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1 Introduction

In the present paper we are concerned with the existence of periodic solutions to the system of delay difference
equations

Ax(t) = ~f(x(t-T)), @)

where x e R", Ax(t) = x(t+ 1) — x(t), f e C(R",R") and T is a given positive integer.
In general, (1) may be regarded as a discrete analog of the following differential equation
dx

o = FOxt=). @

So far, there have been various approaches developed to the existence of the periodic solutions for delay
differential equations since the first study [7] in 1962. As to (2), when n = 1, [8] introduced the Yorke-Kaplan’s
technique in 1974 to study the existence problem of periodic solutions of

dx
= = (-1 G)

They obtained that (3) had 4 periodic solutions under assumptions
(i f € C(R,R) is odd;
(ii) xf(x) > 0.

In 2005, by the critical point theory and pseudo-index, Guo and Yu [6] obtained multiplicity results for 4r
periodic solutions of (2) when x € R", f € C(R", R). To our best knowledge, it is the first time that the existence
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of periodic solutions to systems of delay differential equations is dealt with by using variational method. In
addition to that, there are many excellent works dealing with (2) by variational method, for example [13-15]
and references therein.

It is known that the discrete analogs of differential equations represent the discrete counterpart of
corresponding differential equations, and are usually studied in connection with numerical analysis. They
occur widely in numerous settings and forms, both in mathematics itself and in its applications to computing,
statistics, electrical circuit analysis, biology, dynamical systems, economics and other fields, monograph [1]
gives some examples. As to (3), the discrete analog is

Ax(t) = —f(x(t-1)). (4)

Usually, we try to look for 4 periodic nontrivial solutions which satisfy x(t - 2) = -x(t) of (4) under
assumptions (i) and (ii). However, the answer is negative because (4) has no nontrivial 4 periodic solution
at all. In [5], authors give an example

Ax(t) =X (t-1) (5)

and prove that (5) has no nontrivial 4 periodic solution. By the example, we find that there may be many
differences between solutions of differential equations and solutions of corresponding difference equations.
Given another more classical example, solutions of classical logistic model are simple, whereas its discrete
analog difference model has chaotic solutions.

Guo [4, 5] who studied delay difference equations by critical point theory [6, 16—-20]. Critical point

On the other hand, since [12] studied (1) when n = 1 for the first time, there have been few authors besides
Guo [4, 5] who studied delay difference equations by critical point theory [6, 16-20]. Critical point theory is a
powerful tool to establish sufficient conditions on the existence of periodic solutions of difference equations.
Based on above reasons, our purpose in this paper is to consider the existence of periodic solutions to problem
(1). By using Morse theory, we get some existence results on the system (1). To the best of our knowledge, it
is the first time that the existence of periodic solutions to systems of delay difference equations is dealt with
using Morse theory.

We denote by R, Z the sets of real numbers and integers, respectively. R" is the real space with dimension
n, and [a, b] stands for the discrete interval {a,a +1,---,b}ifa<banda, b € Z.

Throughout this paper we assume that the following (f1)-(f3) are satisfied.
(fi) f e C*(R",R") is odd, i.e., for any x € R", f(~x) = —f(x).
(f2) There exists a continuously differentiable function F, such that the gradient of F is f, i.e., for any x € R",
VxF(x) = f(x) and F(0) = 0.
(f5) There exist real symmetric n x n matrices A and B such that

f(x)=Ax+o(|x]) as |x] — oo, (6)

f(x)=Bx+o(lx]) as [x—0, @)

that is, (1) is asymptotically linear at both infinity and origin.

Denote Goo (x) = F(x)— % (Ax, x)and Go(x) = F(x)- % (Bx, x) respectively, we need further assumptions,
which will be employed to determine the critical groups at infinity and at origin respectively.

(fH) (G (%), x) 2 cl\x|s+1, |Goo (x)| < ca|x|® for x € R™ with |x| > R, where constants R, ¢1, ¢2 > 0 and
O0<s<1.

