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Abstract: In this paper, we study the asymptotic property of underlying operator corresponding to the M/G/1
queueing model with single working vacation, where both service times in a regular busy period and in a
working vacation period are function. We obtain that all points on the imaginary axis except zero belong to
the resolvent set of the operator and zero is an eigenvalue of both the operator and its adjoint operator with
geometric multiplicity one. Therefore, we deduce that the time-dependent solution of the queueing model
strongly converges to its steady-state solution. We also study the asymptotic behavior of the time-dependent
queueing system’s indices for the model.
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1 Introduction

Queueing system with server working vacations have arisen many researchers’ attention because the working
vacation policy is more appropriate to model the real system in which the server has additional task during a
vacation[1-3]. Unlike a classical vacation policy, the working vacation policy requires the server working at a
lower rate rather than completely stopping service during a vacation. Therefore, compared with the classical
vacation model, there are also customers who leave the system due to the completion of the services during
working vacation. In this way, the number of customers in the system may be reduced. For example, an agent
in a call center is required to do additional work after speaking with a customer. The agent may provide
service to the next customer at a lower rate while performing additional tasks. In 2002, Servi and Finn [1] first
introduced the M/M/1 queueing system with multiple working vacation. Since then, many researchers have
extended their work to various type of queueing system (see Chandrasekaran et al.[4] ). Kim et al.[5] and Wu
and Takagi [6] extended Servi and Finn’s [1] M/M/1 queueing system to an M/G/1 queueing system. Xu et al. [7]
and Baba [8] studied a batch arrival M* /M/1 queueing with working vacation. Gao and Yao [9] generalized it
toan M*/G/1 queueing system. Baba [10] introduced the general input GI/M/1 queueing model with working
vacation. Du [11] and Arivudainambi et al. [12] developed retrial queueing model with the concept of working
vacation, etc. In 2012, Zhang and Hou [13] established the mathematical model of the M/G/1 queueing system
with single working vacation by using the supplementary variable technique and studied the queueing length
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distribution and service status at the arbitrary epoch in the steady-state case under the following hypothesis:

lim po,v(t) =po,v, lUm puv(x,t) =pnyv(x), nx1,
t—.>oo t—‘>oo (H)
Hm po,p(€) = pop, MM prp(x, ) = pup(x), n>1.

According to Zhang and Hou [13], the M/G/1 queueing model with single working vacation can be described
by the following partial differential equations:

Lot =0 0p0n(0+ [ 0ma 02 [ m0paate 0,

apl,v(x, t) 4 apl,V(X’ t) __

[0+ A+ () ]p1v(x t),

ot 0x
0 X, t)  Opnv(x,t
p"’g(t ) , OPn (';E( ) . [0+ X+ iy (X)]pnv(X, t) + Apn_1v(x, t), YN > 2, 1)
d t
poa’libt() = =APo,5(t) + 6po,v(t),
0 X, t 0 X, t
PLobet) Pl L 1y (0)pn(x 1),
0 x,t 0 x, t
pn’b( ) + pn’b( ) :_[)\+)u‘b(x)]pn,b(x5 t)+>\pn—l,b(xs t)’ VnZZ,
ot o0x
with the integral boundary conditions
P1v(0,6) = 2po(6) + [ m(0p2w(x)dx,
0
P00 = [ (P (x)dx, ¥n>2,
0 (1.2)

oo oo

P1o(0,0) = 2p0,5(0) + [ (P25 (X)dx+0 [ pro(x)dx,
0 0

Pus(0.0) = [ 15(Pner()dx+6 [ puy(x)dx, vn>2.
0 0

If we assume the system states when there are no customers in the system and the server is in vacation, i.e.,

pO,V(O) = 1!p0,b(0) = O,Pm,V(X’ 0) :pm,b(X’ O) = 0! vm> 1, (13)

where (x, t) € [0, 00) x [0, 00); po,v(t) represents the probability that there is no customer in the system and
the server is in a working vacation period at time t; pn,v(x, t)dx (n > 1) is the probability that at time ¢ the
server is in a working vacation period and there are n customers in the system with elapsed service time of the
customer undergoing service lying in (x, x + dx]; po,» (t) represents the probability that there is no customer
in the system and the server is in a regular busy period at time ¢; p, ,(x, t)dx (n > 1) is the probability that
at time t the server is in a regular busy period and there are n customers in the system with elapsed service
time of the customer undergoing service lying in (x, x + dx]; ) is the mean arrival rate of customers; 6 is the
vacation duration rate of the server; u,(x) is the service rate of the server while the server is in a working
vacation period and satisfies

wv(x) >0, / v (x)dx = oo.
0

up(x) is the service rate of the server while the server is in a regular busy period and satisfying

oo

()20, [y (x)dx = oo,

0
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In fact, the above hypothesis (H) implies the following two hypotheses in view of partial differential equa-
tions:

Hypothesis 1. The model has a unique time-dependent solution.
Hypothesis 2. The time-dependent solution converges to its steady-state solution.

In 2016, Kasim and Gupur [14] did the dynamic analysis for the above model and gave the detailed proof of
the hypothesis 1. Moreover, when the service rates in a working vacation period and in a regular busy period
are constant, by using the Co— semigroup theory they obtained that the hypothesis 2 also hold. In the general
case, the service rates are function, the hypothesis 2 does not always hold, see Gupur [15] and Kasim and
Gupur [16], and it is necessary to study the asymptotic behavior of the time-dependent solution of the model.
This paper is an effort on this subject.

The rest of this paper is organized as follows. In Section 2 we convert the model into an abstract
Cauchy problem. In Section 3, by investigating the spectral properties of the underlying operator we give
the main results of this paper. Firstly, we prove that 0 is an eigenvalue of the underlying operator with
geometric multiplicity one by using the probability generating function. Next, to obtain the resolvent set of the
underlying operator we apply the boundary perturbation method. We obtain that all points on the imaginary
axis except zero belong to the resolvent set of the operator. Last, we determine the adjoint operator and verify
that 0 is an eigenvalue of the adjoint operator with geometric multiplicity one. Finally, based on these results
we present the desired result in this paper: the time-dependent solution of the model strongly converges to
its steady-state solution. In addition, the asymptotic behavior of the queueing system’s indices are discussed.
A conclusion is given in Section 4. Section 5 provides a detail proof of some lemmas.

2 Abstract Setting for the system

In this section, we reformulate the equation (1.1)-(1.3) as an abstract Cauchy problem. We start by introducing
the state space as follows.

XxY= {(Pwpb)

pveX,py e Y, | (pvpp)| = vl + [Py},

X~ {pv eRxL'[0, 00) x - ‘|pv|| ol + 5 [Pmslio.e < oo},

n=1

Y:{pbeRxLl[O,oo)x~~

126] = Pol + 3 1mblisgoee) < oo}.

n=1

It is obvious that X x Y is a Banach space. Define an operator and its domain.

