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Abstract: The main purpose of this paper is to study the computational problem of one kind hybrid power
mean involving two-term exponential sums and quartic Gauss sums using the analytic method and the
properties of the classical Gauss sums, and to prove some interesting fourth-order linear recurrence formulae
for this problem. As an application of our result, we can also obtain an exact computational formula for one
kind congruence equation mod p, an odd prime.
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1 Introduction

Let p > 3 be an odd prime. For any integer m with (m, p) = 1, the quartic Gauss sums B(m) = B(m,p) is
defined as ) .

-

Bom - 3 e( ™)

a=0 p

where as usual, e(y) = e*™7.
Recently, some scholars have studied the hybrid power mean problems of various trigonometric sums,

and obtained many interesting results. For example, Chen Li and Hu Jiayuan [1] studied the computational
problem of the hybrid power mean

a=0 p
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where ¢ denotes the multiplicative inverse of ¢ mod p. That is, ¢- ¢ = 1 mod p.
For p = 1 mod 3, they used the elementary method to obtain an interesting third-order linear recurrence
formula for Sy (p).

Li Xiaoxue and Hu Jiayuan [2] studied the computational problem of the hybrid power mean

nlp=l (pat\|P R (be+T
S[Se (P 5 ()
b=1la=0 \ P =1 p

and proved an exact computational formula for (1).
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Zhang Han and Zhang Wenpeng [3] proved the identity

_ 4
ma’ + na B
Se(™5)
Other related results can also be found in references [4-13].
In this paper, we will consider the calculating problem of the following hybrid power mean:

S5 ()

m=1 \a=0 b=0 b

i)

2p’-p® if3+p-1,
2p° - 7p° if3|p-1.

where k > 0 is an integer.
If p = 4h + 3, then from the properties of the Legendre’s symbol mod p we have (see [14], formula (30) in
Chapter 9)

) i ( 2)=ixz(m)\/_,

pzle("f)—uzj(uxz(a))e(

a=0

where y; = (;) denotes the Legendre’s symbol mod p.

So in this case, the problem we considered in (2) is trivial. If p = 4h + 1, then the situation is more
complicated. We will use the analytic method and the properties of classical Gauss sums to study this
problem, and prove some new interesting fourth-order linear recurrence formulae for (2) with p = 4h + 1.
That is, we will give the following four results.

Theorem 1.1. Let p be a prime with p = 24h + 1. Then for any integer k > 4, we have the fourth-order linear
recurrence formula

Vi(p) = 6pVi2(p) + 8paVi s (p) (P - 40”) Vieu(p),

where the first four values are Vo(p) = p* - 6pa, Vi(p) = p (p> - 16p - 4a”), V2(p) = p* (2pa+3p - 58a)
p-1
- _
and V3(p) = p> (7p” + 4pa - 92p - 72a°), a = a(p) = D, (ap%a) is an integer, which satisfies the identity
a=1
(see Theorem 4-11 in [15])

e REE)

which r is any quadratic non-residue mod p.

Theorem 1.2. Let p be a prime with p = 24h + 17. Then for any integer k > 4, we have the fourth-order linear
recurrence formula

Vi(p) = 6pVi2(p) + 8paVis(p) - (P - 407 ) Vieu(p),

where the first four values are Vo(p) = —p> - 6pa, Vi(p) = p (p> - 18p - 4a°), Va(p) = p* (2pa - 3p - 62a)
and V3(p) = p* (7p* - 4pa - 106p - 72a°).

Theorem 1.3. Let p be a prime with p = 24h + 5. Then for any integer k > 4, we have the fourth-order linear
recurrence formula

Vi(p) = -2pVic>(p) + 8paVis(p) - p (9P - 40%) Vi (p),

where the first four terms are Vo(p) = -(p>+6pa), Vi(p) = -p(p°-8p+4a?), Va(p) =
-p* (2pa—p - 22a) and V3(p) = p*> (5p° - 6pa — 28p - 36a°).
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Theorem 1.4. Let p be a prime with p = 24h + 13. Then for any integer k > 4, we have the fourth-order linear
recurrence formula

Vi(p) = -2pVic>(p) + 8paVi s (p) - p (9P - 4% Vicu (p),

where the first four terms are Vo(p) = p> — 6pa, Vi(p) = -p (p2 -6p + 4a2), V2(p) = -p*> (2pa +p - 18a)
and Vs(p) = p* (5p* + 6pa — 18p — 360°).

