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Abstract: This paper investigates the dynamic behavior analysis on the prey-predator model with ratio-
dependent Monod-Haldane response function under the homogeneous Dirichlet boundary conditions, which
is used to simulate a class of biological system. Firstly, the sufficient and necessary conditions on existence
and non-existence of coexistence states of this model are discussed by comparison principle and fixed point
index theory. Secondly, taking a as a main bifurcation parameter, the structure of global bifurcation curve on
positive solutions is established by using global bifurcation theorem and properties of principal eigenvalue.
Finally, the stability of coexistence states is obtained by the eigenvalue perturbation theory ; the multiplicity
of coexistence states is investigated when a satisfies some condition by the fixed point index theory.
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1 Introduction

Population ecology is an important branch of ecology. Due to the complexity of ecological relations, mathe-
matical methods and results have been increasingly used in ecology and population ecology. In recent years,
due to the widespread application of biological models, such as predator-prey model in population ecology,
this field of research has gained increasing interest. However, the predator-prey model is an important branch
of reaction-diffusion equations. The dynamic relationship between predator and their prey is one of the
dominant themes in ecology and mathematical ecology. During the last thirty years, the investigation on the
prey-predator models has been developed, and more realistic models have been derived in view of laboratory
experiments. Moreover, the research on the prey-predator models [1-4] has been studied from various views
and interesting results have been obtained (see [5-8] and the references therein). For every specific prey-
predator model, we know that the functional response of the predator to the prey density is very important,
which represents the specific transformation rule of the two organisms. For example, the Holling I type
functional response in a predator-prey model was considered by Cheng et al. [9] and Zhang et al. [10, 11],
the Holling II type functional response was investigated by Wang and Wu [12], Zhu et al. [13] and Cui et
al. [14], the Holling Tanner type functional response was studied by Casal et al. [15] and Du et al. [16], the
Beddington-DeAngelis functional response was proposed by [17] and Guo and Wu [18]. In this paper, we are
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concerned with the prey-predator model with ratio-dependent Monod-Haldane response function [19, 20]
under the homogeneous Dirichlet boundary conditions as follows:

_ oy bv
~Au=u(a-u 1+mu+lu2+kv) X €2,

_ _ du
—Av = V(C v+ 1+mu+lu2+kv) X €2, (1)
u=v=0 Xeof,

where (2 is a bounded domain in RY (N > 1) with smooth boundary 0£2. u and v stand for the densities of
prey and predators, respectively. The parameters a, b, ¢, d are assumed to be only positive constants. a and
¢ denote the intrinsic growth rate of prey u and predator v, respectively. b and d stand for capturing rate to
predator and conversion rate of prey captured by predator, respectively. Where f(u, v) = 177+ Stands
for the Monod-Haldane response function with ratio-dependent, which not only has the characteristics of
Monod-Haldane reaction, but also has the characteristics of Beddington-DeAngelis functional response.
Thus, this response function can better simulate the transformation law of two species. In this paper, we
are concerned with the coexistence states on the prey-predator model with the response in this case m > 0,
k>0and!=1 > 0; the specific model is as follows:

_ o bv
-Au=u(a-u 1+mu+u2+kv)’ X €2,

_ _ __du_
—AV =V(C -V + o) 0 X e, 2
u=v=0, X€of,

where the coexistence state is a solution (u, v) of (2) satisfying u(x) > 0 and v(x) > O for all x € £2.

The rest of this paper is arranged as follows. In Section 2, the sufficient and necessary conditions on
existence and non-existence of coexistence states of (2) are discussed by the fixed point index theory. In
Section 3, taking a as a main bifurcation parameter, the structure of global bifurcation curve on coexistence
states is established by using global bifurcation theorem. In Section 4, the stability of coexistence states is
obtained by the eigenvalue perturbation theory; the multiplicity of coexistence stats of (2) is investigated
when a satisfies some condition by the fixed point index theory.

2 Coexistence

The goal of this section is to discuss the condition on existence and non-existence of coexistence states by
the fixed point index theory and properties of principal eigenvalue. In order to present the main results, we
introduce some basic conclusion and notations which refer to [21-23].

Suppose A\1(gq) < A2(q) £ A3(q) < --- are all eigenvalues of the equation

—Ap+q(x)p=2p, dlon =0,

and g(x) € C(£2). And )\ (q) is simple and )1 (q) is strictly increasing which implies that g1 < ¢> and g1 # ¢
can deduce X\1(q1) < A1(g2). Denote X;(0) by );, and the eigenfunction corresponding to A1 by ¢; with
normalization |¢1 . = 1 and ¢ > 0in £2.

