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Abstract: In this paper we develop Windschitl’s approximation formula for the gamma function by giving two
asymptotic expansions using a little known power series. In particular, for n € N with n > 4, we have

n-1
r(x+1)=v2mx (%) (xsinh%)x/2 exp(z % +Ry (x))
k=3

with
|B2n| 1

2n(2n-1) x2n-1

for all x > 0, where a, has a closed-form expression, B, is the Bernoulli number. Moreover, we present some
approximation formulas for the gamma function related to Windschitl’s approximation, which have higher
accuracy.

|Rn (x)| <
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1 Introduction

It is known that the Stirling’s formula

nl ~ M(g) M

for n € N has various applications in probability theory, statistical physics, number theory, combinatorics
and other branches of science. As a generalization of the factorial function, the gamma function I" (x) =
I t*"e~!dt for x > 0 is no exception. Thus, many scholars pay attention to find various better approxima-
tions for the factorial or gamma function, for example, Ramanujan [1, P. 339], Burnside [2], Gosper [3], Alzer
[4, 5], Windschitl (see [6, 7]), Smith [6], Batir [8, 9], Mortici [10-15] Nemes [16, 17], Qi et al. [18, 19], Chen [20],
Yang et al. [21-23], Lu et al. [24, 25].
As an asymptotic expansion of Stirling’s formula (1), one has the Stirling’s series for the gamma function
[26, p. 257, Eq. (6.1.40)]
r(x+1)~m(’e‘)xexp(z BZH) @

Z2n(2n-1)xn-t
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as x — oo, where B;, for n € Nu{0} is the Bernoulli number. It was proved in [4, Theorem 8] by Alzer (see
also [27, Theorem 2]) that for given integer n € N, the function

1 1 n Box
F =lnr 1) - =1 -—~InQ2n)- ) —————
w(X)=Inl (x+1) (x+2) nx+x-3 n(2r) kz::lzk(zk—l)xz"—l
is strictly completely monotonic on (0, o) if n is even, and so is —Fy (x) if n is odd. It follows that the double
inequality

2n sz r (X + 1) 2n-1 sz
exp (kzl 2k (2k - 1) x2-1 ) S Vzmx (xfey O ( 2 3k (ak- 1)x2k—1) ©)
holds for all x > 0.
Another asymptotic expansion is the Laplace series (see [26, p. 257, Eq. (6.1.37)])
x\* 1 1 139 571
Pxe1)~ m(é) (1 T 12x T 288x?  51840x° 2488320x% ) o
as x — oo. Other asymptotic expansions developed by some closed approximation formulas for the gamma
function can be found in [28-39] and the references cited therein.
Now let us focus on the Windschitl’s approximation formula given by

F(x+1)~Wo(x):\/E(g)x(xsinh%)m,asx—mo. (5)

As shown in [20, Eq. (3.8)], the rate of Windschitl’s approximation Wy (x) converging to I" (x + 1) is like x

as x — oo, and is like x~7 if replacing Wy (x) with
x\* . 1 1 x/2
Wi (x) =V2nx (E) (xsmh p + 81Ox6) , 6)

by an easy check. These show that W (x) and W; (x) are excellent approximations for the gamma function.
Recently, Lu, Song and Ma [32] extended Windschitl’s formula to the following asymptotic expansion

n n/2
F(n+1)~\/27rn(g) [nsinh(%+ﬂ+@+%+---)] )

n” n?

as n — oo with a7 = 1/810,a¢ = —67/42525, a1 = 19/8505, .... An explicit formula for determining the
coefficients of n=¥ (n € N) was given in [34, Theorem 1] by Chen. Other two asymptotic expansions

X X[2+3X 7, rix”
I'(x+1) ~V2nx X xsinh1 e , (8)
e X
X (o) X/2
I'(x+1) ~V2mx XY (xsinh X + An , )
e X Jjxn

as x — oo were presented in the papers [34, Theorem 2], [36], respectively.

