Open Math. 2018; 16: 420-428 DE GRUYTER

Open Mathematics

Research Article

Andrea Agli¢ Aljinovic*, Josip Pecari¢, and Anamarija Perusi¢ Pribanié

Generalizations of Steffensen’s inequality
via the extension of Montgomery identity

https://doi.org/10.1515/math-2018-0039
Received October 13, 2016; accepted February 7, 2018.

Abstract: In this paper, we obtained new generalizations of Steffensen’s inequality for n-convex functions
by using extension of Montgomery identity via Taylor’s formula. Since 1-convex functions are nondecreasing
functions, new inequalities generalize Stefensen’s inequality. Related Ostrowski type inequalities are also
provided. Bounds for the reminders in new identities are given by using the Chebyshev and Griiss type
inequalities.
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1 Introduction

In [1], the authors obtain the following extension of Montgomery identity using Taylor’s formula:

Theorem 1.1. Let f : I — R be suct that f (n=1) jg absolutely continuous for some n > 2, I c R an open interval,
a,b eI, a < b. Then the following identity holds

i+2 _ i+2
=5t [ roa- Sre ©a e s o
where .
——(a- s)" <S<X;
Tn(x,5) = { EZ ; (b—s)", x<s<b.

Remark 1.2. The last identity holds also for n = 1. In this special case, we assume that Y1 --- is an empty sum.
Thus (1) reduces to well-known Montgomery identity (e.g. [2])

b b
f(x):b%a[f(t)dnfTl(x,s)f’(s)ds
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where the Peano kernel is
FLia<s<x;

Ti(x,s) = b-a>
(x,5) b x<s<b.

The aim of this paper is to obtain some new generalizations of Steffensen’s inequality using above extension
of Montgomery identity. The Steffensen’s inequality was first given and proved by Steffensen in 1918 ([3]):

Theorem 1.3. Suppose that f is nonincreasing and g is integrable on [a, b] withO < g < 1 and ) = fab g(t)dt.

Then we have
a+

b b
[ rwaes [ fosats [ e, @
b—X\ a a
The inequalities are reversed for f nondecreasing.

In [4] JakSeti¢ and Pecari¢ generalized Steffensen’s inequality for positive measures.

Mitrinovi¢ stated in [5] that the inequalities in (2) follow from the identities which will be the starting
point for our generalizations of Steffensen’s inequality.

First, let us recall the definition of n-convex functions.

Let f be a real-valued function defined on the segment [a, b]. The divided difference of order n of the
function f at distinct points xo, ..., X» € [a, b], is defined recursively (see [6, 7]) by

flxi] =f(xi), (i=0,...,n)

and fl -l ]
X1seoesXn|—J[X0syeeesXn-1

f[Xo,.. ,Xn]— Xn — Xo .
The value f[xo, ..., xn] is independent of the order of the points xo, ..., Xa.

The definition may be extended to include the case when some (or all) of the points coincide. Assuming
that fU~Y (x) exists, we define

B f(f—l)(x)
f[x,...,x]—m. 3)
j—times

The notion of n-convexity goes back to Popoviciu ([8]). We follow the definition given by Karlin ([9]):

Definition 1.4. A function f : [a, b] - R is said to be n-convex on [a, b], n > 0, if for all choices of (n + 1)
distinct points in [a, b], n — th order divided difference of f satisfies

f[X0s --es Xn] 2 0.

Note that, 1-convex functions are nondecreasing functions. If f (") exists, then f is n—convex iff f(™ > 0.
The paper is organized as follows. After this Introduction, in Section 2 we obtain new identities related
to Steffensen’s inequality. Using these new identities we generalize Steffensen’s inequality for n—convex
functions. Further, in Section 3 we give Ostrowski-type inequalities related to our new generalizations.
We conclude this paper with some new bounds for our identities, using the Chebyshev and Griiss type
inequalities.
Throughout the paper, it is assumed that all integrals under consideration exist and that they are finite.