(f) (Gho (), X) <0, (Gl (x), )| > c1|x|**" and |GL, (x)| < c2|x|* for x € R" with |x| > R, where constants
R,ci,co>0and0<s< 1.

(f§) Go(x) > 0 for x e R" with |x| < o, where ¢ > 0 is a constant.

(f5) Go(x) < 0 for x € R" with |x| < o, where ¢ > 0 is a constant.

Remark 1.1. Itis easy to see that (f%,) and (f.) imply (6) in (f3).
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Similarly to the argument in [6], for given n x n real symmetric matrices A, B and integer k € [0, T], we set

Ny = {the number of negative eigenvaluesof A +2- (—1)k -sin % -1},
- e . k. (2k+1)w
N} = {the number of nonpositive eigenvaluesof A +2-(-1)"-sin WTia I},

and
v(A,B) = kZ[Nk(A) - N (B)],

v1(A, B) = ) [Ni(A) - Ni(B)],

[
v2(A, B) = Y [Ni(A) - Ni(B)],

T
-0
T
k=0
T
k=0

where I is the n x n identity matrix.
Now let us state our main results.

Theorem 1.2. Suppose (f1)-(f3) hold and that f is C*-differentiable near the origin 0 ¢ R". If v1(B, B) = 0,
then (1) has a nontrivial 4T + 2 periodic solution x which satisfies x(t + 2T + 1) = —x(t) provided one of the
following conditions holds:

@) (fL)andv(A,B) #0;

(i) (fo)andv1(A,B) #0.

Theorem 1.3. Suppose (f1)-(f3) hold and that f is C*-differentiable near the origin 0 ¢ R". If v1(B, B) > 0,
then (1) has a nontrivial 4T + 2 periodic solution x which satisfies x(t + 2T + 1) = —x(t) provided one of the
following conditions holds:

@ (f%), (fg) and v(A, B) # 0;

(i) (fL), (fy) andvi(B, A) # 0;

(iii) (fe), (fg) and v1(A, B) # 0;

(iv) (f=), (fo)andv:(A,B) 0.

This paper is divided into four parts. In Section 2, we establish the variational framework associated with
(1) and transfer the problem on the existence of periodic solutions of (1) into the existence of critical points
of the corresponding functional defined on a suitable Hilbert space. In Section 3, we summarize some basic
knowledge on Morse theory which will be used to prove our main results. Also some preliminary results are
obtained in this section. The detailed proofs of main results are presented in Section 4.

2 Variational structure

In this section we establish a variational structure which enables us to reduce the existence of 4 T+ 2 nontrivial
periodic solutions of (1) to the existence of critical points of corresponding functional defined on some
appropriate function space.

First of all, we recall some notations and preliminary results. Let

S={x={x(t)}ezlx = (s x(=t), -, x(-1), x(0), x(1), -+, x(t), ), x(t) e R"},
where n is a given positive integer. For some given integer T > 0O, E is defined as a subspace of S by

E={x={x(t)} eSx(t+2T+1)=-x(t), tel}



888 —— VY.longetal DE GRUYTER

and equipped with the inner product as
2T+1

<x,y>= Y (x(1),y(1)), Vx,y€E,

then the induced norm is
2T+1 , 1/2
x|:(z X(0) )  xeE,
t=1

where (-, ) and | - | denote the inner product and norm in R". It follows that (E, < -,- >) is a Hilbert space,
which can be identified with R7+".,
Define a functional J : E - R by

2T+1 2T+1
J(x)= > x(t+T)-x(t) - > F(x(t)) Vx ¢ E, (8)
t=1 t=1
thenJ € Cl(E, R) and if x ¢ E is a critical point of J, i.e. J'(x) = 0, if and only if
dI(x) _
ox(t)

holds forall t € [1,2T + 1], l € [1, n]. By the same way of [5], we have x € E and x is a critical point of ] when
it is a periodic solution of
x(t+T)+x(t-T) - f(x(t)) =0. 9

Together with x € E, x(t - T) = —x(t + T + 1), (9) changes into
Ax(t+T) = —f(x(t)).