Doy Do,» -(@+X) ¢y 0 0 -\ [ poy 0¢p0--\ [ Poys
piv(x) | | P1,p(x) 0 % 0 0 - ||piv(x) 000 [|pPp(x)
An| | p2v(x) ], pz,b(X) = 0 Ay O ||p2v(x)|+]0 0 O - pz,b(X) s
p3v(x) | | p3.p(x) 0 0 Xy |lp3v(x) 00 0-||psp(x)
X0 0 0-\{ Pos 600\ ([ Pov
0 ¢p 0 0 - ||P1p(x) 000 || p1v(x)
0 Xty O [IP2p(X)|+]000 || p2v(x)|]
0 0 X ¢p-||P3p(X) 000 ||p3v(x)

where

of = [ m(fax, ouf = [ mE0Of(xdx, feL'[0,00),
0 0
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_dg(x)
dx
_dg(x)

dx

g = —(0+ 2+ m(x)g(x), geW"'[0,00),

U8 = (A + 1p(x))g(x), g€ WH[0, 00).

d
€ L0, 00), P ¢ 1110, 00),

DPnv(x) and p, p(x)(n > 1) are absolutely

dpn,y
dx

dpn,v
dx

D(An) ={ (pusps) X x Y

oo
continuous and 3 H
n=1

oo
x|
n=1

>

<
L'[0,00)

dpn,b
dx

L'[0,00)
We choose the boundary space of X x Y

X xY)=1"xI
and define two boundary operators as

L:D(Am) > 0(XxY), &:D(Am)—>0(XxY),

p1,v(0)\ (p1.5(0)
pz,v(o) p2,b(0)

Po,v
P1v(x)

Do,»
DP1,p(X)

p2v(x)|»
p3,V(X)

Do,v
pl,v(X)
p2v(X) |
p3v(x)

P2,p(X)
P3,5(X)

Po,b
P1,p(X)
DP2,p(X)

P3.(x)

p3v(0) |, | p3,5(0)
P4v(0) D4,p(0)

Doy
P1v(X)
pav(x) |,
p3v(X)

A0 ¢, O O -
000 ¢ O -
000 0 ¢y

where Fg = [~ g(x)dx,

Do,p
P1,5(X)
Dap(X) |+
P3,5(X)

AO¢p O O -
000 ¢ O -
000 0 ¢p -

geL'0, 00).

00F 0 O -
006F 0 -
00 0 6F--

DPo,v
p1v(x)
p2v(X) ||
pB,V(X)

Now we define operator A and its domain as

A(pv,Py) = Am(Pvs Db)s
D(A) = {(pv, p») € D(Am) | L(pv,Pp) = 2(Pv,Pb) } -
Then the above equations (1.1)-(1.3) can be written as an abstract Cauchy problem:
APl = A(py, py)(0),
1 0
0},]0

te(0,00)

(v, Pp)(0) = (1)

Kasim and Gupur [14] have obtained the following results.

Theorem 2.1. If uv(x) and pp(x) are measurable functions and satisfy iy = sup uv(x) < oo and up =
x€[0,00)

sup pup(x) < oo, then A generates a positive contraction Co-semigroup T(t). The system (2.1) has a unique
xe[0,00)

positive time-dependent solution (pv, pp)(x, t) = T(t)(pv, bp)(0) satisfying

Dpoy(t) + Z /pn,v(x, t)dx +po,p(t) + Z /pn,b(x, t)ydx=1, te[0,00).
n=1 0 n=1 0
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3 Main results

In this section, firstly we prove that O is an eigenvalue of A with geometric multiplicity one, next we study the
resolvent set of operator A by using the Greiner’s idea [17] and obtain that all points on the imaginary axis
except zero belong to the resolvent set of A. Thirdly, we determine the expression of A*, the adjoint operator
of A, and verify that O is an eigenvalue of the adjoint operator A* with geometric multiplicity one. Thus, we
conclude that the time-dependent solution of the system (2.1) strongly converges to its steady-state solution.

Lemma3.1. If [~ Axpp(x)e” Jom (M)A gy < 1, then 0 is an eigenvalue of A with geometric multiplicity one.
Proof. We consider the equation A(pv, pp) = 0, which is equivalent to
0+ Mpoy = [ m(Ipry(dx+ [ up(Opss(x)dx,
0 0

dp1,v(x) _

o —(0+ X+ iy (X)) prv (%),

D) (gt ()P () + Apraa (), 22, >
X
ADo,b = 0po,v,

% = —(A+ up(x))p1.p(x),

dpr;jil;()() = —(A+ pp(X))Pnb(X) + ADn-1,p(X), n22,

with the boundary conditions

oo

P1v(0) = Apoy+ [ (P2 (x)dx,
0

Pnyv(0) = fﬂV(X)an,V(X)dX’ nx2,
0

_ _ (32)
P1o(0) = o+ [ 1 (X)P2p(x)dx+0 [ pra(0dx,
0 0
Pus(0) = [ m(0Prrs(dx+0 [ pay(0dx, n>2.
0 0
By solving (3.1) we obtain
N n n-k
Pry(x) = e A mds S~y v(O)%, n>1i, (3.3)
=1 (n-k)!
o n n-k
Prp(x) = e MmO Sy, (0) () , nx>1. (34)
’ = (n-k)!

Define

o0 X o0 k
by = f (A]fl) ,U/b(X)e_)\X_fO Mb(S)deX, Cr = [ ()":) uV(X)e_(6+)‘)X_f° #v(s)dsdx’
0 ’ 0 ’

oo

k
! ’ B
0

The probability generating functions of these sequences are given by, for |z| < 1

oo

B(z) =), biz' = / ub(x)e—(x—,\z)x—j; Hp($)ds g
i=0 3
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C(2) :ZCiZi _ f MV(X)e—(9+)\—)\z)x—fox ,u‘,(s)dsdx’
0

i=0
i=0 0

From (3.1)-(3.4) we have

Pov =[1- (0 +X)]poy + cop1,v(0) + bop1,5(0),
Po.b =(1=N)po,» +60po,v,
P1,v(0) =Apo,v + cop2,v(0) + c1p1,,(0),
P1,6(0) =Apo,b + bop2,5(0) + b1p1,p(0) + 0dop1,v(0),
P2,v(0) =cop3,v(0) + c1p2,v(0) + c2p1,4(0),
P2,5(0) =bop3,5(0) + b1p2,5(0) + bap1,4(0) + 6dop3,+(0) + 6d1p1,,(0), (3.5)

n
p”’V(O) = Z Cn—kpk+1,v(0), n2= 2;

k=0
n n
Pnp(0) = Z by iDi+1,5(0) + Z 0dn_kpi,v(0), n=>2.
k=0 k=1

Let go = (Po,v» Po,b)s qi = (Piv(0), pip(0)), i> 1, and define

1-(0+)) 0 A0 0 co
= = Eq =
Uo ( 0 1—>\)’ U (0 A)’ 0 (o bo)’

co O ci 0d;_4 .
Lo = , Li= , ix1.
0 (o bo) ’ (0 b; ) !

