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1 Introduction

The theory of selection principles can be traced back to the first half of 19th century. The general form of
classical selection principles in topological spaces have been defined as follows:

Let S be an infinite set and let A and B be collections of subsets of S. Then the symbol S;(A, B) defines
the statement:

For each sequence (An)n< Of elements of A there is a sequence (bn)n<e such that for each n, we have
bn € An, and {bn}n<eo € B.

If © denotes the collection of open covers of a topological space (X, T) then the property S1(0, Q) is called
the Rothberger covering property and was introduced by Rothberger in [1].

Similarly, the selection hypothesis Sg, (A, B) is defined as:

For each sequence (An)n< Of elements of A there is a sequence (Bn)n<es such that for each n, we have B,
is finite subset of Ay, and |J Bx € B.

n<oco

The property introduced in [2] by K. Menger in 1924 is equivalent to Sg,(0, O) and was proved by W.
Hurewicz in [3] in 1925. The property Sg,(O, O) is known as the Menger covering property.

In 2016, Sabah et al. in [4] proved that X has the s-Menger (resp. s-Rothberger covering property [5]) in
topological space X, if X satisfies Sg,(sO, sO) (resp. S1(s©, sO)) where sO denotes the family of all semi-open
covers of X.

For readers more interested in theory of selection principles and its relations with various branches of
mathematics, we refer to see [6-10].

In this paper we study the properties of ditopological texture spaces related to the following classical
Hurewicz property [3] Ug, (A, B): For each sequence {An}ncn of elements of A, which do not contain a finite
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sub-cover, there exist finite (possibly empty) subsets B, C An,n € Nand {|JBn}nen € B. It was shown in
[11] that the Hurewicz property is of the Sg,—type for appropriate classes of A and B.

2 Preliminaries

L. M. Brown in 1992 at a conference on Fuzzy systems and artificial intelligence held in Trabzon introduced the
notion of a texture space under the name fuzzy structure. Textures first arose in representation of connection
of lattices of L - fuzzy sets and Hutton algebras under a point based settings. This representation provided
a fruitful atmosphere to study complement free concepts in mathematics. We now recall the definition of the
texture space as follows.

Texture space: [12] If S is a set, a texturing & C P(S) is complete, point separating, completely distributive
lattice containing S and @, and, for which finite join \/ coincides with union | and arbitrary meet A coincides
with intersection (). Then the pair (S, <) is called the texture space.

A mapping 0 : & — S satisfying 0?(4) = A, foreach A € Sand A C B implies o(B) C 0(4),YVA,B € &
is called a complementation on (S, &) and (S, 3, 0) is then said to be a complemented texture [12]. The sets
Ps ={A € §|s € A}and Qs = \/{P: |t € S, s¢ P} defines conveniently most of the properties of the
texture space and are known as p-sets and g-sets respectively.

For A € & the core APof A is defined by A” = {s € S| A ¢ Qs}. The set APdoes not necessarily belong
to Q.

If (S, P(s)), (£, ;) are textures, then the product texture of (S, P(S)) and (£, $3) is P(S) ®3; for which
Ps.p and Qs 4 denotes the p-sets and g-sets respectively. For s € S, t € £ we have p-sets and g-sets in the
product space as following :

P(s,p = {s} x Pt

Qs = (S\{s}x T U (S x Q).

Direlation: [13] Let (S, $4), (£, ) be textures. Then for r € P(S)® I, satisfying:

(R1) r ¢ Qs and Pg ¢ Qs implies r ¢ Q..

(R2) r ¢ Q¢ then thereis § € Ssuch that Ps ¢ Qg and r ¢ Q..

is called relation and for R € P(S)® < such that:

(CRl) ﬁ(s,[) g R and Ps g Qs 1mp11es p(é,t) g R,

(CR2) If P(s ) ¢ R then there exists § € S such that Py ¢ Qs and P ) ¢ R,

is called a corelation from (S, P(S)) to (£, 37). The pair (r, R) together is a direlation from (S, $1) to (£, $2).

Lemma 2.1 ([13]). Let (r, R) be a direlation from (S, 31) to (T, 33), ] be anindex set, Aj € $1,Vj € J and B; €
3, ,Vj € J. Then:
@Or<(NB)=NrBjandR”>(N4) =N R4,

j€J j€J jeJ j€J
@r?(VA)=Vr’AjandR<(\/ Bj)) = \/ R “B;.
j€J j€J j€J] j€J

Difunction: Let (f, F) be a direlation from (S, ) to (£, S,). Then (f, F) : (S, $1) 2 (£, $») is a difunction if
it satisfies the following two conditions:

(DF1) Fors,§ € S,Ps ¢ Qs = t € Lwithf ¢ Qi ¢ and Py, ¢ F.
(DF2)Fort,t € Lands €S, f ¢ Qu.pand P ) ¢ F= Py ¢ Q.
Definition 2.2 ([13]). Let (f, F) : (S, $1) > (£, ) be a difunction. For A € S, the image f ~(A) and coimage

F™(A) are defined as:
F7A) =({Qc: Vs, f £ Qs = A CQs},
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F7(A) = \/{P¢: Vs, Py ¢ F = Ps C A},

and for B € S5, the inverse image f <~ (B) and inverse coimage F <" (B) are defined as:
fﬁ(B) = \/{Ps 1V, f ,¢_ 6(5,0 = P; C B},
F<(B)=({Qs:Vt, Py £ F = BC Qi}.

For a difunction, the inverse image and the inverse coimage are equal, but the image and coimage are usually
not.

Lemma 2.3 ([13]). For a direlation (f, F) from (S, 1) to (T, ) the following are equivalent:
(1) (f, F) is a direlation.

(2) The following inclusion holds:

(@fCF?A) CACF(f7(A); VA €S, and

(B f?FB)CBCF’(f(B);VBeS

B)f “(B)=F(B);VB € S,.

Definition 2.4 ([13]). Let (f, F) : (S, 1) = (£, $2) be a difunction. Then (f, F) is called surjective if it satisfies
the condition:

(SUR)Fort,t € L,P; ¢ Qy = 3s€S,f ¢ Quyand Py ¢ F.

Similarly, (f, F) is called injective if it satisfies the condition

(INJ) Fors,s € S, and t € L withf ¢ Q. and Py ¢ F = Ps ¢ Q;.

We now recall the notion of ditopology on texture spaces.

Definition 2.5 ([14]). A pair (7, k) of subsets of S is said to be a ditopology on a texture space (S,3),if TC S
satisfies:
1) S, 0er.
(2) Gy, G, € Timplies G1 N G, € T and
(3) Gaert,aclimplies\/Gq €T,
a

and x C S satisfies:

(1 S,0ex

(2) F,,F, c ximpliesF; UF, € k and
(3) Fa € k,acIimplies(\Fq € K,

where the members of T are called open sets and members of k are closed sets. Also 7 is called topology, k is
called cotopology and (T, k) is called ditopology. If (7, k) is a ditopology on (S, &) then (S, S, 7, k) is called a
ditopological texture space.

Note that in general we assume no relation between the open and closed sets in ditopology. In case
of complemented texture space (S, 3, 0), T and k are connected by the relation x = o(7), where o is a
complementation on (S, &), that is an inclusion reversing involution ¢ : & — <, then we call (7, k) a
complemented ditopology on (S, 3). A complemented ditopological texture space is denoted by (S, S, 0, T, k).
In this case we have 0(4) = (0(4))° and 6(4°) = (6(A)), where ()° denotes the interior and () denotes the
closure. Recall that for a ditopology (7, x) on (S, ), for A € S the closure of A for the ditopology (7, ) is
denoted by (A) and defined by

(A)=(|{Fex:ACF},
and the interior of A is denoted by (4)° and defined by

(4 =\/{Ger:GcA}

For terms not defined here, the reader is referred to see [6, 13, 15].
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The idea of semi-open sets in topological spaces was first introduced by Norman Levine in 1963 in [16]. S
Dost extended this concept of semi-open sets from topological spaces to ditopological texture spaces in 2012
in [17].

It is known from [17] that in a ditopological texture space (S, 3, T, k):

1. A € S is semi-open if and only if there exists a set G € O(S) such that G C A C G.

2. B € Sis semi-closed if and only if there exists a set F € C(S) such that (F)° C B C F.

3. 0(S) C SO(S) and C(S) C SC(S). The collection of all semi-open (resp. semi-closed) sets in S is denoted
by SO(S, 3,7, k) or simply SO(S) (resp. SC(S, S, T, k) or simply SC(S)). SR(S) is the collection of all the
semi-regular sets in S. A set A is semi-regular if A is semi-open as well as semi-closed in S.

4. Arbitrary join of semi-open sets is semi-open.

5. Arbitrary intersection of semi-closed sets is semi-closed.

If A is semi-open in ditopoloical texture space (S, S, T, k) then its complement may not be semi-closed. Every
open set is semi-open, whereas a semi-open set may not be open. The intersection of two semi-open sets may
not be semi-open, but intersection of an open set and a semi-open set is always semi-open.

In general there is no connection between the semi-open and semi-closed sets, but in case of comple-
mented ditopological texture space (S, 3, g, 7, ), A € Sis semi-open if and only if 6(A) is semi-closed. Where
()o denotes the semi-Interior and () denotes the semi-closure.