Consider the following problem

2
—Au=pu-u, ulsn=0,

let 8, (6, < p) be unique positive solution as p > A1. It is easy to see that the mapping p — 6, is strictly
increasing, continuously differentiable on (A1, o) — CZ(Q) N Co(£2) such that 6, — 0 uniformly on N as
P = A

Hence, in the system (2) there exist two semi-trivial solutions (64, 0) and (0, §.) when a, ¢ > A;. Next,
we present some a priori estimate by maximum principle (see [12, 24-28]). It’s proof will be omitted.
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Lemma 2.1. Any coexistence state (u, v) of (2) has a priori boundary, i.e.,

ad
1+am’

u<a, v<B:=c+
Next, we give the fixed point index theory (see [29]). Let E be a Banach space. W c E is named a wedge if W
is the closed convex set and W c W forall 3 > 0. Fory e W,let Wy = {x e E: 3r =r(x) > O,s.t. y + rx e W},
Sy={xeWy,:-xeW,},andE =W - W.Let T : W, -~ W, be acompact linear operator on E. We claim that T
has property con Wy if thereexists t € (0, 1) andw € Wy\Sy such thatw—tTw € Sy. Define B (y) = Bs(y)nW,
V6 >0,y e W.Let F: Bi(y) — W be a compact operator and y be an isolated fixed point of F. Denote F’ as
the Fréchet differentiable at y, then F'(y) : W, — W,. The fixed point index of F at y relative to W is denoted
by indexw (F, y) throughout this paper. Now we give a general result on the fixed point index theory with
respect to the positive cone W (see [22, 23]).

Lemma 2.2 ([29, 30]). Suppose that I - L is invertible on Wy. Then the following conclusions hold.

(i) If L has property a on Wy, then indexy (F,y) = 0.

(i) If L does not have property o on Wy, then indexy (F,y) = (-1)?, where o is the sum of algebra multiplicities
of the eigenvalue of L which are greater than 1.

Let X = C5(2) @ C3(12), where C3(2) = {w e C1(2) : wlo = 0}; W =K@K, where K = { p € C(2) : p(x) >
0}; D:={(u,v)eX:u<a+1,v<B+1};D = (intD)NW.
Define F; : D" - W as the following form:

bv
| twla-u-—e————
Fe(u,v) = (-A+P) 1+mud+u + kv
tv(c-v+

) + Pu

—— )+ Py
1+mu+u2+kv)

where t € [0,1], P> max{a+bB,c+ 1+ma . By Maximum Principle, we obtain that (-A + P) ' is a compact
positive operator, F; is complete continuous and Fréchet differentiable. Let F; = F, then (2) has a coexistence
state in W if and only if F; = F; has a positive fixed point in D’.

Ifa > A and ¢ > M\, (0,0), (64,0) and (0, 6.) are the non-negative fixed points of F. Hence,
indexy (F, (0,0)), indexy (F, (04,0)) and indexy (F, (0, 6.)) are well defined. By calculating, we can get
the Fréchet operator of F as follows:

a bv(1 - u’ + kv) bu(1 + mu + u?)
- T A+ mu+u? +kv)? (1 +mu+u? +kv)?
(-a+p)* (L )
dv(l-u’ +kv) c—2v+ du(1l+mu+u”) + P
(1+ mu+u? + kv)? (1+mu+u?+kv)?

Applying similar methods as in the proof of Lemma 2.1 and Lemma 2.2 in [12], we can easily establish the
following Lemmas by the fixed point index theory (see [24—28]). We omit the proof procedure.

Lemma 2.3. Assume a > \;.

(i) degy, (I - F,D") = 1, here degy,(I - F, D") is the degree of T - Fin D’ on W.
(i) If ¢ # \1, then index w(F, (0,0)) = 0.

(i) If ¢ > )\1(—%) then index w (F, (04,0)) = 0.

(i) Ifc< (- 1+m9 +92) then index w(F, (64,0)) = 1.

Lemma 2.4. Assume ¢ > \1.
(i) Ifa >)\1(1+k9 ), then indexw (F, (0, 6c)) = 0.
(i) Ifa< >\1(1+k9 ), then index w(F, (0, 6c)) = 1.

In the following, some conditions on existence and non-existence of coexistence states of (2) are established
by comparison principle.
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Theorem 2.5. (i) If a < \1, then (2) does’t have any coexistence state; if a < A1 and ¢ < \1, then (2) does’t exist
non-negative non-zero solution.

(ii) If ¢ < \1 and for (2) there exists a coexistence state, then a > \1, ¢ + 1fr‘:m > M.

(iii) If ¢ > \1 and for (2) there exists a coexistence state, then a > X1 ( W"g#wc).

Proof. (i) Suppose (u, v) is a coexistence state to (2), then (u, v) satisfies

bv

-Au=u(fa-u- ——m————
( 1+mu+u?+kv

) xe2, u=0 xe 01,
and a = A\ (u + Mﬁ) . With the aid of the comparison principle, we get a > )1, a contradiction. We
suppose that (u, v) is a non-negative non-zero solution of (2). Obviously, u # 0 and v = 0, then a > \; by the
above proof. Similarly, we can deduce ¢ > A1 as u = 0 and v # 0, which derives a contradiction again.

(ii) Let (u, v) be a coexistence state of (2). By (i), we know that a > A1, and (2) has the positive semi-trivial
solution #,. Due to

bv

-Au=u(fa-u- —————
( 1+mu+u?+kv

Y<u(a-u) xe, u=0 xeaf,

u is a lower solution to (2). Owing to the uniqueness of 04, u < 0,. It follows that v meets

du

—Av:v(c—v+—2
1+mu+u?+kv

) xe2, v=0 x€0f2,

thenO0 =X\ (-c+v - m) > A (-c- 1era) which gives the result.

