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Abstract: In this paper, we give some characterizations of Q-regular semigroups and show that the class
of Q-regular semigroups is closed under the direct product and homomorphic images. Furthermore, we
characterize the Q-subdirect products of this class of semigroups and study the E-unitary Q-regular covers for
Q-regular semigroups, in particular for those whose maximum group homomorphic image is a given group.
As an application of these results, we claim that the similar results on V-regular semigroups also hold.
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1 Introduction and Preliminaries

Let S be a regular semigroup. Let V(a) be the set of all inverses of a for each a € S. We also use E(S) to denote
the set of all idempotents in S. It is well known that a regular semigroup S is orthodox if and only if for all
a,bes,

V(b)V(a) < V(ab).

The concept of P-regular semigroups was first introduced by Yamada and Sen [1]. In [2], Zhang and He char-
acterized the structure of P-regular semigroups. In fact, the class of P-regular semigroups is a generalization
of orthodox semigroups and regular *-semigroups.

On the other hand, by Onstad [3], aregular semigroup is said to be a V-regular semigroupifforalla, b € S,

V(ab) cV(b)V(a).

According to the definition of orthodox semigroups, V-regular semigroup is a dual form of orthodox
semigorup. Evidently, a regular semigroup S is both orthodox and V-regular if and only if forall a, b € S,

V(ab) = V(b)V(a).

The class of inverse semigroups forms the most important class of regular semigroups which satisfy the
above condition. As a generalization of inverse semigroups and orthodox semigroups, Gu and Tang [4]
investigated V"-semigroups and showed that the class of V"-semigroups is closed under direct products and
homomorphic images.

In V-regular semigroups case, Nambooripad and Pastijn [5] gave a characterization of this class of
semigroups and Zheng and Ren [6] described congruences on V-regular semigroups in terms of certain
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congruence pairs. Then, Li [7] generalized the concept of V-regular semigroups and investigated Q-regular
semigroups which is a dual form of P-regular semigroups.

Aregular semigroup Sis called Q-regular if forany a € S there exists anon-emptyset Vi ¢ V(a) satisfying
the following conditions:

(1) aa” e Vg(aa*) and a*a € Vo(a*a) forany a e Sand a™ € Vg(a),
(2) Vo(ab) c Vo(b)Vqy(a) forall a, b € S, where a* satisfying the above conditions is called a O-inverse of
a and V(a) denotes the set of all Q-inverses of a.

In [7], Li also gave an example of Q-regular semigroup and showed that this class of semigroups properly
contains the class of V-regular semigroups. At the same time, an equivalent characterization of Q-regular
semigroups was obtained.

A regular semigroup S is Q-regular if and only if there exists a set Q ¢ E(S) satisfying the following
conditions:

(1)QnLs+@and QnRy + @ foranya € S;

(2) wlq = wlg © Llgand w'|q = wlg © Rlos

(3) Forany a, b € S, if (ab)* € V(ab) such that (ab)*(ab), (ab)(ab)* € Q, then there exists e; € QN Lq
and f> € Q n Ry such that b(ab)*a = fre;.

In this paper, a Q-regular semigroup S will be denoted by S(Q). A subset Q of E(S) satisfying (1) — (3)
is called a charcateristic set (for simple a C-set) of S.

Some results on subdirect products of inverse semigroups were characterized by McAlister and Reilly
[8]. In [9], Nambooripad and Veeramony discussed the subdirect products of regular semigroups. Mitsch [10]
studied the subdirect products of E-inversive semigroups. In [11], Zheng characterized the subdirect products
of P-regular semigroups. Throughout this paper, we investigate some properties of Q-regular semigroups at
first and characterize the Q-subdirect products of this class of semigroups. Furthermore, we introduce the
concept of the E-unitary Q-regular covers for Q-regular semigroups, in particular for those whose maximum
group homomorphic image is a given group. Finally, we deduce the similar results on V-regular semigroups
also hold up.

For notations and definitions given in this paper, the reader is referred to Howie [12].

2 On Q-regular semigroups

As a dual form of P-regular semigroups, Li [7] introduced the concept of Q-regular semigroups. In this section,
we give some characterizations of Q-regular semigroups. In particular, we show that the class of O-regular
semigroups is closed under the homomorphic images.