Since f is odd, we can show that the critical points of J in E are the 4T + 2 periodic solutions of (1). For details,
the reader is referred to [12].
We define an operator L : E — E as

L)) =x(t+T)+x(t-T), t=1,2,--. (10)

It is easy to check that L is a bounded linear operator on E. For any x, y € E, by the periodicity of x, y, we have

<Lx,y>= 2g:l(x(t +T)+x(t-T),y(t))

t=1
2T+1 2T+1

= Z; (x(t+T),y(t)) + Z; (x(t-T),y(t))
2T+1 2T+1

= ; (x(t),y(t-T)) + t; (x(t),y(t+T))
2T+1

= ; (x(t),y(t+T)+y(t-T))

= <x,Ly>.

It follows that L is self-adjoint.
Define a map
2T+1
d(x)=- > F(x(t)), Vx e E, (11)

then & ¢ C' (E, R) and J can be rewritten as

J(x) = % <Lx,x > +®(x), Vx ¢ E. (12)
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Consider the eigenvalue problem of

{x(t+ T)+x(t-T) = Ax(t), (13)

x(t+2T+1) = —x(¢t).

By direct computation, we get

T-k

k=0,1,,T
2T+17T’ ( O’ ’ ’ ’

Ak=2- (—1)kcos

are eigenvalues of (13). It is obvious that O ¢ o (L), where o (L) is the spectrum of L. Furthermore, when k = T,
Ar=2- (—1)T is an n-multiple eigenvalue of (13) and the corresponding eigenvector is

nr = (_11 1, _19 1: Tty _19 1)T;

whenO < k < T-1, )\ = 2- (—1)kcos ZTT:—klﬂ is a 2n-multiple eigenvalue of (13) and the corresponding

eigenvectors are

() = (cos tm, cos b, e, o5 2K F 1t71')
Tk 2T+1 " om0
(s) . . 3 . 2k+1
= (sin tr,sin ———tnw, .-+, sin tr).
M = ($in gt sin S b T 1™
Then for any x € E, x can be expressed as
T-1 T
(©) (s) 2k +1 . 2k+1
t)=a b = 0Ss tw + bys tm), 14
x(t) T77T+I;)(ak77k +brn”) kZ:;(akC STt bisin S tm) (14)

where ay, by (0 < k > T) are constant vectors.
For later use, we need the following lemma.

Lemma 2.1. For any x(j) > 0,y(j) >0,j € [1,k], ke Z,
1

k k 7 k s
ZX(]‘)Y(}')S(ZX'(J')) -(Zys(i)) ,

j=1 j=1 j=1
wherer>1,s>1and 1+ + 1 =1.

For any r > 1, by Lemma 2.1, we can define another norm on E as

2T+1 rl/f
I, = ( 5* |x<r>|) . vxe<E
t=1

Obviously, |x|| = | x|, and there exist constants c4 > c3 > 0 such that

eslxl, < x| < calx],,  VxeE. (15)

3 Some preparatory results

In order to obtain critical points of functional J via Morse theory, we will state some basic facts and some
preparatory results which will be used in proofs of our main results.

First, let us recall the definition of Palais-Smale condition.

Let X be a real Banach space, I € C(X,R). I is a continuously Fréchet differentiable functional defined
on X. I is said to satisfy Palais-Smale condition (P.S. for short), if any sequence {x(t)} c X for which {I(x)}
is bounded and I (x) — 0 (t - oo) possesses a convergent subsequence in X.

