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Abstract: The main purpose of this paper is to study the initial layer problem and the infinite Prandtl number
limit of Rayleigh-Bénard convection with an ill prepared initial data. We use the asymptotic expansion
methods of singular perturbation theory and the two-time-scale approach to obtain an exact approximating
solution and the convergence rates O(s% )and 0(e?).
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1 Introduction

In atmospheric and oceanographic sciences, fluid phenomena with heat transfer has been extensively studied
in a large variety of contexts, see, for instance, [1-4]. The thermal convection of a fluid powered by the
difference of temperature between two horizontal parallel plates, known as Rayleigh-Bénard convection see
[2, 4-10], obeys the rotating Boussinesq system:

otu+ (U-V)u+Vp+2Q0es3 xu=vAu+gaesT,

V-u= 0’
0T +u-VT = kAT,
u|Z=0,h :09

Tlz=0 = T2, Tl|z=n=Ta,

where T, > T4, u is the vector velocity field of the fluid, p represents the scalar pressure, (2 is the rotation
rate, and es is the unit upward vector. As usual, e3 := (0, 0, 1), v is the kinematic viscosity, g is the gravity
acceleration constant, « is the thermal expansion coefficient, T is the scalar temperature field of the fluid, and
r is the thermal diffusion coefficient. Here we also impose the periodic boundary conditions in the horizontal
directions for simplicity.

Xiaoting Fan: College of Applied Sciences, Beijing University of Technology, Beijing 100124, China,

E-mail: xiao_ting_fan@163.com

*Corresponding Author: Shu Wang: College of Applied Sciences, Beijing University of Technology, Beijing 100124, China,
E-mail: wangshu@bjut.edu.cn

Wen-Qing Xu: Department of Mathematics and Statistics, California State University, Long Beach, CA 90840, USA,

E-mail: xwq@bjut.edu.cn

Mingshuo Liu: College of Mathematics and Systems Science, Shandong University of Science and Technology, Qian Wan Gang
Road 579, Huangdao District, Qingdao 266590, China, E-mail: liumingshuo2010@126.com

3 Open Access. © 2018 Fan et al., published by De Gruyter. [)ISat=l This work is licensed under the Creative Commons Attribution-
NonCommercial-NoDerivs 4.0 License.


https://doi.org/10.1515/math-2018-0094

1146 — X.Fanetal. DE GRUYTER

This system with rotation is a dynamic model having 3D incompressible Navier-Stokes equations via a
buoyancy force proportional to temperature coupled with the heat advection-diffusion of the temperature
[5, 10-13].

We can use the Boussinesq approximation and non-dimensionalization to obtain the simplification of
Boussinesq system, namely,

1

e[ 0w + (u* - V)u'|+ vp© + ke u® = Au® + RaesT®, (x,y,z,t) € Q x (0,5), (1.1)
V-u“=0,(x,y,2t)eQx(0,S), (1.2)
0T +u° - VT =eAT?, (x,y,2,t) e Q x (0, S), (1.3)

with the boundary and initial conditions:

U |z=0,1 =0, (x,y,t) e T x (0,S), (1.4)

Theo=1, Tt =0, (x,y,6) €T x(0,5), (1.5)
u“(t=0)=ug(x,y,2), T°(t=0) = T5(x,y,2), (x,¥,2) € Q, (1.6)

where Q = 7 x [0,1], T = (R1/27r)2 is the torus in R?, S > 0, ¢ = (%)%, Pr = 2 is the Prandtl number,

k
3
= ﬁ is the Ekman number and Ra = w (T, > T;) is the Rayleigh number.

This system is different from the nondimensional form in [12, 13]. Encouraged by the results on the global
existence and the regularities of the suitable weak solution in [12, 13], and the related models, see [2, 5, 7, 10,
14-18], this system has also suitable weak solution by adopting Galerkin approximation method.

By using the asymptotic expansion methods of the singular perturbation theory and the Stokes operator
[9, 19-22], we construct an exact approximating solution and study the infinite Prandtl number limit Pr — oo
(i.e., ¢ — 0), of Rayleigh-Bénard convection (1.1)-(1.6).

The main purpose of this paper is to show that the solutions of Boussinesq system for Rayleigh-Bénard
convection converge to those of the infinite Prandtl number limit Pr — oo (i.e., ¢ — 0) model. It is a singular
perturbation problem.

The rest of this paper is outlined as follows. The derivation of initial layer is stated in Section 2. The main
convergence results are stated in section 3. The approximating solution is constructed and the properties of
approximating solution are showed in section 4. The proofs of main convergence results are showed in Section
5. The conclusion is stated in Section 6.

