic motion.

(3) When the parameters m € [-1.48,-1.44], m € [-1.42,-1.37] and m € [-1.35,0.01], their maximum
Lyapunov exponents are positive exponents; the fact indicates that the controlled system is chaotic.

(4) When the parameters m = -1.43, m = —1.36 and m = 0.02, their corresponding maximum Lyapunov
exponents all are equal to zero. The controlled system performs a periodic motion. The phase portraits are
shown in Figs.4, 5 and 6.

(5) When the parameter m € [0.03, 0.27], the controlled system keeps a cycle motion. The cycle gets lower as
the parameter m increases, and the maximum Lyapunov exponents are always kept negative and get smaller,
which implies that the controlled system tends to converge to a sink.

From the above results, we can find that, within m € [-1.6,0.27], controlled system (2.2) has chaotic
attractor, period montion and periodic windows. The behaviors of the system (2.2) become complex with
varying m [22].

4 Hopf bifurcation analysis

In this part we discuss the Hopf bifurcation for the controlled system (2.2), applying normal form theory and
Mathemaitca software.
[

Theorem 4.1. Suppose thata > 0, b > 0, 2b > %. While c goes through the critical value ¢ = ¢ =

system (2.2) plays a Hopf bifurcation at the equilibrium E* (~/b, /b

2bmv/b

a(a+m)’

c
> ﬁ )'
Proof. Suppose that there is a pair of pure imaginary roots A = +iw(w € R") in characteristic equation.

We obtained
A(N) = (iw)? + (m + a)(iw)” + (2b - a—i))iw +2ab =0.

7
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Fig. 1. The Lyapunov exponents spectrum of system (2.2) witha = 1.5, b = 1.7, ¢ = 0.05 and m € [-1.6,0.27].
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Fig. 2. Bifurcation diagram of system (2.2) witha = 1.5, b =1.7, ¢ =0.05 and m € [-1.6, 0.27].
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Fig. 3. The phase diagram of system (2.2) witha = 1.5, b = 1.7, ¢ = 0.05 and m = -1.51.
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Hence one can see that
ReA()) = 2ab - (a + m)w” =0,

ImA(X) = i(~w’ + (2b - %)w) - 0.

Thus we have

w? = 2ab ,wZ:Zb—ﬁ.

a+m Vb

2ab 5 ac

a+m N

Then

DE GRUYTER
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Fig. 4. The phase diagram of system (2.2) witha = 1.5, b = 1.7, ¢ = 0.05 and m = -1.43.
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Fig. 5. The phase diagram of system (2.2) witha = 1.5, b = 1.7, ¢ = 0.05 and m = -1.36.
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By computing the equation, we get
ac 2bmv/'b
2b> —, co= ——

Vb a(a+m)’
When ¢ = ¢g, one obtains
A= iw, A2 = —iw, )\3 =—-a-—-m,

- 1259

where w = /222 Thus, when m > 0, ¢ = co, the first condition of the Hopf bifurcation is satisfied.

a+m’
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Fig. 7. (a) The phase diagram of system (2.2) witha = 5, b = 1.7, m = —1 and ¢ = -0.22. (b) The phase diagram of system (2.2)
witha=5,b=1.7,m=-1andc=-0.32.

From m > 0, it follows that

' / ac.., a
0=3\N+2(a+m)AN + (2b - —=)\ - —=),
( ) ( \/E) Vb
)\/ — ai
[3A2+2(a+m)A+2b]v/b—ac’
which indicates that ' /5
, a(a+m)“Vb
Re(\ I 0.
e(A'(co))x-i 2b(a + m)3 + 4ab* 7
Thus, the proof of Theorem 4.1 is completed [27]. O

Remark 4.2. There is no Hopf bifurcation at the equilibrium E*(~/b, /b, ﬁ) while 2b < %.

Next, the expression, stability and size of bifurcating period solution in system (2.2) are studied, by using the
normal form theory [27] and many rigid symbolic computation.

