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Abstract: Dedekind sums were introduced by Dedekind to study the transformation properties of Dedekind
n function under the action of SL,(Z). In this paper, we study properties of generalized Dedekind sums
s1,j(p, q). We prove an asymptotic expansion of a function on Q defined in terms of generalized Dedekind
sums by using its modular property. We also prove an equidistribution property of generalized Dedekind
sums.
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1 Introduction

Dedekind sums are defined by

s(b,c)= Y Bl(?)Bl(bh) 6]

h (mod c) ¢

for coprime integers b and c, where

_ x-[x]-1 ifxeR\Z,
Bl(X)::{ o ’ ifxeZ

These sums were introduced by Dedekind [1], and have been studied with applications in diverse areas of
mathematics (for example, see [2-4]).

The Dedekind sum has been generalized and studied by many other authors from diverse standing (for
example, see [5-7]). In this paper, we consider generalized Dedekind sums defined as follows. The Bernoulli
polynomial B;(x) is defined by the exponential generating function

tetx
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and B;(x) denotes the periodic Bernoulli polynomial

Bi({x)) fori¢lorx¢Z,

Bi X) = (3)
) {0 fori=1land x € Z,

where (x) := x - [x] and [x] denotes the greatest integer not exceeding x. Let i and j be nonnegative integers.
Suppose that p is an integer and q is a positive integer with gcd(p, q) = 1. Then, generalized Dedekind sums

are defined as
sij(p,q) = ZB(Q) (qu) (4)

and the number i +j is called the weight of s; ;(p, q). For convenience, we let
hij(p,q) = (—1)”’1, - (51(p> ) - diBiB)), )
where B, is the nth Bernoulli number and d; ; is given by

1 ifi=1orj=1
T 0 otherwise.

Let {e1, ..., en} be the standard basis of Q™. We define a vector Fy(p, q) € QN for an even positive integer
N by
N
FN(p, Q) = Zfl(py q)ei’ (6)
where fi(p, q) = qz p=2 - Yhi1ni1-i(p, q) fori= , N. Then we define a function Gy : Q — QY as
_ p\._
Gn(x) —GN(q).— Fn(p, q). 7)

We remark that any rational number x can be uniquely written as % for a positive integer g and an integer p
which are relatively prime. Thus, the above mapping Gy is well-defined, and has the following asymptotic
expansion expressed in terms of Bernoulli numbers.

Theorem 1.1. We have an asymptotic expansion of the form

Gy (%) ~ ((~1)2*1Cy)Gn(~-n) + Ay (%)_1 Ey (%) +2Bi6y. €2

as n — oo, where

_[Oifi+],
51"1"{1 ifi=,
~ P\ ._ pTirlyi=y " !
An(x) = AN(E) h (q ( 2 ](N_ i))1<i,j<N, Y

(e (),
( N-i 1<i,j<N

and Ex(x) = Zﬁl ei(x)e; is a vector-valued function defined by

_ (PN _ i if N \By  iN N-it1 n-i[ N \Bn
i) = ei(2) g ) () e e () By )
BN le BN—i+1Bi—1

fwonmd YT o oY
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Here, (3 ) is defined by

. 1 iszo’
(b):{(”b(”” 1o o §

for nonnegative integers a and b. Theorem 1.1 is proved by using the fact that Gy can be understood as a
modular object, which was recently introduced by Zagier [8].

Example 1.2. Fora given N, we can compute the asymptotic expansion of Gy explicitly and it is written in terms
of Bernoulli numbers By,. For example, if N = 2, then

1\ (10 0
Gy (=)~ G (-
N(n) (1 —1) w( ”)+(§n32+3§+21,132)

asn — oo. If N = 4, then

-10 00 0
1.2 1 1p2 1 1
GN (1) N —3 1 0 0 GN(—n) " ﬁn B41— §HB3Bll +22Bi - @B3B11+ WB4
n -32-10 341 Bg + ZBZ - 3—nB3B1 + gz Ba
-11-11 ﬁn B4 - 6%1B3Bl + 8%B4

asn — oo,

Dedekind sums also have a special property of distribution. For an even positive integer N and positive
integers p, g which are coprime, we consider another vector-valued function

Hy(p,q) =q" > (hin-1(D, @) -, hn-1,1(p, q)) e Q" (11)

Let

(X) = ({x1) 2 (x2) 0 (xr-)) € [0, 1)V
be the fractional part of the vector X = (x1, X2, ... xy-1). The following theorem states that Hy(p, q) satisfies
the property of equidistribution.

Theorem 1.3. For an even positive integer N, there exists an integer Ry such that the set of rational numbers
{{RvHn(p.q)) | (p.9) =1, 0<p<gq} (12)
is equidistributed in [0, 1)1
Remark 1.4. Once for an integer Ry the set (12) is equidistributed in [0, 1)N~?, the same holds for any integer
multiple of Ry. An example of Ry is given by
Ry = N!Byrn,

where S is a positive integer such that % is the reduced fraction of By + 0 and

N
ry :=lcm {Denominator of By (i 1

The following is the table for values of Ry for N = 2, 4, 6, 8, 10.

)BMBNH‘ OsigN—Z}. (13)

N 2 4 6 8 10
Ry | 12 | 720 | 60480 | 3628800 | 479001600.