Ek

2 The derivation of initial layer

In this section, formally, when ¢ = 0, the 3-D Boussinesq system (1.1)-(1.4) turn into:

Vpo’o + ﬁ€3 x u?% = Au%° 4+ Raes TO’O, (2.1)
v-u®®-o, (2.2)
3120 + (u%°. )T = 0, (2.3)
uO’O\z=o,1 =0, (24)

for (x,y,z,t) €Q x(0,S),S > 0.
Then we impose the initial condition of T%° as follws:

T%(t=0) = To(x,y,2), (x,,2) € Q, (2.5)
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where T§(x, y, z) is the limit of T§(x,y,z) ase — O.
We now turn to derive the boundary conditions of T%*°,
Restricting (2.3) to z = 0, 1, one gets

3T z=0,1 + (% V)T oz0,1 = 0. (2.6)
Thus, plugging (2.4) into (2.6), we have
a[T0'0|z=(),1 =0. (2.7)

Due to the compatibility conditions, we deduce from (1.5), (1.6) and (3.1) (see below section 3) that,
To(X, ¥, 2)|z-0 = 1, T(X, ¥, 2) |21 = O. (2.8)

In view of (2.5), (2.7) and (2.8), one gets
TO,O‘Z:O = 1, TO,O‘Z:l =0. (29)

By comparing (1.5) with (2.9), a boundary layer of the the scalar temperature does not occur.
On the other hand, restricting (2.1), (2.2) and (2.4) to t = O, one gets

1

vp?O(t=0) + 7 u?%(t=0) = Au®°(t = 0) + RaesT?°(t = 0), (2.10)
v-u®®(t=0) =0, (2.11)
u®°|,.0.1(t=0) = 0. (2.12)

The equation (2.10) is a stationary Stokes equation with rotation, we solve (2.10), (2.11) and (2.12) and
know that the value u®°(t = 0) is determined by the initial data T%°(t = 0) of the temperature. But
lim. o u§(# u%°(t = 0)) can be given arbitrarily and independently of T>°(¢ = 0).

Thus, an initial layer occurs. We observe that the infinite Prandtl number limit of the Boussinesq system
only has an initial layer, which is a singular perturbation problem.

Meanwhile, we get the infinite Prandtl number limit of the Boussinesq system as (2.1)-(2.5), namely,

00 1 0,0 0,0 0,0
vp +E—ke3xu =Au"" + RaesT ",

V- u0,0 = O,

3eTO0 + (0. 7)TO0 - 0,
u0’°\z=0,1 =0,

T9°(t = 0) = TY(x, v, 2).

3 Main convergence results

Assume that the initial data have an expansion up to the 1st order as follows

(u®, T°)(t = 0) = (ug +eup + usg, To +To + Top) (X, ¥, 2), (3.1)
where ud, u, To, T4 are all C=(Q) functions, and u§z(x, y, z), Tsp(X, ¥, z) € C(Q) satisfy

I (u6E» Tor) (X, ¥, 2) ll12()< ce’, (3.2)
for some positive constant C independent of .
Theorem 3.1. Assume that (3.1) holds. Also, assume that ug, u(l), Tg, T}) e C*(Q) satisfy the suitable

compatibility conditions like u |;—0,1= 0, V - uy = 0, T§ |z=0= 1, T§ |z=1= 0, U{ |z=0,1= 0, V - u3 = 0, T§ |z=0,1= O
etc. Then, as e — 0, for any 0 < S < oo, we have the following convergence:

3
I (v = uapp, T° = Tapp) L= (0,522 (Q))< Ce?, (3.3)

3
” (us - uipp, T° - Tgpp) ”LZ(O,S;Hl(Q))S Ce?, (3-4)

where H' (Q)=W"2(Q), for some positive constant C independent of «.
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Remark 3.2. The functions ugpp, Tgpp, Papp are given in Section 3.

Remark 3.3. By standard method [20, 23, 24], we also formulate any m™, m = 0,1, 2, ..., order compatibility
conditions.

Remark 3.4. Due to the assumption (3.2), we can get the optimal convergence rate by adding assumption
Tg(x,y,z) =1nearz =0, and Tg(x,y, z)=0nearz=1. (3.5)
Then we have the following theorem.

Theorem 3.5. Let the assumptions of Theorem 3.1 hold. Furthermore, assume that (3.5) hold. Then, ase — +oo,
forany 0 < S < oo, we arrive the following convergence:

I (U = Uapps T° = Tapp — - T2 |l 1= (0,552 (0)) < €& (3.6)

for some positive constant C independent of <, where Th2 = 112 (%, y,2,7), 7= é, is the solution of the following
linear problem
0T + (WPt =0)v) T + (u"°v)T*! (t = 0) + (u"°v) T"*
+(u"°v) 0, T (t = 0)r + (W' v)T?°(t=0) =0, (x,y,2) € Q, 7 > 0, (3.7)

TI’Z(x,y,z,T —00)=0,(x,y,2) €Q. (3.8)

Remark 3.6. The functions u®°, T"!, u>°, 791, 79° "1 are given in Section 4.