2 Generalizations of Steffensen’s inequality via the extension of
Montgomery identity

In this section we obtain generalizations of Steffensen’s inequality for n-convex functons using identity (1).
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Theorem 2.1. Let f : I - R be suct that f""1) is absolutely continuous for some n > 2, I c R an open interval,
a,b € I,a < b.Let g,p : [a,b] — R be integrable functions such that p is positive and 0 < g < 1. Let
[ p(tydt = [P g(t)p(t)dt and let the function Gy be defined by

c (X):{fab(l—g(t))p(t)dt, xela,a+A], @
/, &(t)p(t)dt, x €la+\,b].
Then
a+\
[ f(op(tydt - [ F(Hg(©p(tydt
f(b) - f(a) "3 2y, (B-X)" = (a-x)""
fG (x)( -0 e )dx )
T T (n-2)! 2)! f(f G1(x) Tn-1(x, S)dx)f(")(s)ds
Proof. Using identity
[ fopwat- [ fosgopvde= [ fo@-gp@de- [ fosepoad
[a,a+X] [a,b] [a,a+X] (a+X,b]
and integration by parts we have
a+ b
[ ropat- [ fosop©ad
’ a+ ’ b
- [ O -f@a+ DIt -g®lp(0de+ [ [fla+ ) -F©OlsOp()dt
a a+
a+\[ x b b
-/ [ / (1—g(t))p(t)dt]df(><)— / l / g(t)p(t)dt]df(X)
a a a+\ | x
b b
-~ [ Gi0df(x) = - [ Gie0f (xax.
Applying identity (1) to f’ and replacing n with n — 1 we have
f(b) —fla) "D iy o (D=0 - (a-x)™ n
ORI > () (;(+2)!(§Ja—a);) ! 2),]T,, 106 9)f ™ (s)ds.
Now we obtain
S : f(B)~f(@) "2 iy, (b-2)"2 = (a-0)™
/Gl(x)f (x)dx = /Gl(x)(b_a— i;)f (x) ERCED) )dx
a , a , (6)
+(n—12)!afGl(X) (a[ Tnl(x,s)f(")(s)ds) dx.
After applying Fubini’s theorem on the last term in (6) we obtain (5). O

Theorem2.2. Let f : I — R be suct that f™V is absolutely continuous for some n > 2, I ¢ R an open

interval,a,b € I,a < b. Let g,p : [a, b] — R be integrable functions such that p is positive and 0 < g < 1. Let
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[bb_kp(t)dt = [ab g(t)p(t)dt and let the function G, be defined by

6a(x) = {fabgu)p(t)dt, xelab-], )
S -g()p(D)dt, xe[b-A,b].
Then
b b
[ f(g(Op(t)dt - [ f(op(e)dt
FO 1@ 20y (=0 = (=)
fG(X)( BP3 A o Y )d" ®

i (nZ)'f(sz(X)Tn 1(x, s)dx)f(")(s)ds

Proof. Similarly as in the proof of Theorem 2.1, we use the identity
[ rwsopac- [ fopma= [ fosopod- [ o -g@)p®d. O
[a,b] (b=A,b] [a,b-A] (b-\,b]

Now, using the above obtained identites we give generalization of Steffensen’s inequality for n-convex
functions.

Theorem 2.3. Let f : I — R be suct that f (n-1) jg absolutely continuous for some n > 2, I c¢ R an open
interval, a,b €I, a < b. Let g,p : [a, b] — R be integrable functions such that p is positive and 0 < g < 1. Let
fa‘”’\p(t)dt = [ab g(t)p(t)dt and let the function G1 be defined by (4). If f is n—convex and

b
/ G1(x)Tn-1(x,8)dx >0, se[a,b], )

then

a+\
] F(Dg(Op(0)dt > f f(op(tyat
(10)

n-3 . _ i+2 _ i+2
f G(X)(f(b) e T ) )dx'

Proof. If the function f is n-convex, without loss of generality we can assume that f is n—times differentiable
and f > 0 see [7, p. 16 and p. 293]. Now we can apply Theorem 2.1 to obtain (10). O

Theorem 2.4. Let f : I - R be suct that f("‘l) is absolutely continuous for some n > 2, I c R an open

interval, a,b € I, a < b. Let g, p : [a, b] — R be integrable functions such that p is positive and 0 < g < 1. Let
[bb_A p(t)dt = fab g(t)p(t)dt and let the function G, be defined by (7). If f is n—convex and

f G2(x)Tp-1(x,s8)dx >0, se[a,b], (11)
then

b b
JRGEONOEE f f(Op(oydt
: 12

n-3 . _ i+2 _ i+2
f G(")(f(b) o E)fm)(")(b ) )dx'
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Proof. Similar to the proof of Theorem 2.3. O

Remark 2.5. If the integrals in (9) and (11) are nonpositive, then the reverse inequalities in (10) and (12) hold.
Note that in this case for some odd n > 3, functions G;, i = 1, 2 are nonnegative so integrals in (9) and (11) are
nonpositive. Hence, inequalities (10) and (12) are reversed.