Proposition 2.1. Let S(Q) be a Q-regular semigroup. For any p < Q,

Vo(p) = (QnLp)(QNRy).

Proof. Sincep € Q ¢ E(S),QnLy, + @, QN Ry, + @. Forany h € Vy(p), we have h = hph = (hp)(ph) «
(QnLp)(QNRy),andso Vo(p) € (QNLy)(QNRp).
Conversely, let f e Qn Ly, g€ QnRy. Then

p(fe)p = (pf)(sp) =p-p =D,
(fe)r(fg) = f(gp)fe = frfg = fe.
So fg € V(p). Additionally,
(fe)p=f(gp) =fp=feQ,
p(fg) = (pf)g=pg=-8¢<Q.
Thus fg € Vo(p), namely, (QnLy)(QNRyp) € Vo(p). Therefore, Vo(p) = (QnLp)(QNRy). O
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Proposition 2.2 ([13]). Let S(Q) be a Q-regular semigroup. If a € S(Q), a* € Vy(a), then
Vqo(a) = Vo(ata)a* Vo(aa™).

Theorem 2.3. Let S(Q) be a Q-regular semigroup. If e € Q n Lq, f € QN Rq, for any a € S, then there exists a
unique a* € Vg(a) such thata*a = e, aa* = f.

Proof. Forany a € S,lete € QnLg and f € Q n R,. And so there is an inverse a’ of a in Re n Ly such that
a'a=eecQ,aa’ =fecQ.Thus a’ € Vo(a).If there existsa a™ € Vy(a) such that a*a = e, aa* = f, then
a'=dad =df=adaa" =ea* =a*aa* =a"*. O

Corollary 2.4. Let S(Q) be a Q-regular semigroup. Forany a, b € S,

(1) (a, b) € L if and only if there exists a* € Vo(a), b* € Vo(b) such that a*a = b* b;

(2) (a, b) € Rif and only if there exists a* € Vg(a), b* € Vo(b) such that aa* = bb*;

(3) (a, b) € H if and only if there exists a* € Vy(a), b* € Vo(b) such that aa* = bb*,a*a = b*b.

Proof. (1) For any a* € Vg(a), we have a*a € Q n Lq. If (a,b) € £ and there exists a e € Q n Ry, then
eR b L aLl a"a.ByTheorem 2.3, there exists a unique b* € Vo(b) such that b*b = a*a.

On the other hand, if there exist a* € Vq(a), b* € Vo(b) such that b*b = a*a,thena La*a=b"b L b,
thatisa £ b.

By using similar arguments as the above, we can proof (2) and (3). O

Corollary 2.5. Let S(Q) be a Q-regular semigroup. If e, f € Q, then (e, f) € D if and only if there exist a €
S,a* € Vo(a) suchthata*a=f,aa” =e.

Proof. If (e, f) € D, there exists a € R, n Ly. By Theorem 2.3, there exists a® € Vg(a) such thata*a = f,
aa* =e.
Conversely, if there exista € S, a* € Vo(a) suchthata*a = f,aa* = e,theneR a,a Lf.HenceeDf. O

Proposition 2.6. Let S(Q) be Q-regular semigroup.Ifq R p (q L p) forany p, q € Q, then q € Vo(p).

Proof. Let q € Rp. Since p,q € Q € E(S),so pq = q, qp = p- Hence pgp = qp = p, qpq = pq = q, namely
q € V(p). For another, pg = q € Q,qp = p € Q. Hence g € Vy(p). In the case of p L g, the proof is similar. [

Corollary 2.7. Let S(Q) be a Q-regular semigroup. Then the following statements are equivalent:
(1) forany q,p € Q,if Vo(q) n Vo(p) # @, then Vo(q) = Vo(p);

(2) forany e, f € E(S), if Vo(e) n Vo(f) # @, then Vo (e) = Vo(f);
(3)forany a,b € S(Q), if Vg(a) nVo(b) + @, then Vy(a) = Vo(b).
Proof. We only need to proof (1) = (3). Let c € Vo(a) n Vo (b). By Proposition 2.2,

Vo(a) = Vo(ca) c Vo(ac),

Vo(b) = Vo(cb) c Vo(bc).
Since ca, ac,ch,bce Qand caR c R cb, ac L c L bc, by Proposition 2.6,

ca e Vqy(ca)nVqy(ch), ac e Vo(ac)nVo(bc).
By (1),
Vo(ca) = Vo(ch), Vo(ac) = Vo(bc).