Write k = {x € E|J'(x) = 0}. As in [2] and [9], we will work on the following framework under which the
qth critical group of J at infinity C4(J, oo) can be described precisely, here g € Z.
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(As) J(x) =1 <Lx,x>+®(x), where L : E — E is a self-adjoint operator such that 0 is isolated in the
spectrum of L. The map & ¢ C*(E, R) satisfies &'(x) = o(|x|) as |x| - oo. # and &’ map bounded sets into
bounded sets. J(«) is bounded from below and J satisfies (PS), for ¢ « 0.

Let (Ao ) hold. Set V = Ker(L) and W = V*. One can split W as W* @ W~ such that L|y- is positive
definite and L|- is negative definite. Denote by p = dimW™, v = dimV, the Morse index and the nullity of
at infinity, respectively.

In order to compute the critical group of J at infinity we need the following angle condition at infinity
which was built by Bratsch and Li [2]. Here the given angle condition have been made some improvement
on [2]. We refer to [3] and [11].

Proposition 3.1. Let ] satisfy (A ). Then:
(1) Cq4(J, 00) = &q,,Z provided J satisfies the angle condition at infinity:
(ACL.) There exist M > 0, o € (0, 1) such that < J'(x), v >> O for any

x=v+weE=VeoW, with |x|>M, |w|<ca|x|.

(i) Cq(J, 00) = 84,4 Z provided ] satisfies the angle condition at infinity:
(ACL,) There exist M > 0, a € (0, 1) such that < J'(x), v >< 0 for any

x=v+weE=VeW, with |x|>M, |w|<a|x|.

When Hilbert space E = Ej @ E;. One can split E; as Wy @ W such that L|W3 is zero and L|y; is negative
definite. Denote by 1o = dimWy, vo = dimW}), the Morse index and the nullity of J at 0 respectively. Su [10]
gives the following proposition which can be used to compute the critical group of J at origin.

Proposition 3.2. Let ] € C*(E,R) satisfy P.S. and k = dimE;. If ] has a local linking at O corresponding to the
spilt E = E§ ® Ey, i.e. there exists p > 0 small enough such that

J(x)<J(0), xeE;  J(x)>J(0), xeE", 0<|x|<p.

Then
Cq(],O)E(Sq,kZ, k:,u,() or k=,u,()+l/o.

Recall that, in our setting,
](x):%<Lx,x>+q§(x), Vx e E.

Denote
2T+

Goo(x) =F(x) - %(Ax, X) and Poo(X) = — Zl G (x(t)),

t=1

2T+1

Go(x) = F(x) - %(Bx, 0 and w00 == % Go(x().

Let L4, Lg be bounded linear operators from E to E defined by the following forms

(Lax)(t) =x(t+T) +x(t-T) - Ax(t), (16)
(Lpx)(t) =x(t+T) +x(t - T) - Bx(t), (17)

then J can be reformulated by
J(x) = % <Lax, x> +®oo(X), (18)

or
J(x) = % < Lpx, x > +Pp(x). (19)



DE GRUYTER Nontrivial periodic solutions to delay difference equations via Morse theory =—— 891

For an n x n symmetric matrix D ¢ R"", we define linear operator D : E — E by extending the bilinear forms

2T+1
<Dx,y>= Y (Dx(t),y(t)), X,y €E.
t=1

Clearly, D is a bounded linear self-adjoint operator. Moreover, we can easily verify that D is compact on E
because E is a finite dimensional Hilbert space. Now, we can draw a conclusionthat Ly = L-Aand Lg = L-B
are bounded linear self-adjoint operators. Furthermore, ¢ = ¢—A and ¢o = ¢—B are compact, where ¢. = &,

and * = 0, oo.

