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Abstract: We obtain an new boundary Schwarz inequality, for analytic functions mapping the unit disk to
itself. The result contains and improves a number of known estimates.
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1 Introduction

Denote by A c C the open unit disk, and let f : A — A be analytic. We assume that thereis x ¢ 0Aand 5 € R
such that
1-1f(2)| _

lim inf = 8. (1
£ P

By pre-composing with a rotation we may suppose that x = 1, and by post-composing with a rotation we may
suppose that f(1) = 1. Then Julia’s Lemma (e.g. [1, 2]) gives

1-f@P | -zP
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This inequality has an appealing geometric interpretation, which we do not use here. But two immediate
consequences which we do use, are that 3 > 0 and that the radial derivative of f existsat 1 e 0A:

% =) with F(D)] = 5. @

lim
r/ 1
(There are many other consequences of Julia’s Lemma, the most important being contained in the Julia-
Carathéodory Theorems.)
Assuming the normalization f(0) = 0, we evidently have 3 > 1. But even better, Osserman [3] showed
that in this case (0
1-|f'(0
B> 1+ ——2, 3
1+|f"(0)]
(A proof of (3) can also be found in [4], which is motivated by the influential paper [5].) Now Osserman’s
inequality was in fact anticipated by Unkelbach [6], who had already obtained the better estimate

2(1-Ref'(0)) [1-f'(0)
> 2o Vg B 4
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However, [3] also contains a non-normalized version, which reduces to (3) if f(0) = 0, viz.
2(1-1|f(0)])?
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Since the appearance of Osserman’s paper, a good number of authors have refined and generalized these
estimates — as discussed in the next section. The aim here is to provide a different and very elementary
approach, which contains and improves many of these modifications. But first we recall some results which
are of use in the sequel.

The well-known Schwarz’s Lemma, which is a consequence of the Maximum Principle, says that if f :
A — Ais analytic with f(0) = 0, then

If(2)| < |z| Vzed, andconsequently |f'(0)] < 1.

To remove the normalization f(0) = 0, one applies Schwarz’s Lemma to ¢f4) © f o ¢a Where ¢q is the
automorphism of A which interchanges a and 0:

a-z

1-az’

ba(z) =

This gives the Schwarz-Pick Lemma which says that for f : A — A analytic,

f(W);f(Z) < W_j: ‘ Vz,we A.
1-f(w)f(z) 1-wz
Consequently, the hyperbolic derivative satisfies
If*(z)] €1 VzeA, where f*(z) = 1_7|Z|2f/(z)
_ ’ = IfR

It is the Schwarz-Pick Lemma that does most of the work in proving Julia’s Lemma. But another consequence
of the Schwarz-Pick Lemma is the following (e.g. [7-9]), which we shall also rely upon.

Lemma 1.1 (Dieudonné’s Lemma). Let f : A — A be analytic, with f(z) = w and f(z1) = w1. Then
If'(z)-c| < r,

where X R 5 X X
_dw(wi) 1-[8z(z1)]" 1-|w| |¢z(z0)|” — lpw(w1)]” 1-1|w]|

" 0u(z) T lowWDP 1122 T [6:(0)R(1 - [ow(wi)?) 1|2

2 Main result

We remove the dependence on f(0), while improving many estimates which do contain f(0). We shall rely
on Dieudonné’s Lemma, the Schwarz-Pick Lemma, and Julia’s Lemma.

Theorem 2.1. Letf: A — A be analytic withf(z) =w and f(1) = 1 asin (1). Then

* 1-w 1-
L-w21-|2 1 - Re(f* () 1%)
1-|w2[1-z? 1-|f*(2)]?

B > 6)

Proof. Using the easily verified identity

_ (A-laP)(a-pP)
1-ax?