3 Ostrowski-type inequalities

In this section we give the Ostrowski-type inequalities related to generalizations obtained in the previous
section.
Here, the symbol L, [a, b] (1 < p < oo) denotes the space of p-power integrable functions on the interval

[a, b] equipped with the norm
b
If1, - ( [ror dt)

and L. [a, b] denotes the space of essentially bounded functions on [a, b] with the norm

Ifllo = ess sup [f(t)].
te[a,b]

1

Theorem 3.1. Suppose that all assumptions of Theorem 2.1 hold. Assume also that (p, q) is a pair of conjugate
exponents, thatis1 <p,q<oo,1/p+1/g=1 and ™ e Ly [a, b] for some n > 2. Then we have

a+

[ F(o)p(tydt - [ F(Og(Op(t)dt

o Gl<x>(f(b3:£(a) B O ax ®)

(i+2)!(b-a)

b,

b
f G1(X) Tuor (x, )dx

Fre:
q

The constant on the right-hand side of (13) is sharp for 1 < p < oo and the best possible for p = 1.
Proof. Let’s denote
b
1
C(s) = m a/ G1(x)Tn-1(x, s)dx.

By taking the modulus of (5) and applying Holder’s inequality we obtain

a+

f F(op(tyde - [ OHOIGE

n-3 i+2 i+2
f G(X)(f(b) f(a) S o (x)z)'(;a a;) )dx

- f C(s)f™ (s)ds

a

“Jr
p

1€l -

For the proof of the sharpness of the constant |C|, let us find a function f for which the equality in (13) is
obtained.
For 1 < p < oo take f to be such that

£ (s) = sgn C(s) |C(5)]77 .
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For p = oo take f( (s) = sgn C(s).
For p = 1 we prove that

b b
a[C(s)f(")(s)dt §t£1[12§1|C(t)|(a/‘f(n)(s)‘ds) (14)

is the best possible inequality. C (-) is a continuous function on [a, b] and so is |C(+)|. Suppose that |C(-)|
attains its maximum at so € [a, b]. First we assume that C(so) > 0. For £ > 0 small enough we define f. (s) by

o, a<s<Sso,
fe(s) =12 (s—s0)", So<sS<so+e,

L(s-s0)"", so+e<s<h.

Then
b So+e 1 1 So+e
fC(s)fE(")(s)ds - f C(s)=ds| = = f C(s)ds.
a So € € So
Now from the inequality (14) we have
So+€ So+e

if C(s)ds<fC(so)fds—C(so)

So

Since,
So+€

1
g%gfc(s)ds—C(so)
So

the statement follows. In the case C(so) < 0, we define f-(s) by

L(s-so-e)"", a<s<so,
fe(8) ={-2i(s—so—¢)", so<s<so+e,

0, So+e<Ss<bh,
and the rest of the proof is the same as above. O

Theorem 3.2. Suppose that all assumptions of Theorem 2.2 hold. Assume also (p, q) is a pair of conjugate
exponents, thatis 1 <p,q<oo,1/p+1/q=1. Let f( ¢ Ly [a, b] for some n > 2. Then we have

fostopod- [ f(Op(t)at

/G ) (f(b) f(a) "ff(nz)(x)(b—x)m—(a—x)”z)dx (15)

b (i+2)!(b-a)

Hf(")

/ G (X) Tu_r (X, -)dx

(n 2)'
q

The constant on the right-hand side of (15) is sharp for 1 < p < oo and the best possible for p = 1.

Proof. Similar to the proof of Theorem 3.1. O
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4 Generalizations related to the bounds for the Chebyshev
functional

Letf, h:[a, b] - R be Lebesgue integrable functions. We define the Chebyshev functional T(f, h) by

b b b
T(f, h) ::ﬁff(t)h(t)dt—ﬁ/f(t)dtﬁfh(t)dt.

In 1882 Chebyshev proved that
1
Tl S IF1L IR (b -a),

provided that f', h’ exist and are continuous on [a, b] and |f'| _ = sup,(a s |[f’ (). It also holds if f, h :
[a, b] - R are absolutely continuous and f*, g’ € Lo [a, b] while |f'| = esssupycq,p If (£)-
In 1934, Griiss in his paper [10] proved that

1
|T(f’h)|S Z(Mim)(an)’
provided that there exist the real numbers m, M, n, N such that
m<f(t)<M, n<h(t)<N

fora.e. t € [a, b]. The constant 1/4 is the best possible.
In [11] Cerone and Dragomir proved the following theorems:

Theorem 4.1. Let f : [a,b] — R be a Lebesgue integrable function and h : [a,b] — R be an absolutely
continuous function with (- — a)(b - -)[h']* € L1[a, b]. Then we have the inequality

1
2

b
! [ -y -0 0P| . (16)

Vb-a

IT(F, )] < %[T(f,f)ﬁ

The constant % in (16) is the best possible.