4 Approximating solutions and the properties

In this section, we carry out the method of matched asymptotic expansions [25, 26] and the two-time-scale

approach [2, 26]. We construct the approximating solution including the outer one away from t = 0 and the

initial layer expansion near t = 0. We also derive the corresponding properties of this approximating solution.
Let u®, T¢, p® be the global weak solution to (1.1)-(1.6) in the Leray’s sense. It is easy to see that

oo

WP, TGy, 2, t) ~ Y (xy, 2, 6) + U (X, y, 2, 7),
i=0

po’i(x,y, z,t) +p1’i(x, Vs2Z,T), To’i(x,y, z,t) + TI’i(x, V:2,7)),

where ¢ is the length of the initial layers, 7 = é is the fast time variable; (uo’i, po’i, To’i)(x, ¥, z, t) are the
outer functions for the velocity field, pressure and temperature field, respectively, which are independent
of 5 (ul't, pI't, T ’i) (x,y,z,7) are the initial layer functions for the velocity field, pressure and temperature
field, respectively. The initial layer functions satisfy: u"!, ™!, T'"! decay to zero exponentially, as 7 — .

We seek for the solutions of the system (1.1)-(1.6) having the approximating expansions as follows:

1
i, 0,0 Li
(uZPP’pZPP’ TEPP)(X’ Y, 2, t) = Zsl(u I(X!ys Z, t) +Uu l(Xy Yy, Zz, T),
i=0

P2 (Y, 2, ) + (6 Y, 2,7), TV (0, y, 2, £) + TV (X, ¥, 2, 7). (4.1)

We discuss in detail the construction of the outer and initial layer functions here as

t
(Uapps Papps Tapp) = (Uous Pous Tou) (X, ¥, 2, ) + (ui, PL T1) (X, ¥, 2,7), 7 = — (4.2)
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4.1 Outer functions

Away from the initial time ¢t = 0, the solution to the system (1.1)-(1.5) are expected to be the following

expansions
1

(uiu: Pous Tgu) = Z gi(uO,i,pO,i, To’i)(x’ Y2, t), (4.3)
i=0
with (uo’i, po’i, To’i)(x, Yy, Z, t) to be determined later.
Inserting (4.3) into the system (1.1)-(1.5), then by direct calculation and the matched asymptotic
expansions, some equations do not hold and need to be added remainders as

1
5[afu¢€)u + (ugu : v)uiu] + vPiu + ﬁe3 X ugu = Auiu + Raes Tgu + Riu,u: (44)
V- upy =0, (4.5)
atTgu + (uiu : V)Tiu = 5AT§u + Riu,T, (4.6)
Uoy|z=0,1 = 0, (4.7)
Toulz=0,1 = 0, (4.8)

where the remainders Rg,, , and Rg, r satisfy the estimates

I (Rouus Row,) Il (0,55 (0)) < C<7, (4.9)

for any fixed S > 0O and any s > 1.

Now, we first consider the coefficient of leading order O(<°) in the outer equations. We set the coefficient
of 0(£°) in the system (4.4)-(4.6) as zero and use the boundary conditions (4.7)-(4.8) and the initial data
(2.5).

At leading order, (u%°, p%°, TO-°

) satisfy infinite Prandtl number system (2.1)-(2.5), namely,

1
Vpo’o + E—keg x u?% = Au%0 4 Raes TO’O,
V- u0,0 = O’
a[TO’O + (u0,0 . v)TO,O _ O,
u?°|;-0,1 =0,
T%°(t=0) = T3 (x, Y, 2).

Similarly, we consider the coefficient of the first order O(¢') in the outer equations. We set the coefficient of
0(<") in the system (4.4)-(4.6) as zero and use the boundary conditions (4.7)-(4.8).
At first order, (u%', p®?', T%!) satisfy the following system:

1
vpl+ ik u?!' = Au®' + Raes 7" - 0,u®° - (u° - v)u®°, (4.10)
v-u®l-o, (4.11)
0T+ u%0 . yTt 4 y%t . yT%0 = ATO, (4.12)
u®,—01 =0, (4.13)
TOY(t=0) = To(x,y,2) - T" (r = 0), (4.14)

where T"!(+ = 0) will be determined later (see below (4.31)). The proof of (4.14) is complete by the initial
data (3.1) (see below (4.33)).