Inspired by the asymptotic expansions (7), (8), (9) and Windschitl’s approximation formula (6), the first
aim of this paper is to further present the following two asymptotic expansions related to Windschitl’s one
(5):as x — oo,

I'(x+1) ~\/wa()e()x(xsinhi)X/ZeXp(i X2an"_1), (10)
n=3

'(x+1) ~ \/wa(g)x (xsinh%)x/2 (1 + 3 f::) (11)
n=1

It is worth pointing out that those coefficients in (10) have a closed-form expression, which is due to a little
known power series expansion of In (t‘1 sinh t) (Lemma 2.1). We also give an estimate of the remainder in the
asymptotic expansion (10). Incidentally, we provide a more explicit coefficients formula in Chen’s asymptotic
expansion (8). These results (Theorems 1-4) are presented in Section 2.

The second aim of this paper is to give some closed approximation formulas for the gamma function
generated by truncating five asymptotic series just mentioned, and compare the accuracy of them by numeric
computations and some inequalities. These results (Table 1 and Theorem 5) are listed in Section 3.
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2 Asymptotic expansions

To obtain the explicit coefficients formulas in the asymptotic expansions (10), (11) and (8), and to estimate
the remainder in the asymptotic expansions (10), we first give a lemma.

Lemma 2.1. For |t| < m, we have

s oo 2n
In sinh t _ Z 2°"Bon on (12)
t = 2n(2n)!

Moreover, for n € N, the double inequality

2n 2k : 2n-1 ~2k

Z 2 sz'tzk <In sinh t < Z 2 sz' 2k (13)

o 2k (2k)! t & 2k (2k)!
holds for all t > 0.
Proof. It was listed in [26, p. 85, Eq. (4.5.64), (4.5.65), (4.5.67)] that

oo 2n
cotht =" 2 BZ"' 2 |t <.
n=0 (27’1).
Then we obtain that for |¢| < ,
t t
inh 1 & 22"B a1 > 2B
1 S0 t=f(C°thX_)dX:/(z 2'"X2n1_)dX222"'t2n.
t J X 2\ (2n)! X = 2n(2n)!
The double inequality (13) was proved in [23, Corollary 1], and the proof is completed. O
Theorem 2.2. As x — oo, the asymptotic expansion
x\X . 1 x/2 oo an
I'(x+1)~V2mx (E) (xsmh ;) exp (V; i
(o x/2 11 143 2260261
= 27rX(7) (xsmhf) exp - + - Fon
e b'e 1620x> 18900x7 170100x° 1178793 000x!1
holds with -
2n(2n-2)1-2°""
n= ( ) Bon, (14)

2n(2n)!

where By, is the Bernoulli number.

Proof. By the asymptotic expansion (2) and Lemma 2.1 we have that as x — oo,

1 > an
lnF(x+1)—1n\/27r—(x+ E)IH)H—XN,;W’
(o} "
Eln(xsinhl) _ L > n_
2 X 2 o x2nl
where 5
BZn and a// _ 2 nBZn
2n(2n-1) " 2n(2n)!
Let

Then we have that as x — oo,

wo (x) = (lnF(x+ 1) —ln\/27r—(x+ %)lnx+x) - gln(xsinh%)



DE GRUYTER Two asymptotic expansions for gamma function =—— 1051

S A 18 Sa-a2 & a
_ZXZn—l szzn_l_r; x2n-1 _ZXZn—l'

n=1 n=1

An easy computation yields a; = a; = 0 and

11 143 2260261
T 1620’ 18900’ 7 170100 “® 1178793000

4=

as

which completes the proof. O

The following theorem offers an estimate of the remainder in the asymptotic expansion (10).

Theorem 2.3. Forn e Nwithn > 4, let
x\X . 1 x/2 n-1 a
I'(x+1)= \/wa(g) (xsmh ;) exp (kz_; Xzikkq + Ry (X)) ,
where ay is given by (14). Then we have

|Ban 1
2n(2n-1) x2n-1

|Rn (X)| <

forall x > 0.