Then (3.5) can be written as

qo =qoUo + q1Eo, (3.6)

q1 =qoU1 + q1L1 + q2Lo, (3.7)

q2 =q1L> + q2L1 + q3Lo, (3.8)
k+1

qk=Y. qiLxr1-j, k>2. (3.9)
i

Now, we introduce the row-vector generating functions
1(z) = ZQiZi, L(z) = ZLiZi, |z| < 1.
i=1 i=0

Hence, from (3.7)-(3.9) we deduce

el . oo i+l
H(Z) = Z qizl =qolU1z + ZZI Z q;Lm_,-
i=1 i=1  j=1

12 .=
=qoUiz+ = qiz' ). Ljz - qiLo
Zii =0

1
=qoUiz + EI'I(Z)L(z) —q1Lo,
——

11(z) = z(qoU1z - q1Lo)[2I - L(2)] . (3.10)
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An easy computation shows that

_ (7~ C(2) -0zD(z)
SR ( 0 z—B(z)),
and
! 6zD(z)
[z2I-L(z)] " = z-C(z) [z- C(Z)]l[Z—B(z)]
z-B(z)

This together with (3.10) yields

II(z) =z ( /\Zpo’zv : g(z;’v(o),

(Azpo,y = cop1,v(0))0zD(z) + (APo,pZ — bop1,5(0))[z - C(2)] (3.1D)
[z-C(2)][z- B(2)] ‘ ’
Thus, we have
(z)e :Z()‘ZPO,V - cop1,v(0))[0zD(z) + z - B(2)] + (APo,pZ — bop1,5(0)) [z - C(2)] G.12)

[2-C(2)][z - B(2)] ’

where e = (1,1)7.

In the following, by using the Rouche’s theorem we conclude that z - C(z) has a unique zero point inside
unit circle |z| = 1. Let this root be denoted by ~, this must be root of the numerator of the equation (3.12) too.
So, substituting z = ~ into (3.12) we get

(Mpo,v = cop1,v(0))[07D(y) +v~-B(7)] =0

E
Ay
p1,v(0) = —po,v. (3.13)
Co
(3.6) and (3.13) give
AM1-~)+86
p1,(0) = %po,v. (3.14)
0
By using the L’Hospital rule and (3.12)-(3.14), we determine
> . . (Azpo,y = cop1,v(0))z
;pi’v(o) :£1_1:I}H(Z)el :ll_l’g z-C(2)
AM1-7)
pO,v, (3-15)

B 0/000 efexffox NV(S)deX
ipi,b(o) = 11_{1} I(z)e;
_ z{(Azpo,v - cop1.,(0))0zD(z) + (Azpo,» — bop1,5(0))[z - C(2)]}
= [z~ C(2)][z - B(2)]

= lim {,\ezD(z) Poyv + (Azpoy — cop1,,(0))[0D(z) + 62D’ (z)]
+Azpo,p(z - ¢(2)] + (AzPo,b — bop1,5(0))[1 - C'(Z)]}

» {[1 (D)2~ B(2)] + [z C()][1 - B'(z)]}_
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= {/\HD(l)pO,v +A(1-~)[6D(1) +6D"(1)]po,v

_ 0+ -9)+6]D(1) -A(1-7)

+0[1-c(1)]poy —A(1-+)[1- C'(z)]po,v}

|- cann- s - cann-san)

0,v

[1-C(D)][1-B'(1)]
0+ X) A1 =7) +6] [;° el m®dsgy _ \(1-7)
0[0 e 0o (s gx [1 — [ 1up(x) Axe™ Jo 10()ds gx ]

pO,V’

where e; = (1,0)7, e, = (0,1)7.
By combining (3.15) and (3.16) with (3.3) and (3.4), we estimate

>

=S
[u

>

=
[u

(3.17) and (3.18) imply

!mumw:J “%M@“Zzpum( ol

()"

[ peetrrix- f P W WOTE k).dx

n=1k=1

oo oo ) N )
= Zpk,v(O) f e7(9+A)X*,{0 py(s)ds Z @dx
et 2

kxm[ Sl o,

k:l
()"
n=1k=1

S}

= > Prp(0) f e Jo gy ¢ oo,
k 0

[(pvs po)Il = [pv] + [Pb | < oo

DE GRUYTER

(3.16)

(3.17)

(3.18)

Thus, 0 is an eigenvalue of A. Moreover, from (3.5) it easy to see that the eigenvectors corresponding to zero
span one dimensional linear space, i.e., the geometric multiplicity of O is one.

O

In order to obtain the asymptotic behavior of the time-dependent solution of the system (2.1) we need to
know the spectrum of A on the imaginary axis (see Theorem 14 in Gupur et al.[18]). For that purpose we use
boundary perturbation method, which is developed by the Greiner [17], through which the spectrum of the
operator can be deduced by discussing the boundary operator. It is related to the resolvent set of operator Ag
and spectrum of #D.,, where D, is inverse of L in ker(yI — An). Hence, we first consider the operator

Ao(pv, pp) = Am(Dv, Pb)s
D(Ao) = {(pvsPy) € D(Am)| L(pv,p») =0},
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and discuss its inverse. For any given (y, z) € X x Y, we consider the equation (yI - Ao)(pv, pp) = (¥, 2), i.e.,

(v+ 0+ pow =yo+ [ m(OpL)dx+ [ mn(0pLy(0dx,
0 0

dpi1,v(x) _
dx

dpn,v(x) _
dx

(v + AN)po,b = 2o + Opo,v,

L (e (3) + 2100,

o) 4 Ak (0P (0) + () +za(0), M2,

Pnyv(0)=0, pnp(0)=0, n>1.