The infinite Prandtl number rotating system (2.1)-(2.5) has stationary Stokes equations via a buoyancy
force proportional to temperature coupled with heat advection of the temperature. The linearized infinite
Prandtl number type rotating system (4.10)-(4.14) has Stokes equations via a buoyancy force proportional
to temperature coupled with linearized heat advection of the temperature. Therefore, the existence of the
smooth solutions is the same as the incompressible Stokes equations. We find that:
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Proposition 4.1. Assume that T3, T%'(t = 0) ¢ C*°(Q) satisfy the suitable compatibility conditions like
TQlz=0 = 1, TQ|z=1 = 0, T® (¢t = 0)|,=0,1 = O etc. Then there exists a unique and global C*(Q x [0, +c0))
smooth solution to the system (2.1)-(2.5) and (4.10)-(4.14), respectively.

Proof. The proof of Proposition 4.1 is elementary and we omit it. O

Now we turn to the construction of the initial layer functions.

4.2 Initial layer functions
Near t = 0, we will approximate the solution uniformly up to ¢ = 0 by the two-scale expansions (4.2)
t
(ufzpp’pgpw Tpr) = (uiu’piw Tgu)(x7 Vs 2, t) + (uf,p?, TIE)(X’ Y, 2, 7')’ T= g’

where (ugy, Pous Tou) is given by (4.4)-(4.8) and
i, pi, i) = S W, p", T (v, 2, 7), (WP, p, T (r — +00) = 0, (4.15)
i=0

Inserting (4.2) into the system (1.1)-(1.6), due to the matched asymptotic expansions, some equations do
not hold by direct calculation and need to be added remainders as

1
e[eapp + (Uapp - V)Uapp] + VDapp + ke Uapp — Algpy — RaesTop)
1
= E[af(uiu + u?) + ((uiu + u?) : v)(ugu + u?)] + v(pgu +P§) + ﬁeB X (ugu + u?)
7A(u§u + u?) - RaeB(Tgu + TIE)
1
=Ry +e[0euf + (Ugy - VU +uj - V(ugy +up)] + Vpi + ke ui — Auj - RaesT;, (4.16)
1 . I .
Vo Uapp =V (Uoy +UT) =V Uf =Y eV-u, (4.17)
i—0
Ot Tapp + (Uapp - V) Tapp — eATapp
= 0¢(Tou+ T1) + ((uou + u) - V) (Tou + T ) — e A(Toy + T1 )
=Rou 1+ 0¢TT +ugy - VTT + (uf - V) (Tou + T1 ) — ATY, (4.18)
1 . .
Uapplz=0,1 = (Uou + U7 ) 20,1 = Ui |z-0,1 = ZEIUI"|z=0,1, (4.19)
iz0
LI
Tipp|z:0 = (Tsu + T1€)|z:0 =1+ ZEIT yl|z:0a (420)
iz0
1 L
Tpr|Z=1 = (Tgu + TIE)‘2=1 = ZSIT ’l|z=1, (4.21)
i—0
1 0. Li
Ugpp(t=0) = ' (U™ (t=0) +u"'(7 = 0)), (4.22)
iz0
L i 0 Ii
Tapp(t=0) = (T (t=0) + T"(7 = 0)). (4.23)
i=0

We use the Taylor series expansion

uo’i(x,y, z,t) = uo’i(x, Y, Z,€T) = uo’i(x, ¥,2,0) + eatuo’i(t =0)7 + .
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TO’i(x, Vs 2, t) = To’i(x, Vs 2Z,€T) = To’i(x, y,2,0) + 5atTO’i(t =0)7+---.

Now we compare the coefficients of O(ei), i > 0 in the resulting system and derive the systems satisfying the
initial layer functions.
First taking the coefficient of O(¢™!) in (4.18) as zero, we find 9, T"° = 0, which, together with T"°(+ —
+00) =01in (4.15), one yields
T°(x,y,2,7) =0, (4.24)

this show that the temperature has no zero order initial layer.
Then, setting the coefficients of O(¢”) in (4.16)-(4.18) as zero, using (4.24) and requiring that the
approximating solution satisfies the boundary and initial conditions (4.19) and (4.22), the initial layer

functions (u"°, p"°, T%) satisfy the system as
ou +$e3 < ul® 4+ yph = Aul?, (4.25)
v-u"’=o, (4.26)
o, T +ul . v(1%°(t=0)) = 0, (4.27)
u"®,01 =0, (4.28)
u"(r=0) =uf - u®°(t=0), W, T"")(r > +00) = 0. (4.29)

Now, we turn to derive the initial and boundary conditions of T'*.
Using (4.27) and the decay condition T""! (7 - +c0) = 0 in (4.15), one gets

f -V(T?°(t = 0))](s)ds. (4.30)

In fact, we restrict (4.30) to 7 = 0, and replace the right term of result by Tl’l, that is,

1,1

T"'(r=0)=T" (4.31)
We restrict (4.30) to z = 0, 1 and by using the boundary condition (4.28) we get

T"!,-0.1 = 0. (4.32)
Moreover, we deduce the initial condition (3.15) from (3.1) and (4.23) that

Ty = T®'(t = 0) + T"'(+ = 0). (4.33)

So, (u"°, p"°, T""%) satisfy the system (4.24)-(4.26), (4.28) and (4.29) as

TI'O(X, y,z,7) =0,

o-ub? + Fes xu"® + vph? = AuP,

v-u?=o,

u1’0|z=0,1 =0,

u(r=0) =u - u%°(t=0),u"°(r - +00) = 0.