(iii) Suppose (u, v) is a coexistence state of (2), then (2) has the unique positive solution 6, with u < 6, .
Similarly, ¢ > \; implies the existence of positive solution 6. of (2) with 6. < v. According to the same method
of (i), we directly obtain

bv bo.
2 )>)\1( >
1+mu+u?+kv (1+mbq + 05 + kbc)

a=X(u+ )
Since the function m has a minimum at u = 6, and v = 0. (for u < 65 and v > 6.). So the result
holds. O

Theorem 2.6. (i)Ifc > A1 and a > )\1( 1+k9 ). Then (2) has at least a coexistence state.

(ii) Suppose ¢ < \1. Then (2) has a coexistence state if and only if a > \1 and ¢ > \; (—% .

Proof. (i) By Lemma 2.3-2.4 and the fixed point index theory, we have
degy (I - F, D) —indexw(f, (0,0)) — indexw (f, (64, 0)) — indexw (f, (0, 6c)) = 1.

Then (2) has at least a coexistence state.

(ii) Firstly, we demonstrate the sufﬁciency Due to ¢ < A1, (2) does’t have the solution of the form (0, v)
withv>0.Ifa > A and c > A\ (- m) since ¢ < A1, by Lemma 2.4 and the fixed point index theory, we
get

degy (I - F, D) — indexw(f, (0,0)) — indexw(f, (64, 0)) = 1.

Hence (2) has at least a coexistence state.
Conversely, we suppose that (u, v) is a coexistence state of (2). Then a > A1, and u < 6,. Thanks to (u, v)
satisfies

du
—Av=v(c-v+——————) xe, v=0 xed.
1+mu+u?+kv
_ _du da
Hence, 0 = A1 (-c+Vv - 1+mu+u2+kv)>/\1( C— Toma) O

Theorem 2.7. If one of the following two conditions holds, then (2) does’t have any non-negative non-zero
solution:

@A)b>1+ma+a’*+kBanda<c;

()b <1+ma+a®+kBandc-a> (1 - qmziam)B-
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Proof. (i) Assume that (u, v) is a coexistence state of (2) as b > 1 +ma+a” + kBand a < c. Note that u(x) < a
by Lemma 2.1 and 1 + mu(x) + u?(x) + kv(x) > 0 in 2. we get

bv
0=M(-a+u+—F"—"—
1( 1+mu+u2+kv)
> A (—C+V—L—v+$+u+$)
=M 1+mu+u?+kv 1+mu+u?+kv 1+ mu+u?+kv
du b
>nml-c+vv-—— —— —(1-————— v
1( 1+mu+u?+kv ( 1+mu+u2+kv))
du b
>nml-c+vv-0ir—"——— (1 - —————— )y
1( 1+ mu+u?+kv ( 1+ma+a2+kB))

1+mu+u?+kv
Which deduces a contradiction.
(ii) Based on the proof of (i), thanks to the fact b < 1+ ma +a*+ kBand c-a > (1 - m)& we
can obtain the following inequality:

bv
0=\ (-a S S
1( +u+1+mu+uz+kv)

W TR R

du b
»l-c+vvo———— —a+c-1-—————)B
g 1( v 1+mu+u?+kv " ( 1+ma+a2+kB) )

S\ (—c vvo d—“)
= l+mu+u?+kv)’
which is a contradiction. The proof is completed. O

3 Global bifurcation

The purpose of this section is to investigate a coexistence state bifurcates from the semi-trivial non-negative
branch {(0, 6., a)} depending on the change of the parameter a and ¢ > \;. Particularly, the structure of
global bifurcation curve on coexistence states is discussed by using global bifurcation theorem and property
of principal eigenvalue.

Throughout this paper, the principal eigenvalue of the following problem is denoted by @ ,

b6,

1+ k6.
and the corresponding eigenfunction is denoted by & with ||#| . = 1.

For convenience of the calculation, we do the following variable substitution, suppose w = u, x = v -6,
then 0 < w < 6,4, x >0, and w, x meet

_A¢ + ¢ = a(b’ (b‘a!? =0, (3)

-Aw=(a- 1ﬁi‘ec)w+F1(w,x), X € (2,
—Ax = (¢ = 20)x + 1295w + Faw, x), X €92, (%)

w=x=0, X€of,

here
bwb. bw(x +6c) 2

1+ko: (L+mw+w?+k(x+6c))
dw(x +0c) dwb. 2
Fa(w,x) = - 2
2(w,x) (1+mw+w?+k(x+0c)) 1+Kkb. X
Itis easy to see that F = (F1, F>) is continuous, F(0, 0) = 0, and the Fréchet derivative D, ,)F|(o,0y = 0. The
inverse of — A is denoted by K. Then

Fi(w,x) =

>

w = aKw - bK({£45-) + KF1(w, x), X e,
X = cKx = 2K(x0c) + dK({£55-) + KFa(w, x), X €92, (5)

w=x=0, X €af.
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Now we introduce the operator T : R* x X — X as follows:

cKx - 2K(x0¢) + dK (2 1+k9 ) + KF>(w, x)

T(a;w, x) = ( aKew - bK (535 )‘*KFl(w’ X) )

Obviously, T(a;w, x) is a compact operator on X. Define G(a;w,x) = (w,X)T - T(a;w, x), then G is
continuous, and G(a;0,0) = 0. G(a;w,x) =0 (0 < w < 4, x > 0) if and only if (w, x + 6, a) is a positive
solution of (2).