Definition 2.6 ([18]). Let (S, S, T, k) be a ditopological texture space and A € . We define:
(i) The semi-closure (A) of A under (t, x) by

(4) =(){B:BeSC(S),and A C B}
(ii) The semi-interior (A)o of A under (1, x) by
(4)o = \/{B: B € SO(S),and B C A}.

Lemma 2.7 ([18]). Let (S, 3, 1, k) be a ditopological texture space. A set A € S is called:
(a) semi-open if and only if A C (A°)
(b) semi-closed if and only if (A)° C A.

A difunction (f, F) : (S, 31, Ts,ks) > (T, S2,T7, K1) ist

(i) continuous(17]; if F€(G) € 15 where G € 17;

(ii) cocontinuous [17]; if f€(K) € ks where K € k7;

(iii) bicontinuous [17]; if it is continuous and cocontinuous.

Definition 2.8. [17] Let (S;, 3y, 71, i), 1 = 1, 2 be ditoplogical texture spaces. A difunction (f, F) : (S1, $1) >
(S,, &) is said to be:

(i) semi-continuous (semi-irresolute) if for each open (resp. semi-open) set A € 3, the inverse image F<(A) e
34 IS a semi-open set.

(ii) semi-cocontinuous (semi-co-irresolute) if for each closed (resp. semi-closed) set B € 3, the inverse image
f €(B) € S is a semi-closed set.

(iii) semi-bicontinuous if it semi-continuous and semi-cocontinuous .

(iv) semi-bi-irresolute if it is semi-irresolute and semi-co-irresolute

Throughout this paper a space S is an infinite ditopological texture space (S, 3, T, x¥) on which no separation
axioms are assumed unless otherwise stated.
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3 Selection properties of ditopological texture spaces

In 2017 Koc¢inac and 6zc¢ag [19] introduced Hurewicz type properties in texture and ditopological texture
spaces as a continuation of the studies of selection properties of texture structures initiated in 2015 in [14]. In
this section, semi-Hurewicz selection properties of ditopological texture spaces are defined and studied.

Definition 3.1. Let (1, ) be a ditopology on the texture space (S, ) and take A € 3. The family {G, : a € V}
is said to be semi-open cover of A if Go € SO(S) forall @ € V, and A C Vv Ga. Dually, we may speak of a
semi-closed cocover of A, namely a family {Fq : a € V} with Fa € SC(S) satisfying NgevFa C A.

Let sO denote the collection of all semi-open covers of a ditopological texture space (S, S, T, k). Note that the
class of semi-open covers contains the class of open covers of the ditopological texture space (S, 3, T, k).

Definition 3.2. Let (S, 3, 7, ) be a ditopological texture space and A be a subset of S.
1. A is said to have the semi-Hurewicz property (or s-Hurewicz property) for the ditopological texture space if
for each sequence (Un),en Of semi-open covers of A there is a sequence (Vn)nen such that for eachn € N,
Vn is a finite subset of U, and \/ () (U Vm) is a cover of A. We say that (S, S, T, k) is s-Hurewicz if the set

neNm>n

S is s-Hurewicz. This property is denoted by Uz, (s9,50).

2. A is said to have the co-semi-Hurewicz property (or co-s-Hurewicz property) for the ditopological texture
space if for each sequence (Fn)nen 0Of semi-closed cocovers of A there is a sequence (kn)ncn Such that for
eachn € N, ky is a finite subset of Fpand (| \/ (N xm) C A. Wesay that (S, S, T, k) is co-s-Hurewicz if the

neN m>n
set () is co-s-Hurewicz. This property is denoted by U.z,(sC, sC), where sC is the family of all semi-closed

cocovers of ().

Every s-Hurewicz ditopological texture space (S, 3, T, k) is a Hurewicz ditopological texture space and co-s-
Hurewicz ditopological texture space (S, 3, T, k) is co-Hurewicz ditopological texture space. Converses are
not true in general.

Definition 3.3 ([20]). Let (7, k) be a ditopology on the texture space (S, 3) and take A € S.

(1) A is said to be s-compact if whenever {G, : a € V} is semi-open cover of A, there is a finite subset V¢ of V,
with A C Vaev, Ga.

The ditopological texture space (S, <, T, k) is s-compact if S is s-compact. Every s-compact space in the
ditopologcal texture space is compact but not conversely.

(2) A is said to be s-cocompact if whenever {Fq : a € V}is a semi-closed cocover of A, there is a finite subset
Vo of V,with Ngev,Fa C A. In particular, the ditopolgical texture space (S, S, T, ) is s-cocompact if @ is
s-cocompact. It is clear that s-cocompact ditopological texture space is cocompact.

In general s-compactness and s-cocompactness are independent.

