DE GRUYTER Open Math. 2018; 16: 437-446 a

Open Mathematics

Research Article

Ruimei Gao, Qun Dai*, and Zhe Li

On the freeness of hypersurface
arrangements consisting of hyperplanes
and spheres

https://doi.org/10.1515/math-2018-0041
Received August 29, 2017; accepted January 15, 2018.

Abstract: Let V be a smooth variety. A hypersurface arrangement M in V is a union of smooth hypersurfaces,
which locally looks like a union of hyperplanes. We say M is free if all these local models can be chosen to
be free hyperplane arrangements. In this paper, we use Saito’s criterion to study the freeness of hypersurface
arrangements consisting of hyperplanes and spheres, and construct the bases for the derivation modules
explicitly.
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1 Introduction

A hypersurface arrangement M in a smooth variety V is a reduced divisor D consisting of a union of smooth
hypersurfaces, such that at each point D is locally analytically isomorphic to a hyperplane arrangement. For
hypersurface arrangements, many researchers made focus on the study of Milnor fibers, higher homotopy
groups and Alexander invariants of the hypersurface complements, such as [1-4]. Besides the topological
properties, the freeness of a hypersurface arrangement could also be considered. We say a hypersurface
arrangement is free if D is itself a free divisor on V. The study of free hyperplane arrangements was initiated
by H. Terao in [5], and has been playing the central role in this area. Recently, there have been several studies
to determine when a hyperplane arrangement is free, e.g., [6-9] and so on. However, it is still very difficult
to determine the freeness. Freeness of hyperplane arrangements implies several interesting geometric and
combinatorial properties of the arrangements, for example see [6, 10, 11]. Therefore, there were many works
on the freeness of hyperplane arrangements, especially on Coxeter arrangements and the cones over Catalan
and Shi arrangements[12-16].

In [17], H. Schenck and S. Tohdneanu studied the freeness of Conic-Line arrangements in P, and their
results are the first to give an inductive criterion for freeness of nonlinear arrangements. Until now, the
papers about the freeness of hypersurface arrangements are few. In this paper, we will consider the freeness of
hypersurface arrangements consisting of hyperplanes and spheres, and will construct bases for the derivation
modules of hypersurface arrangements.
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The paper is organized as follows: in Section 2, we recall the basic definitions and generalize Saito’s
criterion to hypersurface arrangements consisting of hyperplanes and spheres. In Section 3, for the hyper-
surface arrangement consisting of n spheres, the hypersurface arrangement containing a free hyperplane
arrangement and n spheres, we present the constructions of bases for the derivation modules respectively.

2 Preliminaries and Notations

We begin with some basic concepts and notations of arrangements, for more information see P. Orlik and H.
Terao [18].

Let V be an ¢-dimensional vector space on K with a coordinate system {x,...,x,} C V'.Let S = S(V")
be the symmetric algebra of V" and Derk(S) be the module of derivations

Derg(S) = {6 : S > S| 0(fg) = fo(g) + g0(f), f, g € S}.
Define D; = 9/0x;,1 <i< ¢, thenDq,...,D,is abasis for Derg(S) over S.

Definition 2.1. A nonzero element 6 € Derg(S) is of polynomial degree p if 6 = Zi:1 fiDy and the maximum
of the degrees of coefficient polynomials f1, . . ., f, (get rid of 0) is p. In this case we write pdeg6 = p.

Definition 2.2. For a hypersurface arrangement M in V, the derivation module D(M) is defined by
D(M) = {0 € Derk(S)| O8(ax) € axS for all X € M},
where X = Ker(ay), M is called free if D(M) is free.

Definition 2.3. Let M be a free hypersurface arrangement and let {04, ..., 0,} be a basis for D(M). We call
pdegf., ..., pdegh, the exponents of M and write

expM = {pdegb, ..., pdegh,}.

Definition 2.4. Given derivations 01, ...,0, € D(M), define the coefficient matrix M(61, ..., 0,) by M;; =

01(x1) . . . 0,(x1)
M(64,...,0,) = e ,
01(x0) . .. 0o(xp)
¢
and 9]' = Z Mi’]‘Di.
i-1

Definition 2.5. Let M be a hypersurface arrangement, the product

QM) = H ax

XeMm

is called a defining polynomial of M, where X = ker(ay).

For hyperplane arrangements, Saito’s criterion provides a wonderful method to prove the freeness. Next, we
will prove it also holds for M, where M is a hypersurface arrangement in R consisting of linear hyperplanes
and spheres.

