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Abstract: The main purpose of this paper is to use the mathematical induction and the properties of Lucas
polynomials to study the power sum problem of Lucas polynomials. In the end, we obtain an interesting
divisible property.
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1 Introduction
For any integer n > 0, the famous Fibonacci polynomials { Fn(x) } and Lucas polynomials {L,(x) } are defined

by Fo(x) =0, F1(x) =1, Lo(x) =2, L1(x) = xand Fp12(x) = XFn41(X) + Fn(x), Ln+2(x) = XLn41(x) + Ln(x).
The general terms of F,(x) and L, (x) are given by

31/, _
Fni1(x) = Z (n K k)XHZk
k=0

and
L) - 3 (n R (1)
W an-k\ Kk ’
where () = n,(%n),, and [x] denotes the greatest integer < x.
It is easy to prove the identities
Fa(x) = 1 X+Vx2+4 n_ x-VxZ+4\"
Ve 2 2
and
n n
X+VX:+4 X-Vx2+4
Ln(x):( v )+( ) @
2 2
If we take x = 1, then {F(x) } becomes Fibonacci sequences {Fr(1)}, and {L.(x) } becomes Lucas sequences
{Ln(1)}.

Since these sequences and polynomials have very important positions in the theory and application of
mathematics, many scholars have studied their various properties, and obtained a series of important results,
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some of which can be found in references [1-5], and some other related papers can also be found in [6-16]. For
example, in a private communication with Curtis Cooper, R. S. Melham suggested that it would be interesting
to discover an explicit expansion for
LiLy--Lomsa Z Fot
k=1

as a polynomial in F,.1. Wiemann and Cooper [1] reported some conjectures of Melham related to the sum
Yr_, Fam+! Kiyota Ozeki [2] proved that

>

j=0 L2m+1 2j

1

n
Z F2m+1 = om (2m+1) (F(2m+1—2i)(2n+1) - FZ’"H’Z].) ’

Helmut Prodinger [3] studied the more general summation ¥ ;_, F %kmfg“e, where 6, € € {0, 1}, and obtained
many interesting identities.
For the sum of powers of Lucas numbers, Helmut Prodinger [3] also obtained some similar conclusions.
R. S. Melham [4] also proposed the following two conjectures:

Conjecture A. Let m be a positive integer. Then the sum

L1LsLs-Loms1 Z F+t
k=1
can be expressed as (Fan+1 — 1)2 Pym-1 (Fan+1), where Pam_1(x) is a polynomial of degree 2m — 1 with integer
coefficients.

Conjecture B. Let m > 0 be an integer. Then the sum

LiL3Ls5--Lams1 Z Lt
k=1
can be expressed as (Lan+1 — 1) Qam (Lan+1), where Qam(x) is a polynomial of degree 2m with integer coeffi-
cients.

Wang Tingting and Zhang Wenpeng [5] studied these problems, and proved several conclusions for
Yh_ F¥(x)and ¥F_, L7(x), where h and n are any positive integers.
As some applications of Theorem 2 in reference [5], they deduced the following:

Corollary A. Let h > 1 and n > O be two integers. Then the sum

L1(x)L3(x)Ls(x)-Lan+1(x) Z Lo (%)
m=1
can be expressed as (Lyp1(Xx) — x) Qan (X, Lapi1(X)), where Qan(x, y) is a polynomial in two variables x and
y with integer coefficients and degree 2n of y.

Corollary B. Let h > 1 and n > 0 be two integers. Then the sum

L1(x)L3(x)Ls(x)-Lans1(x) Z Fon ™ (%)
m=1
can be expressed as (Fapy1(x) — 1) Hon (X, Fapy1(x)), where Han(x,y) is a polynomial in two variables x and
y with integer coefficients and degree 2n of y.

Therefore, Wang Tingting and Zhang Wenpeng [5] solved Conjecture B completely. They also obtained some
substantial progress for Conjecture A.