Theorem 4.3. Ifa > 0, b > O, for the controlled system (2.2), bifurcating periodic solutions exist for sufficient
small |c - co| > 0 (co = ﬁ?ﬁﬁi’) ). Furthermore, periodic solutions from Hopf bifurcation at E*(\/b, /b
have the following properties:

(i) if M > 0, bifurcating periodic solutions of system (2.2) at E* (\/b, /b, %) are non-degenerate, supercritical
and unstable;

(ii) if M < 0, bifurcating periodic solutions of system (2.2) at E* (\/E VDb, ﬁ) are non-degenerate, subcritical
and stable;

(iii) the characteristic exponent and period of the bifurcating periodic solution are

C
sﬁ)

Bt +0(Y), T=2"(1+me+0()),
wo

where wo = \/ 222, &% = C;% +0[(c-co)*] and

3 _ReCl(O) 3 M
H2 = ()/(O) - __a(a+m)2Vb ’
4ab*+2b(a+m)3
_ mw'(0)+Im C1(0)  ppab’a(a+m) N(a+m)

wo 2ab*(a+m)’ +4a*b> | 2ab(a+m)

ﬁz = 2R€C1(0) = 2M,

Q:Q5+Q:Qs+3Im(g21) N- 0105-0:Q6-2(Q}+Q3)- 1 (Q3+Q} )+ 1Re(g21)
,N =

2 2ab 2 2ab
a+m a+m

Re(g21) = (A13 + Ba3)w11 + 3Re(W20)(A13 — Ba3) — 3Im(wao) (B1s + A23),

where M =

>
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Im(g21) = (B13 — A23)w11 + 3Im(wa0)(A13 — B23) — 3Re(w20)(B1s + A23),
Re(wao) = (C11-C22) (a+m)-2C12, /2%  Im(wao) = (C11=C22)\/ 22 ~(a+m)Cyy Wy = Lt

2_ 8b 2_ 8ab 11 = = .
(a+m)?—22 (a+m)?— 320 2(a+m)

Q;(i=1,2,3,-,6),and A13, Ajs, Bi3, B23, B13, , are defined in Appendix.
(iv) the mathematical expression of Hopf bifurcation periodic solution of system (2.2) is

X Vb cos 2Tt M
. 2
y|=| Vb |+]sinZ¢ |+ 72 £ +0(),
z _Cc 0 (C11+C22)(1+Re(w20)cos T f— Im(Wzg)SlIl T t)
Vb —2(a+m)
in 4 4 4 4 - i 4
where o= sin 47 t(Q3+3Qs)—cos 4 t(Q4~3Q6)—-6Q, v = Q3 cos AT t-3Qs cos 4T t+6Q; —Qy sin 2T t-3Qe sin T"t.
6 2ab 6 2ab
a+m a+m

Q;(i=1,2,3,-,6)are defined in Appendix.

Proof. According to Theorem 4.1, while the parameter ¢ changes and passes through the critical value co,
Hopf bifurcation occurs at the equilibrium point E*, and its direction and stability are discussed below.
Because equilibrium E*(\/E, \/E, Lb) is not in the origin, in order to shift it to the origin, let x = Vb + X1,

y=vb+y1and z = -< + z;. Then, system (2.2) becomes

Vb
X1=a(yr - x1)
Y1 =X121 + fx1+\/_zl+m(x1—y1)
Z1 = -y} - 2Vby1.
Denoting c=co= gé’;ﬁ\m[), and linearizing system (2.2) at E* (\/b, /b, f) now yields the Jacobian matrix
-a a 0
J=|m+ ﬁ -m Vb

0 -2vb 0

and according to the matrix calculated above, we can get its characteristic equation:

AN =2+ (m+ )2+ (2b- 25\ +2ab = 0.
@Y ( ) ( \/E)

2ab
a+m?

By exact computations, we obtain \1=wi, \,=—wi and A3 = —a — m, when w= and the corresponding

eigenvectors respectively are

—a+\/2b(a + m) - \/a(a* + am)i -2a\/b(a + m) —-\/2a(a* + am)i

Vi = -Va(a* +2b + am)i , V2= —-Va(a® +2b + am)i
(a®+2b+am)\/2(a+m) 12(a’ +2b +am)\/a+m
-a(a+m)
andvs =| m(a+m)
2mvb

For system (2.2), define

P; = (Revy, -Imvy, v3)
—a+/2b(a + m) Ja(a*+am) -a(a+m)
= 0 Jva(a* +2b+am) m(a+m) (B.1)
(a®+2b+am)\/2(a+m) 0 2mvb

and make a transformation as follows:

(Xl,)/1,Z1)T = 1~’1(X2,Y2,22)T-
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Thus,
)'(2:— azfrb;lyz +F1(X2,y2aZZ)
V2 =\ 22 x5 + F2(x2, Y2, 22)
zy=—(a+m)zy + F3(x2,y2,22)
where

Fi(x2,¥2,22) = (A11X§ +A1X2y2 + Anys + A13xaza + Ap3yazs + A33Z§),
F2(x2,¥2,22) = (B11X5 + B12X2y2 + B22y3 + B13Xaza + Basyazy + B33z3),

F3(x2,¥2,22) = (C11X§ + C12X2y2 + Caays + C13X222 + Ca3y2zs + C33Z§)-

Furthermore, the following marks are consistent with [28].