Theorem 3.1. Suppose ¢ > \1. Then there exists a coexistence state of (4) (or (2)) bifurcate from the point
(@;0,0c),and a = )\1(%)_

Remark 3 2. The proof of Theorem 3.1 refers to Theorem 2 in [19], more precisely, the bifurcation branch near
= M (20 1+k9 ) is determined by C* continuous curve (a(s); ¢(s), ¢(s)) : (=8,6) — R x Z, for some § > 0 such
that
a(0) = a, $(0) =0, (0) =0, and (a(s);w(s), x(s)) = (a(s); (2 + &(s)), s(¥ + ¢(s)))

meets G(a(s);w(s), x(s)) =0, here X = Z & span{(®,¥)}. Thus (a(s); U(s), V(s)) (|s| < 8) is a bifurcation
solution of (4) (or (2) ), here U(s) = s(® + ¢(5)), V(S) = 0c + S(¥ + p(5)), ¥ = (~A—c +20c)"*( 112@@).

If 0 < s < 4, we can deduce that the positive solution of (2) nearby (&;O0, 6.) lies either on the branch
{(a;0,6.) : a € R*} oron the branch {(a(s); U(s), V(s)): 0<s<d}.

Define T : X x R — X as the compact continuously differentiable operator, and T(0,a) = 0. Let T be
T(u,a) = K(a)u + R(u, a), here K(a) is a linear compact operator and the Fréchet derivative R, (0,0) = 0
Suppose xo is an isolated fixed point of T, we denote the index of T at xo by index(T, xo) = deg(I -
T, Us(x0),Xo0), here Us(xo) is a ball with center at xo, and xo is the unique fixed point of T in Us(xo)-
If I - T'(xo) is invertible, then xo is an isolated fixed point of T, meanwhile, index(T, xo) = deg(l -
T, Us(x0), xo) = deg(I - T'(xo0), Us(Xo0), 0).

If xo = 0, then deg(I — K(a), Us(x0),0) = (-1)?, where ¢ is equal to the algebraic multiplicities of the
eigenvalue of K which is greater than one.

Next, we study the structure of global bifurcation curve on coexistence states, we will extend the local
bifurcation solution {(a(s); U(s), V(s)) : 0 < s < §} established by Theorem 3.1 to the global bifurcation
branch. For this purpose, we define the following notation: Py = {u € C5(£2) : u(x) >0, x € 2, & <0, x ¢
002}, P={(u,v,a)eXxR" :u,vePq}.

Theorem 3.3. If ¢ > A1, then the local bifurcation solution {(a(s); U(s), V(s)) : 0 < s < &} can be extended
to the global solution which is denoted by C and unbounded by going to infinity in P.

Proof. Define

T,(a) ) (W’ X) = D(w,x) T(G;O, 0) : (w’ X)
= (aKw - bK( 1

) cKy - ZK(XH,;)-O—dK

kG)

Let 41 > 1 be an eigenvalue of T’(a). Then

—pAw = (a- 1+k9 Yw, X € £,
—puAx =(c-20c)x + Tk”&w, X € (2,
w=x=0, X € 0f.

Obviously, w # 0, otherwise, w = 0, due to the fact that all eigenvalues of (—-uA — ¢ + 26.) are greater than O,
so x = 0, a contradiction. Thus, a = a;(u) is the eigenvalue of the following problem

—uAw + w=aw, wlsn=0.

b6,
1+ k6
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So a;(u) is increasing along with y on [1, +00) and can be ordered by
0< al(u) < az(u) < 03(,[1) <o —> 00, al(l) =d.

Conversely, if © > 1, we demonstrate that all eigenvalues of (-pA - ¢ + 26.) are greater than 0, then y =
(—pA-c+260,)7( 11%00“’)' Hence, ;1 > 1is an eigenvalue of T'(a) ifand only if a = a;(p) forsomei =1, 2, ....

Ifa<a,thena<ai(1) < a;(p) forany u > 1,i > 1. It follows that T'(a) has no eigenvalue greater than
1, meanwhile, index(T(a;-),0) =1fora < a.