The rest of the paper is organized as follows. Section 2 summarizes the properties of generalized Dedekind
sums. In Section 3, we show that generalized Dedekind sums satisfy a modular property introduced by Zagier
[8] and prove Theorem 1.1. In Section 4, we describe the distribution of generalized Dedekind sums and prove
Theorem 1.3.
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2 Reciprocity formulas

In this section, we prove the reciprocity formulas of generalized Dedekind sums, which can be induced from
those of Dedekind-Rademacher sums.

2.1 Dedekind-Rademacher sums

In this subsection, we briefly review the definition and the reciprocity formulas of Dedekind-Rademacher
sums based on the paper [6]. The following is the definition of Dedekind-Rademacher sums.

Definition 2.1. Fora,b,c < Nand x,y, z € R/Z, the Dedekind-Rademacher sum is defined by
S (a b c) - Y B (a(hc+ z) —x) B, (b(hc+ z) —y).

Xyz ' h (mod c)

Since reciprocity relations mix various pairs of indices (m, n), Hall, Wilson and Zagier [6] stated them in
terms of the generating function

abce 1 abc)(X\"1 Y\l
Olxyzl= 3 i Sm (&) )
xyz| mnsomin! xyz)\a b

where X and Y are nonzero variables and the variable Z is defined as —X — Y. The following is the precise
statement of the reciprocity formula of Dedekind-Rademacher sums.

Theorem 2.2 ([6, Section 4]). Let a, b, ¢ be three positive integers with no common factor, x, y, z three real
numbers, and X, Y, Z three variables with sum zero. Then

abc bca cab % if(x,y,z)e(a,b,c)]R+Z3,
d|xyz|+dlyzx]|+dlzxy]= .
XY 7 YZX 7XY 0 otherwise.

2.2 Reciprocity formulas of generalized Dedekind sums

The following are the reciprocity formulas of generalized Dedekind sums, which are induced from Theo-
rem 2.2.

Theorem 2.3. Let p and q be positive integers with gcd(p, q) = 1. The generalized Dedekind sums satisfy the
following reciprocity formulas.
1. Fora,b > 1 withodd a + b,
a2 ifa-1+1i & i(b-1+j
~ 4" Y hacrain-i(p, 4)(-p)' ( ) +0"7 Y hyo14j.ai(4, 0) (-) ( b ])
i=0 a- 1 j=0 - 1 (14)
_ Bgs-1By _q\b-1 BgBy_1
R A=y

2. Fora=0andoddb > 1,

p(-1)".

_» Bjp_
hb-1,0(d, P) = hop-1(a, p) = P> (b i 11)"

Proof. (1) By the definition of Dedekind-Rademacher sums, we have the following equations

oho) i (4):(%)
Sm,n = Bu{—=)Bn|— ) =5mn(p,q),
e 2 Bn(g)m () smar0



DE GRUYTER Arithmetic of generalized Dedekind sums and their modularity = 971

1
S (q p

- (h\ s [qh
- Bu( ) B (L1) = sumta.p).
OOO) h (mod q) b

p

and

Swmon (g g (1)) = Bm(0)By(0).

Then Theorem 2.2 implies that the sum

> (smn<p X" (If)"_l+Bm(o>Bn(o>(;)m_1(j)”‘l+5n,m<q,p>(j)m_1X"‘1) (15)

m,n>0m'n'

is equal to 1.
Suppose that m + n is even. Then, we have

hmn(ps q) = —— (Smn(P>q) + dm,nBmBn).

mll

Since By = 0 for odd integer k > 1 and B; = —%, we see that

hmn(p, q) = 1n ( mn(D,q) - emn),

where

1 ifn=m=1,
€m,n = .
0 otherwise.

Moreover, we have
_ - 1
Bm(O)Bn(O) = BmBn - Zem,n.

Therefore, the following can be induced from the sum (15)

e Y n-1 1 Y m-1 VA n-1 VA m—1 .
2 (hm,n(p,q)x 1(5) m'n'B’“B"(E) (5) +hn,m(q,p)(5) X 1):0' (16)

m+n even

If we multiply pqu YZ on both sides of equation (16), then we obtain

Y nZ 1 Y m Z n Z m Y
3 (e () 7 ¢ o (5) (7) s mantam(3) F) =0 )

m+n even

From the relation X + Y + Z = 0, the equation (17) is rewritten as

m m(Y\"Z nfZ\™ nY
5 (a0 0"+ 2" (2) £ hontamr-0 (2) v 20t

m,n>0

o 1)
- LBmBn(g) (g) (Y+2).

vk min!

m+n even

By the binomial expansion of (Y + Z)" one can see that

Z Z (hmn(p q)(- 1)"1 71 -n (’Z)Ykﬁnzmkﬁl)

m,n=0 kl
m+n even

LYY (hnm(q p)(-1)"q"p”" (,Z)Y"““Z"“’") (19)

m,n=0 kz
m+n even

1 Y\™ [ Z\"
= — BuBn[=) (%) (v+2).
m,zn;o m!n! "'"(p) (q)( +2)

m+n even
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Now, we compare the coefficients of Y?Z% on both sides of equation (19). If a, b > 1, then we have

b

1 - a+i-1
Zq 1P (b= l)( 1)a+1 1ha+1 1,-i(D; Q)( i )
i=0

b+j
+ q ~(a ])p (- 1)b+] 1hb+1 la—)(q p)( - ) (20)
j=0 j
1 —(b-1) _—a 1 -b_—(a-1)
=——By,_1B —— BB, .
(b—1)lal r17P bi(a—1) pPetP 4