_1[0’Fy 0°F1  (’Fr O°F,
sy o 9y2 Xk 9y?
[, 0’F1  ’F, 9°F\ 1[0°Fi _ 0°F,  9°Fi]

8oz = i + - + = - -
0x20y>  0x5 0y} 4| ox3 0x20y2  0y5 |

):| = %[(Au +Az) +i(B11+B2)],

1.
= E[I(Alz +B11 - B) + (A11 - B12 - A»)],

_1[(°F °F,  °Fy \ i, O’F  0°Fi]
807 ox3  0y;  0x20y> 0x3 0x20y2  0y3 |
1.,
= 5[1(311 - By - A1) + (A1 +Bia - An)],
1[°Fr R FF, OF [ OF F IF K
G = ¢ + 5+ 55 + +1 5 = -5 + =
8| ox3  ox0y3 0x30y>  dy3 0x20y3  9y3  0x30y>  0x3

Meanwhile, one has

1(0*F; 0°F3\ 1
hi; = — = Z(C11 + C22),
11 4( ax§ + 6y§ 2( 11+ C22)
1(0*F; 0°F; 0°F3 1
hyo = = - - 2i = Z(C11 - Caz — C120).
20 4( 6X§ ay% ’ax26y2 2( 11 22 121)

Solving the following formula:
Dwiy = —hi; and wao(D - 2iwol) = ~h3o,

where D = —(a + m), one obtains

Ci1 +C22 C11 - Co2 - Crai

w11 = s Wy = = Re(wyo) + ilm(wyo).
—2(a+m) -2(a+m) - 4i\/ 2%
Where,
Re(wa0) (Ci1 - Ca2)(a+m)-2Ciay/ 2% (o) (C11 - C22)\/ 2% — (a + m)C1a
e(wy) = ,Im(wy) = .
» (a+m)2 - S » (a+m)?- 2
Furthermore,
1 1[(.( 0*F; 0°F, 0’F, 0%F; \]
Gio = 5 - +
2 | 0X20z2 0Y202> 0y20z2 0X202> ]
1.
= 5[1(313 - As3) + B3 + Ag3],
1 1[(.( o°F: 0%F, 0%F; 0%F; \]
Gio1 = 5 + + -
2 | aXzaZZ ayzaZZ aXZaZZ ayzaZZ |
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1.

E|:1(B13 +A23) +A13 - B23:|,

821 = Ga1 + (2G110w11 + Gio1w20)
= RE(g21) + iIm(ng)’

where
1 1
Re(g21) = (A13 + Ba3)wqy + ERe(WZO)(AB - By3) - Elm(Wzo)(Bn +423),

1 1
Im(g21) = (B1z —A3)wi1 + Elm(WZO)(AB - By3) - ERe(WZO)(BB +A53).
Considering the above operation results, one can calculate the following formulas and get:

1 i 1 .
C1(0) = 581+ 5— (—2 |g11\2 + 811820 — 3 |goz|2) =M + Ni,

2wo
_ _Re Cl(O) _
F2=7700) ~ Re(W(co))’
_ _uzw’(O) +Im C1(0) _ _pzlm(A (c0)))+N B> = 2Re C1(0) = 2M
wo wo ’ >
where
e 2ab o/ (0) = Re(N (co)) = - a(a+m)*V/b W (0) = av/2a(a + m)
0 a+m’ 0 2b(a+m)3 + 4ab*’ 2(a+m)3 +4ab3’

_ ©05+01Q6+3Im(821) N- Q10Q5-Q22Q6-2(Q7+Q3) -1 (Q3+Q})+1Re(g21)
2/Em 2/ 2 '

From a >a0, b > 0, one gets that ’(0) < 0, w'(0)<0 holds, so there are > > 0 and 3, > O with
M > 0, which means that the Hopf bifurcation of system (2.2) at E*(\/E, Vb, ﬁ) is supercritical and non-
degenerate, and the system’s bifurcating periodic solution occurs and is unstable; if M < 0, then p; < 0
and 3, < 0, which means that the Hopf bifurcation of system (2.2) at E*(\/E, Vb, ﬁ) is subcritical and
non-degenerate, and the system’s bifurcating periodic solution occurs and is stable.