From our theorems we may immediately deduce the following:

Corollary 1.5. Let p be a prime with p = 1 mod 4, then we have the identity
i(f () ()
m=1 \a= p b=0 p

7p® + 4pa - 92p - 72a2) if p=24h+1,

p*(7p —4pa—106p—72a2) if p=24h+17,
P’ 5192—6}704—2819—36042; if p=24h+5,

A

p2 5p2+6po<—18p—36a2 if p=24h+13.
Note that the estimate || < \/p, from Corollary 1.5 we also have the following:
Corollary 1.6. Let p be a prime with p = 1 mod 8, then we have the asymptotic formula

55 (5) (50 ).

m=1 \a=0 b=0

Corollary 1.7. Let p be a prime with p = 5 mod 8, then we have the asymptotic formula

BN (Se(52) -5 o)

m=1 b=0

For any prime p with p = 1 mod 4 and any positive integer k, let My (p) denote the number of the solutions
of the congruence equation

xl{+x§+-~+xf:+y?+yé+y§zOmodp, y1+Yy2+y3=0mod p,

whereO0<x;, yj<p-1,i=1, 2, k,j=1, 2, 3.
Then from our theorems we can give an exact computational formula for My (p). For example, let Hs(p)
denote the number of the congruence equation

x?+x§+~~~+x250modp, 0<xj<p-1,i=1, 2,--s.

Then we have the identity
2

Vi(p) = pp_

I My(p) - —— - Hi(p)-

Since Hy(p) has a fourth-order linear recurrence formula (see [8]), so from the above formula and our
theorems we can deduce the exact value of My (p).

2 Several lemmas

To complete the proofs of our theorems, we need to prove four simple lemmas. Hereafter, we will use many
properties of the classical Gauss sums and the fourth-order character mod p, all of which can be found in
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books concerning Elementary Number Theory or Analytic Number Theory, such as references [7], [14] or [15].
Some important results related to Gauss sums can also be found in [16] and [17]. These contents will not be
repeated here. First we have the following:

Lemma 2.1. Let p be a prime with p = 1 mod 4, X be any fourth-order character mod p, then we have

a+a

SORORVS ) C-OFE N ot

-1
where () = Z Ma)e ( ) denotes the classical Gauss sums, and (;) is the Legendre’s symbol mod p.

Proof. In fact this is Lemma 2 of [18], so its proof is omitted. O

Lemma 2.2. Let p be a prime with p = 1 mod 4, then for any fourth-order character A mod p, we have the

identity ,
ma* + a 5p7(A) - 2¢/par (X) if p=1mod 8,
Z Mim) (aZ% ( p )) {—pT(A) 2\/par(X) if p=5mod8,

where o is the same as in Lemma 2.1.

Proof. First applying trigonometric identity
Zq: (nm)_ q if q|n, 3)
= “loifgtn

and note that A* = xo, the principal character mod p, we have

i () - (5]

a=0 p m= a=0 b
ﬁ“m)@e(’"?“)) Cie(’"“;”))
~ plpl Pl (c(a+b+1)
_T(/\)azob= A(a4+b4+1)6=1e( . )
el 4\ (a+b
+T()\)a:0b;))\(a +b )e( )
=7(\)p lezl X(al'+b4+1)—7-(>\)p_1p_1X(a4+b4+1)
a=0 b=0 a=0 b=0
a+b+1=0 mod p
_T(A)+T(A)pzzx(a‘*+1)z (b(‘”l)). @)
From (3) we have
T(A)Z)\(a +1)b§ (b(‘””) X2)r (W) (p - 1)—7(»”2}((1 +1)
=x(2)r(\p-1(N) f (a +1) (5)

Note that the identity Ay, = X and

=l (ma* < <
B(m) = Z;)e(p) =x2(m)\/p + AX(m)T(\) + A\(m)7 (). (6)
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From (6) we have
p-1_ (a + 1)
4
() Y x(a"+1) = Z A(b) Z ()
a=0

p-1 _ B b
= X AB) (a(b)VP + X(B)r(3) + Ab)r (3)) € (;)
=pr(N) =7(A) +vpr (X) =2/p7 (X) = 7(N). )