This gives the first result after multiplying by gp” (—1)b ~1 in both sides of equation (20).
(2) For the second result, suppose that a = 0 and b is an odd integer with b > 1. Note that

Sp-1,0(P,q) = kzq;Bbl (E)Eo (ILk) = qu:lel (ILk)Eo (p(pk)) 1E (qu) 0 (g)

q q q q
= S0,-1(P> q)-

Here, we used the fact that Bo(x) = 1 and ged(p, q) = 1. If we compare the coefficients of Y? in both sides of

equation (19), then we have

MQ

k

1 -1 -(b-1)

hp-1,0(q,P)(~ 1) ———Bp-1p

(b~ 1)'
which gives the second result. O

The reciprocity formulas of generalized Dedekind sums can be expressed in terms of the vectors Fy(p, q).

Corollary 2.4. Let p and q be positive integers with gcd(p, q) = 1, and N an even positive integer. Then
Ay ( 4 ) Fn(p,q) + Bn(p, 9)Fn(p, q) = En (z)

whereAN( ) Fx(p, q) and EN( )aregzven as in (8), (6), and (9), respectively. Here, we define By(p, q) by
Byn(p,q) = (51,1(1’ Q))lsz,jsN and

Bii(p, @) =g P (- 1)‘*’(1_1). @1

Proof. Let N=a+ b -1fora,b > 1. By Theorem 2.3 (2), we have

, .

~ ifa-1+1

-q° ! Zha—l+i,b—i(p» Q)(_p)l ( )
P a-1

N N_ ; a-1+j _ N
Zq Ak ““fa+,-(p,q)(—1)”l( ])—q" 1pb(—l)b( )hN,o(p,q)
= a-1 a-1
b-1 N_ ; a-1+j N \B
Sttty (e e () @)
i !

and

a (b-1+j
pb 1Zhb1+1‘,ai(q’p)(_q)]( b-1 ])

j*O

b-1

¥ pi1 k[b-1+k b-N a af N \By
st (7 ) a e () B @)

"’+1fb+k(q,p><—1>k(b ‘“") b-1g9(_1)a ( N )hN,o<q,p>

0 Ms »MI
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If we change variablesa — N-i+1,j~ j—a, b ~ i,and k — j— b in (22) and (23), then (14) can be written as
iv(:)qg_l“ (- 1)’”( )f;(p q) + Zp T (- 1)1”( )f;(q p)
j=

111( 1)(Ni)i;\!1+p11vq1vz+1( 1)Nz( )IB;;\'I

By_iB; i-1 By_iz1Bi1 i-1
oY s ooty

This gives the desired result. O

Besides the reciprocity formulas, generalized Dedekind sums satisfy the following properties.

Theorem 2.5. Let N be an even positive integer, and i, j be nonnegative integers with i + j = N. Then we have
the following.
(-1Yhij(p,q) - 2B7, ifi=j=

1 hij(-p,q) = .
(P 0) {(—1)’h,-,,-(p,q), otherwise.
2. hij(p+4,9) = hi;j(p, 9)-

Proof. (1) By the definition of s; ;(p, g), we see that

wr- £5(4)(25),

q

It is known that B;(1 - x) = (—1)jB,-(x) for j > 0. Therefore, we have
B(5)-m(-g)-com(7)
B~( =Bi[1-=)=(-1YB;[—
i\ g j 7 (-1)'B, q

for j > 0. From this, we obtain _
sii(-p,q) = (-1)'si;(p, q)-

Ifi =j =1, then we have
hij(-p, q) = sij(-p, q) - BT = -si;(p, q) - Bi = ~h;;(p, q) - 2B1.

Otherwise, we see that
hij(-p,q) = (- 1)'“ sij(-p.q) = (-1) (- 1)'“ su(p q) = (-1)hi;(p, q).

(2) Note that s; j(p + g, q) is equal to

En()m()-ER()n (5 ) -5 R ()3 (%)

which s s; j(p, q) by its definition. From this, we obtain the desired result that h; ;(p + g, q) = hij(p,q). O

3 Modular properties of generalized Dedekind sums

In this section, we show that the vector-valued function Gy defined in (7) satisfies the modular property,
which was introduced by Zagier [8].
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3.1 Automorphic factor

To introduce a modular property for a vector-valued function, we need an automorphic factor for a vector-
valued function.

Definition 3.1. An automorphic factor of rank m is a function p : SL,(Z) xH — GLn, (C) satisfying the following
conditions.
1. The function p satisfies the cocycle relation

p(7172, %) = p(y1, 72X) (72, X) (24)

forv1,v2 € SL2(Z) and x € H, where (2 5) x = ax+b

cx+d*

2. For a fixed v € SLy2(Z), entries of p(~, x) are rational functions of x with coefficients in Q.

For a fixed v € SLy(Z), the action of p(~y, x) on C™ is defined by

m
p(v:x)€j = 3 pij(7: X)ej,
i1
where p; (v, x) is the (i, j)th entry of p(v, x).
Let N be an even positive integer. Now, we define an automorphic factor py of rank N as follows. Let
S:=(93), T:=(3}) eSLy(Z). We define

on(S,x) = (1) Cw) ™! (25)

and
pn(T, x) := Dy(x) 7, (26)
where
i (N-j

e (17

! N-i 1<i,j<N
and

N,
X -3 +i-1
DN(X) = (6i'j(X+1) ) .
1<i,j<N

Here, 4; ; is the Kronecker delta. Then, it induces an automorphic factor of rank N.