Moreover, the characteristic exponent and period are

M

B=pac?+0(Y), T-= i{u et 4 0("),
where £ = Cl‘% + 0[(c - ¢o)?]. The Hopf bifurcation periodic solution is
X(X1,J/1,Z1)T = Flsl(Xz,)Q,Zz)T =Py,
while P; is a matrix and is described in (3.1),
x2=Reu, y=Imu, z; = Re(wzouz) + \u|2 w11 + O(|u\3),

and
2itm Ezi
u=er7T e+ —
6wo

(6811 +goz€7% - 3gzoe%] +0().

By complicate computations, one gets

X Vb cos 2 ¢ M
y|=| VDb |+]sinZ¢ [+ 72 e +0(%),
z . 0 (C11+Cy) (1+Re(wyp) cos 2 t—Im(wyo) sin 27 t)
Vb -2(a+m)
where 71, 2 are defined at Theorem 4.3. O

Remark 4.4. The property of Hopf bifurcation at equilibrium E~ can be considered in the same way.
Fixa=5,b=1.7, m = -1 and the critical value ¢ = co = ;é’fjf) ~ —0.222. From the above theorems, near
the equilibrium point E*, there are bifurcation periodic solutions for the controlled system (2.2) while ¢ > co; E*

is stable while c < cy, just as demonstrated in Fig.7.
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5 Conclusions

In this paper the chaos and bifurcation are explored for the controlled chaotic system, which is put forward
based on the hybrid strategy in an unusual chaotic system. Behaviors of the controlled system are studied
through analyzing its corresponding bifurcation diagrams and Lyapunov exponents, showing that there exist
chaotic area, period area and several periodic windows within the range of variable parameter. The results
show that the controlled system maintains the local structure and dimension of the original system, and the
dynamics behavior of the controlled system is much richer than the original system. Furthermore, a sufficient
condition for the existence of Hopf bifurcation of the controlled chaotic system is obtained. Using the normal
form theory, the direction and stability of bifurcating periodic solution are verified. Numerical simulations
demonstrate the theoretical analysis results.

Appendix

For convenience, some values of the symbols used in Theorem 4.3 are given in this section.

D=-2bm+(a+m)(2b+ (a+m)?), Dy =[2b+a(a+m)]\/2(a+m)D:
D, = (a*+2b+am)\/a(a+m)D, Ds; =/a+mbD,
A - 4abm\/a+m A —2amv/ab[2b(a + m) + a(a - m)?]
e NG R 2b+a(a+m)D ’
Ayy = —a[2b +a(a+m)][2b+ (a+m)?] Aps = 2amv/bla(a+m)* +2b(a+m)]
V/2(a+m)D ’ [2b+a(a+m)]D ’
Ao = —ZmW[(a +m)(4ab +a(a+m)*) +2b(b+m?)]
2o V2[2b +a(a + m)]D ’
Aan = -m?*Va+m[(a+m)*-2b(a-m)] ' —2a’\/b(a+m)[2b+ (a+m)?] .
> V2[2b +a(a+m)]D o vab '
By, - V2a® (s + m)(2b(a + m)?) B,, = —amy/b(a+m)(2b +a(a+m))
D ’ Jab ’
By, - —V2a*[(a+m)? +2b][a(a + m)* +~am2 +2b(a+m)]
va(a?+2b+am)D ’
By, - 2my/ab(a + m)[a’(a’® + 2b + am) — m(a + m)(2b — am)]
Jva(a? +2b +am)D ’
Ben - -my/b(a+m)[(a+m)*(2a* + m*) + 4a’b] - -2av/b(2b +a(a +m))(a+m)?
> Ja(a? +2b +am)D ot D ’
Chy - a(a+m)*\/2a(a+m)[(2b+a(a+m)] o av/b[2b +a(a +m)]?
D ) 2 D ’

—a\/2(a+m)[(a+m)*(a+2b+am)+2bm(a+m)] b - 4m(a +m)Vab[b +a(a+m)]
D P BT D

mvb(a+m)*(m-2a)
D b

1 1
Qs = E(AllfBu*Azz), Q4:5(311+A12’322)’

C33 =

1 1
Q: = E(All +A2), Q2= 5(311 +B2,),

1 1
Qs = 5(An +B12—A2), Q¢= 5(311 - A12 - By).
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