Definition 3.4. A ditopological texture space (S, 3, T, k) is said to be o-s-compact (resp. o-s-cocompact) if
there is a sequence (An : n € N) of s-compact (s-cocompact) subsets of S such that V,enAn = S (resp.
ﬂneNAn = @)

Theorem 3.5. Let (S, S, 7, k) be a ditopological texture space.
1. If(S, S, 1, k) is 0-s-compact, then (S, 3, T, k) has the s-Hurewicz property.
2. If (S, S, 1, k) is 0-s-cocompact, then (S, 3, T, k) has the co-s-Hurewicz property.

Proof. (1). Let (Un)nen be a sequence of semi-open covers of S. Since S is g-s-compact therefore it can be
represented in the form S = V;cnA;, where each A; is s-compact A; C A;,; foralli € N. Foreachi € N,
choose a finite set V; C U; such that A; C VV; = UV;. Then the sequence (V,),cn shows that S is s-Hurewicz.
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(2). Let (Fn)nen be a sequence of semi-closed cocovers of ). We have §) = N;cnA;, Where each 4; is s-
cocompact and 4; D A;,1,1 € N. For each i € N, choose a finite subset x; C F; such that Nnx; C A;. Then
NieN Vmsi NKm C NijenA; = 0, which means that S is co-s-Hurewicz. O

For complemented ditopological texture spaces we have:

Theorem 3.6. Let (S, S, 0) be a texture with the complementation ¢ and let (1, k) be a complemented
ditopology on (S, S, 0). Then S € Up,(sO, sO) if and only if § € Ug,(sC, sC).

Proof. Let S € Uz, (sO, sO) and let (Fn)nen be a sequence of semi-closed cocovers of §. Then (o(F4) = {o(F) :
F € Jn}) and (0(Fn)nen) is a sequence of semi-open covers of S. Since S € U, (sO, sO), there is a sequence
(Vn)nen of finite sets such that for each n, V,, C o(F,) and Vyen Nmsn (VVm) = S. We have (0(Vy) : n € N)isa
sequence of finite sets, and also

D=0)=0(v Nn(VVm)= N VvV (No(Vm))
neNm>n neNm>n

Hence 0 € Ugpn(sC, sC).

Conversely let @ € Ucs,(sC, sC) and (Un)nen be a sequence of semi-open covers of S. Then (o(Un) =
{o(U) : U € Un}) and (0(Un)nen is a sequence of semi-closed cocovers of §. Since § € Ucz,(sC, sC), there is
a sequence (kn)ncn of finite sets such that for each n, x, C (U,) and nQNm\gn(ﬂKm) = (. We have (0(kn)nen) is

a sequence of finite sets, such that

S=0@ =0 Vv (Kkm)= VvV N (Volkm))
nENm>" neNm>n

Hence S € Uy,(s0O, sO). O

Example 3.7. There is a ditopological texture space which is s-Hurewicz, but not s-compact.

Let (R, R, Tg, kr) be the real line with the texture ® = {(-oo,r] : r € R} U {(-o0,7) : r € R} U {R, 0},
topology Tg = {(-oo,1) : r € R} U {R, 0} and cotopology kg = {(-eo, 1] : r € R} U {R, 0}. This ditopological
texture space is not compact by (Example 2.3 [19]) and hence not s-compact because the (open and hence)
semi-open cover U ={(-o0, n) : n € N} does not contain a finite subcover, nor the texture space is s-cocompact
because its (closed and hence) semi-closed cocover {(—oo, n] : n € N} does not contain a finite cocover. But
(R, R, Tr, kr) is s-Hurewicz and co-s-Hurewicz. Let us prove that this space is s-Hurewicz. Let (U, : n € N)
be a sequence of semi-open covers of R. We note that semi-open sets can be of the form (—oo, r) and (-oo, r].
Write R = U{(-o0, n] : n € N}. For each n, U, is a semi-open cover of R, hence there is some rn € R such that
(=00, rn] C (=00, n] € Un. Then the collection {(—oo, rn] : n € N} shows that (R, R, Tg, kg) is s-Hurewicz.

Evidently we have the following diagram:

s —compact = s-Hurewicz

I U

compact = Hurewicz

Theorem 3.8. Let (S, 3, 0) be a texture space with complementation ¢ and let (1, k) be a complemented
ditopology on (S, S, 0). Then for K € x with K # S, K is s-Hurewicz if and only if G is co-s-Hurewicz for some
GetandG #0.