(v 40+ A+ (0))P1y(X) +y1(X),

“(v+ 0+ X+ (X)) Pryv(X) + APn-1,v(X) +yn(x), n>2,
(3.19)

By solving (3.19) we have

1
T+ 0+ A

1 oo
Po.v Yot i [ 1 (pr(x)dx
0
1 oo
+m f pp(X)p1,p(x)dx, (3.20)
0
X
pl,V(X) = e_fox(7+9+>‘+l‘v(g))d5 fyl(T)efoT(7+0+>‘+#V(E))d£d7_’ (3.21)
0

X
Pry(x) = Ae™ Jo (oA (€))de f Prt(F)eh (ORI (©)dE g,
0

X
Lo Ji o () de f Ya(r)eh’ 0N @I g ps g (3.22)
0

Po,p = (3.23)

Zo+ ——Dov,
v+ A 0 ’y+)\p0’v

X
P1p(x) = e o -t (©)d / 21 (r)elo (X (E)de g (3.24)
0
X
Dup(x) = Ae o (FATus(9)de fpn71,n(7')ef° (v Xt () g
0

X
4 o Jo At ())dg f Zn(r)edd OO s g (3.25)
0
If we introduce the following two operators as
X
Eyf(x) = e~ o (0 2im (€))de ff(T)efoT('v+9+>\+uv(£))d£dT’ feLl[0, ),
0
X
Epf(x) = e Jo Credem (©)de ff(T)ef;wmwb(s))dsdT, f e L]0, o),
0

then (3.21), (3.22), (3.24) and (3.25) imply

P1v(X) = Evy1(x), (3.26)
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Dnyv(X) = AEvpn-1,v(X) + Evyn(x)
= AEV[/\Evpnfz,O(X) + Ev)’nfl(x)] + EV)’H(X)
= N Epn-2,0(X) + AEyYn-1(x) + Evyn(x)
= NEypn3,0(X) + N’ Eyyn-2(X) + AEyyn-1(x) + Evyn(x)
= N"UEVy 1 (x) + ATEY o (x) + AT EY s (x)
e ,\inyn_z(x) + )\Efy,,_l(x) + Evyn(x)
n-1
=3 AERy (), n>2.
k=0

Similarly, we have

p1,p(x) = Epz1(x),

n-1
Pup(X) = 3 NE 2, (), nx2.
k=0

By inserting (3.26) and (3.28) into (3.20), we obtain

1 1 1
= E ——¢pE ,
Do,y 7+0+>\YO+7+0+/\¢V vy1(x)+’y+0+>\¢’b pz1(X)
I 4
Pob = (v + o+ 0)°
7] 0

dvEvy1(x) +

IS ICEY RSS! (N +0+N)

(3.26)-(3.30) give the expression of (I — Ag) " as follows if (v — A¢) ™" exists.

Yo 20
V1 Z1
(\I-4A0) " |y2 || 2
V3 z3
11 _4E 0 00-
YHOFN y+O+A TVEY Yo
0 E, 0 00-||yi(x)
= 0 AEZ  E, 00-||y2(%)

0 NE MNE2E, 0-|lys(x)

0 wﬁ(ﬁbEb 00 - Zo

0 0 00-|lzi(®
+]0 0 00 ||z20%)

0 0 00 ||z3(x)

(%
Fx G eEp 0000 [z
0 Ey 0 00-||z1(x)
0 \E? Ep 00-||z220x)
0

NE; AE: Ep O - || z3(x)

dpEpz1(x).

DE GRUYTER

(3.27)

(3.28)

(3.29)

(3.30)



DE GRUYTER

Functional analysis method for the M/G/1 queueing model with single working vacation

—_— 777
6 [
(VAN (Y +0+A)  (7+A) (v+0+X) ¢vEv O - Yo
0 0 0 |[yi0)
+ 0 0 0 |]y2(x)
0 0 0-[]ys(x)

Therefore, we obtain the following two lemmas and their proof given in the appendix.
Lemma3.2. If

O<py= inf w(x)<mv= sup pv(x) < oo,
— x€[0,00) x€[0,00)

O<pp= inf pp(x)<pp= sup pp(x) < oo,

xe[0,00) xe[0,00)

then

Revy+A>0
7€C |Rey+puv>0

< p(Ao).
Rey +pp >0

Lemma3.3. Let

O<py= inf p(x)<hv= sup pv(x) < oo,

—  xe[0,00) x€[0,00)
O<pp= inf pup(x)<hp= sup pp(x) <oo.
xe[0,00)

x€[0,00)
Ifv e p(Ao), then

(Dvspp) eker(y] - Ap) —

1 r o
Po,v=wa1,vofuv(x)e o (Y+0+x+py(6))dE 4,

1 — [ v+ A+ (€))dE
+ a x)e ’° dX,
oY 1,bofﬂb( )

x n-1 AX k
P(x) = & B (e %an—k,v Cons
o (3.31)
4  JE (0N (€))dE
Po,p = aiy / wv(x)e o Y dx
(y+X)(y+0+X) J

0 [ — JF Ay (€))de
+ ap / pp(x)e o dx,
Y+ (v +0+ ) J

X n k
DPnp(x)=¢€" S+ +p (€))dE Z @a
k=0

n-kb», N1,
1 1
(arv, a2y, sy, ) €', (ay,p, azp, Az p, ) €1

Using the results in Greiner [17], observe that the operator L is surjective. So,

L sker(yI - Am) - (X x Y
ety | KEOT = Am) > o(X xY)

is invertible if v € p(Ao). Its inverse will play an important role in the characterization of the spectrum of A
on the imaginary axis and we denote its inverse by

DW:(L

-1
kewam)) L 3(X x Y) - ker(vI - An),



778 =— E.Kasim, G. Gupur DE GRUYTER

and call it the Dirichlet operator. Furthermore, Lemma 3.3 gives the explicit formula of D~ for all v € p(4o),

1
7+6+A¢)Vh00 0 0 -\ faiy
ai,y ai,y
a a hi1 0 0 -[]azyv
2,v 2,v
D, ) = ha1 hy, 0 - ||asv
as,y as,y
. . hs1 hsy b3z || asy
1
S7oexPpMoo 00 -\ fay p
0 00 |lazp
+ 0 00-||ass|
0 00 - ag,
(Y+N) (7 +6+x PbTt00 1,b
mii 0 o - ap
myi mya o - asp
msi m32 ms3 -+ || 44,1
0
(’y+)\)('y+0+)\)¢vh00 00--\faiy
0 00-|]|azy
+ 0 00-|lasv]],

0 00-||as,

where
hoo = e~ Jo (rroTx T (©)de
By = e Jo OO @)E o [F ORI (EAE o [ (0 A i (©)dE

2
hay = X o= JE OO tm(O)E o\ o JE BN (O)E o S (04X (©)dE

ij
_ OO OO ) 15 Gi12,

T )
Moo = e~ fox(7+>\+ﬂb(§))d§,
My = e Jo A o J A ()AE o [ (e (§)dE
2
May = (Ax)° - S Qredemn (Ve yyom S A s (0)dE o [ (A ()€

)T
my = O g RO g o 2
(i-))!
From the expression of D, and the definition of &, it is easy to determine the explicit form of #D~ as follows.

aiv aip
az a
@D’Y v , 2,b
as,v as,p
A
rorxvhoo + dvhar ¢vhay O 0 -\ [aiy
¢vhs1 ¢vhsa ¢vhzs 0 || azy

dvha dvhaz dvhas dvhas - || asv
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Mﬁ%moo 00\ [asp
. 0 00| ass
0 00-||ass
W%moo +dpma1 ppmz O 0 -\ /[aip
dpM31 dpms3z ppmzz 0 |l arp
PpMa dpMa2 PpMy3 PpMay - || A3p
V)
Gnrreny Pvhoo 00\ faiy
. 0 00-||az

0 00--|]|asyv

0.7:}111 0 0 0. aiy
0Fhy; 6Fhy; 0 0O |lazxy
9.7:}131 9.7:}132 9.7'—’133 0-- asy

Haji and Radl [19] gave the following result, which indicates the relations between the spectrum of A and
spectrum of #D-.