Lemma 2.6. If04,...,0, € D(M), thendet M(04, ..., 8,) € QOM)S.
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Proof. Let X € M, and let X = ker(ay), then

01(x1) . .. 6,(x1)

detM(Bl, ceey 9@) =fd3t Gl(ax) . eg(ax) 5

01(xp) . .. Oo(x0)

¢ ¢
Ifay=> cxxp, thenf = ¢ e RyIfax = > (xp - ai)? - r, then f = 2(x; — ay). For any case, det M(6, . ..

k=1 k=1
is divisible by ay. Since X is arbitrary, det M(04, ..., 8,) € Q(M)S.

Lemma 2.7. Let M, be an n x n matrix with the (p, q) entry as follows:

M, =  XpXa ifp#q,
b X?)—Tifp=q,

where 1 < p, q < n,r € R. Therefore,
n
det M, = (—r)”’l(z xi-7).
k=1

Proof. We will prove the lemma by induction on n.
(1) For the case n = 1, M; = x3 — r, then det M, = x5 - r.

n
(2) We assume that for the case n the result holds, that is det My, = (-r)" *(3_ x3 - 1).

st
M N
M = s
n+1 <NT X%Jrl _ r)
where N = (X1Xn+1s - - - s XnXns1)! . Therefore,
Mn N Mn Onxl
det M, = det + det

= det <_rE" i\l ) + (=r) det My,

len Xn+1

For the case n + 1 we have

= (N"O0) + NENTTO X -
i-1

n+1

=N"O_x-n,
k=1

where 0,1, O1xn are the n x 1 and 1 x n null matrices respectively, and Ej is the n x n identity matrix.

Lemma 2.8. Let

¢
§ = {(Xla-'-sXZ) | Z(Xk_ak)z = r€R+}
k=1
be the (¢ - 1)-dimensional sphere in R’ with center (a1, as, . . ., a,) and radius /7, define

4

Gq = prqu, 1< qSé,
p=1

,00)

O
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where
Frq = (xp —ap)xqg —aq) ifp #q,
P (xp—ap)* —r ifp=q.

Then 04, ...,0, € D({8}) and detM(04, ..., 0,) = Q({8}).

Proof. We can see
0 ¢
6q = prqu =(xq - aq) Z(Xp —ap)Dp — 1Dy,
p=1 p=1
and
[ [ ‘
8q [Z(Xk -ap)’ - T} =2(xq - aq) [Z(Xk -a)’ - f} € [Z(Xk @)’ -rlS,
k=1

k=1 k=1

Thus 6, € D({8})for 1 < g < 4.
By Lemma 2.7, we obtain

¢
detM(B1, ..., 0,) = (N[> (- a)® - 1] = QUSH. O
k=1
Next, we will show Saito’s criterion for hypersurface arrangements.

Theorem 2.9. Given 64, ..., 0, ¢ D(M), the following two conditions are equivalent:
(1) detM(64, ..., 0,) = QM).
(2) 04, ..., 0, forma basis for D(M) over S.

Proof. (1)=-(2) The proof is exactly the same with that of Saito’s criterion in [18] .

(2=(1) By Lemma 2.6, we can write det M(61,...,8,) = fQ(M) for some f € S.Fix X € M, if X is a
hyperplane, then {X} is a free hyperplane arrangement; if X is a sphere, by Lemma 2.8 and (1)=-(2), {X} is
a free hypersurface arrangement. Assume 71, .. ., 1, is the basis of X, then Qxn1, ..., Qxn, € D(M), where
Qx = Q(M)/ay. Since each Qxn; is an S-linear combination of 14, ..., 14, then there exists an ¢ x £ matrix N
with entries in S, such that

M(erll, ceey Qxl’lg) = M(Ol, ceey eg)N.

Thus we have
QOV)QE! = detM(Qx11, - . ., Qxe) € detM(B4, ..., 6,)S = FQOV)S.

Therefore f divides Q§* forall X € M. Since the polynomials {Q% ' } xe: have no common factor, f € R*. [

Corollary 2.10. If§ is an (¢ - 1)-dimensional sphere in R’, then {8} is a free hypersurface arrangement with
exp{8} =1{2,...,2},
where 2 appears / times.

Proof. The result is obtained directly from Lemma 2.8 and Theorem 2.9. O

3 Main results

In this section, we will consider the freeness for hypersurface arrangements containing hyperplanes and
spheres, and give the explicit bases for the derivation modules of the free ones. First, we show that the
hypersurface arrangement having n spheres is free.
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Theorem 3.1. Let M, be the hypersurface arrangement consisting of n spheres 81, ..., 8y, where

‘
Si= {01, x) | Y - @) =1, (a1, a2,...,a) €R', r; e R},
k=1
Define derivations @1, ..., ¢} by
M((p'ils ey q’Z) = AnAn—l i 'Als

where A; is an { x £ matrix and the (p, q) entry of A; is

(A)pg = (xp - ap)(xq —aq) ifp #q,
orl (xp - ap)z =T ifp=q.