Proof. We have

n-1

Ry (x) :lnF(x+1)—ln\/27r—(x+%)lnx+x—§ln(xsinh%)— >
k=3

ay
x2k-1°

If n = 2m + 1 for m > 2 then by inequalities (3) and (13) we have

1 Inv/ 1) X0 (xsinh 1) - 5% %
Rzm(X):(nF(x+1)—n 27r—(x+5) nx+x)—§ n(xsm })_ZW

k=3
2m / 2m+1 " 2m "
I I I
2k-1 2k-1 2k-1 ~ 4m+1°
k=1 X 23X k=3 X 2 x

2m+1 ! 2m 2m !
a 1 ak am az 1
Rom (x) < k- - = —2mt
( ) kz=:l X2k—1 2 IZ:I X2k—1 IZ; XZk—l xhm+1 ’

where the last equalities in the above two inequalities hold due to ay, — apm/2 = am. It follows that

1dy, al 1 1
o o) < max |5 | [t ) - ma (5 ) -
The calculations also hold for the case when n = 2m, m > 2.
Since
|a:’| _ By 1 22"B2n 3 (2n)| _m
lay/2| [2n(2n-1) 22n(2n)! (2n-1)2m ~ “n7

nr

a 1
;;:,’,1—1:5(2n+3)(n—1)>0,

it is derived that a;,” > a}’ = 45 for n > 4, so we obtain

o) et - 5o

2n(2n-1)’

max (1 an|
2 nio»

which completes the proof. O
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Remark 2.4. Since Byn+1 = 0 for n € N, the asymptotic series wo (x) can also be written as

o 5NN B S () (112 Bt 565
0 n=3 2n(2n)! L T T D (ne D)l A
where
n+1)(n-1)!-2"
= me D B (15)

" (n+1)(n+1)!
Now we establish the second Windschitl type asymptotic series for the gamma function.

Theorem 2.5. As x — oo, the asymptotic expansion (9)

I'(x+1)~ \/E(g)x (xsinh%))‘/2 (1 i i b")

n
n=1 X

X\ (. 1\? 1 11 143 1
= wa(f (xsmhf (1+ - + + +)
e X 1620x> 18900x7 170100x° 5248800x10

holds with by = 1, by = b, = b3 = b, =0and forn > 5,

1 (
b, ==
n n};

1 2"
k+1  (k+1)* (k-1)!

)Bk+1bn—k- (16)
Proof. It was proved in [29, Lemma 3] that as x — oo,

exp ( i anx") ~ i bax "
n=0

n=1
with bg = 1 and

1 n
bn==> kagb,_i forn>1. (17)
=]
Substituting aj; given in (15) into (17) gives recurrence formula (16).
An easy verification shows that b, =0for 1 < n < 4, bg = bg = 0 and

1 11 143 1

bs=——,b;=————, by = , bio = ,
>71620° 77 T 718900° ° 170100 "~ 5248800

which completes the proof. O

The following theorem improves Chen’s result [34, Theorem 2].

Theorem 2.6. As x — oo, the asymptotic expansion

(x/2)(1+X2, cax™")
) (18)

x\( . .1
F(x+1)~\/27rx(g) (xsmh;

x 1191 25127 19084273

x\* . 1 2(1+135x4 28350x6 ' 2551500x8 841995 000x10 )
=V2rx|=) |xsinh =
e X

holds with co =1, ¢c1 =0 and forn > 2,

6B o5 2 Byy
T (n+1)(2n+1) & 2(k+1) k21

Cn
Proof. The asymptotic expansion (8) can be written as

Inl"(x+1)-InvV2rx - xlnx +x ~ ()2( +ZZ)1n(xsinh)1(),
j=0
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which, by (2) and (12), is equivalent to
& Bon 1 x &r\[(& 2By 1
2 2n(2n-1) x> 1 " (2 +Zx1)(z 2n(2n)! x2n )’
n=1 j=0 n=1 :