Similarly, setting the coefficients of O(e') in (4.16), (4.17), (4.19) and (4.22) as zero, and using the above
method, we have

1
o-ult + ﬁe3 < ult + yph!
= AuP' + Raes T — (u"® - v)u®°(t=0) - w®°(t=0) - v)u"® - (u"° - v)u"°, (4.34)
v-ut=o, (4.35)

u"! ,201=0, (4.36)
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ubt(r=0) =up - u®(t=0),u" (r > +00) = 0. (4.37)
So, (u"*, p"t, T"!) satisfy the system (4.27) and (4.34)-(4.37) as

o- T +u"® . v(1%°(t=0)) =0,

o-ult + Lesxult + vpht

= Ault + RaesTH! — (U0 - v)u®(t = 0) - (w2°(t = 0) - v)u" - (u"°- v)u',
v-ubt=o0,

ul? |lz=0,1= 0,

ull(r =0) = uy —u®(t=0), W', T")(r - +o0) = 0.

Now we turn to state the exponentially decay properties of the initial layer functions.

Proposition 4.2. Let the assumptions of Theorem 3.1 hold. Then there exist a unique and smooth solution
(u"°, p°) to the system (4.24)-(4.26), (4.28) and (4.29) and a unique and smooth solution (u"*, p"*, T"'1)
to the system (4.27) and (4.34)-(4.37) satisfying the exponential decay to zero as T — oo , namely,

1,0 I, -
” (u ’ T 1)('77_) ”HS(Q)S Ce ﬁT: (4'38)
for some positive constants C, 3 and any s > 1.

Proof. The proof of Proposition 4.2 is elementary, see [18]. O

We summarize the approximating solution in the next subsection.

4.3 Approximating solution

With outer functions and initial layer functions defined in section 4.1 and 4.2, one gets

1
€ £ € € £ € 15
e[0tUapp + (Uapp - V)Uapp] + VDapp + ﬁQ} X Ugpp — Algpp — RaesTqpp

1
= Ry + (0-u"’ + vp"0 + ke u"® - Au"® — Rae;T"?)

1
+«s(67u1’1 + Vpl’1 + ﬁe3 xult - Ayttt —Rae3T"’1

+(u"? - v)u®(t = 0) + ?°(t=0)- )u"° + WM v)u"%) + R, (4.39)
0t Tapp + (Uapp - V) Tapp — AT app

=Rour+e "0: T+ (0. TV +u"° - v(T%(t = 0))

+(u?(t=0) +u"®) . vT"° + R 1, (4.40)

where the remainders R} , and R; 7, caused by the initial layer, are given exactly by
RS, =2 [r(u"° - v)ou®(01t) + rou®°(028) - vu"® + (u®°(t = 0) - v)u"?
O )0 Uy Ot i) U v OOt = 0) + u")]
+22 (1P v)ou®(05t) + 7o u%° (04t) - U

Ot eult vttt 0<6;,<1,1=1,2,3, 4, (4.41)

+(u
Rir=e[r(u"®-v)a,T*%(t=0) + u®°(t = 0) - vT"*
+uI,O . v(To,l(t _ O) + TI,l) T u],l . vTO,O(I,: 0)]

1
+€2|:§7_2(u1,0 . V)attT0’0(95l’) 4 T(ul,l . V)atTO,O(eét)
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+7(u"° - v)o, T (07t) + r0:u®° (0gt) - v T
+Wt )T (1O TP - AT, 0<0,< 1,i=5,6,7, 8. (4.42)

Hence, the previous computations show that (ugy,, Papps Tapp) Solves the following initial-boundary prob-
lem:

1

e[0app + (Uapp - V)Uapp] + VPapp + £.€3 X Uapp = Attapp + RaesTapp + Rouu + Ris  (4.43)
V - Ugpp =0, (4.44)

0tTapp + (Uapp * V) Tapp = ATapp + Rou,r + R7, (4.45)
Uapplz-0,1 = 0, (4.46)
Tapplz=0 = 1, (4.47)
Tapplz=1 =0, (4.48)
(Uspps Tapp) (£ = 0) = (ug +eup, To +¢Tp), (4.49)

where the remainders R, ., Rj, r satisfy the estimate (4.9) and Rf,, R} r defined by (4.41) and (4.42)
respectively satisfy the the following estimate

| Rfu(t) lli=(y< Ce(m + 1)e ", || Ri.1(t) |1~ (qy< Ce(r + 1)e "7, (4.50)

for some positive constant C and 3 and for any ¢ € [0, S] and any fixed S > 0. The estimate (4.50) can easily
be obtained by the definitions of R ,,, R} r and the decay estimate (4.38).
We now turn to the proofs of convergence results.