If p = 5 mod 8, then note that A(-1) = -1 and 7(\)~ (X) = —p, applying (6) and Lemma 2.1 we also have

p=lp-1_ Plrl (ca* +ch* +c
> /\(a4+b4+1) (A)Z/\(C)ZZ ()

~0b=0 a=0 b=0 p
_ (i\)ISA(C)e(;)(p_le(f))z

T c=1 a=0
1 21

(A) > /\(c)e( )(><z(lo)\/15+X(lo)r(A)+A(b)T(X))2

T(A) Z AC) (2x2(C)v/Pa - p + 20(0)/Br(A) + 23()v/pr (X)) e ( )

2\/_(04 1)7(N)
T(\) ' )

Note that A> = x> = A* and the congruence a + b + 1 = 0 mod p implies the congruence a* + b* + 1 =
2(a’>+a+ 1)2 mod p. So we have
p-1p-1 _ p-1 2
> )\(a4+b4+1): Z)\(Z(a2+a+1) )
a=0 b=0 a=0
a+b+1=0 mod p

_ p-1 B p-1
= A(2) sz(a2+a+1) =X(2) ZX2(4a2+4a+4)
a=0 a=0

—-1 -1
- X(Z)pz X2 ((Za +1)%+ 3) = X(Z)pz X2 (a2 + 3) =-2(2). 9)
a=0 a=0
Combining (4), (5), (7), (8) and (9) we have the identity
p1 (ma“ +a

> A<m>(z

a=0

))3 =-pr(\) - 2y/par (X). (10)

If p = 1 mod 8, then A(-1) = 1 and 7(\)7 (X) = p, from the method of proving (8) we have

ji%x(a +bte1)= (A)Z AT e (C“Q*Cbl*”)

a=0 b=0 p

1A "zl A(c)e( ) Ca(b) VB + X(B)r(3) + Ab)r ()’

1
(1A) pZ A(©) (3p + 2x2(€) /P + 2X(€)/Br(A) + 23(c) v/~ (7)) e (;)
2\/_(04—1)7'(X)

=5p+ o) . (11)
Combining (4), (5), (7), (8) and (11) we have the identity
p-1 4 3
Z A(m) (Z (’""p+ “)) = —5pr(\) - 2\/Bar (X). 12)
a=0

Now Lemma 2.2 follows from (10) and (12). O
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Lemma 2.3. Let p be a prime with p = 1 mod 4, then we have the identity
S (pzl (ma4 " a))3
m=1 \a= b
—6pa if p=24h+1orp=24h+13,
—p —6pa if p=24h+5o0rp=24h+17.

Proof. From (3) we have

3

p-1 /p-1 ma4 +a p-1p-1p-1 a+b+c

>l2e =p XX el— —

m=1 \a=0 p a=0 h=0 c=0 p
a“*+b%+c*=0 mod p

p-1p-1 e(a+b)+p plp-l p-l (c(a+b++1))

=P 22 T S

a=0 b=0 p a=0b=0  c=1 p
a*+b*=0 mod p a*+b*+1=0 mod p
p-1 pfl
a b(a +1)
a=0 p a=0
a“=0 mod p a‘+1= Omodp
N p-1p-1 -1p-1
WYY 1p YY1
a=0 b=0 a=0 b=0
a*+b*+1=0 mod p a*+b*+1=0 mod p
a+b+1=0 mod p
p-1 5 -1p-1 p-1p-1
=p-p > 1+p ZZ 1-p ZZ 1. (13)
a=0 a=0 p=0 a=0 b=0
a“+1=0 mod p a“+b%+1=0 mod p a“+b%+1=0 mod p

a+b+1=0 mod p
Now we calculate each term in (13). If p = 5 mod 8, then note that A\(—1) = —1 we have
p-1
p > 1=0. (14)
a=0

a%+1=0 mod p

Applying (6) and Lemma 2.1 we have

> Q
I
= O
=
Il

at+b
B (E() <)
o ifl (2x2()v/Bar—p + 27(C)/Pr(N) + 23(c) /P (V) e (%)