Lemma 3.3. Assume that f satisfies (f1)-(f3). Then $..(0) = 0 and
0 ()

Ix|—>+eo [ X]

(20)

Proof. #.(0) = 0 follows by the definition of &, and (f1), (f2). By (f3), (i), for any £ > 0, there exists a
constant C > 0 such that
If(x) — Ax| < e|x| + C. (21)

Note that
2T+1

< poo(X),h>=< (¢ —A)(x),h>= > (f(x(t)) - Ax(t),h(t)), Vx,heE.
By Lemma 2.1, we get

2T+1

| < ¢oo(x), h> | < ; [f (x(t)) - Ax(t)] - [h(D)]

2T+1
>, [e-x(O]-[h(D)] + Clh(D)]]

t=1

IN

< elx| - |l + V2T + 1C|R|,
this yields
[#oe ()| < el x| + V2T +1C,
)
sup Poo (X) <
Il —+o0 x|
By the arbitrariness of ¢, we show that lim 2= 0 _ . O

Ix|—+eo X

Lemma 3.4. Let D be the self-adjoint operator defined by an nxn symmetric matrix D and m* (L-D), m°(L-D)
and m~ (L - D) denote the dimension of the subspaces of E where L — D is positive definite, zero and negative
definite respectively. Then

m™(L- D) :kizvk(m,
=0

m®(L - D) - kz [N(D) - Ne(D)].

m*(L-D)=Q2T+1)n-m (L-D)-m°(L-D).
Proof. Consider the operator Lp = L — D, which is defined by
(L-D)x(t) =x(t+T)+x(t-T)-Dx(t), Vx e E.
Together with (14) and x(¢ - T) = -x(t - T+2T+ 1) = —x(t + T + 1), we get

Lpx(t) = x(t+T)+x(t-T) - Dx(t)



892 — Y.longetal. DE GRUYTER

= x(t+T)-x(t+T+1)-Dx(t)

= é[akcos ;’;ii(m— T)m + by sin ;I;:i(m— T)r — aycos ;I]iii(t+ T+1)r
—bksinil;:i(t+ T + 1)7 — Day cos ;I;:itw—Dbksinil;iitw]

= é[(z'(—l)k-sinm-I—D)akcosgiitw
+(2~(—1)k~sin (24kT++12)7r I-D)aysin +1t7r].

Consider the eigenvalue problem of operator Lp. Let
Lpx(t) = xx(t),

where ) is a constant. Then for any k € [0, T], we have

L) sin GKEDT 1 b o
[2-(-1)"-sin 4T3 I - D]ay = \ay
and (2k+1)
. +
[2(—1)k'sln”7+27r'1_D:|bk:>\bk.

This implies that ) is an eigenvalue of operator L if and only if it is an eigenvalue of 2- (- l)k -sin (Zgijz)” -I-D

for some k € [0, T]. It follows that the conclusions hold. O

4 Proofs of main results

With above preparations, we shall prove our main results in this section. In order to give proofs of our
theorems, we need following lemmas.

Lemma 4.1. Assume that f satisfies (f1)-(f3) and (f% ). Then J(x) satisfies P.S. condition.

Proof. Denote the smallest eigenvalue of L4 is Amin. Since L4 = L-A is compact perturbation of Land 0 ¢ o (L),
we find O ¢ o(L,), thatis, Apin > 0. Then for any x € E, we have

| < Lax,Xx > | > Amin|x|. (22)

Let {x")} ¢ E be a PS sequence in E, i.e., there is a constant M; > 0 such that |J(x®))| < M; holds for any
k e Nand ]’(X(k)) — 0 as k — oo. Since E is a finite dimensional Hilbert space, here we only need to prove
{x} is bounded in E.

Since J'(x®®) - 0 as k - oo, without generality, we can let |J’(x¥)| < 1 when k is large enough. Write
x50 = (0 4 v("), where u® ¢ Y, v ¢ 7. Here Y, Z are subspaces of E where L, is positive and negative
definite respectively. For sufficiently large k, making use of (21) and (22), we have

1= u® v O 2 (), u® v

| < LAX(k) _ (boo(X(k)), u® _ @ |
2T+1

| < Lax® y® o B |((f—A)x(k)(t), u® () - v(k)(t))|
t=1

v

2T+1
Amin X [u =y O = 5 (O (0] + €, u® (6) v (1))

t=1

v

v

® 2 My W ®) RS ®)
Amin [XY ] =[x 0 ut () v ()] - C YD utT () = v (8]
t=1 t=1
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2 2

> Amin x| = V2T + 1[x® " = V2T + 1¢)xP|. (23)
For \yin > 0, we can choose a sufficiently small ¢ > 0 such that Ay, > V2T + 1¢. Then from (23) we get {x(k)}
is bounded. O

In order to prove our main results by Proposition 3.1, we are in the position to give the verification of these
angle conditions at infinity.