1 - [ga(N)* , @)

we get, in Dieudonné’s Lemma,

wi-w 1-2zz; 1-|z:]* |1 -wwq| B wi-w1l-wwy 1-|z]?
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and
(= few(w))?) = (1= pz(20)) 1 - [wp?
B l6z(z1)P(1 = [pw(w1)?) 11z
1 (1 e |1—ww1|2) 1-|wf?
|¢2(21)[? WP 1-wil? [1-Zz1]? ] 1-[z>
then having z; — 1 along a sequence for which 3 in (1) is attained, we get

- (1—w)21 ~ o 1-w?r o 1)-wf
c >¢C = = and r -7 = - = .
1-z) 5 1=z ~ B-2P

That is,
|f’(z)—?| <T. (8)

Now, upon squaring both sides of this inequality, there is some cancellation:

ref - oe(FE (LYY 1) « () - 2T

1-z/) 5 - |z? 11 -2
That is,
() (1 P -1) < 353 2 [re (P 01— =2 1.
By the Schwarz-Pick Lemma each side of this last 1nequa11ty is nonpositive, so isolating 5 we get (6). O

Remark 2.2. Having z — 1 radially in line (8), and using (2), we obtain
. ’ _ gt
limf(r) = f(1).

1-Re(oT)
1-|of?

From this, and using |7| = 1 =
(6) tends to 3 as z — 1 radially.

> %IU\’ follows the rather comforting fact that the right-hand side of

Remark 2.3. In Lemma 6.1 of [8] is the estimate

2 1-[f(2)|1-
L+f*(2)] 1+f(2)| 1 +2]”
which contains (5), but is quite mild if |z| or |[f(z)| is near 1. Anyway, |7| = 1 = 1_ff|([f|7) > 1 shows that (6)
improves (9).

B > )

Remark 2.4. Now take z = 0, so that (6) reads
* () 1=£(0)
14O - Re(r O E3)
- If(0)) 1 - |f*(0)] '
This may be regarded as an non-normalized version of (4). Indeed, taking also f(0) = O recovers (4). This is the

same estimate which results from having z = 0 in Theorem 5 of [10]. However, that result (which is arrived at by
very nonelementary means) contains f(0) even for z + 0, a deficiency from which Theorem 2.1 does not suffer.

B8 2 (10)

1-Re(oT)
1-lof?

27

Remark 2.5. Using again|7| =

2|1 -f(0)?
1-1f(0)[* +f"(0)|
which improves (5), analogously to how (4) improves (3).

B 2

—Re(oT . — 2
Remark 2.6. But using just || =1 = 1 1R_e|g|2 ) > 1+Rel(m) in (10), then ‘11_‘%8;}2 =Re iﬁg;, we get

2

> =
e OO
Re =70y

which improves (5) more effectively. Estimate (11) was obtained differently in each of [11] and [12].

)
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3 Consequences

Cases for which z = w = 0 (i.e. f(0) = 0) are obviously contained in the remarks above, but when this holds
we can do a little better, as follows.

Corollary 3.1. Let f : A — A be analytic with f(0) =0 and f(1) = 1 as in (1). Then

7(0)
1-FOP  1+Re(wlfmm)

B >1+ (12)
1-|f"(0)]2+|f"(0)|/2 __Irol
FOP+FO2 1- L0
Proof. We introduce f"'(0), in standard fashion: Set
) o ~
g\ == (with g(0) :=f7(0)), and h(\) = ¢g0)(8(N))-
Then h is analytic on A with h(0) = 0, and by Schwarz’s Lemma h : A — A. Here we have
_ I’ O)
Wy - — 20 13)
© = saFom
A calculation using the identity (7) and the assumption (1) gives
o \h(Z)I P _ =
lim 1nf B - = [, say. (14)
mipt 252 = (=D - P
Then in (6), i.e. (4), replacing f with h and 3 with 3, we obtain
_ g 2 _ /
B> 1+ 11 f,(0)|2 2(1 Re,h (02))
1-1f/(0) 1 - |n(0)|
Inserting (13) and a little tidying yields (12), as desired. O
Remark 3.2. Corollary 3.1 improves
2(1 - 7 2

R O IO

which was obtained by Dubinin [13] using a proof which relies directly on (3). (Incidentally, Schwarz’s Lemma
applied to h gives |f" (0)|/2 < 1 - |f'(0)|%, from which it is readily seen that (15) improves (3).)

Remark 3.3. We add finally that using (4) in the form

I1-f'(0)?
R . T

then replacing f with h and 3 with B here, and using (13) and (14), we get another way of expressing (12) :

/ _ IO 2
5 s 14 LSO I+ oo
R O] e O
2 OT)
: _o g2 :
_, ., 1-FOP |1+z<1 7P| 1-F(0)
—1f(0)2 £(0) 1-|f"(0)]2+|f"(0)|/2
FOPR " 1T e | TR+
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