Thus, Vg(a) = Vo(b). O
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Proposition 2.8. Let S(Q) be a Q-regular semigroup and p an idempotent-separating congruence on S. For
anya,beS,ifa pb, thena*pb* forsome a® € Vo(a),b™ € Vo(b).

Proof. Since p is an idempotent-separating congruence on S, a p b implies that a # b. By Corollary 2.4, there
exist at € Vg(a), b* € Vo(b) such that aa®™ = bb*,a*a = b*b. Thus

at=a*aa® =a"bb",

b* =b*bb* =a*ab*.

Since p is a congruence, atab*p a*bb*, thatisb*pa™. O
Theorem 2.9. Let S(Q) be a Q-regular semigroup and T a regular semigroup. If 1) : S(Q) — T is a semigroup
homomorphism and Q = {qi : q € Q}, then T(Q) is Q-regular.
Proof. Forany a € S, there existsa a* € Vg(a) such that aa®, a*a € Q. And so
(ayp)(a*y)(ay) = (aa*a)y = ay, (a*¥)(ay)(a*y) = (aaa’ )y = a’y.
Thatis a*y € V(av). Since (ay)(a*y) = (aa* )y € Q, a*y € Vy(ay) + @. Itis easy to see that
(ay)(a*y) e Vo((ay)(a™y)) and (a*y)(ay) € Vo((a*y)(ay)).

On the other hand, for any (ab)* € Vy(ab), since S is Q-regular, there exist a* € Vy(a), b* € Vo(b) such
that

(ab)*y = (b*a")y = (b*y)(a’ ).
Thus Vy((ab)) € Vo(by)Vg(ay) and T(Q) is Q-regular. O

3 O-subdirect products of Q-regular semigroups

Some results on subdirect products of regular semigroups and E-inversive semigroups were characterized by
Nambooripad [9] and Mitsch [10]. In this section, we show that the class of Q-regular semigroups is closed
under the direct product and characterize the Q-subdirect products of Q-regular semigroups.

For arbitrary semigroup S, Petrich [14] introduced the concept of filters of S, that is, a subsemigroup F of
Ssuch that ab € F impliesa e Fand b € F.

Example 3.1. Let S = {a, b, c, d, e} be the semigroup with operation defined by

o QUn T

QR Q8 QR
(S~ S RS RS HRS
I I B T N K
QA 0 0 6
o QAU N6

Then F = {d, e} is a filter of S.
In what follows, we introduce the concept of Q-inverse filters of a Q-regular semigroup.
Definition 3.2. A regular subsemigroup T of Q-regular semigroup S(Q) is called a Q-inverse filter, if

(1) T(Q N Ey) is a Q-regular semigroup;
(2) Forany ti,t, e Tand t] € Vi (t1), t3 € Vi(ta), iftit] e T, thent], t} € T.
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Definition 3.3. Let S1(Q1) and S2(Qz) be two Q-regular semigroups. A homomorphism f of S1(Q1) into
5,(Q2) is called a Q-homomorphismif Q1f = Q2nS1(Q1)f. A Q-homomorphism f : S1(Q1) — S2(Q2) is called
a Q-isomorphism if f is bijective, in such the case, S1(Q1) is called Q-isomorphic to S,(Q2), and denoted by

51(Q1) gSZ(QZ)-

Proposition 3.4. Let S1(Q1) and S2(Qz) be two Q-regular semigroups. If S(Q) = S1(Q1) x S2(Q2), where
Q ={(p1,p2) :p1€Q1,p2 € Q2}, then S(Q) is a Q-regular semigroup.