Note that S and T generate SL,(Z). Therefore, from (25) and (26), we can compute py(v) for any v €
SL,(Z) by using the cocycle condition as in (24). To prove that py is an automorphic factor of rank N, it
suffices to check that

PN (S, SX)pn (S, X) = pn(U, UX)pw (U, Ux)pw (U, X)

and
(P (S, SX)pn (S, ) =1,

where U := TS, pn(U, x) = pn(T, Sx)pn(S, x) and I denotes the N x N identity matrix. To prove this, we need
the following lemmas.

Lemma3.2. Let N be a positive integer. Let i and j be integers with 1 <i,j < N.

1. If N is even and we let
N i1 (N-Kk\[(j-1
Aiji= (D) ( . :
b kZ::l i-1)\N-k
then Ai’j = 51’}'.

N-k\(j-1 1 (N-j
> Z;‘Vl(i—l)(k—l)(_l)k ’(N—i)'
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Proof. (1) Recall that

a) |1 if b =0,
(b) i {“(”‘1);,(“"’“) ifb>0, 7

for nonnegative integers a and b. If we consider the binomial expansion of (1 - (1 - T)) ", then we see that

. N-1
a-a-nyt -3 () enta-rr
k=0

In the above equality, we used the fact that (§ ) = 0if a < b. Then we have

j-1 _k e X(i- KNI (N -k i
N_k)<—1>” a-1y kz( )( i z( l. )(—1)T

i=0

5>

k=1

(
> (1 et e
5

(1-(-1)™"

k=1 iz1\1

i\,: ( )(N k)( 1)1\/ kevi=1qi-1 ZAII( 1)N+1+1T1 1
k=1

i=1

Since (1 - (1-T))"! = 7', we see that

" 0 ifi=+j,
Ay (~)N = e
1 ifi=j.

(2) We will use the induction on N. If N-=1, 1t is easy to see that (2) is true. Suppose that (2) is true for
N>1.Letl<i<N+1and1<j< N + 1. By the recursive formula, we have

N+1-j N-j N-j
.= . + e
N+1-i N-(i-1) N-i
Then, the induction hypothesis implies that

CRRIED VA [ iy (it ey [ FB

If we use the recursive formula again, then we have
N+1-j N+1-k k1 N+1 k\(j- k=1
1 = 1
(N+1—i) k;( i-1 )(k 1)( ) ,(Z; -1 k- ( )

The last equality follows from that (N :_11_ k) = ( 0 1) =0ifk=N+1sincei—1>0.

Now, we will check the remaining three cases: i =1, i=N+1l,andj=N+1.Ifi=1and1<j<N+1,

then we have
N+1 N+1—k ]_1 N+1 1 N ]_1 X
2(" )G e Z( 1)<-1> -2 (et

Ifi=N+1and1<j<N + 1, then we obtain

2o () - (1)
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Suppose that j = N + 1 and 2 < i < N. Then, we have

Dl (N U P G
(RO e (BB e ( B

0
=0= .
(N+1—i)

Here, we used the identity
N-(k-1)\( N\ ( N \(N-(i-1)
i-1 k-1) \i-1 k-1 )"

O
Lemma 3.3. Letiand j be integers with N > j > i > 1. Then
Xj N z k y ! ] k l j—i ]'
;MZ:l(;) (2) i)\ )\i) = YD e
Proof. If we apply the binomial expansion twice, then we obtain
ik j—l
(x+y+z)’ i ZZ( )( ) xRyl
k=01=0
Then, one can see that
. j k _ _ . .
(x+y+z)H _ ZZ ] i k-i Xjfkylflzkfl
oo \k=-iJ\1-i
) i!(j—i)!gii 2\ (v\ (i) (k) (!
R =r=CI ACIAVIAUJAUA
By the definition of ( § ) as in (27), we obtain the desired result. O

Lemma 3.4. Suppose that N is an even positive integer. Let i and j be integers with 1 <1i,j < N.

S s ")(N AIEIEY

2. Let
N x—1\2+1-d RESTE S+1-k ki ([N=1\(N-K\(N-j
Z( ) I(T—x) (_1)lk](N—i)(N—l)(N—lc)'

Ay = (-1)"5,;

Then

Proof. (1) One can obtain (1) from Lemma 3.2 (1) by replacing i (resp. j) with N —i + 1 (resp. N —j + 1).
(2) Note that by the definition of (Z) as in (27), we have

(3 (5 (30) o

onlywheni >l > k > j. Therefore, if i < j, then A; ; = 0.1f i = j, then a nonzero term in the summation appears
only when k =1 =1i=j.So, we have A; ; = (—1)%“. In the case of i > j, one can see that

N 3 N
x—1 S+1-i N 1 -3+l .
g (22 e (LY Ly

ST NG
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By Lemma 3.3, 4, ; is equal to

W El\if)z(l;‘)ij)! (x ; 1)5+ R ( : ix)? N (-1) x (1 -x) +x+ (-1))"7 = 0.