5 The proofs of main convergence results
Without loss of generality, we denote C by a positive generic constant independent of . Noting that C may

depend upon S for any fixed S > 0. Let t € [0, S]. We use the standard L?-energy method to prove Theorems
3.1and 3.5.

5.1 The proof of Theorem 3.1

In this subsection we assume that (3.1) holds and define error functions
(UIE:*,IJE, Tg) = (ua - ufzppapa _pipp’ T® - Tpr)-
Step 1. Combining (1.1)-(1.6) and (4.43)-(4.49), (ug, pg, Tg) satisfy the following equations

1
e[0cuk + (Uapp - VIUE + (UE - V) (Uapp + UE)] + VDE + 7-€3 X Uf

Ek
= Aug + Raes Ty — Royu — Riys (5.1)
V-ug=0, (5.2)
0tTg + (Uapp - V) Tg + (Ug - V) (Tapp + Tg) = AT — Rou,r — Ri 7, (5.3)
Ug|z=0,1 = O, (5.4)
Tg|z=0,1 =0, (5.5)

u%(t = 0) = u(&;E(X’y!Z)’ T]i*(t = 0) = TSE(X’ Y’Z)- (5.6)
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Step 2. Taking the L?-inner product of temperature error equation (5.3) with T§ and integrating over Q with
respect to (x, y, z) yield

1d
525 1 & I 0)- f e ATS Todxdydz — / (Rou 1 + Ri.p) Todxdydz
Q Q

—f (ugpp - V) T Trdxdydz — f (ug V) (Tapp + Tr) Trdxdydz
Q Q
=: Il +12+I3 +I4. (5.7)

We first estimate I; by Green’s first formula and the boundary condition (5.5). We have that
€
I = 55 }15 gT;%ds e f V5P dxdydz
r Q

:—s/|vT§|2dxdydz, (5.8)
Q

where I is the boundary surface.
Next, we estimate the integral term I, by virtue of Holder inequality, Young inequality and the estimates
(4.9), (4.50). We get that
2| < Il T2 220y +C(m) || Rour + Rir lZ2(a)

< || Tf 720y +C(m)(Ce* + C2 (7 + 1)%e 7). (5.9)

Here 7 is a small constant, C(n1) > O is a constant, independent of . We have used the estimate

I Rou,r + R l22¢0) < Ce® + Ce(r+1)e ",

Then, we estimate the integral term I3 by divergence formula, divergence theorem, (4.44) and the boundary
condition (4.46), (5.5) as follows

. TE 2
Igz—fuapp~v((§))dxdydz

2
€\ 2 €2
:—fv-(uflpp(Tg) )dxdydz+/v~uf,pp(T§) dxdydz = 0. (5.10)
Q Q

Similarly, we estimate the last integral term I, by using same method in estimating I5. We obtain that

I4:—f(u2.v) TflppTdedde—/(u%.v)TETédxdydz
Q 2

:—f(uZ-V)Tprchdxdydz
Q
<|- f(u% - V) Tapp Tedxdydz|
Q

2 2 2
<C(m2) | VTapp 1=yl TE llz2¢q) +m2 | Uz l72(q) (5.11)

where we have used Holder inequality, Young inequality, the properties of the approximating solution, (5.2)
and (5.5). n; is a small constant, C(7,) > O is a constant, independent of e.
Finally, inserting the estimates derived in (5.8)-(5.11) into (5.7) leads to the inequality

1d

W T | Tk ||f2(o) +e || VTE ||i2(o)

< Clm)(C*+ €2 (r+1)%e7) || T5 1720
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+C(m2) || VTapp 2=yl TE 720y +m2 | UE ll72(q) -
With the help of Poincaré inequality and taking »; to be sufficiently small but independent of , one gets
d Ts 2 2 Ta 2
at I Te Iz2¢) +2¢ || VTE ll12¢0)

<2 || VTapp I=coy Cm2) || T% li2cq) +2m Il uE 172(0)
+2C(m ) (Ce* + C* (T + 1)%e7%°7). (5.12)

Step 3. Similarly, testing the velocity equation (5.1) by u and integrating over Q with respect to (x, y, z).

1
f(g[a,u; + (Ugpp - VU + (U - V) (Ugpp + UE)] + VDE + E—keg x ug)ugdxdydz
Q

= f (Auf + RaesTg - Ry, — R ) updxdydz. (5.13)
Q

First, we deal with the left-hand side terms of (5.13) by divergence formula, divergence theorem, the
approximating solution’s property (4.38), (4.44), (5.2) and the boundary condition (4.46), (5.4).