Proof. (=) Let G € 7 with G #0. Let (Fn)nen be a sequence of semi-closed cocovers of G. Set K = 0(G) and
we obtain K € x with K #8S. K is s-Hurewicz, for (o0(51))ncn the sequence of semi-open covers of K there is
a sequence (Vn),en of finite sets such that for each n, V, C 0(F,) and VypenNm>n(UVm) is semi-open cover
of K. Thus (6(Vn))nen is a sequence of finite sets such that for each n, a(V,) € Fn and O'(H\E/Nmm>n(UVm)) =

ﬂNvm>n(ﬁ0(\7m)) C G which gives G is co-s-Hurewicz.
nc
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(<) K € kx with K #S. Let (Un),en be a sequence of semi-open covers of K. Since K = o(G) but G is co-s-
Hurewicz, so for (6(Un))nen the sequence of semi-closed cocovers of G there is a sequence (kn),cn Such that
for each n € N, kj is a finite subset of (6(U,) and NyenVmsn(Nkm) C G. Thus o(ky) is a sequence such that
for each n € N, k, is a finite subset of U, and o(NuenVmsn(NKm)) = ngNﬂmm(UVm) D K which gives K is

s-Hurewicz. O

4 Operations in ditopological texture subspaces

Let (S, S) be a texture space and A € 3. The texturing S, = {ANK : K € 3} of A is called the induced texture
on A [21], and (A4, 3,) is called a principal subtexture of (S, ).

Definition 4.1 ([20]). Let (S, 3, 7, k) be a ditopological texture space and (A, 3,) be a principle subtexture of
(S, ) for A € 3. Then (A, Sy, Ta, Ka) is a subspace of a ditopological texture space (S, S, T, k), where T4 = {A
NG:Get}and xa ={ANK:K € x}.

Note that if A € 7, then A is said to be open subspace and if A € k, then A is closed subspace.

Lemma 4.2 ([20]). Let (A, 34, T4, kKa) be a subspace of a ditopological texture space (S, S, 7,x) and B C A
then:

(1) Bist, - openifandonlyif B= AN G for some T-open set G.

(2) Bis k4 — closed if and only if B = A N F for some k-closed set F.

Theorem 4.3. Let (S, S, 0, T, k) be a complemented ditopological texture space. If S is s-Hurewicz and A €
SR(S), then (A, 4, T4, K4) is also s-Hurewicz.

Proof. Let (Un)nen be a sequence of semi-open covers of A. Then for each n € N, V, = U, U {0(A)} is semi-
open cover of S. By hypothesis there are finite families W, C V4, n € N, such that S = VyenNimsn U Wi, Set
Hn = Wy\{0(A)}, n € N. Then for each n € N, H, is a finite subset of U, and A C V,enNms>n(UHm), i.e., Ais
semi-Hurewicz. O

Theorem 4.4. Let (S, S, 0, T, k) be a complemented ditopological texture space. If S is co-s-Hurewicz and A
€ SR(S), then (A, 34, T4, K4) is also co-s-Hurewicz.

Proof. Let (Fn)nen be a sequence of semi-closed cocovers of A. Then foreachn € N, X, = F, U {0(4)} is a
semi-closed cocover of S. But by hypothesis S is co-s-Hurewicz therefore, there are finite families W, C Xy,
for each n € N, such that NyenVmsn N Wi C S. Set Gn = Wr\{0(4)}, n € N. Then for each n € N, G, is a finite
subset of F, and NpenVmsn(NGm) C A4, i.e., A is co-s-Hurewicz. O

Example 4.5. If a complemented ditopological texture space S is s-Hurewicz, and A € SR(S) then the
subtexture S, is also s-Hurewicz.

Let R be the real line textured by ® = {(—oo,r] : r € R} U {(-o0, 1) : r € R} U {R, 0}, with complemented
ditopology (TR, kr) such that g = {(-oo,7) : ¥ € R} U {R, 0} and kg = {(-oo, 1] : r € R} U {R, 0}. Where
SR(R) = {{(-o0,1) : 1 € R} U {(-oo, 1] : r € R} U {R, 0}}. This ditopological texture space is s-Hurewicz and
co-s-Hurewicz by Example 3.7. Let Y = {(-oo, 1] : r € R}, then (Y, Y) is an induced subtexture of (R, ) with
texturingy = {YNA|A € R} = {(-o0,8) : s € Y} U {(-o0,s] : s € Y} U{Y, 0}, topology Ty = {GNY : G €
7} = {(-o0,s) : s € Y} U {Y, 0} and cotopology ky = {KNY : K € k} = {(-o0,s] : s € Y} U {Y, 0}. Thus
(Y, Y, Ty, xy) is a ditopological texture space.

Now we have to show that Y is s-Hurewicz. Let (U, : n € N) be a sequence of semi-open covers of Y.
Represent Y as U{(—oo, n) : n € N}. For each n, U, is a semi-open cover of Y, hence there is some r, € R such
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that (-oo, ry) C (—o0, n) € Un. Then the collection {(—oo, ry) : n € N} shows that subtexture (Y, Y, Ty, ky) is
s-Hurewicz.