Since the left hand side and the second factor of the right hand side are odd and even, respectively, the
asymptotic expansion x/2 + Z}’jo rix”) has to be odd, and so r2, = 0 for n € Nu {0}. Then, the asymptotic
expansion (8) has the form of (18), which is equivalent to

S B 1 x(S ) 2"Ba 1
Z2n(2n-1)x2n-1 2\ & x2n |\ & 2n(2n)! x2n )°

It can be written as

S B 1§ ) (5 2"?Bonia 1
S (n+1)(2n+1) x2n  \ 2 x2n 2(n+1)(2n+2)Ix2n )’

n=1
Comprising coefficients of x 2" gives

Bonio I 2%k sz+2
(m+1)(2n+1) 2 2(k+ 1) (2k+2)1 "

which yields ¢p = 1 and forn > 1,

6B2n42 B Z": 2228, c
(n+1)(2n+1) & 2(k+1)(2k+2)! "

Cn:

A straightforward computation leads to

oo L oo 191 25127 19084273
PE 2T 3505 T 7283507 7Y T 25515007 0 841995000’

which ends the proof. O

Remark 2.7. Chen’s recurrence formula of coefficients r; given in [34, Theorem 2] may be complicated, since he
was unaware of the power series (12).

3 Numeric comparisons and inequalities

If the series in (10), (11), (9) (18) are truncated at n = 3, 5, 3, 2, respectively, then we obtain four Windschitl
type approximation formulas:

e - o ol o, o
r(x+1) ~ x(g)x(xsmh )X/z(uﬁ):z Wi (x), 20)
F(x+1)~ (g)x(xsmh 8106)X/2:W1(X),

P ~vam (E) (s 2) U e o, 2

as x — oo. Also, we denote Lu et al.’s one [32, Theorem 1.8] by

Wy (x) = \/ﬁ(g)x (xsinh(% + ﬁ))w2 . (22)

In this section, we aim to compare the five closed approximation formulas listed above.
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3.1 Numeric comparisons

We easily obtain

. InI(x+1)-InW; (x) 163
lim = - s
X—00 X_7 340 200
. Inr(x+1)-InW¢ (x) 191
lim = - ,
x—00 x77 340200
lim InI"(x+1) -InWos (x) _ lim InI"(x+1)-1nWg (x) _ 198 ,
X0 x7 X—00 x7 340200
. InI(x+1)-InW¢ (x) 268
lim = - .
X— 00 X_7 340 200

These show that the rates of the five approximation formulas converging to I" (x + 1) are all like x " as x — oo,
and W (x) are the best of all five approximations, which can also be seen from the following Table 1.

Table 1. Comparisons among Wy (x), We1 (x), Woz (x), Wiy (x)

X | Wi (x)-I"(x+1) | W1 (x)-I"(x+1) | Wop (x)-I"(x+1) Wy (xX)-T"(x+1)
I'(x+1) I'(x+1) I'(x+1) I'(x+1)
1 1.832x107* 2.562 x 1074 2.754 x 1074 4,686 x 10~
2 2.668 x 107 3.292 x 107 3.449 x 107 5.030 x 10~
5 5.743 x 10~° 6.791 x 10~° 7.054 x 107° 9.681 x 10~°
10 | 4.710x10™11 | 5,532 x10™11 5.738 x 10711 7.794 x 10711
20 | 3.727x10°13 | 4.370x 10713 4.531x 10713 6.138 x 10713
50 | 6.129x10°16 | 7,182 x 10716 7.446 x 1016 1.008 x 10-1°
100 | 4.791x1071% | 5.614x10718 5.819 x 10718 7.877 x 10718

3.2 Three lemmas

As is well known, analytic inequality [40-42] is playing a very important role in different branches of modern
mathematics. To further compare W1 (x), We1 (x), Wy, (x), Wor (x) and Wy, (x), we first give the following
inequality.