Ifa <a<ay(1),then a < a;(p).Since ai;(1) = aforany p > 1,i > 2, lim ai(p) = +o0, and a; (i) is
AL—)O()

increasing along with y. Hence, there exists a unique u; > 1 such that a = a;(¢1). Thus N(u1I - T'(a)) =
span{(w,x)}, dimN(u1I - T'(a)) = 1, here @ > 0 is the principal eigenvalue of the following equation

bec

Aw + (a -
A+ (@ =750

)w =0, Wop =0, (6)

here y = (1A - c+26,)7( 11%65).
Next, we shall demonstrate that R(u1I - T'(a)) n N(u1I — T'(a)) = 0. As a matter of fact, suppose the

assertion is false , we may assume that (w,%) € R(u1l — T'(a)). Then there exists (w, x) € X such that
(I -T'(a))(w, x) = (@,X), L.e.,

bec
+ kO,

mAer(a— 1 )w:Aw, w|ag =0.

Multiplying the above equation by @, and integrating over (2, by Green’s formula, we have

fEA@: f(ulAw+aw— bube Yw
2

1
2 + ko,
b@@c
= Aw + aw — =0.
[(‘“ WA= e
Q
Thus /[, /%1 (a- 1%% Y@? = 0, a contradiction, which has proved the claim. Then the multiplicity of 1, is one

and index(T(a;-),0) = -1 for & < a < a,(1). With the aid of global bifurcation theory [23], we deduce that
there exists a continuum Cy of zero points of G(a;w, x) = 0in R* x X bifurcating from (&; 0, 0) and all zero
points of G(a;w, x) nearby (&;0, 0) lie on the curve for which the existence was established by Theorem 3.1.

Define the maximal continuum C; as C1 = Co — {(a(s);s(® + ¢(s)),s(¥ + ¢(s))) : =6 < s < 0}, then C;
consists of the curve {(a(s); S(P+¢(s)), s(¥+p(s))) : =6 < s < 0} in the neighborhood of (&; 0, 0). Suppose
C={(a;u,v): U=w, V=0c+, (w, x) € C1}.It follows that C is the solution branch of (2) which bifurcates
from (&;0, 6.) and keeps the positive near (&;0, 6.) and C c P. Thus, the continuum C - {(&;0, 6)} must
satisfy one of the three alternatives:

(i) joining up with a bifurcation point of the form (a;0, 6.), which I — T’ (&) is not invertible, @ # a.

(ii) joining up from (a; 0, 6.) to oo in R x X.

(iii) containing points of the form (a; u, 6 + v) and (a; -u, 6. — v), here (u, v) = (0, 0).

Now we claim that C—{(&;0, 6c)} c P.Suppose C—{(&;0, 6c)} ¢ P, it follows that there exists (&; i1, ¥) € (C—
{(@;0,06c)}) n oP and the sequence {(an; un, vn)} ¢ CN P, un >0, vy > 0 such that (an; un, va) — (&; i, V)
as n — oo. We can obtain that it € 0P, or vV € 0P,. If il € 0P1, then &t > 0, x € 2. Thus, we find either xg € 2
such that &1(xo) = 0 or xo € 9(2 such that %M = 0. Since u satisfies

b
(1+mit+ 0%+ k)

“Afi=(a-i- Y, @lse = 0.

By maximum principle, we can get &t = 0. Similarly, we can deduce that ¥ = O for ¥ € 0P;.
Thus, we will investigate the following three cases:

() (&, 7) = (0a,0); (i) (&, ¥) = (0,6c);  (iii) (&, V) = (0, 0).
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(@) If (&1, V) = (64,0), then (an; un, vn) - (a;6;,0) as n - co. Set V,, = —=—, then V, meets

[Valloo

duy
(1 +muy +u3 +kvy)

~AVn=(C-Vvn+ Yn,  Vnlon =0. @)

With the aid of L? estimates and Sobolev embedding theorem, we deduce that there exists a convergent sub-

sequence of V,, which be still denoted by V4, it follows that V,, - Vin C(l) (2)asn —» co,and V >0,#0,x € 0.
Taking the limit in (7) as n — oo, we get

do,

AV = (c+ — 2y,
( 1+m0;1+9§)

Viso =0.

By the maximum principle, we get V > 0, x € 2, which implies ¢ = \; ). A contradiction to ¢ > A1.

(_L
1+m0,+0;

(i) If (&1, V) = (0, 6¢). Then (an; Un, va) — (@;0,0c) as n — oo. Set Uy, = Hu:ﬂw , hence, U, meets

bvy
(1 +mun + uz + kvy)

—AUp = (an —un - YUn, Unlon =0. (8)
Similarly, using L? estimates and Sobolev embedding theorem, we can get a convergent sub-sequence of Uy,
which be still denoted by Uy, then U, — U in C(l)(ﬁ) asn — oo,and U > 0, # 0, x € (2. Taking limit in (8) by

n — oo, we get
bec

~AU= (a-
(@ 1+ ko,

YU, Ul =0.
Due to maximum principle, we get U > 0, x € £2. Thus a = Al(%) . A contradiction to a # a.

(iii) If (&1, ¥) = (0, 0), then similarly as in the method from the case above, we also arrive at a contradic-
tion. Hence, C - {(&;0,6c)} c P. It follows from Lemma 2.1 that 0 < U < a, 6. < V < ¢ + 124, With the
aid of L? estimates and Sobolev embedding theorem, we prove that there exists a constant M > 0 such that
|Ull¢1,|| V]|t < M. Then, the global bifurcation solution branch C of positive solutions of (2) bifurcating at

(@; 0, 6.) contains points with a arbitrarily large in P. O

4 Stability and multiplicity

The purpose of this section is to investigate the stability and multiplicity of coexistence states of (2) by means
of eigenvalue perturbation theory and the fixed point index theory.