Lemma 4.2. Let f satisfy (f1)-(f3) and the functional ] (x) be defined by (12), we have the following conclusion:
if (f%) (or (f=)) holds, then ] satisfies the angle condition (SACS,) (or (SACL,)) at infinity; i.e., there exist
M >0, a€(0,1) such that

<J'(x), H >< 0, (or <J'(x), H ”

foranyx=v+weE=VeaoWwith |x|| > M, |w| < a|x|, where V = Ker(Ls) and W = V*.

>>0)

Proof. Set
QM,e)={x=v+weE=Va W||x|>M,|w|<e|x|}, (24)

where M > 0 and ¢ € (0, 1) will be chosen below. For any x € 2(M, €), we have

vl = vV1-e2x], [w] <

(25)

g
v
V1-¢g2
We only prove the case that the functional J(x) satisfies the angle condition (SACS, ) under condition (%),

the other case is similar and here the proof is omitted.

2T+1 2T+1

; (Goo (x()), v(1)) ; (Goo (x(1)), X(8) = w(1))

2T+1 2T+1

= S (G (x(6),x(6) = 3 (Gha(x(£)), w(t))
t=1 t=1
2T+1 1 2T+1 ,
> Sl = Y (Gl (x(6)]- (D)
t=1 t=1
1+s 2041 S
> a1 -c 3 x(OF - [w(t)]
t=1
1 1-s
> X[} - 22T+ 1) % - x| [w]
1+s 1=s € s
> calxli - QT+ 1) s v
From (15), for any x ¢ E, there exist constants O < r; < r, such that
1 1 1
P x5S < T < o xS,
then
ZTZﬂ(G’ (x(), V(1) > x| - - 2T +1) 7 - —— || - |x]*
(). v(8)) > EL o . e
t=1 r N
Let ||v| < 1, we have
S G () v(©) > LI v = e (2T +1)'F - =] - [
[e ) 9’ =z N - 2. : * ’
t=1 2 V1-g2
it follows
2T+1
v(t) 1=s € s
6L (x(1), ) ( x| -c2- (2T +1)'5 )-||x|.
tz( v Vi
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1=s 2T+1
Denote g = @It 2 €72 thop "y (G’oo (x(1)) @) > 0 is true when |v| < 1 and ||x| > 3 hold. From (25),
t=1

c1V/1-g2 > vl
vl 1 ; 31
we get | x| < \/ﬁ A= then we can choose suitable c1, ¢; and r, such that e = TRTE €(0,1)and

M e [ czrze(2T+1)

Vi ,m],itisclearthatM>0.NowﬁxingM>0,0<s<1,weget
V1o -

2T+1

> (G (x(t)), (t)) (26)

= vl

forany x = v+ w e 2(M, ) with |x|| > M and |w| < ¢|x|. Since for any x ¢ E,

1 2T+1
J(x) = 5 <Lx,x>- Y F(x(t))

=1

1 2T+1

= §<(L+A)x,x>— > Geo(x(t)),
=1
we have .
S o= 3 (0o ).