This completes the proof. O

Now, we prove that py induces an automorphic factor of rank N satisfying the cocycle relation as in (24).

Proposition 3.5. Let py be defined by (25) and (26). Then
1. pN(S, SX)pN(S, X) = I,
2. pn(U, U*X)pn(U, Ux)py(U, x) = 1.

Proof. (1) Lemma 3.4 (1) implies that C% = I, and hence we have
pN(S, SX)pN(S, X) =1.

(2) For U = TS, we see that

w0 =0 ((F5) (V) )
1<i,j<N

pn(U, Ux) = (-1) 7 (xg“‘i (%:’,) (—1)j) ’

1<i,j<N

and

N1 _ 1\ Y+1-i s .
(.0 - (0 ()T (V) )
1<i,j<N

By Lemma 3.4 (2), we have
N
pn (U, Ux)pn (U, Ux)pn (U, x) = (-1)2 " (A ) 1<ijen = 1.
This is the desired result. O

Remark 3.6. These kinds of automorphic factors are closely related with a monomial times a modular form.
For example, we consider F(z) := z° A(z), where A(z) is defined by

Az) = qf‘_°11<1 UL

and q = e*™ for z € H. Then, it is known that A(z) is a modular form of weight 12 on SL,(Z). Note that

F(z+1)= (:“22761)6F(z)

and 1
F{-=)=F(2).
(-2)-F@
Hence, we see that F(z) is a modular form associated with p, which is defined by

z+1

o1, - (1) sz -1
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3.2 Modular property of Gy

With the automorphic factor py, we can state the transformation property of the vector-valued function Gy.
We define a slash operator associated with py as follows. Let f be a vector-valued function on Q, i.e., f is a
sum of functions f = ¥, f;e;, where f; is a function on Q fori = 1, ..., m. Then we define

()0 = 300 (1,08
iz
for x e Q and vy € SLy2(Z).
Lemma 3.7. The vector-valued function Gy : Q — CV satisfies the functional equations
(Gn — GnloyS) (x) = An(x)"En(x) + 2B16n,2€;

for all positive rational numbers x and
(Gn = GnlpyT) (x) =0
forall x € Q.

Proof. In this proof, we will use the properties of generalized Dedekind sums. For positive integers p and g
which are relatively prime, by Corollary 2.4, we have

Ay (g)FN(p, q) + Bn(p,q)Fn(q,p) = En (g) ,

where Ay (%) ,Bn(p,q), Fn(p, q), and Ey (L‘;) are defined as in (8), (21), (6), and (9), respectively.
Lemma 3.2 (1) implies that

-1 Ny N (N—j
AN(%) = (vij(D, D))r<ijens  Vij=-q 27 'pe ](i—lj)

since (vij(p, g))1<ij<N X AN (%) = (Aij)1<ij<N, Which is the identity matrix. Lemma 3.2 (2) implies that

p\!
AN(E) Bn(p,q) = Cn.

Therefore, we see that
1 _
Gn(x) - (—CN)GN(X) = Ay(x) 'Ex(x)

for any positive rational number x since Gy(x) = Fy(p, q), where x = %. By Theorem 2.5 (1), we see that

Gu(x) - | (CDFON(0 - 2Bley ifN -2,
T lenten ifN > 4.

Therefore, we have the first desired result.
The second result directly comes from Theorem 2.5 (2) and the definition of px(T) as in (26). O

Note that Ay(x) 'Ey(x) is a rational function of p and g, where x = £ € Q. But Ay(x) and Ey(x) are
homogeneous of degree 1, and hence Ay(x) *Ex(x) is homogeneous of degree 0. Therefore, Ay (x) ' Ex(x)
is actually a rational function of x. This implies that this vector-valued function can be extended to R \ {0}.
The vector-valued function Gy can be understood as a quantum modular form, which is a new modular object
on Q introduced by Zagier [8]. Quantum modular forms were studied in connection with Maass forms, mock
modular forms and Eichler integrals (for example, see [9, 10]).
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3.3 Proof of Theorem 1.1
By Lemma 3.7, we have
Noq 1 -1 2
G]\[(X)—((—l)2 CN)GN(—X) ZAN(X) EN(x)+2B15N,2e2
for positive rational numbers x. If we let x = % for n € N, then

1 N 1\7! 1
GN (H) ~ ((—1)¥+1CN)GN(—H) +AN (E) EN(H) + ZB%(;N’zCNez

asn — oo.

3.4 Application of modular property to the arithmetic of Dedekind sums

With the cocycle property of p,, one can obtain an explicit expression of Gz(%’) in terms of the negative
continued fraction of ’5’. For this, we recall the followings:

p\_ (P o)) _( =P
1. Gz(q)_( hi,1(p,9) )_(sl,l(p,q)+%),
-10
2. p2(S,x)7 1 = )
ms0 (79
1o
. T,x) =[x ,
3. p2(T, x) (0 1)
0
b G2(x) = (Galp,8) (1) = (1 5 ).
5. G2(x) = (G2|p, T)(x) = 0.