Lemma 3.1. The inequality

4, 67,2 256
v e L) 1 X 56X Tons (23)
2] xxh 4 Bx2 4+ L
18 1008
holds for all x > 0.
Proof. Let
4, 67,2, 256
1 1 X'+ 22X+ 22
g =v|x+2,1)- =38 95
2 X x4+ 35x2 + 20T
18 1008

Then we have

(x+1)4+g—é(x+1)2+25—6

3 1 45
gu+1)—g@)=¢(X+ZJ)_X+1(X+Q“+3(X+UZ+%&
s L) 1B
18 1008
921600

= >0
x (X +1) (2x +1)* (1008x* + 1960x2 + 407) (1008x* + 4032x3 + 8008x2 + 7952x + 3375)
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Hence, we conclude that
g(x)<g(x+1)<---< lim g(x+n) =0,
n—oo

which proves (23), and the proof is done. O

The second lemma offers a simple criterion to determine the sign of a class of special polynomial on a given
interval contained in (0, co) without using Descartes’ Rule of Signs, which plays an important role in the
study of certain special functions, see for example [43, 44]. A series version can be found in [45].

Lemma 3.2 ([43, Lemma 7]). Letn € Nand m € Nu {0} withn > m and let P, (t) be an n degrees polynomial
defined by

Pu(t) = an aiti—iaiti, (24)
i=0

i=m+1
where an, am > 0, a; > 0 for 0 < i < n-1withi+ m. Then, there is a unique number tm.1 € (0, co) to satisfy
Py (t) =0suchthat Py (t) <0 forte (0, tms1) and Py (t) >0 fort e (tme1, o).
Consequently, for given to > 0, if Py (to) > O then P, (t) > O for t € (to, 00) andif Py (to) < O then P, (t) <0
forte(0,to).

Lemma 3.3. Let Wo1 (x), Wy, (x), W1 (x), Wer (x) and Wy (x) be defined by (19), (20), (6), (21) and (22),
respectively. Then we have

W1 (x) < Wep (x) < Wey (X) < Woz (x) < Wiy (X)
forallx > 1.

Proof. (i) The first inequality W1 (x) < Weq (x) is equivalent to

sinh t 1 5 1 4) (sinht)
hi (t) n( — * 81 t) ( +135t n|— <0

fort=1/x ¢ (0, 1]. We have

2, 46
i(ln(y+ it6)—(1+it4)lny):—it“810y+ 135¢° + ¢ <o
dy 810 135 135 y(810y+ (%)

= > 1 + —t

yields

1, 1 1 4 1,5\

Differentiation leads us to

NS I )_ »  t°-135£-1620
hii (t) = 21n(6t +1) -t (@7 6) (5= 1358 + 810) hia (t),

135
283

4t3 ("2 +9¢'° + 540¢® + 8505¢° + 47 385¢* + 328 050¢> + 1312 200)
(£2 +6)% (16 + 1352 + 810)*
for t > 0. Therefore, we obtain hi, (t) < h12 (0) = 0, and so h11 (t) < h11 (0) = 0, which implies h; (t) < O for
t>0.
(ii) The second inequality W1 (x) < Wy, (x) is equivalent to

.1 X ., 1 1
)ln(xsmh;)<51n(xsmh;)+1n(l+m),

<0

hip () = -

X

(1 + ;
2 135x*

or equivalently,

h, (t) = %Pln(sniht) —1n(1+
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fort = 1/x € (0, 1]. Taking n = 2 in the inequalities (13) gives

ln(smht)<lt2— L t4+71 t6,
6 180 2835

which is applied to the expression of h; (t):

1 5(1, 1 4 1 6) (
Mo () < —£ (22— ="+ %) _In(1
2(8) < 575 (6 180" ' 2835 i

1 s\ ._
1620t)._h21(t).

Differentiation yields

t°  4t’ —49¢° + 1050F + 6480t2 — 79380 .