Lemma 4.6 ([17]). Let(S;, S}, T, X)), j = 1, 2, be ditopological texture space. (f, F) be a difunction between them
if:

(1) The following statements are equivalent:

(a) (f, F) is semi-continuous.

(b) (F?(A))° CF” (A:) VA € S

(c)f “(B°) C (f (B))o VB € .

(2) The following statements are equivalent:

(a) (f, F) is semi-cocontinuous.

(b)f7AC(fA)VAES.

(c) (FS(B)) CFS(B)VB € .

Definition 4.7. Let (S;, 3y, Ti, ki), 1 = 1,2 be ditoplogical texture spaces. A difunction (f, F) : (S1,31) >
(S,, &) is said to be:

(i) s-continuous; if F<(A) € 0(S1) for each A € SO(S>).

(i) s-cocontinuous; if f <(B) € C(S1) for each B € SC(S>).

(iii) s-bicontinuous; if it both s-continuous and s-cocontinuous.

Lemma 4.8 ([17]). Let (f,F) : (S1, 31, T1, k1) > (S2, 32, T2, K2) be a difunction.
(1) if (f, F) is cocontinuous and coclosed then F < (B) = (F<(B)); for all B € 3.
(2) if (f, F) is continuous and open then F €(B°) = (F€(B))°; forall B € 3,.

Lemma 4.9 ([17]). Let (f, F) : (51, 31, T1, k1) = (S2, 0, T2, K2) be a difunction.
(1) if (f, F) is cocontinuous and coclosed then (f, F) is semi-irresolute.
() if (f, F) is continuous and open then (f, F) is semi-co-irresolute.

Theorem 4.10. Let (f,F) : (S1,$3, 71, k1) > (S2, 32, T2, K2) be a semi-continuous difunction between the
ditopological texture spaces. If A € S is s-Hurewicz, then f (A) € S, is Hurewicz.

Proof. Let (Vn)nen be a sequence of T,-open covers of f? (A). Then by Lemma 2.3 (2a) and Lemma 2.1 (2) along
with semi-continuity of (f, F), for each n, we have
ACFS(F7(A)) CF“(VVn) = VF (V)

so that each F€(Vy) is a 71 —semi-open cover of A. As A is s-Hurewicz, therefore, for each n, there exist finite
subsets W, C Vy, such that A C Vyen Nmsn (UF €(Wh)). Again by Lemma 2.3 (2b) and Lemma 2.1 (2) we have

f7(A) €7 (Vnen Nmsn (UF <(Wn))
= VneN MNm>n U(f _>F<_(Wm)) C Vnen Nmsn UWhp

This proves that f ”(4) is a Hurewicz space. O

Theorem 4.11. Let (f,F) : (S1, 31,71, k1) > (S2, 32, T2, K2) be a semi-irresolute difunction between the
ditopological texture spaces. If A € 4 is s-Hurewicz, then f > (A) € S, is also s-Hurewicz.

Proof. Let (Vn)nen be a sequence of 7,-semi-opoen covers of f ?(A). Then by Lemma 2.3 (2a) and Lemma 2.1
(2) and semi-irresoluteness of (f, F), for each n, we have
ACF(f?(A) CF (VVn) = VF (V)

so that each F€(V,) is a T1 —semi-open cover of A. As 4 is s-Hurewicz, therefore, for each n, there exist finite
sets Wy C Vp such that A C Vyen Nmsn (UF €(Wh)). Again by Lemma 2.3 (2b) and Lemma 2.1 (2) we have

f—>(A) g f_)(\/neN MNm>n (UFG(Wm)))
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S e
= Vpen Nmsn U “F (W) C Vaen Nmsn UWh

This proves that f 7 (A) is s-Hurewicz. O

Theorem 4.12. Let (S1, 34, T1, k1) and (S,, 3y, T2, K2) be ditopological texture spaces, and let (f, F) be a
cocontinuous difunction between them. If A € S is co-Hurewicz, then F 7 (A) € S, is also co-Hurewicz.

Proof. Let (Fn)nen be a sequence of x,-closed cocovers of F ?(A). Then by Lemma 2.3 (2a) and Lemma 2.1 (2)
with cocontinuity of (f, F), for each n, we have

NFn CF2A) = FOF)CFFANCA=NF(F)CA

This gives each f () is a k1 —closed cocover of A. As A is co-Hurewicz, therefore, for each n there exist finite
sets Kn C Fn such that Npen Vimsn Nf €(Km) C A. Again by Lemma 2.3 (2b) and Lemma 2.1 (2) we have

MneN Vm>n (ﬁfe(xm)) CA= Fe(ﬂneN Vmsn Nf e(Km)) - Fa(A)
This implies Npen Visn N (F 7 €(Km)) € F 7 (A) = Nnen Visn NKm C F 2(A)

This proves that F 7 (A) is co-Hurewicz. O

Theorem 4.13. Let(S1, 31, T1, k1) and (S2, 32, T2, K2) be ditopological texture spaces, and let (f, F) be a semi-
cocontinuous difunction between them. If A € 4 is co-s-Hurewicz, then F 7 (A) € S, is co-Hurewicz.