By the cocycle condition as in (24), we obtain

G2(X) = (Galp, T*S)(X) = G2(X) = 2 (S, X)p2(T*, SX) ™' Go(T*SX) = Ga(x) = p2" (S, X)G2(Sx) 08)

_ 0
= B—Zl—BBf+BTZX

2 x

for a positive integer a.
Now, we express %’ by using the negative continued fraction as follows

p 1
= =[a1,az,...,an]:=a1 - T
a— -t
and define
Di
— = [ai’ Air1seees an]
qi

for1 <i<n.Then,for1l<i<n-1,wesee that

a; -1\ (pin1 Pi) (
= . 29)
(1 0)(Qi+1) (611‘
Moreover, for 1 <i<n -1, we also have
Di+1 ~1{fai -1\ pin Di Di+1
o (2) (3 0) ) (2) (22,
2 qiv1 p2 1 0/ gin1 2 qi 2 qiv1

pi
Fi=py' ((ai —1)’pi+1) =% 0 .
10 di+1 qi+1 1

For simplicity, we define
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By combining equations in (30), we have

o (2) -t () () (2) (),
q qn q> q3 dn
Note that

1 _ a0

FIF L Fpl = (_g;lq, 1),
q

where ,

q——[a a an-1]

p, - 2’ 3!"" 71—1 .

Moreover, we have

o(2)-5(5) o) bl
gn/) 12\ 3 )’ q/ 12\12s11(p,q) +3)’

0
E2 (p—z)-I—Ez (IE) +E2 (p ) 1 (-p n-11]-
qz q3 qn 12( +a;+az+-- +an)—T

Finally, we obtain

and

r-q

12s1,1(p,q) = -+ an)+3(n-1).

Eventually, this formula gives a simple expression in 12s1,1(p, q¢) modulo 1 that plays a crucial role of the
proof for the equidistribution property of hy,1(x).

Remark 3.8. We note that in above examples, the generalized Dedekind sum s1,1(p, q) is completely deter-
mined by the initial values and transformation formulas by S = ((1) _01) and T = ((1) 1) Along this line,

restricting ourselves to the two dimensional case, the Apostol sum s1,,(p, q) is completely determined by a
two term relation

1in+1
(n+1)(pq"s1n(p,q) +p"qs51.1(q,p)) = Z( )( 1)'BiBpi1-ip'q"" ' + nBusa

=0

together with the continued fraction of % (cf. [5]).

In this paper, we consider a similar property for generalized Dedekind sums s; j(p, q). Usually, generalized
Dedekind sums s, j, (i # 1,j # 1) except the outermost case (i.e. Apostol sums) do not have two term reciprocity
formula. Namely,

Lo g) - P, 2(a,p) = f(p,q)

2101 ~—550,4(4, P)+ q 2.2513(4,p) +

p
4|q3 2121g

for a Laurent polynomial f(p, q). In this case, the reciprocity formula for s,,,(p, q) cannot be reduced to a
Laurent polynomial, but involves a transcendental term s1 5(p, q).

However, if we consider a vector consisting of generalized Dedekind sums, then they have a two term
reciprocity formula as follows

3
%30,4(p’q) _Iq%Z 02 00 %SO,A(Q,p)
%Sl,B(th) 4 _% ‘Z*z 00 %Sl,B(q!p) :F(p q)
55152,2(P» q) -2 E 2o 55152.2(4, ) ’
353.1(p> q) -5 & -11 %53.1(4,p)

for a column vector F(p, q) = (fi(p, q), - - - fa(p, q))" consisting of Laurent polynomials in p and q. Thus, we
are able to compute algorithmically the (vector of) generalized Dedekind sums of (p, q) of fixed weight using
the continued fraction of %, once we obtain the reciprocity formula.
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4 Distribution of generalized Dedekind sums

For an even positive integer N and positive integers p and g which are relatively prime, we consider a vector-
valued function Hy(p, q) defined in (11). In this section, we show that there exists an integer Ry such that
fractional parts of the vectors (RyHn(p, q)) are equidistributed. That is the image of these vectors under the
projection RN onto R¥ /ZN is equidistributed on the torus. There is a necessary and sufficient condition for
this due to Weyl.

4.1 Weyl’s equidistribution criterion
We recall the statement of Weyl’s criterion on torus. For details, we refer to [11].

Theorem 4.1 (Weyl’s equidistribution criterion). A sequence
{sx = (sgk), sgk), e, sf,k)) € [0, 1) }ren

is equidistributed in [0, 1)" if and only if for every m = (m1, ma, ..., myp) € Z" - {0},

T

1
lim = ) e(m-sy) =0,
TLOOTI; (m-sk)

wherem - s = ¥, misl@ and e(x) denotes exp(2mix).
For a nonzero vector m € Z"¥ "' and a positive real number x, let E(m, x) be the average of the exponentials of

(27i)m - RyHn(p, q) defined by

1
FO ) =, 18c(p, 4) = 1,7 <4 2 0] o g3, " RVHN (PO .
(p,g)=1

To apply Theorem 4.1, one needs to show that E(m, x) tends to O as x goes to co. This is done by relating an
exponential sum to
> e(m-RyHy(p,q)). (32)

O<p<q
(p.g)=1

4.2 Exponential sums of generalized Dedekind sums

We relate (32) to an exponential sum for a Laurent polynomial. Let us first recall the exponential sum for a
Laurent polynomial F(x) € Z[x, x*].