Proof. Obviously, S(Q) is a semigroup. If (s, t) € S, where s € S, t € S, since S1, S are all Q-regular, there
exists s’ € Vs, (s), t' € Vs, (t) such that (s, t') € S. It is easy to see that (s', t") € V(s, t), and so S is regular.
Let
Vo, (s) x Vo, (8) = {(s7,t7) : 57 e Vo, (), t" € Vo, (8)}.
Clearly, it is non-empty and contained in V (s, t). For any (s*, t7) € Vg, (s) x Vq,(t), we have
(s,t)(s*,t7) e Vg, (ss7) x Vo, (tt1),
(s*,t7)(s,t) € Vg, (sFs) x Vg, (t7¢).

For another, let (s, t), (x,y) € S. For any ((sx)¥, (ty)*) € Vg, (sx) x Vq,(ty), since S1, S are all Q-regular,
there exists s* € Vg, (s), x" € Vg, (x), t" € Vo, (t),y" € Vg, (y) such that

((sx)™, (tn)") =(x"s",y"t")
=0y )
€(Vo,(x) x Vo, (¥)) (Va, (5) x Vg, (1))

Hence, S(Q) is a Q-regular semigroup. O

Definition 3.5. Let S1(Q1), S2(Q2) be Q-regular semigroups and S(Q) be the direct product of them, where
Q= {(p1,p2) :p1€Q1,p2 € Q2}.IfT(Q") is a Q-inverse filter of S(Q) and the projections

fi: T(Q’) - 51(Q1), (51, 52) ~ s1,
fri T(Q) = S2(Q2), (s1,52) = $2

are all surjective Q-homomorphisms, then T(Q") is called a Q-subdirect product of S1(Q1) and S»(Q2).

Definition 3.6. Let S(Q1) and T(Q;) be two Q-regular semigroups. A mapping ¢ : S — 2T (the power set of T)
is called a surjective Q-subhomomorphism of S(Q1) onto T(Q,), if it satisfies the following:

(1) forany s € S,s¢ + @;

(2) forany s1,s2 € S, (s10)(S2¢0) € (5152) 3

(3) Usessp = T;

(4)foranytesp (seS,teT), thereexists* € Vg, (s),t" € Vo,(t) suchthat t™ e s*ip;

(5) for any p1 € Q, there exists p, € Q, such that p, € p1p; and for any p, € Qa, there exists p1 € Q1 such that
D2 €p1p;

(6) for any t1 € s1p, tz € Sy, if t1t5 € (S183)p, then t] € sTp, t3 € sy, where tf € Vo, (t;),si € Vo, (s1),
i=1,2.

Theorem 3.7. Let S(Q1) and T(Q2) be Q-regular semigroups,  a surjective Q-subhomomorphism of S(Q1)
onto T(Q2). If

m=7(S,T,p)={(5,t) eSxT: tesy},

Q={(p1,p2) €Q1xQ2: p2epip},

then = (Q) is a Q-subdirect product of S(Q1) and T(Q3).
Conversely, every Q-subdirect product of S(Q1) and T(Q3) can be constructed in this way.
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Proof. 1f (s1,t1), (s2,t2) €, thenty € s1¢p, t € S20. By (2), t1ts € (5152)p, and so (5152, t1t;) € . Hence
is a subsemigroup of S x T. If (s, t) € m, then t € sp. By (4), there exist s* € Vg, (s) and t* € V¢, (¢) such that
tt estp,and so (s*, t") e 7. It is easy to see that (s*, t*) € V(s, t). Thus = is a regular semigroup. Let

Vo(s,0) = {(s", ) € Vo, (s) x Vo, () : £ e s}
If (s,t) e m, thent € sp. By (4), Vo(s, t) # @. Forany (s, t) e m, (s, t*) € Vo(s, t),
(s, t)(s*, t) = (ss7, tth),

where s* € Vg, (s),t7 € Vg, (t), t7 € s*p. Since S(Q1), T(Q,) are Q-regular, it follows that ss* ¢
Vo, (ss%), tt* € Vo, (tt*). And tt* € (ss™)p, hence

(s, t)(s*,t7) e Vo(ss*, tth) = Vo((s, t)(sT, t1)).
Similarly, (s*, t7)(s, t) € Vo((s™, t*) (s, t)).
On the other hand, let (s1, t1), (s2, t2) € w. For any
((s152)%, (t1t2)") € Vo(s182, t1t2),

since S(Q1) and T(Q) are all Q-regular semigroups, there exist s7 € Vg, (s1),85 € Vq,(s2), t] «
Vo,(t1), t5 € Vq,(t2) such that