Proof. Let (Fn)nen be a sequence of k,-closed cocovers of F ?(A). Then by Lemma 2.3 (2a) and Lemma 2.1 (2)
with semi-cocontinuity of (f, F), for each n, we have

NFnCF7(A) = FNT) CFSFPA))CA=Nf () CA

This gives that f < (%) is a k; —semi-closed cocover of A. As A is co-s-Hurewicz, therefore, for each n, there
exist finite sets K, C F, such that Npen Vimsn Nf <(Km) C A. Again by Lemma 2.3 (2b) and Lemma 2.1 (2) we
have

Nnen Vimsn (0f <(Km)) € A = F > (Npen Vinsn (O0f <(Km)) € F(4)

This gives Npen Vimsn N (F 7 f €(Km)) € F 7(A) = Npen Vimsn NKm € F 7 (A)

This proves that F ”(A) is co-Hurewicz. O

Theorem 4.14. Let (S1, 31, T1, k1) and (S2, 32, T2, k2) be ditopological texture spaces, and let (f, F) be a semi-
co-irresolute difunction between them. If A € 31 is co-s-Hurewicz, then F 7 (A) € S, is co-s-Hurewicz.

Proof. Let (¥, : n € N) be a sequence of k,-semi-closed cocovers of F ?(A). Then by Lemma 2.3 (2a) and
Lemma 2.1 (2) with semi-co-irresoluteness of (f, F), for each n, we have

NFnCFA)=fF TN CFF AN CA=Nf () CA

This gives f €(F,) is a k1 —semi-closed cocover of A. As A is co-s-Hurewicz, therefore, for each n, there exist
finite sets K, C Fn such that Npey Vimsn Nf € (Km) C A. Again by Lemma 2.3 (2b) and Lemma 2.1 (2) we have

Nnen Vimsn (0f <(Km)) € A = F 2 (Open Vimon Nf <(Km)) € F7(4)
This implies Npey Vimsn N (F 7 € (Km)) € F 2(A) = Npen Vinsn NKm C F 7 (A)

This proves that F 7 (A) is co-s-Hurewicz. O

Theorem 4.15. Let (f,F) : (S1,$31,7T1,k1) > (S2, 32,72, k2) be a s-continuous difunction between the
ditopological texture spaces. If A € 1 is Hurewicz, then f 7 (A) € S, is s-Hurewicz.
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Proof. Let (Vu)nen be a sequence of 7, semi-open covers of f”(A). Then by Lemma 2.3 (2a) and Lemma 2.1 (2)
with s-continuity of (f, F), for each n, we have

ACFS(f7(A) CF (VVn) = VF S(Vy),

This gives that F<(V,) is a T1—open cover of A. As A is Hurewicz, therefore, for each n,there exist finite sets
W C F€(Vy) such that A C Vyen Nmsn (UF €(Wn)). Again by Lemma 2.3 (2b) and Lemma 2.1 (2) we have

f7(A) C F 7 (Vaen Nmsn (UF <(Wm)))
= VnpeN MNm>n U(f 9F e(’ern)) C VneN Nm>n UWm

This proves that f 7 (A) is s-Hurewicz. O

Theorem 4.16. Let (S1, 31, 71, k1) and (S2, 32, T2, K2) be ditopological texture spaces, and let (f, F) be an
s-cocontinuous difunction between them. If A € S is co-Hurewicz, then F 7 (A) € S is co-s-Hurewicz.

Proof. Let (F1)nen be a sequence of x,—semi-closed cocovers of F 7 (A4). Then by Lemma 2.3 (2a) and Lemma
2.1(2) and s-cocontinuity of (f, F), for each n, we have

NFa CF2A) = fNF) CFFPANCA=>NF(F)CA

This gives that f < () is a k1 —closed cocover of A. As A is co-Hurewicz, therefore, for each n, there exist finite
sets Kn C Fy such that Npen N f €(Kn) C A. Again by Lemma 2.3 (2b) and Lemma 2.1 (2) we have

Mnen Vimsn (0 S(Fm)) € A = F 2 (Nnen Vaon 0f <(Km)) C F 7(A)

This implies Npen Vimsn N (F 7f € (Km)) € F 2(A) = Npen Vimsn NKm C F 2 (A)

This proves F ?(4) is co-s-Hurewicz. O

5 Semi-stability in ditopological texture spaces

Definition 5.1 ([14]). A ditopology (1, x) on (S, Q) is said to be:
(i) Stable; if for every K ¢ x with K # S is compact.
(ii) Co-stable; if for every G € T with G # () is cocompact.