Definition 4.2. For a positive integer q and F(x) € Z[x, x"*], we define the exponential sum of modulus q of
F(x) as
K(F,q):= ), eq(F(x)),

xe(Z]qZ)*

— 7 X
where e;(x) := exp (qu )
Let Fy(x) be the rank (N - 1) vector of Laurent polynomials

Fn(x):=(f1(x),f2(x),....,fn-1 (%)), (33

where f;(x) = ayry (("7')x7"+ (N-})x"™'). Here, ay denotes the numerator of By, and ry is the integer
defined as in (13). For a nonzero integer vector m of rank (N - 1), we have the following Laurent polynomial
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inx

m-Fy(x) = anry Nil [mi (Ni 1)x_i +m; (IIVV 1) xN_'] . (34)

i=1 -1

To prove the relation between the two exponential sums (32) and K(m-Fy, q), we need the following theorem.

Theorem 4.3. [12, Theorem 1.1] Let N be an even positive integer. For positive integers i and j withi +j = N,

(p/)i(Ni—l) +pj(Nj—1) .
q

>

Rvg" " ’hij(p, q) - anrn
where p' is an integer such that p’p = 1 (mod q), and Ry = N!Byry with By being the denominator of By.

By Theorem 4.3, one can see that

>, e(m-RyHy(p,q))=K(m-Fy,q).

O<p<q
(p.9)=1

Therefore, we come to the estimation of the exponential sum of m - Fy(x).

4.3 Bounds for exponential sums

Let g be a prime. Then, the estimation of K(m - Fy, q), accompanied with some reductions, will be sufficient
in showing Weyl’s criterion for
{(RvHx(P,q))I(P,q) =1,0<p<q}

to be equidistributed. This will complete the proof of Theorem 1.3. To achieve the full estimation, we will
follow the steps taken in [12].

The following lemma is necessary to prove that m - Fy(x) has a Weil type bound for all but finitely many
primes p.

Lemma 4.4. For positive integers i and j, let F(x) = Z}I(:_j a;x* be a Laurent polynomial with integer
coefficients such that a; + 0 and a_; + 0. Let p be any prime with p + ay for some k + 0. Then

K(F,p) < (i+))vp.

Proof. See Theorem 1.3 in [13]. O

Since m - Fy is written as Laurent polynomial type in Lemma 4.4 (see equation (34)), we have the following.

Proposition 4.5. Let m be a nonzero integer vector and m - Fy(x) be the Laurent polynomial as give in (33).
Put d = gcd(mi1, my, ..., my_1). Then for any positive integer p + ayryd, we have

[K(m - Fy,p)| <2(N-1)\/p. (35)
For a general modulus g, we have the following bound.

Proposition 4.6. Suppose that q is a positive integer, and that N is an even positive integer. Let D, be a positive
integer such that D, ||Fn. Let w(q) be the number of prime factors of q. Then

IK(m - Fy, q)| < Dp, (12N - 12)*@ g5,

From now on, we justify Proposition 4.6.
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4.4 Reduction to prime modulus

If ¢ has many prime factors, the bound is obtained by composing the bound previously obtained for primes
dividing q. This is done by the next two reduction steps.
First, we consider the case g being a power of a prime p.

Lemma 4.7. Let F(x) be a Laurent polynomial with integer coefficients. Let p be a fixed prime and p” [|F(x).
Then for a > 3, we have
K(F,p®) = p’K(E, p*"),

where F(x) = 25 F(x).

Proof. We note that an element z € (Z/p“Z)* is written uniquely as z = pPx+yforxe Z/pBZ and y €
(Z/p“*ﬂZ)*. Thus, we obtain

K(F,p")= >, e(F): > > e(pf_ﬁ):pﬁK(f?,p“ﬁ). O

p*
ze(Z[p>L)* XeZ/pBLye(L]pe-BL)*

After the previous lemma, we can pull out p-factors out of the coefficients of m - Fy(x). For positive integers
iandj, let F(x) = Z;m—i ax* be a Laurent polynomial with integer coefficients such that a; # O and a_; # 0.
Let p be a prime such that F(x) # 0 (mod p) and « be a positive integer.

Now, the following lemma is implied by Corollary 4.1 in [14] with the trivial character.

Lemma 4.8. With the above notation, suppose that o > 2 is an integer. Then

[K(F,p™)| < 4(i + 2j)p" 7).
The previous two lemmas imply the following bound for prime powers.

Proposition 4.9. Let p be a prime. Suppose that m is any fixed nonzero vector in ZN~*, and that pﬁ||m -Fn(x)
for some integer 8. Suppose that « > 2 is an integer such that o > (3. Then for any p, we have

[K(m - Fy,p®)| < p?12(N - 1)p*0~57) < Dy, 12(N - 1)p* 5w,

where Dp, is the largest positive integer such that D, |Fy.

Let us consider the case when g has several prime factors. We have the following effect of the Chinese
remainder theorem for exponential sums.

Lemma 4.10. Let F(x) be a Laurent polynomial with integer coefficients, and let g1 > 1 and q» > 1 be relatively
prime integers. Let F;(x) be the mod q; Chinese remainder of F(x) fori = 1,2 (i.e. F — (F1, F>) under the
isomorphism (Z/q1q22)[x, x '] = (Z]/q1Z)[x, x '] x (Z/q2Z)[x, x*]). Then

K(F,q1q2) = K(F1,q1)K(F2, q2).