I3 d 2
Q/ cowfupdxdydz = 520 |1 U lixco)s

f e(Ugpp - V)upurpdxdydz
Q

€\2 £\2
:[EV-(uipp(ug))dxdydz—faVﬂpr(u’zs)dxdydz:O,
Q Q

f e(ug - V) (Ugpp + up)updxdydz
Q

£\2 £\2
= | e(uf - V)ulp,updxdydz + | V- ui(uE) dxdydz - ev-u?;(uE) dxdydz
pp

2 2
Q Q Q
= f e (ug - V) ugppurdxdydz
Q
<| f e (ug- V) ugppupdxdydz|
Q

2
<e || Vugpp =)l UE I12¢q)>

prqudxdydz

Q

:/v~(p§u§)dxdydz—fV-@p%dXdde:O,
Q Q

[ie x upupdxdydz
E 3 ¢ UEUE y

Q

- Eik(_ugE, uSg, 0) (uig, use, u5g) dxdydz = 0.
Q

Next, we deal with the right-hand side terms of (5.13) as follows:

f Augugdxdydz
Q
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3
> (Oxx + Oyy + 02z )Uipuipdxdydz

i=1

3 27
| oxuipuiglic (z)ﬂ—[(axu}sE)zdx dydz

i=1

2T

3
> | ovuipuih s - [ (oyuie)’dy | dxdz

i=1 0

O\;, O\’H O\H o\
Ty Ty Ty

3
> d-ufpuiE2o — f(azulE) dz | dxdy

i=1

- f (Vu§)’dxdydz,
Q

where we use uf = (uig, u5g, u5p) and the boundary condition (5.4).
E 1E> Uop, U3g

f Rae; Tpugdxdydz
< f Rae; Tpugdxdydz|

<3 || ug 220y +C(m3)Ra || Tk |22 (qy»
and

- [ (Rouu + Riuidxdydz
2

S|f(R§u’u+Riu)u%dxdde|
2

2 2
<4 || ug lI12¢0) +C(n4) || Rouu + Riu lI12¢0)

< || U 720y +C(m) (Ce* + C* (7 +1)%e7T),

where we have used Holder inequality, Young inequality and the estimates (4.9), (4.50). Heren; >0, i = 3, 4
is a small constant, C(n;) > 0 is a constant, independent of .
Then, putting the above derivation equations into (5.13), we obtain that

2 dt Il ug I22qy + || VUE lIZ2(0)

< || VitGpp =@l 45 @) +15 || U l32(0) +COm)RA® || T I )
14 || ug 172 (q) +C(na)(Ce* + Ce* (7 + 1)%e727T).

With the help of the Poincaré inequality, restricting ¢ to be sufficiently small such that ¢ || Vugp, [|1=(q)<
Ce<i and taking 73, 4 to be sufficiently small (13 + 14 = 4) but independent of ¢, one gets

2 2
eop 14k 2y + I VUi 2o

<2C(n3)Ra’ || T I72¢q) +2C(na) (C<" + C* (7 + 1) 72T, (5.14)
that is,
2 2
eqp 1uE o) + Uk 2o

<2C(m3)RA% || Tg 1220y +2C(na)(Ce* + C*(r + 1)%e7%P7),
@
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i.e.,
d,
E(ee || ug ||i2(o))

< [2C(1)RA” || T§ |I72¢q) +2C(na)(Ce* + C" (7 +1)7e 77 T)]e e (5.15)
Integrating (5.15) with respect to ¢ over [0, ¢] for any ¢ € [0, S] and any fixed S > O, one gets
| Uz (£) 72y <ll Uz (t = 0) gy +2C(n3)RA” || TE(E) lli= (0,62 (ay) +2C(ma)Ce™. (5.16)
Step 4. Then, combing (5.12) and (5.14), using the Poincaré inequality and restricting 7, to be sufficiently
small independent of ¢ yield

d d
28 1 T Iy +e g 1k 1) +22 1| VTR 2o + 1| Ytk lIz2(o)

<2 | VTop lli=(ay C(m2) I| T lI72¢0) +2m2 | U lli2¢q) +2C(m)(Ce® + Ce* (7 + 1)%e727)
+2C(m3)Ra” || Tk 220y +2C(ma)(Ce* + C*(r +1)%e7*7T)

< C1 || Tf lI72(q) +Ca(e" + 2 (r + 1) 7T

<Ci | Tg ||%2(Q) +Cie || ug ||i2(Q) +Ca (e + % (7 +1)%e7207), (5.17)

where C1 = 2 || VT2 [} () C(n2) +2C(13)Ra?, C2 = 2C(n)C +2C(na)C.
So,

d
21 (I TE o) += 1 4 1220))