Set X1 = [C**(2) x C**(2) nX], Y = [C*(£2) x C*(2), here 0 < a < 1.i: X; — Y is the inclusion
mapping. Since L, is the linearized operator at (&; 0, 6.) of (2), according to the proof of Theorem 3.1, we get
N(L;) =span{(®,¥)}, Codim R(L1) = 1, and R(Lo) = {(u,v) € X: [, u®dx = 0}. Due to i(®,¥) € R(L1), it
follows from [31] that O is an i—simple eigenvalue of L; .

Lemma 4.1. O is the eigenvalue of L, with the largest real part, and all the other eigenvalues of L, lie in the left
half complex plane.

Proof. The proof of Lemma 4.1 can be found in [9, 18, 24, 26], here we omit it. O
Let L(u(s),v(s),a(s)) and L(a;0, 6.) be the linearized operators of (2) at (u(s), v(s),a(s)), (a;0,6c),
respectively. Applying the linearized stability theory (see [31, 32]), we can obtain the following result.

Lemma 4.2. There exists C'—function: a - (M(a),~(a)) and s - (N(s), =(s)), which are defined by the
mapping from the neighborhood of a and 0 into X; x R, respectively, satisfying the forms v(a) = =(0) = 0,
M(a) =N(0) = (&,¥) and

L(a;0,6.)M(a) =y(a)M(a), for|la-a| <1,
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L(u(s),v(s),a(s))N(s) =w(s)N(s), for|s| « 1,
where M(a) = (¢1(a), ¢2(a)), N(s) = (p1(a)p2(a)). Meanwhile, v' (&) # O, furthermore, for |s| «< 1, 7(s) #
0, n(s) and —sa’(s)~'(@) have the same sign, where v’ (&) is the derivative of v(a) at a = @, and a’(s) is the
derivative of a(s) on the point s.

Lemma 4.3. ~'(a) > 0.

Proof. By calculating L(a;0,0.)M(a) = v(a)M(a), for |a - a| « 1, we have

A¢1+(a—%)¢1:7(a)¢1, Xef2,
Ay + (C—20c)dy + %qﬁl = ~(a)pa, X € 22,
$1=¢2=0, X €0R.

Note that |a - a| « 1, then |y(a)| « 1. Obviously, ¢1 #£ 0, otherwise, ¢1 = 0, then ¢, = 0, a contradiction.
Thus ~(a) is an eigenvalue of (A + (a - 1+k9 )). So & > 0, implies ¢1 = ¢1(a) > 0 as |a - a| « 1. It follows
that y(a) is the principal eigenvalue of (A + (a- ¢ ke )I), and y(a) is increasing along with a for |a-a| « 1.
Meanwhile, /(&) # 0. Thus ~'(&) > 0. O

emma 4.4. a (0) satisfies
L '(0) satisfi
bmo by
(0 [432d :f 1- —¢ \o’d [7©2d
“()Q X Q( 1+ k)2 “Q (1+koo)2 ¥

Proof. By substituting (u(s), v(s), a(s)) into (2), differentiating on s, and let s = 0, we get

bé. ¥ — ml.P

~A0(0) = (@- 17755 (1 + ko, )2

)¢'(0) +[a’(0) - @b

12,

where ¢'(0) is the derivative of ¢ on the point s = 0.
Multiplying the above equation by &, and applying Green’s formula and the definition of &, we obtain

bmo
! »*dx = f 1- Y & f X.
@(0) [ #'ax= [ ( Tk % | T kec)z =
o} o}
Taking the advantage of Lemma 4.1-Lemma 4.4, we directly derive the following theorem.

Theorem 4.5. Let o = [,(1 - (fﬁg E )PP dx + [, méz dx. If o > 0, then local bifurcation solution

(u(s), v(s)) is stable; if o < 0, then local bifurcation solution (u(s), v(s)) is unstable.

Remark 4.6. In section 2, by the sufficient condition and necessary condition on coexistence states of (2) es-
tablished in Theorem 2.5-2.6, we find that there exists a gap between a > >\1( I +k9 )and a > Al(m)
as c > Ai.

In the following, we shall investigate the multiplicity of coexistence states in the gap.

Theorem 4.7. Suppose that ¢ > Ay and [,(1 - %)@3 dx < 0. If there exists a sufficiently small e > 0 and

d « 1, then coexistence state (u(s), v(s)) is non-degenerate and unstable for a € (a - , @), moreover, (2) has
at least two coexistence states.