Lemma 3.4. Ify € p(Ao) and there exists vy € C such that 1 ¢ o(®D~, ), then

veo(A) < 1ea(dD,).
From Lemma 3.4 and Nagel [20], we obtain the resolvent set of A on the imaginary axis.

Lemma3.5. If

O<py= inf yw(x)<fhy= sup p(X)<oo,
—  x€[0,00) xe[0,00)

O<pp= inf pp(x)<mp= sup pp(x) < oo,
xe[0,00) x€[0,00)

then all points on the imaginary axis except zero belong to the resolvent set of A.

Proof. Let~ =1iB, 8 €R~ {0}. The Riemann-Lebesgue lemma
Jim ff(x) cos fxdx = 0, lim /f(x) sin Bxdx = 0, f € L'[0, oo)
0 0

implies that there exists a positive constant K > 0 such that V|3| > K,

2 2

f f(x)e P*ax
0

= / f(x)(cos Bx —isin Bx)dx
0

2
= ff(x)cosﬁxdx) +([f(x)sin/3xdx)
0 0

< O/f(x)dx), 0<feL'[0,00).

2

In this formula, by replacing f(x) with u, (x)e™Jo A+ (@)dE 3y o= o A+ (€)dE anq

o oy j—1
S| [ o0 G im0 )i gy
j=l+1 (93 (]_l)!
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fox(0+)\+;tv(§))d§ dx

_z[ 0 O fe e

j=l+1
j—

_ Z f V(X)(A ) @At (e gy 151,
j=l+1 9 )

=|r ()™ o o B+ Xy (§))de

up(X 0 dx
2|/ meome
(X)) =iBx| | o S5 Ot (£))

_zfm,() 1),\ o IO (@] g
j=l+1

_ Z fﬂb( )( —fo (@) gy 51
j=l+1 0

and using the fact [ pp(x)e” Jom@©dE gy = q Jo (0 + pv(x))e” Jo' O+ ()€ gy~ 1, we estimate for
dy = (@y, A2y, A3,, ) € I' and dj = (ay,p, A2,p, a3, ) € I',

A A0
®D~ (ay, ap)| < hoo + hoo + pvhoil|a
|®D~ (av, ay)| S0 ¢v 00 N0+ )\)¢v 00 + ¢vhai||ay,y|
+Z|¢vh11Hal V|+Z|¢vh12”a2 V|+Z|¢vh13”a3 v|+
j=3
+ | ————¢pMoo + A0 dpMoo + ppMa1 | |ayp|
e A0t Ty oo + évman [y
+Z|¢bmuHal b|+2|¢bm;2||az b\+2|¢bm13||03 b+
j=3 j=2 j=3
Z |0F hj1||ax,v| + Z |0F hjy||az,v| + Z |0F hjs||as,v| + -
j=1 j=2 j=3
A
< mkﬁv OOHal v| + Z|¢vh11|‘al v|
+ Z |pvhyo|laz,v| + Z |pvhys||as,v| + -
j=2 j=3
A
+7|¢bmoo||t11 b|+2\¢bm;1||al bl
|ry+ | j=2
+Z|¢bm12Ha2b|+Z|¢>bm13”a3 b+
j=2 j=3
{z| sl s 3P halassl + 55 [Fhallass] -
j=1 j=2 j=3

>

j=1

IN

las,l

(AX)’ e [ B04X+11,(9))dE g,
0

-

J'
f V(X) e JT BRI () gl 1, |

0

+
T

~
Il
N

f (X)( XY™ B0 () gy
PG -3)!

+

~
I
w

|aB,V| 4+ ...

0

fub(X)E )) o S BRI ()A€ g

+

lax,pl

-
Il
-
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+i /Mb(x) )2 fxsensm(ede g, 5]
=AM G-21°
s / I CE Ry IR s ] + -
= (-3)
S| OO e )
+6 / el % dx| |ay,y|
|/ 57 ”
L5 (V)2 fxasabarenn(©)de 4, |
j=2 o (] - 2)' ’
. i ) friBeoerm ©)de 4, las.| + }
=319 (] - 3)! ’

r 3 (Ax - L
<fuv(X)Z( ) e JEON A g
y !

oo )\ l B X
. fuv(X)Z( )2 J3 O+ X 410 ()E g1
3 j=2 (U-2)!

oo j .
o [ mtx )ZE] )3)' e oD dxias | + -
0

)Y s
fﬂb(x)z( )1)1 b (Awb(g))dgdx\alﬂ

M) 72 o
/#b(X)Z( )2)l Jo Ot ()6 gt

r MOV i
+fub(x)z Ei—)3)'e Jo Ot (o x|y | + -

eyt o S O+ A ()
H{f 2 G-1° ]
27

2
(LIS (O ()€ |

bt )\Xi - O+ +11y d
$ (,-,)3)' 3 O+ X410 ()€ g 1

:fuv(x)e_f"x(ew”(@)dgdxz|an,v|
0 n=1

oo

+fub(x)e*fox“"“)d‘fdxz\an,b\
n=1

0

+9fe’f°x(‘““”(f))"5ilanv\
n=1

(0 + v (x))e” Jo O+ (€))e€ g, Z || + Z ||

n=1

ﬁMS o\,g

Ian vl + Z |an| = |[(dv, ap)|

n=1
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E

[#Dy] < 1. (332)
(3.32) shows that 1 ¢ o(®D~ ) when |3| > K. This together with Lemma 3.4 give

{iB 18> K} cp(A), {iB|[Bl< K} co(A). (3:33)

Theorem 2.1 and Lemma 3.1 ensures that T(t) is a positive contraction Co—semigroup and its spectral bound
is zero. By Nagel [20] we know that o(A) is imaginary additively cyclic (see also Thorem 1.88 in [21]) which
states that

ifeo(A)=iBheo(A), allpositive integer h.
From which together with (3.33) and Lemma 3.1 it follows that iR no(A4) = {0}. O
A trivial verification shows that X* x Y*, the dual space of X x Y, is as follows.

gy €X*, qpeY”, }

X*XY*: (q*’qz) * * * *
{ ' 1Cgv> ap)Ill = sup{lilgy Il gy I}

here

. . q;(X) = (qg,v’ q;,v(x)’ q;,v(x)’ Q;,V(X)’ )’
X = qdv

ly*1ll = sup{lqé,vl, sup IqZ,VILw[o,oo)} < oo
n>1

) ) ay(x) = (45,5 91,5(X)> @35> @35 (X), )
Y ={qp

g, ll = sup Iqé,bl,sggqu,b\lm[o,w) < oo
n>

It is evident that X* x Y™ is a Banach space.