It is easy to see that in the above Conjecture A and Conjecture B, the subscripts of F,, and L, in sums
Yr_ F2m*l and Yp_, L2M*! are even numbers. Inspired by the above researches, we naturally ask that for
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any positive integers n and h with h > 2, whether there exists a polynomial U(x) with degree > 1 such that
the congruence

h-1
Li(X)L3(x)-Lans1(X) 3. Limti(x) = 0 mod U(x). €)

m=0
If so, what would U(x) look like? How is it different from the form in Conjecture A and Conjecture B ?
Obviously, it is hard to guess the exact form of U(x) from (d) of Theorem 1 in reference [5]. Maybe that is
why there is no such formal conjecture in [4].
In this paper, we shall use the mathematical induction and the properties of Lucas polynomials to study
this problem, and give an exact polynomial U(x) in (3). The result is detailed in the following theorems.

Theorem A. For any positive integers n and h with h > 2, we have

L (0L 00 Loner () 3 L34 (1) = 0 mod x- (Lyn(x) - 2).

m=0

Theorem B. For any positive integers n and h with h > 2, we have
h-1
Li(x)L3(x)-Lane1(x) Y. Fapii(x) = 0 mod x - Fap(x).
m=0

Taking x = 1, from Theorem 1 and Theorem 2 we may immediately deduce the following two corollaries:
Corollary A. For any positive integers n and h with h > 2, we have

h-1
LiL3-Lony1 Y, Lomi =0mod (Lo - 2).

m=0

Corollary B. For any positive integers n and h with h > 2, we have
h-1
LiLs-Lony1 Y, F3L = 0 mod Fap.
m=0
2 Two Lemmas

Lemma A. For any non-negative integer n and k, we have the identity

Ln (Laks1(X)) = Lucaks1) (X).

Proof. Leta = X2+ g - Xx2VX'+4 and replace x by Lyk,1(x) in (2). Since we have o?**! 241 = 1

Lok (x) +/L3,,,(X) + 4 = a2kt 4 gkl \/(Osz*l + B21)? 4 g

S sz+1 + \/a2(2k+1) + B2Qk+1) 2 4 4

_ a2k+1 4 62k+1 4 /(Osz*l _ /32k+1)2 _ 2a2k+1
Lot (1) = /L2, () + 4 = o250 4 g2 2\ f(o2ke1 4 ity g

_ a2k+1 " 52k+1 _ (a2k+l _ 52k+1)2 _ 262k+1’

>

and

from (2) we have the identity

n n
Loga + L%k 1t 4 Lo - L%k 1T 4
Ln (Laiea (X)) = ( TR + S
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_ kD) B"(Zk“) = Ly(aks1) (X)-

This completes the proof of Lemma 1. O

Lemma B. For any positive integers n and h, we have the congruence
Li(x) (LZh(2n+1)(X) - 2) = (2n+1)Lans1(x) (Lan(x) - 2) = 0mod x (Lap(x) - 2).

Proof. From (1) we know that x | Lan+1(x). Because that Ly (x) = x, so in order to prove Lemma 2, we only
need to prove the congruence

Lonzns1y(x) =2 = 0mod (Lyp(x) - 2). (4)

Next we prove (4) by complete induction. It is clear that (4) is true for n = 0. If n = 1, then apply the identity

L340 = (02 + ) = Lan(x) + 3Lan (),
we have
Len(x) = 2 = L3 (x) = 3Lan(x) = 2 = (Lan(x) = 2) (Lan(x) + 1)°
= 0mod (Lyp(x) - 2).

That is to say, the congruence (4) is true for n = 1.
Suppose that the congruence (4) is true for all integers O < n < s. That is,

Lan(an+1) (x) =2 = 0 mod (Lan(x) - 2) (5)

holds for all integers 0 < n < s.
Then for positive integer n = s + 1, we have the identities

Lap(x) = L34 (x) = 2 = 2 mod (Lop(x) - 2)

and
Lin(X)Lan(as+1)(X) = Lanas+3) (X) + Lancas—1) (X)),

from (5) we can deduce the congruence equations as follows

Lon(as+3)(X) =2 = Lan(X) Lon(as+1) (X) = Lan(as—1) (X) =2
= 2Lop(as+1) (X) = Lan(as-1) (x) = 2
= 2 (Lan(ass1) (X) = 2) = (Lanas-1) (x) = 2)
= 0mod (Lyp(x)-2).