Then @7, ..., @} form a basis for D(My) and exp M, = {2n, ..., 2n}, where 2n appears { times.
1 Py

Proof. We will prove this result by Theorem 2.9: Saito’s criterion. By Lemma 2.7, we obtain

¢
det4; = (-r)“! [Z(Xk -ay)’ - Vi]-
1

Therefore,

n
det M(@7, ..., @}) = H det A;

i=1

= ﬁ [i:(xk -ay)’ - ri}

i=1 k=1

= QMn).

Next, we will prove ¢! € D(M,) and deg ¢ = 2n for any 1 < i < ¢ by induction on n.

— 441

The case n = 1 is clear according to Lemma 2.8 and Corollary 2.10. For the case n + 1, we notice that

¢
Pt = Z @ (xp)Dyp
p=1

0 4
= Z [Z(Anﬂ)pq(p?(xq)] Dp
=1 g=1

4
= Z [Z(Xp - ap)(xqg — ag)@i (xq) + [(xp - ap)z - rnﬂ]‘/’?(xp)} Dy

p=1 q+p
¢ ¢ )
= Z [(Xp - ap) Z(Xq - aq)(P?(Xq)} Dp —1nn Z @7 (xp)Dp
p=1 q=1 p=1
’ ¢
= Z(Xq - ag)p; (xq) Z(Xp - ap)Dp — Tn1p}
g=1 p=1
1 n ‘ 2 ‘ n
= j‘pi [Zl(xq - ag) ] Zl(xp = ap)Dp ~ rns197 .
q= p=

Therefore, for1 <i</and1<j<n,

(szl [i(xk - ak)2 - rj]
k=1
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4 Vi ¢
=9 [Z(Xq - aq)2:| > 0 - @) = rra o] [Z(Xk —a)? - r}.]
q=1 p=1 k=1

= ¢} [i:(xq - aq)z} [XZ:(XIJ - ap)z - rn+1} ,
q=1 p=1

by induction hypothesis,

n

(S-S,

Y
i [Z(Xq - aq)z} €
g=1 j=1 k=1
hence,

0 n+1 L

o7 [Z(Xk -ap)’ - fj} ]l [Z(Xk —ap)’ - fj} S.

k=1 j=1 k=1

)_1+1
1

This means @"** € D(M.1) forany 1 < i < ¢, in addition,

n+1

pdegp!*! = pdegp! +2 =2n+2=2(n+1).

DE GRUYTER

We complete the induction, so by Saito’s criterion ¢7,..., ¢} form a basis for My, and expM, =

{2n,...,2n}.

O

Next, we will study the freeness for the hypersurface arrangements consisting of hyperplanes and spheres,

where all the spheres are centered at origin.
Theorem 3.2. Assume A is a free hyperplane arrangement with a homogeneous basis 01,
{di,...,dy}, 8 is the sphere centered at origin:

14

89 = (1. x) | S xE=ri R}, 15isn,
k=1

and
Mn=AU{SY,...,8},

Define derivations ¢7, ..., ¢} by
M(@T, ..., @7) = (AnAp-1 -+ AD)M(Bs, . . ., B)),

where A; is an £ x £ matrix and the (p, q) entry of A; is

(Apg = %0
PN X2 -1 ifp=gq,

then @1, ..., @} form a basis for DOMy) and exp My = {d1 + 2n, ..., d, + 2n}.

Proof. By Lemma 2.7, we obtain

¢
detA; = (_ri)e_l(z X = 17).

k=1

Since A is a free arrangement with a homogeneous basis 64, ..., 8,, by Saito’s criterion,
det M(@l, ceey 6[) = Q(.A)

Therefore,

n
detM(eT, ..., @7) = H(detAi) detM(04,...,0,)

i=1

...,0,andexp A =
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n L
=TI xi-raw

i=1 k=1

= Q(Mn)

Next, we will prove ¢! € D(M,) and deg ¢ = d; + 2n forany 1 < i < £ by induction on n.
Forthecasen =1,