Proof. Firstly, we will demonstrate the coexistence state (u(s), v(s)) is non-degenerate and unstable. To
this end, we only need to prove that there exists a sufficiently small ¢ > 0 such that any coexistence state
(u(s), v(s)) of (2) is non-degenerate for a € (@ — ¢, &), and the linearized eigenvalue problem

bv(s)(1-u(s)’+kv(s)) bu(s) (1+mu(s)+u(s)®)  _
—AE - [a(s) N Zu(s) - (1-:—/mu(s)+uu(s)2+I<Vv(s))2 ]§ + (1Kmu(s)+uLEs)2+iv(s))2"7 =pg, Xe€,

du(s) (1+mu(s)+u(s)?) dv(s)(1-u(s)>+kv(s)) _
—An - [ = 2v(S) + Trmutsyrus) =i ()2 1~ amus)ruGsyzekv(s)yz = Mls X e, ©

§=n=0, Xe€oNn
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has a unique eigenvalue p. and Re(u«) < 0 with algebra multiplicity one.

Let {¢; > 0} and {d; > 0} be sequences which converge to 0 by i - co. Owing to a = @ + a’(0)s + 0(s?),
we can get the sequence {¢; > 0} and {a;} yield a; € (& —¢;, @) and s; > 0 asi — oo. It is easy to see that
(u;, v;) is one solution of (2). Hence, the corresponding linearized problem (9) can be written in the following

form: " 5
§i "Sl Mi Mi
L; = dL;= ,
(o) (e e
where (&, 7;) # (0,0) and
bv,»(l—uiz-#kv,-) ] M12 bu; (1+mu;+u; 2y

11 _ A L L bvild—uy+kvi)
M =-A-[ai - 2u; (A+mu+u?+kv;)2 (1+mu;+u? +kv )2

21 _ dvi(l—u,.2+kv,-) 22 A _ ) du; (1+mu,+u )
M; = (T+mu+uZ+kv;)?? Mi*=-A-[c-2vi+ (1+mui+ui2+kv,~)2]'

&i
i

f _ —Af—(a 1+ )5 0
Lo(n)_( 0 kg—A'n—(c—Zt‘)c)n)'

It follows that 0 is a simple eigenvalue of Ly with the corresponding eigenfunction (¢, n) T (2, O)T. Mean-
while, all the other eigenvalues of Ly are positive and keep away from 0. Furthermore, using perturbation
theory [31, 33], for large i, the operator L; has a unique eigenvalue y; which is close to zero. Moreover, all
other eigenvalues of L; have positive real parts and keep away from 0. Because y; is simple real eigenvalue
which tends to zero, we denote the corresponding eigenfunction by (&;, n;)T which satisfies (&;, ;) — (@, 0)

Observe that, asi — oo, L; ( ) converges to

asi — oo.
Now we claim that Rep; < O for large i. Multiplying & on the first equation of L;(¢;, ni)T = pi(&, 771-)T and
integrating over {2, we obtain

(1 —ul . . w2\
B / BAE f(ai Cou - bvi(1 - u;j + kv;) o bu;(1 + mu; + u; ) dn; _ f Bt (10)
0 0 o) 2

(1 +mu; +u? + kv;)? (1 +mu; +u? + kv;)?

Multiplying two sides of the first equation of (2) with (a, u, v) = (a;, u;, v;) by & and integrating, we obtain

bv;
_fgiAui_/(ai_ui_1+mu,+u +kv,)u£l_
7] 9)

Taking u; = s;® + O(s?) into the above equation we have

bv; 2
- qm‘—f (a; - u; - ’ 0(s?) = 0. 11
([ &i J &d(a; — u; 1+mui+ui2+kvi)+ (si) (11)

By combining (10) and (11), we obtain

/[1_ bvi(m + 2u;)

bu;(1 + mu; + u})dn; f o,
(1 +mu; +u? + kv;)? wiPE;.

Jui@g; + =
2 2

(1 +mu; +u? + kv;)?

Notice that (u;, vi) = (5i® + O(s?), 6c + si¥y, + O(s?)), where ¥, stands for ¥ defined in Remark 3.2. Thus,
dividing the above equation by s; and taking the limit, we get

bmo.

Jim - /( 1+ ke)z)qs/fq5 <0

which results in Rep; < O for large i. Hence, our claim is illustrated.

Finally, using similar method as in [25], we will demonstrate the remaining part of Theorem 4.7. In order to
apply reduction to absurdity, we suppose that there exists a unique coexistence state (i, ¥) for (2), then (i, ¥)
must be bifurcated from (0, 6. ), since there exists a coexistence state near a. Thus, (ii, 7) is non-degenerate,
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and the corresponding linearized problem has a unique eigenvalue /i with algebra multiplicity one which
satisfies Refi < 0. The above fact implies that I - F’ (i1, ¥) is invertible and does not have property o on W(W),
hence index(F, (ii, 7)) = (-1)* = -1 by Lemma 2.2(ii). Thus, according to Lemma 2.3-2.4 and the fixed point
index theory, we get

1 = indexw (F, D)) = indexy (F, (0,0)) + indexy (F, (64,0))

+indexw (F, (0, 6¢)) + indexw (F, (i1,7)) =0+0+1-1=0,

which leads to a contradiction. Thus, the proof is completed. O

Remark 4.8. The proof of Theorem 4.7 implies that the multiplicity of (2) can be obtained easily as m > 0. Due
toa’(0) < O for a sufficiently small d, and [,(1- %)@3 <0, itiseasytoseethata = a(s) € (A1, a). From
Theorem 2.5(i), we know that there is no coexistence state of (2) if a < Al(Weéukec)) asm>0,c¢c > \.
As a result, we have demonstrated that there exist at least two coexistence states for a € (a*, @) and some

b0, b0,
a* e (M (Trmb,+027k0,) )s M (355

Finally, we study the stability of any positive solutions (if exists) as the parameter a, b, ¢ belong to some
domain.