That is to say, the congruence (4) is true forn = s + 1.
Now Lemma 2 follows from (4) and completes the induction. O

3 Proofs of the theorems

In this section, we shall use mathematical induction to complete the proofs of our theorems. Here we only
prove Theorem 1. Similarly, we can also deduce Theorem 2 and thus we omit its proving process here. After
replacing x by Lom+1 (x) in (1), we obtain the following expression with Lemma 1

L(2n+1)(2m+1)(x) = Lons1 (L2m+1(X) Z n+1—k k Lomsr ( )

" 2n+1 (2n+1—k) In+1-2k
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or

=l on+1 (2n+1-k
L(2n+1)(2m+1)(X) —(2n+1)Lyms1(x) = 2n+1-2k

— L :
,;)erl—k k met (%)

For any positive integer h > 2, we first introduce that the identities

h-1 -1
Z L(2n+1)(2m+1)(x) _ Z ( (2n+1)(2m+1) +ﬂ(2n+1)(2m+1))
m=0
oni1 azh(2n+1) _ i1 Bzh(2n+1) -1
- 2(2n+1) _ 1 52(2n+1) -1
B azh(2n+1) -1 /Bzh(2n+1) -1 B L2h(2n+1)(x) )
a2n+l 4 52n+1 + B2n+1 4 q2n+1 - L2n+1(X) ’

m+ m+ _L (x)—Z
Lm0 - 2 (o7 gm) - 002

Then, combining (6), (7) and (8) we have

h-1 Lon(ans1)(X) =2 Lon(x) -2
L x)-(2n+1)L X)|=—"r~—"2 — —(2n+1) 22—
"go[ (2n+1)(2m+1)( ) ( ) 2"H1( )] L2n+1(x) ( ) L1(X)
n-1 Zn + 1 2n + 1 k

Now we apply (9) and mathematical induction to prove the congruence

L1(x)L3(x)--Lans1(x) hf L3 (x) = 0 mod x(Lyp(x) - 2).

m=0

If n = 1, then from (9) we have

Len(x) =2 Lop(x) -2
L3(x) Li(x)

L0 Ls(x) [ ] CLOL0) S L ().
m=0

From Lemma 2 we know that

Len(x) -2 3. Lon(x) -2
L3(x) Li(x)

Combining (11) and (12) we know that the congruence (10) is true for n = 1.
Suppose that (10) is true for all 1 < n < s. That is,

L1(X)L3(X)[ ] =0mod x (Lyp(x)-2).

L1(x)L3(x)-Lan+1(X) hz_:l Lims1(x) = 0 mod x(Lp(x) - 2)

m=0
holds forall1 <n<s.
Then for n = s + 1, from (9) we have
L -2 _
2n(25+3) (X) _(25+3). Lyn(x) -2
Lysi3(x) Li(x)

2s+3 (2s+3-k 25+3-2k
:ZZS+3 k( )ZLZf"t'l

:k
Lo

S, 2s+3 (2s+3-k _
5 100+ 5202 (20278 B o,

(6)

@)

8)

©

(10)

(1)

(12)

(13)

(14)
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Applying Lemma 2 we have the congruence

L1(x)L3(x)-L2s+3(X) I:lm ~(2s+3)- Lzz(lx(z()_zjl

= 0mod x (L, (x)-2). (15)
If 1 <k<s,then3 <2s+3-2k<2s+ 1. From the inductive assumption (13) we have

S, 2s+3 (25+3—k)"‘1 2543-2k

L1(x)L3(x)-+Las+1(x)L2s+3(x) kZ::l 513k K mz=:o Lyms1 ™~ (x)

= 0mod x (Lyp(x) -2). (16)

Combining (14), (15) and (16) we may immediately deduce the congruence
h-1
L1 (x)L3(x)Lass1(x)Las3(x) > Lam71(x) =0 mod x (Lon(x) - 2) .
m=0

This completes the proof of our theorem by mathematical induction.
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