Lemma 3.6. A*, the adjoint operator of A, is as follows.

A*(qy,qp)
—(0+X) 0 0 0. do.v
_ 0 A —(0+x+m(x) by 0| i)
B 0 0 L0+ +m(0)) A ] g5, (%)
0 A 0 -\{( g, 6000--\( i,
mw(x) 0 0 --|1q7,(0) 06000 |]q7,(0)
+1 0 m(x) 0 -|fg3,(0)]+]0060--||q5,(0)],

0 0 m(x)-[fg3,(0)] 10000 -]]g5,(0)

Y 0 0 0. :10,(;,)()
0 &~ O m() A 0. || 9L
0 0 d%—(/\Jrub(x)) ) - qi,b(X)
. : : Do qlb(X)
do» 0O 00-- qg’v

0 0 0O O-- qib(O)
+[0pp(x) O 0--f]g5,(0)]+
0 0 up(x)0--|]4g35,(0)

v(x) 00 - |1 47,(0)
0 00-|lg:, 0]

dq, ,(x) dqy ,(x) .
e and —7>— exist and ’

gny(0) =qpp(0) =, n>1

here in D(A™) is a constant which is independent of n.

D(A") = {(Cﬁ,qZ) €X' xY”
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Proof. By using integration by parts and the boundary conditions on (pv, py) € D(A), we have, for (g, ;) €
D(A™)

<A(pv’pb)’ (q;’ q2)>

(-0 npons [ wpmdss [ mpsdsa,
0 0

o [ (0P (0 | 4 ()

+

”MS O\gz—’H E,Mg 0\8

/{ dpnv(X) ()\+MV(X))pn,v(X)+)‘pn—1,V(X)}q;V(X)dX
0

= APo,b + 0Do, v}% b

{

/ { dpn. b(") = (At 1y (6)) Py () + Apn-l,b(ﬂ} Gy (X)dx
O

P00 (0 b (01| g ()

+

~(6+ \)Pods.y + [ Py (X ()5, + / P16 (X)1a5(x)45,,x

+ i dpn V(X)

n=

[y

THOLED) [ (A + ()P () (1) dx

pn—l,v(X))‘qz,v(X)dX

+
gk

O‘\g O\,g

=
|

N

. . & dpap(x) .
+Po,p(~Ado,p) + Porbdop + Y. /_%()qn,b(x)dx
n=1O

n

Nk
0\8

Pas(O O+ (D ()X S [ Pact s (0N ()
n=279

[}

:po,v[—(9+A)qS,v+9qé,b]+fpl,v(X)uv(X)qS,vdHfpl,b(X)ub(X)qS,vdx

0 0

> * X=00 ® d * X

3 [P0 [ pan 0 )dx]
0

n=1

| ——

+
Ngk:
0\8

PO ()i ()1 + 3 [ Py (0[N (0
n=1%

S d
+Pop(-7d5p) + Z[ Pupn(OT 00| f Prp(x )q"b(")(")]

P (X)[=(A + 11 (X)) g, (x) (x) ] dx

+ +
M3 IDMe
0\8 0\8

=

Prb (X) [Mn,5 () (x) Jdx

[N

= pou| (0+A)qo,v+9qé§,b]+fpl,v(X)uv(X)qS,vdHfpl,b(X)ub(X)qévdx
0



784 —— E.Kasim, G.Gupur

i * o F dq;v(X)
+ Pny(0 qn,v 0)+ Pn,v(X ———"dx
3 pr(0)47.4(0) + 3 f (0=

+

Prs (OO ()@ (1A + 3. [ Pra (DTG0 Jx
0

n=

L8
0\8

n

Jun

3 = r d
+Po.b(=Aqo,p) + 3. Pnb(0)qn,5(0) + Z_[ Pnp(X) —2— q,,b(x)
n=1%

n=1

M

+

[ POl ()i 001dx s 3 [ pus(0Ngi10(0) e
0 n=19

Il
[

n

:po,v[—(9+A)qav+9qS,b]+fp1,v(X)uv(X)q8,vdX+ fpl,b(X)ub(X)qS,vdx
0

+p0,v)\q>1€,v(0) i f (X)pn+1 V(X)qn V(O)dx
n=1p

||M8

f "V(X)[ 47 () ()“"ﬂv(x))qn V(X)+)\Qn+1 v(X):|
~Aqo,p +2q1,5(0)]

0

b

[ [ 10pn1s0x 40 [ o0 a1000)
0 0

||M8

M8

+

[ 20 2 - 330 500) 30310

=
Il
-

0
:p0v[ (‘9+/\)q0v+kq1v(0)+9q0b]
+/p1v( )[dqlv(x)
0
>

J s O 2D - (1 (0005 3) A0
0

(s 00 (O () + AG () + 10 (0@ + 06 b<o>]

e (O 10(0) + oq::,bm)]dx

+Po,[~Ao,p + A1,5(0)]

[ paa0 T - a0 30500 )i

+53 [ pns 0] 20— (0 ()30 + 0 1006) ()10
n=27

=((pvsPv), A" (av,qp))-

From this together with the definition of adjoint operator the assertion follows.

DE GRUYTER

O

From Theorem 2.1, Lemma 3.1 and Arendt et al. [22], we know that O is an eigenvalue of A*. Furthermore, we

deduce the following result.

Lemma3.7. If [~ Axup(x)e” Jo m(TAT gy < 1, then 0 is an eigenvalue of A* with geometric multiplicity one.

Now, combining the Theorem 2.1, Lemma 3.1, Lemma 3.5 and Lemma 3.7 with Theorem 14 in Gupur et al. [18]

we obtain the following main result.
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Theorem 3.8. If

O<uy= inf w(x)<my= sup uv(x) < oo,
—  x€[0,00) x€[0,00)

O<pp= inf pp(x)<ip= sup wpp(x) <oo.

xe[0,00) xe[0,00)
then the time-dependent solution of the system (2.1) strongly converges to its steady-state solution, i.e.,
Im [[(pv, py) (-, ) = w(pv, pp) ()] = O,

here (pv, pp)(x) is the eigenvector in Lemma 3.1 and w is decided by the eigenvector in Lemma 3.7 and the initial
value (pv, pp)(0).