By the above argument we get easily that J satisfies the angle condition (SAC,) at infinity if we take o = ¢ ¢
(0,1). O

Denote W3 = Ker(Lg), Wo = (W3)", then Wo = W & W;, and W¢ is an invariant subspace according to
operator Lg, where Lp is positive definite and negative definite, respectively. Therefore, E can be expressed
as

E=WJeo Wi e W;. @7)

What’s more, there exists a constant § > O such that

< Lpx, x >> §||x|?, xeW¢,
< Lpx,x>< —5Hx\|2, xe Wy, (28)
< Lpx,x >=0, x e Wy.

To compute the critical group of J at origin, we are in position to prove that J has a local linking at origin.

Lemma 4.3. Let f satisfy (f1)-(f3) and (f3), then ] has a local linking at O corresponding to the spilt E =
W§ @ Ey, where E; = Wy ® W (according to condition (fy)) or E; = Wy (according to condition (fy)).

Proof. By (27), given x € E, we can write x = u + v+ w, where u ¢ W§,ve Wy and w ¢ Wg.
First, we prove it under the condition (fy ).
Making use of (f3) (ii) and (28), there exists a constant p € (0, o] such that

)
Go(0)| < 3% I <p. (29)
On one side, by (19), (28) and (29), we have
1) )
J(x) 2 EHX\szg\IXIIZ > 0. (30)

On the other side, since |x| < p < o, when x € Wy @ W and | x| < p, write x = v +w where v e Wy and w € WQ,

we get
2T+1

(x)<—f6\|v|| - Z Go(x(t)) <O. 1)

Together with (30), (31) and J(0) = 0, we complete the proof that J has a local linking at O under the condition
(fo)-
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Following, we consider the second case with the condition (f; ). Similarly, we have

1) 1) _
](x)s—5||x|\2+§|\xH2§0, as xeWy, |x|<p. 32
and
1 ) 2T+1 N o
J() 2 Solul* = 3 Go(x(1)), as xeWse Wy, 0<|x|<p. (33)
t=1

If u + 0, then (33) means J(x) > 0.Ifu = 0, i.e. x e W) ~ {0} and |x| < p, then
2T+1
J(x) == 3" Go(x(t)) >0. (34)
t=1
In fact we can prove that J(x) > 0. Since if J(x) = 0 in (34) is true, (1) has infinite solutions. That is, J has a
local linking at O under the condition (fj ). This completes the proof. O

Proof of Theorem 1.2. We will only present the proof for case (i) and the proof for case (ii) is similar.
By Lemma 3.3, we know that & is C, Poo (0) =0and

[P ()] = 6o (O = 0(|x[),  @s [x]| >0, xeE.

Combining with Lemma 4.1, we have that J satisfies (A ). It follows by Lemma 3.4, Proposition 3.1 and Lemma
4.2 that
Cq(J, 00) 2 6g,uZ, (35)

where p=m~ (L - A).
Since the injection of E into E, with its norm || - |, is continuous and f is C' differentiable near 0 ¢ R",
we know that J is C? differentiable near the origin O ¢ E. Further, we have

J'(0)=L-B.

Since v1 (B, B) = 0 implies that for every k € [0, T], Nx(B) — Nix(B) = 0, we see that 0 in E is a non-degenerate
critical point of J. Thus, for every k € [0, T], we have

Ca(J,0) = 64,02, (36)
where ;.° = m™(L - B). By the condition (A, B) # 0, we see that
m (L-A)+m (L-B).

Thus . # p°. It follows from (35) and (36) that J has different critical groups at infinity and at origin
respectively, which implies that J has at least one nontrivial critical point x # O, i.e., (1) has a nontrivial
4T + 2 periodic solution x(t) which satisfies x(t + 2T + 1) = —x(¢). O

Proof of Theorem 1.3. Similarly to the proof of Theorem 1.2, we can get (35). By Proposition 3.2, Lemmas 4.1
and 4.1, we have
Cq(J,0) = 84, 0Z.

Note that (A, B) # 0 implies x # 1.° for every k € [0, T], we get
Cq(J,0) ¢ Cq(J, 00),

which implies that J has at least one nontrivial critical point x # 0. The proof is complete. O
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