=p> +2pa+p+2ypr°(\) +2/pr° (X) = p* +p + 6pa. (15)

It is clear that the congruences a* + b* + 1 =0 mod p and a + b + 1 = 0 mod p implies that ab = 1 mod p and
a’ = b> = 1 mod p with a # b. So we have

+1=

p-lp-t p-lp-t 2p” if p=1mod 3
2 2 p 1 p=l1lmod>,
p 1=p 1= { . (16)
az;)bz;) HZZbZZ 0 if p=2mod3.
a*+b%+1=0 mod p a3=b3=1 mod p
a+b+1=0 mod p ab=1mod p

Applying (13), (14), (15) and (16) we have the identity

Rl (p-l 4 ’ ‘-6 if p=24h+13
Z(Ze(ma +a)) _{p ; o if p +13, @)
m=1

D -p° —6pa if p=24h+5.
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If p = 1 mod 8, then we also have

a=0

p-1p-1 p=1p-1p-l (m(a* +b* +1)
ORI
a=0 b=0 a=0 h=0 m=0 p

a*+b*+1=0 mod p

—p+ pz__:l (3p + 2x2(c)/Pa + 2X(c)/PT(N) + 2X(c)\/PT (X)) € (%)

=p> +2pa-3p + 2D (\) + 2¢/p7° (X) =p* - 3p + 6pa.

pipl pipl 2p” if p=24h+1
2 2 p 1up +1,
p 1=p 1= { .
az;)bz;) aZZbZZ 0 if p=24h+17.
a*+b*+1=0 mod p a?=b3=1 mod p
a+b+1=0 mod p ab=1 mod p

Applying (13), (18), (19) and (20) we have

z‘: 2‘31 ma” +a 37 p’ —6pa if p=24h+1,
p " | -p® - 6pa if p=24h+17.

m=1

It is clear that Lemma 2.3 follows from (17) and (21).

Lemma 2.4. Let p be a prime with p = 1 mod 4, then we have the identity

pi(p-6) ifp=24h+1,
pi (m)(pie(ma“+a))3: p(p-8) ifp=24h+17,
A P p —pi(p-4) ifp=24h+13,
—p%(p—6) ifp=24h+5.

Proof. From the properties of the Legendre’s symbol mod p we have

B om (5e( ) - 8 om 5[5

m=1 a=0 m= a=0
p-1 Pl (ma +a)) (1‘"1 (mc +c))
+ x2(m e e
rr;l 2( )(a—O p c=1 p
Pl (a pl s N\ (b(a+1)
=P e(—)+ P x2(a +1 e( )
\/_a=l p \/_a=0 2( )b=1 p
p-1p-1 p-1
+/P sz(a4+b4+1) e(ic(a+b+1))
a=0 b=0 c=1 b
p-1p-1
-VD+ X2(2)pz—\/_zxz(a +1) \/_ZZXZ(a +b" +1)
a=0 b=0
3 p-1p-1
+pr Y > Xz(a4+b4+1).

a=0 b=0
a+b+1=0 mod p

From the properties of fourth-order mod p and Lemma 2.1 we have
p-1 p-1

> x2 (a4+ 1) =1+ Y xa(a+1)(1+X(a)+x2(a) + Xa))

a=0 a=1

— 961

(18)

(19)

(20)

(21)

(22)
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1

- \/E.<72(A)+72 (A)-1=2a-1. -
p-1p-1 . . 1
Pt v (a'+ b +1) = aZOXz(a +(a+1)"+1)

a+b+1=0 mod p

p-1 p-1
=x2(2) Y. x2 (a4 +2a® +3a* +2a+ 1) =x2(2) X x2 ((az +a+ 1)2)
a=0

_ {XZ(Z)p ifp=12h+1, 24)

x2(2)(p-2) if p=12h +5.