L
9i =Y ¢i(p)Dp
p=1

A
=3 [>-(Anabitxy)| Dy
p=1 g=1
¢
= Z [Z XpXqBi(xq) + (xp - r1)9i(Xp)} Dp
p=1 q<p
¢ ¢ ¢
= Z [xp Z qu,-(xq)} Dp-r1 Z 0:(xp)Dp
=1 g=1 p=1
¢ ¢
= quei(xq) ZXpr -110;
gq=1 p=1
¢
= Z qui(Xq)eE - r16i.
q=1
Since 0, 0; € D(A), we have ¢} € D(A) forany 1 <i < . And
¢
pdeggp; = pdeg[quGi(xq)GE} = pdegf; +2 = d; + 2.
g=1
In addition,
¢ ¢ ¢
(pll(in - rl) = [quei(xq)eE - rlei] (in - "1)
k=1 q=1 k=1
¢ ¢ ¢
= 5" xgbi(xq) (z in) ~2r1 > xg6i(xg)
q=1 k=1 q=1

J4
=1

- z(ixﬁ - r1) > xq6i(xg)
k=1 q
y4
2 —
c (;xk rl)S,

that is, ¢} € D({8?}). Therefore, ¢} € D(A) N D({89}) = D(M,) forany 1 < i < /.
For the case n + 1, by the similar calculation of <p,~1, we get

4
1
OI't = xq9f (Xg)Ok — 1 9f
g=1
0

= %QD?(ZXEJ) O — 1905

q=1
By induction hypothesis,
n
ot € DO < D(|Jish),

i=1

— 443
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we obtain

Therefore,

ot (3-x2)os < p(UJish).

g=1 i=1
Combining 0 € D(A) with
n
p(va) = D((Jisf}) MDA,
i=1
we conclude
¢

oF ( > x5) 0k € DOM).

q=1

Hence, ¢! € D(M,) since @' € D(Mp).
In addition, we have

=1
V4 V4 V4
Qi (ZXEI) in —T'n1@; (in)
g-1 k=1 k=1
4 4
= (in—rnﬂ)q)?(ZX,zl)
k=1 gq=1
4
c X2 = Tni1)S,
(355t=m)

We obtain ¢! € D({8%,,}) forany 1 < i < ¢, therefore
@!"" € D({89:1}) N D(Mn) = DMps1), 1< <.

Moreover,
¢
pdegp!*! = pdeg [‘P?(Z XLZZ)GE} =pdegp! +2=d;+2n+2=d;+2(n+1), 1<is<t.
q=1

We complete the induction. O

Corollary 3.3. Let M, = AU {8?, cees 82} be the hypersurface arrangement defined in Theorem 3.2. Then A
is free if and only if M, is free.

Proof. If A is free we can obtain that M, is free directly from Theorem 3.2. Assume M, is free, A C M, then
D(My) C D(A). Let @1, ..., @, be a basis for D(My), then ¢; € D(A) for 1 < i < ¢. Write @; = > go(.k), where
k=0

1

(p?’o is zero or homogeneous of degree k > 0. Since Q(A)S is generated by homogeneous polynomial Q(A),

each homogeneous component (pgk) (Q(A)) of p;(Q(A)) also lies in Q(A)S. This shows that (pf.k) € D(A) for
k = 0. Since [Q(UiL,{8i})] (0) #0, there exist (p(ldl), e, (pgd’f) such that

detM(¢'®, ..., (pgdf)) = Q(A).

By Saito’s criterion, (p(ldl), A (p%‘“) form a basis for D(A). O
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Remark 3.4. In Theorem 3.1 and Theorem 3.2 the preconditions did not impose the restrictions on the size
relations of r1, 12, ..., n. Hence, if ry = r, = -+- = rp, Theorem 3.1 and Theorem 3.2 also hold. In this case,
(M, m) is a hypersurface arrangement with a multiplicity m; for each hypersurface in M, we call it hypersurface
multiarrangement. As defined by G. Ziegler in [19], the module of derivations consists of f such that 6(a;) € a"'S.

Example 3.5. Let M be a hypersurface arrangement with the defining polynomial
Q) = (x1 = Xx2)(x1 = X3)(x2 = X3)(xi + X3 + X3 - 1).

In this case, the hyperplane arrangement A C M is the Coxeter arrangement of type A,, it is a free arrangement
with expA = {0,1,2}. By Theorem 3.2, M is a free hypersurface arrangement and D(M) has the basis
¥1, P2, @3 as follows:

2 2
xi—-1 x1x2 x1x3 1 x1 x3

2 2

(@1, 92, 93) =(D1,D2,D3) | x2x1 x5-1 x2x3 1 x2 x5
31 X3x2 x3-1 1x3 %3

That is

@1 = (X3 + X1X2 + X1X3 — 1)D1 + (X1 X3 + X3 + X2X3 — 1)D; + (X1 X3 + X2X3 + x5 — 1)D3,

@2 = X103 + x5+ x5 - 1)D1 + x,(x3 + x5 + X3 — 1)D; + x3(x] + X3 + x5 - 1)Ds,

Q3 = x106 +x3 +x§ -x1)D1 +x2(63 +x3 +x§ - x2)D; +x3(63 +x3 +x§ - x3)D3.