Theorem 4.9. If a > \1, ¢ > \1, then there exists some sufficiently small B > 0 such that any coexistence state
of (2) (if exists) is non-degenerate and stable for b < B.

Proof. Let ¥ be a positive solution of the following equation

dea

-Av=v(b-v-
( 1+ még + 102 + kv

)x €82, vjpn =0.

Hence, we need only demonstrate that the linearized problem of (2) has no the real part of eigenvalue.
By reduction to absurdity, we suppose that the positive solution (u;, v;) of (2) is either non-degenerate or
unstable. Suppose the sequence b; meets b; — 0 with i > 1, then there exists y; such that Rey; < 0, and
the corresponding eigenfunction (&;, ;) # (0,0) with & + |n:]|> = 1 satisfying the following linearized
problem

bv;(1-u} +kv;) ) bu;(1+muj+u)
—AG - [a-2u; - (T+mui+u? +kvy)2 1 (T+mu;+u? +kv;)? = pis X €82,

du; (1+mui+uf) § dvi(1-uf+kv))
—Ani—[c-2vi + (1+mui+uf+kvi)2] U (rmuruZ +kvi)2 T HMis x €2, (12
& =n=0, Xeof

Multiplying two sides of (12) with &;, n;), respectively, and integrating on (2, it follows from Divergence
theorem that

2 bvi(1 - u? + kv;) 2 bu;(1+mu;+u?) -
- . _ —Jui — . £
Hi wam dx Q[[a Ui (1+mu,-+ul.2+kvi)2]|£l| dX+Q (1+mu,~+ui2+kv,-)2771§1dx

2 du;(1 + mu; + u?) 2 dvi(1 - u? + kv;) _
+ i dx—/ c-2v;+ i|“dx - inidx,
wan" 2 [ ' (1+mu1~+ul.2+kv,~)2]|n" 2 (1+mu,~+uf+kv1~)2£m’

where ¢; and 7; are the complex conjugates of ¢; and n;. According to the above equation, we can deduce that
Re(pi) and Im(u;) are bounded, so we suppose that y; — p with Re(u) < 0. Meanwhile, (&, 7)) = (€, n),
b; — 0 asi — oo. Then (12) converges to

—AE = (a-200)€ = pE, Xen,

~  d0,(1+mB,+62) dv(1-02+kv)
—An - [¢ -2V + hgreri I~ Cemar oy = M X €2 (13)

§=n=0, Xeof
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It follows that 4 must be real number with ¢ < 0. Suppose £ # 0, one can deduce that 4 is an eigenvalue of
the equation
_A¢ + (_a + 290)¢ = M¢! X € Q’ ¢|6_Q = Oa

Then p > M\ (—a + 264), since A1 (—a + 204) > A1 (-a + 04) = 0, hence p < 0, a contradiction.
Suppose ¢ = 0, then n # 0. By the second equation of (13), we get

da(1 + mbg + 02)

~An-[c-2V+
n-l (1 + mbg + 02 + kv)2

Ini = pn, x € 2.n|30 = 0.

. ~  dO,(1+mO,+6> db,
Observe that n # 0, we obtain u = A\ [-c+2V - W]. Setg(x,v)=c-v+ (0, + 07757 then g, < 0.
Hence,

dfa(1+ mb, +0§)

M (806 7)) < M (=806 7) = M (T8 1) = M€+ 27 - 0 IS

1=n.

Notice that A (-g(x, 7)) = 0, so u > 0, a contradiction. O

5 Conclusion

This paper considers dynamic behavior of the prey-predator model with ratio-dependent Monod-Haldane
response function under homogeneous Dirichlet boundary conditions. We come to the following conclusion.
Firstly, the sufficient and necessary conditions on existence and non-existence of coexistence states of (2) are
proved by the fixed point index theory, see Theorems 2.5, 2.6 and 2.7, which determine the conditions for the
coexistence of two species of organisms. Secondly, taking a as a main bifurcation parameter, the structure
of global bifurcation curve on coexistence states is established by global bifurcation theorem and property
of principal eigenvalue, see Theorems 3.1 and 3.3, which show the global coexistence state of two species of
organisms by controlling the change of the parameter a. Finally, the stability of coexistence states is obtained
by the eigenvalue perturbation theory, see Theorems 4.5 and 4.9; the multiplicity of coexistence states to (2)
is obtained when a € (a*, @) by the fixed point index theory, see Theorem 4.7, which show that two species
of organisms have two coexistence states when the parameter satisfying some condition.
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