0
340200 t5+1620

h§1 (t) =

for t € (0, 1], which proves h, (t) <0 fort € (0,1].
(iii) The third inequality W§; (x) < Wo1 (x) is equivalent to

Lo cenp( )
1620x° P 1620x5)°

which follows by a simple inequality 1 + y < e’ for y # 0.
(iv) The fourth inequality Wo1 (x) < Wy (x) is equivalent to

X In (xsinh (l + L)) > X In (xsinh 1) + #,
2 x 810x7 2 b% 1620x>
or equivalently,
hs (t) = lnsinh(t+ i1‘7) —Insinht - i1‘6 >0
810 810
for t = 1/x > 0. Denote h3q (t) = Insinh t. Then by Taylor formula we have

1 7) 1 6
hs () = hso £+ ——17) = hso (£) = ——¢
3(0) 30( 810 o (D) - 275

t’ ’ 1t " 1 ¢! " 1 6
- (= h () = h(e) = —— 5,
810720 (O * 5151020 (O + 3757530 () = 535

where t < £ < t + t//810. Since h} (t) = 2 (cosh t) /sinh® t > 0, we get

1 ht ¢ 1 1 t® x h31 (t
h3 (t)>7t7c?s - 5 Sy LN S L 1 ( )2 )
810 sinht 2x810%2sinh?t 810 2 x 810%sinh” ¢
where
hs; (t) = 810t sinh 2t — 810 cosh 2t + 810 — t°.
Due to -
101 g S (n-1)27 5y
h31 (t) = 540" + 144t° + —=t* + 810 Y ~——2= " >0,
31(8) 7 ,;5 (2n)!
we conclude that h; (t) > 0 for t > 0, which completes the proof. O

3.3 The comparison theorem for W (x), W,y (x), W;, (x), Wo, (x) and Wiy (x)

Theorem 3.4. (i) The function

1 X o1 1
fi(x)=InI" (x+ 1)—1n\/27r—(x+§)lnx+x—§1n(xsmh;+ 81Ox6)

is strictly increasing and concave on [1, co).
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(ii) For x > 1, we have

x/2 T 1 x/2
) (x+1) (x sinh 1 + 1 )
810x6 X

1
xsinh - + <——<
60( X V2mx (x/e)” 810x°®

(15 x/2
<(Xsmh1)< 354><(Xsmh1) (12 )
X X

" 1620x°
1 X/Z 1 X 1 1 X/Z
< (xsinh ;) exp (71620x5 ) < \/an(g) (xsinh(; + 3100 ))
with the best constant .
Bo ~0.999 81.

~ \/2nsinh 1 + 7/405
Proof. (i) Differentiation yields

fl(x) :w(X+1)—1nX—i—%ln(xsinh%+ 1 )

2x 810x®
135x°cosh L — 135x” sinh & + 1
+3 X X s
810x7 sinh 1 + 1
1 1
(X)) =9 (x+1)- =+ =—
1 () =9 ( ) PRy

3(109350x" sinh® 1 + 5940x” sinh X + 135x® sinh 1 - 1890x° cosh 2 - 109 350x"* - 1)

x(810x7sinh 2 + 1)°
Replacing x by x + 1/2 in inequality (23) yields

1 3780x* + 7560x° + 12 705x% + 8925x + 3019

! 1 - ,
v+l < 30 (2x+1) (63x* +126x3 +217x% + 154x + 60)

(25)

for x > —-1/2, and and applying the above inequality combined with the change of variable x = 1/t € (0,1]

yield
o 1 t(3019¢" + 89258 + 12705t + 7560t + 3780) 1
1)< 35 ) (eor s 134P 1 217 s 126663) LT3
_5,109350 sinh? t — 1890¢® cosh t + 5940t sinh t + 135¢° sinh t — 109 350¢> — ¢*
(810sinh t + t7)?
_ 810%t x f11 (t)
(t+2) (126t +217¢2 + 15483 + 60t + 63) (810sinh t + t7)*’
where

fi1 () = pe (t) sinh® t + py3 (t) cosh t — py4 () sinh t + pyo (t),

pe (t) = 30t° + 47¢° — 71—1581“‘ - 210¢ - 259¢° - B%t - 63,

pis (6) = %tg (¢+2) (60¢" + 1546 + 2176 + 1261 + 63),

D14 (t) = t’ (iﬂ + lt6 + 28571‘5 + 45973 t*+ 1547 £+ 12341 t + Et-r 154
27 810 1620 6075 108 810 9 45