In the following, by applying the Theorem 3.8 we briefly discuss the queueing system’s indices. It is easily
seen that the time-dependent queueing size at the departure point converges to a positive number, i.e.,

lim m(€) = lim {KOva(X)Pm,v(X, t)dX+K0be(X)pi+1,b(X’ t)dx}
0 0

= {KOfNv(x)pjﬂ,v(x)dXJrKOfﬂb(x)pj+1,b(x)dx} =m, j=20.
0

0

and the time-dependent queueing length L(t) converges to the steady-state queueing length L, that is,

nb[pn,v(x, t)dx+Zn0[pn,b(x, t)dx}

n=1

gk

tlim L(t) = tlim {

n=1

= in/pn,v(x)dx+in[pn,b(x)dx:L.
0 0

n=1 =1

=

From this we can obtain that other queuing indices Ly (t), W(t) and W,(t) also converge to a positive number
Lg4, W and W, respectively.

4 Conclusion

In this paper, we study an M/G/1 queueing model with single working vacation, in which the service time
is generally distributed. The system is described by infinite number of partial differential equations with
integral boundary conditions which we have converted into an abstract Cauchy problem in the Banach space.
Then, by investigating the spectrum of the operator on the imaginary axis, which corresponds to the M/G/1
queueing model with single working vacation, we proved that the time-dependent solution of the model
strongly converges to its steady-state solution. In other words, we verified that the hypothesis 2 holds in the
sense of strong convergence.

In this paper and our previous paper, we only studied spectra of the operator on the right half complex
plane and imaginary axis, which corresponds to the M/G/1 queueing model with single working vacation, so
it is worth studying spectra of the operator on the left half complex plane.

5 Appendix

Proof of Lemma 3.2. For any f € L'[0, c0), by using integration by parts, we have

IEof 130,000 = [ IEuf ()]
0
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f

X
o Jo (O A (£))dE f F(r)elo CretedsmEnde g | gy
0

oo X
< f o S (Rey+0+X+p,(€))dE f |f(7')|ef°T (Re~/+0+)\+pv(£))d£d7_dx
0 0
oo 1 X
_ — Jo (Rey+0+X+11y(€))dE = Jo' (Rey+0+A+1,(€))dE
= e drde
O/Re'y+0+>\+uv(x)0/|f(T)| 4
o X
< f .t [ [ (7)o" REVHOTN+1(O)E g o= fi (Rey+0:+ 1, (6)) €
Revy+0+ A+ puy
0 =20
X
N {e fiEerxn(©)de f ()| (Rerotim(@)de g =
Rev+0+ X+ v J X=0

_ f |f(x)‘efox(Re'yw\ﬂtv(&))dEe—fOX(Rev+9+/\+uv(f))d£dX}
0

SR H—)
" Rey+0+ A+ L1[0,00)
E
1
EJ——"———. Al
” V”_Re'y+9+>\+ﬂ A1
IEsfI = [ IEsf(x)ldx
0
[} X
- f o Jo (e A (€))dg f F(r)elo s @)de g gy
0 0
< - -
= Re,y+>\+@|‘fHLl[0,oo)
—
[y [r—— (A2)
bl = Rey+ A+ @. ’

From (A.1) and (A.2) together with condition of this lemma and using | ¢v| < v, |#s| < mp We deduce, for
any (y,z) e XxY

| (1= 40)7" (v, 2)]
1 1
7+t9+/\y0Jr Y+O+A

1
dvEvy1 + 7’y . )\¢bEb21

+ HEvyl ”Ll[0,00) + HAE\%Yl +Evy L1[0,00)

3
k 2k

DNE i

k=0

+

+ H)\2E13/J/1 +AEy> + Evys £1[0,00

L1[0,00)

" kpke
Z)\ Ev Yn-k
k=0

et $ o
L1[0,00)
+ ‘ ! Zo + b opEpz1 + o Yo
vEA (Y+N)(y+0+2) (Yy+N)(y+0+2)
0

TSN CEY RSS!

¢>va)/1 + ||Eb21 ||L1[0,°°) + HAE%Zl +Epz;

L1[0,00)




DE GRUYTER Functional analysis method for the M/G/1 queueing model with single working vacation = 787

+ H)\zEf,zl + )\Elz,zz +Epzs3

3
k pk+1
+ § NEy z,
Ll[O,oo) frd b 4—k

L1[0,00)

+ cee
L1[0,00)

4 e 4+

ket
Z A EbJr Zn-k
k=0

IN

[év Il Ev]y1]zi0,00)

1
+
[vol [NEEY

1
|y +6+ X
oco n-1

1 k k+1
+ il l1Eb |21 ] 11 [0,00) + MEV™ 1y n-ll 10,00
y+ 0+ [0.2) ,;Z(:) i nklLA[0,00)

+ L Zo + 0
v+ A [y + M|y + 0+ Al

0
|y + M|y + 0+ Al

oo n-1

k k+1
+ 2 2 N NE T Iznkl 0,00
n=1 k=0

1 v
Yol +
|y + 6+ |7+ 6+ Al(Rey + 60 + X+ )

|6l 1Eb[121]2170,00)

[év Il Ev]y1]zi0,00)

+

0
+
ol RS\ SET S

IN

1121 [0,00)

b
+
Iy + 6 + A[(Rey + A + pup)

k
1 oo A oo
Z ( ) Z Iynllzi1o,00)

+
Rey+0+A+pv ;g \Rey+0+ A+ v

|z1 HLl[O,oo)

n=1
! b
+ Zo + 2 _
[+ A ° Iy + Al[(Rey + A + pp) |z1]|£1(0,00)
+ yol + Ay il
[y + A Iy + Al(Rey + 0+ X+ ) :

k
1 oo A oo
> ( ) > lzn Iz1[0,00)

+
Rey+ A+ pp g\ Rey+ A+ pp ) 4
Tiv
<su s
p{|y+/\ |y+/\\(Rew+0+)\+&)

1 o0
}(|yo| e 5 Iy |L1[o,m))
n=1

+7
Rey + 6+ pv
Hb

|7+)\|’ |7+)\|(Re7+>\+@)

1 o0
}(|zO 5 |zn|p[o,w>)
n=1

+ —
Rey + pp

ssup{ ! , Hiv + L ,
[y+ X" [y +A[(Rey+0+A+puv) Rey+0+puy

b 1
+ + Y,z
|7+A|(Re7+A+pl) Re'y+ph}|( )l

+sup{

< 00.

This shows that the result of this lemma is right. O

Proof of Lemma 3.3. If (pv, pp) € ker(vI — Am), then (vI — Am)(pv, bp) = 0, which is equivalent to

(v+0+N)po,y = f v (X)p1y (x)dx + f pv(X)P1,b(x)dx, (&3
0 0
dp1v(x) ==(v+ 0+ X+ (x))p1,v(X), (a4

dx
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d n,v

pd’ix(X) = (74 0+ A+ (0))Pry(X) + Apno1u(X), 122,
(7 +X)Po,b = OPo.vs

d X

1716,171;(() ==(v+ A+ w(x))p1,p(x),

d X

pnciil))(() :_(7+)\+,uv(X))pn,b(x)+/\pn,1,b(x), n>2.