Theorem 4.2. Assume that h : [a,b] — R is monotonic nondecreasing on [a,b] and f : [a,b] - R is
absolutely continuous with f' € Lo, [a, b]. Then we have the inequality

b
TG 555 I [ (6= @)(b - x)dh(). 1)

a

The constant % in (17) is the best possible.

In the sequel we use the above theorems to obtain some new bounds for integrals on the left hand side in the
perturbed version of identities (5) and (8).
Firstly, let us denote

b
Qi(s):[Gi(x)Tn_1(x,s)dx, i=1,2. (18)

Theorem 4.3. Let f : I — R be suct that f™ is absolutely continuous for some n > 2, I ¢ R an open interval,
a,bel,a<band(--a)(b--)[f"V)? eLi[a,b].Letg,p: [a, b] - R be integrable functions such that p is
positiveand 0 < g < 1. Let fa’”Ap(t)dt = fab g(t)p(t)dt and let the functions G1 and (1 be defined by (4) and
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(18). Then

a+A

[ F(Op(t)dt - [ F(Dg(Op(b)dt

n-3 . _ i+2_ _ i+2

f("fl)(b) -f"V(a)
T (h-a)(n-2)!

f 01(s)ds = S(f; a, b),
a
where the remainder Sk (f; a, b) satisfies the estimation

< vb-a
V2(n-2)!

2
(T(21, 20)]} ( [ (s=a)b-)[F" D (s)ds ) (20
Proof. Applying Theorem 4.1for f — 2, and h - f (") we obtain

b b b
e [ 2 (s) ™ (s)ds - f i(s)ds - 51— [ £ (s)ds

) 1 (21)
1 1

—[T(1, 2)]? s—a)(b-s)[f™V(s)%de]| .

< = (T2, @) m(f( ICEDIIO)
Now if we add

b b b
1 (n) (b)) - f D (a)
(b_a)(n_z)!af(h(s)dsaff ()5 =" 1 afrzl(s)ds

to both sides of identity (5) and use inequality (21), we obtain representation (19) and bound (20). O

Similarly, using identity (8) we obtain the following result:

Theorem 4.4. Let f : I - R be suct that f™ is absolutely continuous for some n > 2, I c R an open interval,
a,bel,a<band(--a)(b--)[f"V]?cLi[a, b].Letg,p: [a, b] - R be integrable functions such that p is
positiveand 0 < g < 1. Let fbb_Ap(t)dt = fab g(t)p(t)dt and let the functions G, and 2, be defined by (7) and
(18). Then

f F()g(Op(t)dt - ] f(op(oydt

n-3 . _ i+2 _ i+2
f G(X)(f(b) o & O ) )dx *

fD(b) - "V (a)
(b-a)(n-2)!

f x(s)ds = SX(f; a, b),

where the remainder S3(f; a, b) satisfies the estimation

1

< ﬂv(“_‘;)![rmz,m) %(f<s—a><b V() )

Proof. Similar to the proof of Theorem 4.3. O
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The following Griiss-type inequalities also hold.

Theorem 4.5. Let f : I — R be suct that f is absolutely continuous for some n > 2 and f™V) > 0 on [a, b].

Let functions (2;,i = 1, 2 be defined by (18).

(a) Let fa’”’\ p(t)dt = fab g(t)p(t)dt. Then we have representation (19) and the remainder S (f; a, b) satisfies
the bound

(n-1) (n-1) (n=2) (n-2)
D g [0S [0 R@) g

(b) Let fbli/\p(t)dt = ]ab g(t)p(t)dt. Then we have representation (22) and the remainder SA(f; a, b) satisfies
the bound

12| {f(" 1)(b)+f(" V(a) (b)) - 2)(0)}
2)' 2lee b-a

Proof. (a) Applying Theorem 4.2 for f — 21, h — f( we obtain

b b b
1 1 Q)
b—a[Ql(s) b—a/f (s)ds
a , a a (24)
< 5tp=ay 1% 1 [ - a-9r" @
Since
b
f(s—a)(b s)f('””(s)ds—f[zs-(a+b)]f(">(s)ds
= (b-a)[f" PV (B) + V(@) -2 (F" P (B) - ()
Using representation (5) and inequality (24) we deduce (23).
(b) Similar to the (a)-part.
O
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