1 20 257 19 13667 18 217 17 7 16

+ + + +
21870 656100 9841500 87 480 2700

2 1
L s T 307 113765 4 22265 1 280 + 222 £ 1 63¢.
4860 12150 2 2

P (t) =
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To prove fi1 (t) < O for t € (0, 1], we use formula sinh? ¢ = cosh? t - 1 to write fi; (t) as

f31 (t) = [pe (t) cosht + p13 (t)] cosht — p1s () sinh t + pao (t) — pe () -

Since the coefficients of polynomial —p (t) satisfy those conditions of Lemma 3.2, and —ps (1) = 19811/30 >
0, we see that —pg (t) > O for t € (0, 1]. It then follows from that

D (t)cosht + pi3 (t) < pe (t) + p13 (t)

J M 959 285 3920 By Bps 300
27 405 54 81 18 45

1 1
+478 —71—58t 210> - 259¢* - %t—@ = p13 (8).

Application of Lemma 3.2 again with -pj; (1) = 173959/270 > 0 yields —pj; (¢t) > O for t € (0, 1], and so
De (t)cosht+pi3 (t) <Oforte (0, 1]. Since p14 (t) > O for ¢ > 0, using the inequalities

4 2n
t 1 1 1 1
cosht> > —— = Byt — v 2P+ 1,
Ze(2m)! 403200 720 24 2
4 2n-1
1 1 1
sinht> > = '+t + -+t

Z(2n-1)! 5040 120 6

we have

fi1 (t) = [pe (t) cosht+p13 (t)]cosht - pi4 (t) sinht+p20 (£) = pe (1)
4 2n 2n 1

<|ps (1) Z (2 3 +p1s (¢ )] > n)! —-pua(t )Z [ P20 (t) - ps (t)

n=0

3 1 2, 9007 21, 9615 889 20 5351449 19
54190080 1625702 400 109734912000 9405 849 600
739363013 13 17347597 17 62875199 6 25247 35

©282175488000° | 2508226560 2090188800 . 3483648
32887 14 232765 15 3620941 5, 292093 1 292093 1o

0
— - - t =t t).
3732480 193536 870912 34560 86 400 p1z ()

From Lemma 3.2 and —p12 (1) = 67 766 507 802 179/3950 456 832 000 > 0 it follows that —p1, (¢t) > O for
te(0,1], andso fi1 (t) < O for t € (0, 1], which implies f;’ (x) < 0 for x > 1.
(ii) Using the increasing property of f1 and noting that

e
1)=1In and lim x) =0,
1) \/2msinh 1 + /405 X_’°°f1 )

we have
In

x/2
¢ <In F(X+1)X—ln(xsinhl+ ! 6) <0,
\/2msinh 1 + /405 2mx (%) x 810x

e
which imply the first and second inequalities of (25).
The other ones of (25) follow from Lemma 3.3, which completes the proof. O

4 Conclusions

In this paper, by a little known power series expansion of In (¢ " sinh t), that is, (12), we establish an asymp-
totic expansion (10) for the gamma function related to Windschitl’s formula, in which its coefficients have
a closed-form expression (14). Moreover, we give an estimate of the remainder in the asymptotic expansion
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(10) by means of inequalities (3) and (13). Due to (12), we also give other two asymptotic expansions (11) and
(18), but their coefficients formulas are of recursive form. Despite all that, the latter improves Chen’s result
[34, Theorem 2]

Furthermore, we compare the accuracy of all five approximation formulas for the gamma function
generated by truncating five asymptotic series (10), (11), (9), (18) and (7) by numeric computations and some
inequalities. These show that the approximation formula (6) is the best. Some general properties of truncated
series (truncated polynomials) can refer to [46].
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