By solving (A.4), (A.5) and (A.7), (A.8), we have

pl V(X) =ai Ve_ fox('Y+9+)\+pv(§))d§’

Prv(X) = anye” Jo' (y+0+ X+, (€))dE

X
+ e Jo (oA (£)dg f Proty(r)elo OFOe At gy s o
0

pip(x) = arpe S redpn (€))d

Dup(X) = @n pe Jo FATH())dE

X
+ e Jo A (€))dg f Prsp(r)eld AT EAE gy s 5
0
By using (A.9) and (A.10) repeatedly, we obtain
Paw(X) = aze lo

X
(HO+X+y ()E | o= Jo (v+0+ X+, (£))dE / aydr
0

e [OX(7+9+)\+;LV(§))d§[a2,V +Axay],

X
Po(3) = @5ye” KO IAIEONE L g I 0N EN4E [ (g, 4 2ray,Jdr
0

— X A 2
= o Jo(rrtr A+ (€))dE I:aB’V + AXda,y + ( ;() al,v] s

— J A0 Ny (€))dE x)* ()"
pn,v(x) —e b ¥ My An,y + MXAn_1,y + > An_oy +-+ nl a,y
x n-1 A k
_ e GO 5 ’:) Gy, M3 1.
k=0 ‘

Similarly, by applying (A.11) and (A.12) repeatedly, we deduce

n—k,ps N2 1.

x n-1 k
DPnp(x)=¢€" S+ +p (€))dE Z @a
k=0 k!

Through inserting (A.9) and (A.11) into (A.3), we derive

Pow =g n Of ()@ o CrroRx s (EDAE g
+ $a1 b / /,Lb(x)e_ fox(’Y'*')\'*'Nb(g))dfdx
y+O+N J ’
0 [ = [ (v 0+ X+ (€))dE
= a e Jo v d
pO,b (’Y+ A)(’7/_*_04_)\) 1,v ! Hv(X) X
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(A.5)
(A.6)

(A7)

(A.8)

(A9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)
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4 r = [ (v A+ (€))dE
dx. A.l6
" (vm)(wem)al’bofub(x)e ¥ (A16)

Since (pv, pp) € ker(yI — D(Am)), (pvs Pp) € D(Ar) implies by the imbedding theorem in Adams [23],

@l = 3 IPrv(0)] < 3 [Prvliefo,e0)

NgE

n=1 n=1 n=1

< Slpnrline + &[] <o
i |an,p| = i [Pn,»(0)] < Z 1Pnbll L= 0,00)
n=1 n=1 n=1

<5 IPnpliom + 3 d‘;;b <

from which together with (A.13)-(A.16) we know that (2.55) holds.
Conversely, if (2.55) is right, then by using [;° x*e™*dx = K., k> 1, M > 0, integration by parts

and the Fubini theorem we estimate

r O+ A+, (€))d AX
|Pnv]Lifo,00) :f — [ (0 A+, (€))dE Z + ( k') niev| dx
0
n-1 )\k *® R
< Z ‘an—k0|* f Xke—( €y +0+A+py )XdX
ar k!
0
_n—l )\k ‘a |
2 (Rey + 0+ A+ )k n-kov
_—
- P
= a
Ipo.v| +nz=:1 ||Pn,VHL1[0,oo) [+ 0+ A(Rey+0+A +&)| 1,v]
1 lai,pl
|7+6‘+>\|(Re7+)\+pb) b
Re%aﬂw Z|anv| < oo. (A17)
Similarly, we get
— Bb
+ o) = ai,
‘po,b| nzz:l Hpn,bHLl[O, ) |7+9|(Re'y+9+)\+@)| 1 V|
)
+ a
|v+A|<Rev+A+ub>' 1
m Z |an b| < 00. (A.18)
(A.17) and (A.18) gives
[po.v| + Po,b| + Z |,y lzi[0,00) + Z 1Pn,bllLi[0,00) < 0.
n=1
Since
d X
D) (w0
d X
pnd’ijc() =—(y+0+ X+ m(X)Pnyv(X) + Apn_1v(x), n>2,
dp,, b(x)

dx =(v+ A+ pp(x))p1,p(X),
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dpn,b(x)

ax - AT 00))Prp (X) + APp-1p(X), 22,
It is immediately obtained
M e <(Rewemwv)znpnvup[ow)
n=1 L1[0,00) n=0
+A Z Hpnfl,VHLl[o,oo)
n=2
Rev+0+X\+7ny >,
< +
( Rey+0 + v Re’y+0+,uv)z|anv|
< oo,
dpn b

< (Rey+A+75) Y [Pnbll1i[0,00)
L1[0,00) n=1

+A Z Hpn—l,bHLl[O,oo)
n=2
< Re*y+)\+/j,b Z|anb|
Re'y+@ Re'y+ub o

< oo.
(A.17)-(A.20) show that (py, pp) € ker(4I — Am).
Proof of Lemma 3.7. We consider the equation A*(gy, q;) = 0, which is equivalent to

-0+ )‘)qs,v + )\q;,v(o) + 9613,b =0
dqi,, (x)
dx

dq;,v(x) * * * * _
- 5. 4 n,v n+1,v v n-1,v n, - Y Z 4Ly
dx A+ v (X)) gnv(x) + Mg (%) + v (x)g (0) +6g,,(0)=0, n>2

- Mo +Aq1,p(0) =0,

-(\+ MV(X))q;,v(X) + )\q;,v(x) + ,Uv(x)qg,v + 96111)(0) =0,

dqi ,(x) . ) *
o = (o mp(0)a1p(X) + A3 () + (X5, = O,

dq, ,(x) § . )

% - ()\ + Mb(X))qn,b(X) + )\qn+1,b(X) + 'U’b(x)qn—l,b =0, n>2,

q;’v(oo) = q;,b(oo) =a, n>1.

It is easy to see that
(0% (0%

(@v,q5) = |||, |«]|]|cD(A")

is a solution of (A.21). In addition, (A.Zl) is equivalent to

*

qo,v = /\ 1v( )+ qOb’

:
i - 3 - qu() O a0 - (0 - 0100,

_dgny(x)
dx

9

" 1
Gni1,0(X) = N

do,p = 41,5(0),

d‘h b( )

G (x) = &\ () (6) - ub(xms,v},

Slm >

q;;+1,b(x) =

5
{ qnb( )

bt () () - ub<x)q;_1,b}, ns 2.

Ot 1)) () — v () G1.0(0) — eq:,bw)}, "2,

(A.19)

(A.20)

(A.21)

(A.22)
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(A.22) show that we can determine each g, ,(x) and g, ,(x) foralln > 1if g , (x) and g7 ;,(x) are given. That
is to say, geometric multiplicity of zero is one. O
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