((s152)", (t1t2)™) = (s381, 65 1) = (53, 65 ) (51, t1)-
Since t5t] € (s3s7)w, by (6), t3 € S5, t7 € s]p. And so
(53,t3) € Vo(s2,t2),  (s1,t1) € Vo(s1,t1).
Hence,
Vo(si152, tity) € Vo(s2, t2)Vo(s1, t1).

that is, 7(Q) is a Q-regular semigroup.
For any
(s1,t1) € Vo, (s1) x Vo, (t1),  (3,3) € Vo, (52) x Vo, (t2).
If (s1,t7)(s3,t5) € m, namely (s7s3, t1t3) € =, then t7t5 € (s7s3)p. By (6), t] € sip, t3 € s3p, and so
(s1,t7), (s3,t5) e m. Hence 7(Q) is a Q-inverse filter of S(Q1) x T(Q2).
By (1) and (5), the projection f; : # — S, (s, t) — sisasurjective Q-homomorphism. By (3) and (5), the
projectionf> : # —> T, (s, t) — tisasurjection Q-homomorphism. Therefore, 7(Q) is a Q-subdirect product

OfS(Ql) and T(Qz)
Conversely, let H(Q) be a Q-subdirect product of S(Q;) and T(Q3). Let

0: S—-2T, s> {teT: (s,t) e H}.

Since H(Q) is a Q-subdirect product of S(Q1) and T(Q:), there exists t € T such that (s, t) € H forany s € S.
Thus ¢t € sp. Hence (1) holds. Since H is a subsemigroup of S(Q1) x T(Qz), (2) holds. Since the projection
f> : H — Tis surjective, (3) holds. If t € s (s € S,t € T), then (s, t) € H. Since H(Q) is Q-regular, there
exists

(%, %) € (Vo,() x Vo, () n H.

Hence s* € Vg, (s), t" € Vq,(t), and t* € s™y, so (4) holds. For any p1 € Q1, there exists (p1,p2) € Q =
Hn (Q1x Q3),and so p, € Q, and p, € p1p. Additionally, since f; is a surjective Q-homomorphism, there
exists

(P1,p2) €Q=Hn(Q1xQ2)
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forany p, € Q,.Hencep; € Q1 and p; € p1p. Thus (5) holds. Since H(Q) isa Q-inverse filter of S(Q1) xT(Q2),
(6) holds. By the proof above, ¢ is a surjective Q-subhomomorphism of S(Q;) onto T(Q;). Obviously, H =
w(S, T, ). O

4 E-unitary covers for Q-regular semigroups

McAlister and Reilly [8] have given E-unitary covers of inverse semigroups by using surjective subhomomor-
phisms of inverse semigroups. Mitsch [10] has given some sufficient conditions on E-unitary, E-inverse covers
of E-inversive semigroups.

In this section, we introduce the concept of the E-unitary Q-regular covers of Q-regular semigroups, in
particular for those whose maximum group homomorphic image is a given group.

Let S be a regular semigroup. A subset H of S is said to be
(1) fullif E(S) c H;
(2) self-conjugate if aHa' c Hand a’Ha c Hforall a ¢ Sand all a’ € V(a).

Let U be the minimum full and self-conjugate subsemigroup of S.
Lemma 4.1 ([15]). Let S be a regular semiroup. The minimum group congruence o on S is given by

o={(a,b)eSxS:(3Ix,y e U) xa = by}.
In [12], a subset A of a semigroup S is called right unitary, if
(VaeA)(VseS)saeA=scA.

A is called left unitary, if

(VaeA)(VseS)ase A=scA.

A right and left unitary subset is called unitary.
A regular semigroup S is called E-unitary, if the set E(S) of idempotents of S is unitary.

Definition 4.2. Let T(Q1) and S(Q) be two Q-regular semigroups. T(Q1) is called an E-unitary Q-regular
cover of S(Q), if T(Q1) is E-unitary, and there exists an idempotent separating Q-homomorphism of T(Q1)
onto S(Q).

A group G is a Q-regular semigroup whose C-set is {1}, where 1 is the identity element of G.