And expM = {pdegy1, pdegp,, pdegps} = {2, 3, 4}.
Example 3.6. Let M be a hypersurface arrangement with the defining polynomial
QW) = x1x2x3(x1 + X2) (1 + x3)(x2 + x3)(x1 = X2)(x1 = x3)(x2 = X3)(x + x5 + X5 - D(X] + x5 + x5 - 2).

In this case, the hyperplane arrangement A C M is the Coxeter arrangement of type Bs, it is a free arrangement
with expA = {1,3,5}. By Theorem 3.2, M is a free hypersurface arrangement and D(M) has the basis
®1, 92, @3 as follows:

2 2 3.5
X1 -2 X1X2 X1X3 x1 -1 x1x2 X1x3 X1 X3 X3

2 2
(01, 92, 93) =(D1,D2,D3) [ Xxa2x1 X53-2 X2X3 X2x1 x5-1 Xax3 X2 X3 X3
X3X1 X3X2 X5-2 X3x1 X3x3 x3-1 X3 X3 X3

And expM = {pdegyp,, pdegy,, pdegps} = {5,7,9}.

Acknowledgement: The work was partially supported by NSF of China No. 11501051, No. 11601039 and Sci-
ence and Technology Development Foundation of Jilin Province (N0.20180520025JH and No.20180101345]C).

References

[1] DimcaA., Maxim L., Multivariable Alexander invariants of hypersurface complements, Trans. Amer. Math. Soc., 2007, 359,
3505-3528

[2] DimcaA., Papadima S., Hypersurface complements, Milnor fibers and higher homotopy groups of arrangements, Ann. of
Math., 2003, 158(2), 473-507

[3] Hun]., Milnor numbers of projective hypersurfaces and the chromatic polynomial of graphs, J. Amer. Math. Soc., 2012,
25(3), 907-927

[4] LiuY., Maxim L., Characteristic varieties of hypersurface complements, Adv. Math., 2014, 306, 451-493

[5] Terao H., Arrangements of hyperplanes and their freeness |, Il., J. Fac. Sci. Univ., 1980, 27, 293-320

[6] AbeT., Roots of characteristic polynomials and and intersection points of line arrangements, J. Singularities, 2014, 8,
100-117



446 —— R.Gaoetal. DE GRUYTER

[71 AbeT., Yoshinaga M., Free arrangements and coefficients of characteristic polynomials, Math. Z., 2013, 275(3), 911-919

[8] Yoshinaga M., Characterization of a free arrangement and conjecture of Edelman and Reiner, Invent. Math., 2004, 157(2),
449-454

[9] Yoshinaga M., On the freeness of 3-arrangements, Bull. London Math. Soc., 2005, 37(1), 126-134

[10] Abe T., Chambers of 2-affine arrangements and freeness of 3-arrangements, J. Alg. Combin., 2013, 38(1), 65-78

[11] Terao H., Generalized exponents of a free arrangement of hyperplanes and Shephard-Todd-Brieskorn formula, Invent.
math., 1981, 63, 159-179

[12] AbeT., Terao H., Simple-root bases for Shi arrangements, ). Algebra, 2015, 422, 89-104

[13] GaoR., PeiD., Terao H., The Shi arrangement of the type D,, Proc. Japan Acad. Ser. A Math. Sci., 2012, 88(3), 41-45

[14] Suyama D., A Basis Construction for the Shi Arrangement of the Type B, or Cy, Comm. Algebra, 2015, 552, 1435-1448

[15] Suyama D., Terao H., The Shi arrangements and the Bernoulli polynomials, Bull. London Math. Soc., 2012, 44, 563-570

[16] Terao H., Multiderivations of Coxeter arrangements, Invent. Math., 2002, 148, 659-674

[17] Schenck H., Tohaneanu S., Freeness of Conic-Line arrangements in P, Comment. Math. Helv., 2009, 84, 235-258

[18] Orlik P., Terao H., Arrangements of Hyperplanes, Grundlehren der Mathematischen Wissenschaften, 1992, 300, Berlin:
Springer-Verlag

[19] Ziegler G., Multiarrangements of hyperplanes and their freeness, In Singularities (lowa City, IA, 1986), Contemp. Math.,
Amer. Math. Soc., Providence, RI, 1989, 90, 345-359



	On the freeness of hypersurface arrangements consisting of hyperplanes and spheres
	1 Introduction
	2 Preliminaries and Notations
	3 Main results