Note that 7(A\)7 (X) = -p, if p = 8h+ 5. 7(\)7 (X) = p, if p = 8h + 1. From the method of proving (15) and (19)
we have

-1p-1 p-1p-1p-1 4 4
s S vaat+ b +1) - 55 sz(m)e(mambm)
a=0 b=0 a=0 h=0 m=1 p

sz(m)(xz\/‘u(m)T( )+ X(m)r(M))* (2’)

7pz 2/pa ifp=8h+1, 25)
5p2 2/pa if p=8h+5.
Combining (22), (23), (24) and (25) we have
p%(p—6) ifp=24h+1,
p-1 Pl (ma®+a\\ Y(p-8) ifp=24h+17,
5 (B e(me)) - o0 0
m=1 a=0 p -p2(p-4) ifp=24h+13,
—p%(p—6) ifp=24h+5.
This proves Lemma 2.4. O

3 Proofs of the theorems

Now we prove our main results. First we prove Theorem 1.1. If p = 24h + 1, then from Lemmas 2.1, 2.2 and 2.4
we have

- o (5e(%2))

a=0

Z (x2(m) /B + 2(m)r(A) + A(m)7 (X)) (azz (ma;+ : ))3

=p’(p-6) - 5p° - 2y/Par’ (\) - 5p” - 2/par” ()
:p(p2—16p—4a2). (26)
Applying Lemmas 2.1-2.4 we also have

3

i 5(%)

:;(Xz(m)ﬁa(m)f(x)+A(m)T(X)) (f (ma M))
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-1

=

m=1
_ 2(

2pa+3p - 58a).

If p = 8h + 1, then from (6) we have

B>(m) = (x2(m)y/p + A(m)r(A) + AM(m)r (X))’
= 7xz(m)p% +4pa+ 5p (N(m)T(A) + A(m)T (X))
+2 (X(m)r (X) + A(m)7 (V) V/Pa.
Soif p = 24h + 1, then from (28), Lemmas 2.1-2.4 we have
21 (ma +a\\
V)= S B (S e(m4 )
= 7p (p—6)+4pa(p ~6pa) - 5pr (3) (5pr(A) + 2/Por (X))
-5pT1(N) (SpT( )+2\/_a7'()\)) 2/pat()) (SpT()\)+2\/_aT(X))
—2\/_a7'( )(5p7‘(A)+2\/_a7'()\))
= p* (70 + 4pa - 92p - 7247).

If p = 24h + 17, then from Lemmas 2.1-2.4 we have

nw)= 'S som) (e ("’“4*“))3

b
=D (P—8)—5p —2\/_a7 (A)_sz_z\/ﬁaTZ(X)
:p(p2—18p—4a2),

vw)-S Bm (Se (’”“”“))3

a=0 p

N -1 4 3
Z (3p + 2x2(c)/Pa + 2X(c)/PT(N) + 2X(c)v/pT (X)) (Pz_;)e ( map+ a ))

m=1
= p*(2pa-3p -62a).

Applying (28) and the method of proving (29) we also have

Vs(p) = ZB (m)(Zl (’"“;”))3

a=0
= 70’ (p - 8) - 4pa(p” + 6pa) - 5p7 () (5p7(N) + 2/Par (X))
-5pT1(N) (SpT (7) +2/par ()\)) 2/pat()) (SpT()\) +2/par (X))
—2\/_a7'( )(SpT( )+2\/_aT()\))
= p* (70 - 4pa - 106p - 720%).
Similarly, if p = 24h + 5, then we have
) 3
vy =3 mom) (Te(m414))
a=0 p
=-p (p—6)+p —2\/_a7' ()\)+p2—2\/5a72(X)
=-p (pz —8p+4a2).

_ 3
(3p + 2xa(m)/pa + 2X(m)/pr(X) + 2X(m)\/pr (X)) (2:: (ma + a))

@7)

(28)

(29)

(30)

€3y

(32)

33)
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Va(p) = ZB (m)(f (ma“+a))3

a=0 p

M i

3

S (am) VB + Xomyr () + A0m)r () ( (ma +a))

i~
Ll

= —p? (2pa-p-22a).
If p = 24h + 5, then from (6) we have
B*(m) = (x2(m)/p + A(m)r(A) + A(m)r (X))’