< Co(ll T lz2qq) +¢ Il uE l72(g)) + Ca(* +&°(m + 1)%e27),

Using Gronwall’s lemma and the assumption (3.2) yield
I T5 ll72c0) +& Il U lI22cq)

t
< el S T(E=0) gy +2 Il up(¢=0) gy + [ Ca(c" + (7 + 1)%e > T)ae]
0

<Ce, (5.18)

where we havetused the estimate

f(f +1)%e 2 de < Ce.
0

We deduce from (5.18) that
| Te(t) ”%”(O,S;LZ(Q))S ce’, (5.19)

and
[l ug(t) ||i°°(0,s;L2(Q))S ce’.
Inserting (5.19) into (5.16) yields
[| ug(t) ”%""(O,S;LZ(Q))S ce’. (5.20)

Inserting (5.18) into (5.17) and integrating (5.17) with respect to t over [0, t] for any ¢ € [0, S] any fixed
S > Oyield

t t
25/ I VT 200 d§+/ | Vi [32q) dé < C2.
0 0

So that,
| Tz(t) ”iZ(O,S;Hl(Q))S ce?, (5.21)
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and
I uE(6) 20,550 ()< Ce- (5.22)
Here H'(Q) = W"2(Q), the estimates (5.19)-(5.22) yield to (3.3)-(3.5) in Theorem 3.1.
The proof of Theorem 3.1 is complete.
Obviously, the convergence rate O(z—:%) is not optimal one, so we derive the optimal convergence rate in
the next subsection.

5.2 The proof of Theorem 3.5

First we assume that (3.1) and (3.6) hold.

Step 1. We cancel the order O(¢) term of (4.42) to get the optimal convergence rate, and regard new result
as Rf r; in the remainder. Moreover, by virtue of another initial layer function T!?, we define it as Ri 15-

We define T"? to be the solution of the system (3.8)-(3.9), which can be solved by

T2 - /[(uo'o(t =0)V)T" + W’V T? (t = 0) + (u"°v)T"!

+(u°9)0 T (¢ = 0)r + (UMW) TOO(¢ = 0)](s)ds. (5.23)
Thus,
T"?|,-0,1 = O. (5.24)
In fact, the assumption (3.6) and the definition (4.30) of T"! give
y 0, nearz=0,1,

which, together with (5.23) and the boundary condition (u"°, u"')|,0.1 = 0, yields to the boundary
condition (5.24).
By the exponential decay of the initial layer functions (u"°, u"*, "), it follows that

I (T"*) (o 7) Nlascgys Ce 7, (5.25)

for some positive constants C, v and any s > 1.
Step 2. Now set Tg = Tg — T2 = T° - T, — 2 T2,
Then (u$, p%, T) satisfies the following error equations

1
e[0eur + (Ugpp - VIUE + (UE - V) (Ugpp + UE)] + VDPE + ——€3 x UE

Ek

= Au§ + Raes T + Raes T - Rouu — Rius (5.26)
V-ug =0, (5.27)

0T + (uspp - V) Th + (U - V) (Topp +° T + T)
= ATz~ Royr —Rima —* (Wapp - V)TV + 2 AT, (5.28)
Ug|z-01 = 0, (5.29)
Ti|z-0,1 = 0, (5.30)
ug(t=0) = udp(x,y,2), Te(t = 0) = Top(x, y,z) — 2 T"2(r = 0). (5.31)

Step 3. Using the decay property (5.25) of T"? and the definition of R} 15, one has the following estimates on
the remainder —RS, 1 — R 1, — €*(uSpp - V)TV + £> AT"? appearing in (5.28):

| ~Rou,r = Rira = > (Uapp - V) T"? + &2 AT || 2(g)< Ce%, (5.32)

where the estimate (5.32) is much better than the estimate in (5.9).

Now we use the estimate (5.32) in subsection 5.1, and can derive the optimal convergence rate O(e?) in
Theorem 3.5 by using the method in the proof of Theorem 3.1.

The proof of Theorem 3.5 is complete.
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6 Conclusion

In this paper, we have used matched asymptotic expansion analysis to study the Boussinesq system for
Rayleigh-Bénard convection with infinite Prandtl number limit, which involves initial layers. It is a singular
perturbation problem. We have derived the convergence of the solution of the Boussinesq system for Rayleigh-
Bénard convection to that of the infinite Prandtl number limit system by adopting the effective approximating
expansion.

The boundary value of the limit lim._o(u®, T°) are not equal to (u ), due to the initial and
boundary conditions effect, the boundary layer occurs. This need an extra correction term of boundary layer
with two fast variables. We will discuss it in the future.

The initial data satisfies a higher order correction in powers of ¢, then the similar higher-order correction
result in powers of € can be obtained in the same way. We leave it for further investigation.

0,0 70,0
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