Definition 4.3. Let S(Q) be a Q-regular semigroup and G be a group. A surjective Q-subhomomorphism ¢ of
S(Q) onto G is called unitary, if

(VseS)lesp=s¢cE(S),
where 1 is the identity element of G.

Theorem 4.4. Let S(Q) be a Q-regular semigroup and G be a group. If there exists a unitary surjetive Q-
subhomomorphism ¢ of S(Q) onto G, then (S, G, ) is an E-unitary Q-regular cover of S(Q).

Proof. By Theorem 3.7, T(Q1) = n(S, G, ¢) is Q-regular whose C-set is

Qi1={(p,1)eSxG: peQ, 1epy}.
Forany (s,g) €T, (e,1) € Er, if
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(s,8)(e,1) e Erc{(t,1) eSx G: teEs},

then (se,g) € Er,and so g = 1, and (s, 1) € T(Q1). By the definition of T(Q1), 1 € s. Since ¢ is unitary,
s € Es. Hence (s, g) € Et, so T(Q1) is E-unitary.

Definef: T(Q1) — S(Q), (s, g) — s. Then f is a surjective Q-homomorphism. Obviously, f is idempotent
separating. Hence 7 (S, G, ¢) is an E-unitary Q-regular cover of S(Q). O

Definition 4.5. A Q-regular semigroup T(Q1) is called an E-unitary Q-regular cover of S(Q) through G, if
(1) T(Q1) is an E-unitary Q-regular cover of S(Q);

(2)T/o g G, where o is the minimum group congruence on T(Q1).

Lemma 4.6. Let S(Q1), T(Q2) be two Q-regular semigroups and f : S(Q1) - T(Q2) be a Q-homomorphism.
Then S(Q1)/kerf £ S(Q1)f.

Proof. 1t is easy to see that the mapping ¢ : S(Qi1)/kerf — S(Qi1)f is an isomorphism. Since f is a
Q-homomorphism, we have

(Qikerf)¢ = Q1f = Q2 nS(Q1)f = Q2 n (S(Q1)kerf)¢.
Thus ¢ is also a Q-homomorphism and S(Q1)/kerf g S(Q1)f. O

Theorem 4.7. If there exists a unitary surjective Q-subhomomorphism ¢ of S(Q) onto G, then T(Q1) =
(S, G, ¢) is an E-unitary Q-regular cover of S(Q) through G.

Proof. By Theorem 4.4, T(Q1) = n(S, G, ¢) is an E-unitary Q-regular cover of S(Q). We prove that T/o % G
as follow.

It follows from Theorem 3.7 that T(Q1) is a Q-subdirect product of S(Q) and G. Hence G is the O-
homomorphic image of T(Q1) under the projection f> : T(Q1) — G, (a, g) — 8. Since G is a group, kerf> isa
group congruence on T(Q1), and so o ¢ kerf,. Conversely, if (a, g) € (b, g)kerf,, then (a, g)f, = (b, h)f2,s0
that g = h. Since T(Q1) is Q-regular, for any (b, g) = (b, h) € T(Q1) there exists (x, y) € Vq, (b, g) such that

(b,g)(x,y) =(bx,gy) e Erc{(e,1) e T:ecEs}.
Hence bx € Esand gy = 1, thatisg™ = y.So (x,g™ ') € T(Q1) and (bx, 1) € Q. Now (xa, 1) = (x,y)(a, g) €
T. Hence, by the definition of T, 1 € (xa). Notice that ¢ is unitary, we have xa ¢ Es. Thus (xa, 1) € Er, and
)
(bx,1)(a, g) = (bxa, g) = (b, h)(xa, 1).
Since (bx, 1), (xa, 1) € Er ¢ U, by Lemma 4.1, (a, g)o(b, h). Thus kerf, c 0. Hence o = kerf,. Therefore, it
follows from lemma 4.6 that T /o = T/kerf, 2. O

Remark 4.8. As we know, the class of Q-regular semigroups properly contains the class of V-regular semi-
groups. In fact, if we restrict the C-set Q of a Q-regular semigroup S to the set of idempotents , then the subdirect
products of V-regular semigroups can be constructed in a similar way and we can also use this contruction to
study the E-unitary cover for V-regular semigroups.
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