= ~5x2(m)p? + 6pa+ p (X(m)r() + A(m)7 (X))
+2 (X(m)7 (X) + A(m)T (X)) /Po

So from (35) and the method of proving (29) we have

Vs(p) = ZB (m)(i1 (ma“+a))3

a=0 p
= 5p° (p-6) - 6pa (p + 6pa) -pT (X) (pr()\) +2/par (X))
-pr(\) (pr (X) + 2y/Dar (V) - 2y/par(A) (pr(X) + 2¢/par (X))
—2\/_047'( )( ( )+2\/_a7'()\))
= p*(5p% - 6pa - 28p - 360%).
If p = 24h + 13, then (35), Lemmas 2.1-2.4 we have

Vi) - S B<m>(pzl (’”“"*a))a

a=0 b
=1’ (p-4) +p’ -~ 2/por’ (V) +p’ - 2v/por’ ()
:_p(p2—6p+4a2).

3

Va(p) = ZB (m)(zl (ma“+a))

a=0 p

p-1

3

(x2(m)y/p + X(m)7(A) + A(m)T (X)) ( = (ma +a))
1

Lol

S

,_.

= -p’ (2pa+p-18a).

Vs(p) = ZB (m)(i1 (ma“+a))3

a=0 p
= 5p°(p - 4) + 6pa (p” - 6pa) - pr (X) (pr(A) + 2/Par (X))
—pr () (7 (3) + 2/Far (1)) - 20Bar(A) (p() + 2/Far (%)
-2/par (X) (pr (X) + 2v/par (V)
=p’ (5p2+6pa—18p—36a2).

= 2, (2a(OvPa-p e 22(VP T(A)+2A(c)\/‘r(A))(Z=: (m“ a))

5 (2xa(0)vFa - p+ 20OV ) + 2XeVE () (T e (m ))

DE GRUYTER

(34)

(35)

(36)

€%)

(38)

(39)
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Finally, note that if p = 8h+1, then from (6) and direct calculation (or see Lemma 3 in [7]) we have the identity
B*(m) = 6pB*(m) + 8paB(m) —p(p—4a2). (40)

For any prime p = 24h + 1 and integer k > 4, from (26), (27), (29) and (40) we may immediately deduce the
fourth-order linear recurrence formula

-1 -1 3
Vip) = 3 BE(m) (”z e ( ne s “))

a=0 p

- % B (698 (m) + 8paB(m) - p (p - 40%)) (p21~‘«’(ma4 i a))
= 6pVi(p) +8paVis(p) - p (p - 40‘2) Viesa(p),

where the first four values Vo (p) = p* - 6pa, Vi(p) = p (p* - 16p - 4a*), V2(p) = p* (2pa + 3p - 58a) and
V3(p) = p* (7p* + 4pa - 92p - 7207%).

This proves Theorem 1.1.

If p = 24h + 17, then from (30), (31), (32) and (40) we have

Vi(p) = 6pVi2(p) + 8paVy 3(p) -p (p - 4042) Viea(p),

where the first four values Vo(p) = —p” - 6pa, Vi(p) = p (p> - 18p - 4a?), Va(p) = p* (2pa - 3p - 62a)
and V3(p) = p* (7p* - 4pa - 106p — 72a7).

This proves Theorem 1.2.

If p = 8h + 5, then from (6) and direct calculation (or see Lemma 3 in [7]) we also have

B*(m) = —2pB*(m) + 8paB(m) —p(9p—4a2). (41)

For any prime p = 24h + 5 and integer k > 4, from (33), (34), (35) and (41) we can deduce the fourth-order
linear recurrence formula

Vi(p) = -2pVic>(p) + 8paVics (p) - p (9P - 4a%) Vicu(p),

where the first four terms are Vo(p) = -(p>+6pa), Vi(p) = -p(p*>-8p+4a’), Va(p) =
-p* (2pa—p - 22a) and V3(p) = p* (5p* - 6pa - 28p — 36a°).

This proves Theorem 1.3.

If p = 24h + 13, then from (37), (38), (39) and (41) we also have

Vi(p) = -2pVic2(p) + 8paVi s (p) - p (9p - 4a%) Vicu (p),

where the first four terms are Vo(p) = p* - 6pa, Vi(p) = —p (p* - 6p + 4a°), V2(p) = —-p* (2pa + p - 18a)
and V3(p) = p* (5p* + 6pa - 18p — 36a°).
This completes the proofs of our all results.
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