A ditopological texture space (S, S, T, k) is called dicompact if it is compact, cocompact, stable and co-stable.

Definition 5.2 ([22]). A ditopology (1, x) on (S, Q) is said to be:
(i) Semi-stable; if for all F € SC(S) with F # S is semi-compact.
(ii) Semi-co-stable; if for every G € SO(S) with G # () is semi-cocompact.

A ditopological texture space (S, 3, T, k) is called s-dicompact if it is semi-compact, semi-cocompact, semi-
stable and semi-co-stable.

Proposition 5.3 ([22]). For a ditopological texture space (S, 3, T, k)
(1) semi-stable = stable
(2) semi-co-stable = co-stable.

Proof. It follows directly from the fact that O(S) C SO(S) and C(S) C SC(S). O

Definition 5.4 ([19]). A ditopological texture space (S, 3, T, k) is said to be:
(i) H-stable; if for all F € x with F # S is Hurewicz.
(ii) H-co-stable; if for every G € T with G # () is co-Hurewicz.
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A ditopological texture space (S, S, T, k) is called di-Hurewicz if it is Hurewicz, co-Hurewicz, H-stable and
H-co-stable.

Definition 5.5. A ditopological texture space (S, 3,T, k) is said to be:
(i) sH-stable; if for all F € SC(S) with F # S is s-Hurewicz.
(i) sH-co-stable; if for every G € SO(S) with G # () is co-s-Hurewicz.

The following example shows that the ditopological texture spaces are sH-stable and sH-co-stable respec-
tively.

Example 5.6. (1) Let B = (0, 1] with texturing B = {(0, b] : b € B}, 15 = B, kg = {B, 0}. Where SO(B) = T and
SC(B) = k. Then (1, x) is sH-stable because the only semi-closed set different from B is (), and this set is trivially
semi-compact and hence s-Hurewicz.

(2) Dually let B = (0, 1], B = {(0,b] : b € B}, 15 = {B, 0} kg = B, where SO(B) = T and SC(B) = x. Then
(1, ) is sH-co-stable because the only semi-open set different from () is B, and this set is semi-cocompact and
hence co-s-Hurewicz.

A ditopological texture space (S, 3, 7, k) is called s-di-Hurewicz if it is s-Hurewicz, s-co-Hurewicz, sH-stable
and sH-co-stable.

Theorem5.7. Let (f,F) : (S1, 31, T1, K1) > (S2, 32, T2, k2) be bicontinuous surjective difunction between
ditopological texture spaces. If (S1, 31, T1, k1) is sH-stable then (S,, 32, T2, K2) is also sH-stable.

Proof. LetK € x» besuchthat K #S,. Since (f, F) is cocontinuous we have that f<(K) € x;. Now we first show
that f€(K) # S1. On the contrary suppose that f<(K) = S1, since (f, F) is surjective so we have f<(S,) = S;
which by [13] £ €(S,) C f €(K). Since (f, F) is surjective, then by Corollary 2.33(1 ii) in [13] implies S, C K. This
is contradiction so f<(K) # S;.

Since (S1, 31, 71, k1) is sH-stable so f<(K) is s-Hurewicz set. Continuity of (f, F) and Theorem 12 implies
F2(FC(K)) is s-Hurewicz in (S,, 2, T2, k2). By [13], Corollary 2.33(1) the latter set is equal to K, and hence the
proof. O

Theorem 5.8. Let (f,F) : (S1,S1, T1, k1) > (S2, S92, T2, K2) be bicontinuous surjective difunction between
ditopological texture spaces. If (S1, 31, T1, kK1) is sH-costable then (S,, 33, T2, k2) is also sH- costable.

Proof. Let G € T, be such that G # 0,. Since (f, F) is continuous we have that F<(G) € 1,. Now we first show
that FS(G) # 0;. Suppose that it is not true. f<(K) = S;, Since (f, F) is surjective so we have F<(j,) = 0,
which by [13] F€(0,) C F€(G). Since (f, F) is surjective, then by Corollary 2.33(1 i) in [13] implies 0, C G. This
contradiction shows F<(G) # 0.

Since (S1, 1, T1, k1) is sH-stable so F€(G) is co-s-Hurewicz set. Continuity of (f, F) and Theorem 12
implies F”(F€(G)) is co-s-Hurewicz in (S, Sz, 72, k2). By [13], Corollary 2.33(1) the latter set is equal to G,
and hence the proof. O
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