Proof. This is a consequence of Fubini theorem. O

4.5 Proof of Theorem 1.3

For x > 1, let ¢(x) := |(Z/[x]Z)"| be Euler’s phi function. By using >, #(q) ~ x* as x - oo, we obtain the
proof of the main theorem from Weyl!’s criterion for equidistribution and Proposition 4.6.

Now, we apply Proposition 4.6 to deducing Wey!’s criterion from the bound of exponential sums. Note
that w(q) in Proposition 4.6 has a well-known estimation

clogq
w(q) < Toglog g (36)
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for some constant c. For sufficiently large q,

clog(12N-12)

(12N -12)“ < (12N - 12)414:;[1’?;(1 < (q) weioea
Thus, we obtain that for any ¢ > 0,
(12N - 12)“@D « ¢°.

Therefore, by Proposition 4.6, we have the following bound.

Proposition 4.11. Let N be an even positive integer, and let m be a nonzero integer vector of rank N — 1. Then

(I+e-535)

[K(m-Fy,q)| < q
forall e > 0.

Weyl’s criterion for Hy(p, g) comes from the following estimation

> >, e(m-RyHy(p,q))= ). K(m-FN,q)gx(Z“’E‘aN%z)_
0<g<x O<p<q 0<q<x (37)

(p,q)=1

Consequently, Weyl!’s criterion is fulfilled for the fractional part of the vector Hy(p, q):

1
E(m,x) = e(m-RyHyx(p,q)) = O
(m, ) #{(p’Q)|ng(p:Q):1’p<qSX}0<Zq:<x0<§<q( wHu(p, 4)) (38)
(r.9)=1

as x — oo. This completes the proof.

Acknowledgement: The authors would like to thank the referees for the valuable comments and helpful
corrections, which improved the paper.

The second named author was supported by (NRF-2015R1D1A1A09059083) and the third named author
was supported by Basic Science Research Program through the National Research Foundation of Korea (NRF)
funded by the Ministry of Education (2009-0093827) and (NRF-2017R1A6A3A11030486) and the last author
was supported by (NRF-2017R1C1B50174009).

References

[1] R. Dedekind, Erlauterungen zu den Fragmenten XXVII, in: B. Riemann’s Gesammelte mathematische Werke, 2nd ed.,
Teubner, Leipzig, 1892, 466-478.

[2] G.H.Hardy and S. Ramanujan, Asymptotic formulae in combinatory analysis, Proc. London Math. Soc. (2) 17, 75-115
(1918).

[3]1 F. Hirzebruch and D. Zagier, Atiyah-Singer index theorems and elementary number theory, Mathematics Lecture Ser. 3,
Publish or Perish, Inc., Boston, MA, 1974.

[4] R.Kirby and P. Melvin, Dedekind sums, u-invariants and signature cocycle, Math. Ann. 299 231-267 (1994).

[5] T. M. Apostol, Generalized Dedekind sums and the transformation formulae of certain Lambert series, Duke Math. |. 17
(1950), 147-157.

[6] R.Hall,).Wilson, and D. Zagier, Reciprocity formulae for general Dedekind-Rademacher sums, Acta Arith. 73 (1995) 389-
396.

[71 H.Rademacher, Generalization of the reciprocity formula for Dedekind sums, Duke Math. . 21 (1954), 391-397.

[8] D. Zagier, Quantum modular forms, Quanta of Maths: Conference in honor of Alain Connes. Clay Mathematics Proceedings
11. AMS and Clay Mathematics Institute 2010, 659-675.

[9] D.cChoi, S. Lim, and R. Rhoades, Mock modular forms and quantum modular forms, Proc. Amer. Math. Soc. 144 (2016),
2337-2349.

[10] A.Folsom, K. Ono and R. C. Rhoades, Mock theta functions and quantum modular forms, Forum Math. Pi1(2013), e2, 27
PpP.

[11] T. Tao, Higher order Fourier analysis, Grad. Stud. Math. 187, AMS, 2011.



DE GRUYTER Arithmetic of generalized Dedekind sums and their modularity = 985

[12] B.Jun and ). Lee, Equidistribution of generalized Dedekind sums and exponential sums, ). of Number Theory, 137, 67-92
(2014).
[13] ). Denef and F. Loeser, Weights of exponential sums, intersection cohomology and Newton polyhedra, Invent. Math. 106

(1991), no. 2, 275-294.
[14] T. Cochrane and Z.Y. Zheng, Exponential sums with rational function entries, Acta Arith. 95 (2000), no. 1, 67-95.



	Arithmetic of generalized Dedekind sums and their modularity
	1 Introduction
	2 Reciprocity formulas
	2.1 Dedekind-Rademacher sums
	2.2 Reciprocity formulas of generalized Dedekind sums

	3 Modular properties of generalized Dedekind sums
	3.1 Automorphic factor
	3.2 Modular property of GN
	3.3 Proof of Theorem ??
	3.4 Application of modular property to the arithmetic of Dedekind sums 

	4 Distribution of generalized Dedekind sums
	4.1 Weyl's equidistribution criterion
	4.2 Exponential sums of generalized Dedekind sums 
	4.3 Bounds for exponential sums
	4.4 Reduction to prime modulus
	4.5 Proof of Theorem ??



