Open Math. 2018; 16: 326-345 DE GRUYTER

Open Mathematics

Research Article

Yangi Yang and Shuangping Tao*

Singular integrals with variable kernel

and fractional differentiation in homogeneous
Morrey-Herz-type Hardy spaces with variable
exponents

https://doi.org/10.1515/math-2018-0036
Received December 17, 2017; accepted February 9, 2018.

Abstract: Let T be the singular integral operator with variable kernel defined by

2(x,x-y)

d
Xy f(y)dy

Tf(x) =p.v. [

Rn

and D7 (0 < v < 1) be the fractional differentiation operator. Let T* and T' be the adjoint of T and the
pseudo-adjoint of T, respectively. The aim of this paper is to establish some boundedness for TD” - D" T and
(T* - T*)D" on the homogeneous Morrey-Herz-type Hardy spaces with variable exponents HM. Ikg((f))”)'f via the
convolution operator Ty, ; and Calderdn-Zygmund operator, and then establish their boundedness on these
spaces. The boundedness on HMKI?((")),’;’ (R") is shown to hold for TD” - DT and (T* - T*)D". Moreover, the
authors also establish various norm characterizations for the product T; T; and the pseudo-product T; o T5.
Keywords: Variable kernel, Fractional differentiation, Sobolev spaces I,(BMO), Morrey-Herz-type Hardy

space with variable exponents
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1 Introduction and main results

Let 2(x, z) : R" x R" — R be a measurable function and satisfy the following conditions:
2(x,\z) = 2(x,z), for anyx,zeR" and X >0, (1.1)

f 2(x,z)do(z') =0, foranyx e R", (1.2)
Sn-1
where S"~! denotes the unit sphere in R"(n > 2) with normalized Lebesgue measure do. Then the singular
integral operator with variable kernel 2(x, z) is defined by

2(x,x-y)

=y f(y)dy. (1.3)

Tf(x) =p.v. f

Rn
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Boundedness properties of the above operator in a variety of functional spaces have been extensively studied.
In particular, Calderén and Zygmund proved that T is bounded on the L?(R") in the Mihlin conditions (see
[1]). Other references with results of this sort include [2-5] and the references within. On the other hand,
these estimates played an important role in the theory of non-divergent elliptic equations with discontinuous
coefficients (see [6,7]).

Let O < v < 1. For tempered distributions f € 8'(R")(n = 1, 2, .. .), the fractional differentiation operators
D7 of order v are defined by DVf(¢) = [¢["f(€), i.e,D7f(x) = (|€]"F(€))"(x). We will denote by I the Riesz
potential operator of order v that is defined on the space of tempered distributions modulo polynomials by
setting 1’77 (€) = |¢]7F(¢). It is easy to see that a locally integrable function b belongs to I,(BMO)(R") if and
only if D”b ¢ BMO(RR"). Strichartz (see [8]) showed that, for v € (0, 1), I, (BMO)(RR") is a space of functions
modulo constants which is properly contained in Lip,, (R™).

We make some conventions. In what follows, xr denotes the characteristic function for a z-measurable
set E. We use the symbol A < B to denote that there exsists a positive constant C such that A < CB. For any
index p € (1, o0), we denote by p’ its conjugate index, that is, p% + z% =1.

Denote T* and T! to be the adjoint of T and the pseudo-adjoint of T respectively (see (3.2) and (3.3)
below). Let T; and T be the operators defined in (1.1) which are differentiateded by its kernel 2; (x, y) and
2:(x,y).Let T1 T2, T1 0T, denote the product and pseudo-product of T; and T, respectively. In 1957, Calderon
and Zygmund found that these operators are closely related to the second order linear elliptic equations with
variable coefficients and established the following results of the operators T;, T!, T1T>, T1 o T> and D on
LP(R")(1 < p < o0) (see [1]).

Theorem A ([1]). Let 1 < p < o0, 21(X,Yy), 22(X,Yy) € Cﬁ(C""), B > 1 satisfy (1.1) and (1.2). Then there is a
constant C such that

() [(T1D = DT1)f |1» < [f[rs

@) I(T{ = TH)Df v S e

B) [(Tro T2 = T1 T2) Df [ 1» < |fl1e-

In 2015, Chen and Zhu proved that Theorem A was also true on Weighted Lebesgue space and Morrey space
(see [9]). In 2016, Tao and Yang obtained the boundedness of those operators on the weighted Morrey-Herz
spaces (see [5]), Later, the boundedness of those operators on the Lebesgue spaces with variable exponents
were obtained [10]. Inspired by the ideas mentioned previously, the aim of this paper is to deal with the
boundedness of the singular integrals with variable kernel and fractional differentiations in the setting of the
Morrey-Herz-type Hardy Spaces with variable exponents (which will be defined in the next section).

The main theorems are presented in this section. The definitions of the Morrey-Herz spaces with variable
exponents, the Morrey-Herz-type Hardy spaces with variable exponents and the preliminary lemmas are
presented in Section 2. In Section 3, we will introduce the spherical harmonical expansions and give the
boundedness of Ty, ;. The proofs of Theorems are given in Section 4.

Theorem 1.1. Letp(-) € B(R"),0 < g < 00, and 0 < X < oo. If a(+) is a bounded and log-Hélder continuous both
at the origin and infinity such that 2\ < a(+), né; < a(0), @ < N8z +6 with some § > max{a(0) -2, aco —Nd2 }
and 5, asin Lemma 2.6. Assume that T is defined by (1.3) and 2(x, y), which satisfies (1.1),(1.2), meet a condition

max | D3 (2//9y) 206, ¥) i ey < oo, (1.4)

then we have
(1) [(TD” = D T)f | yicera S I | gpgice o3
DDy $ o
2)|(T"-T ca(ha S (). -
@ ) MG HME; Y
Theorem 1.2. Letp(-) € B(R"),0 < g < 00,and 0 < X < oo.If a(-) is a bounded and log-Hélder continuous both

at the origin and infinity such that 2\ < a(+), né; < a(0), as < N8z +6 withsome § > max{a(0) - 82, aco —Nd2 }
and §; as in Lemma 2.6. Suppose that 21(x,y) and 2, (x, y) satisfy (1.1) and (1.2). If £, (x, y) satisfies (1.4) and
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21(x,y) satisfies o
max | ('/0y') 21 (%, ¥) = (grxs1) < oo, (1.5)

then we have
[(T10 T2 = TiT2)D " f | yyora S Uf | yppice -0
OB FIONY

Theorem 1.3. Letp(-) € B(R"),0 < g < c0,and 0 < \ < oo. Ifa() is a bounded and log-Hélder continuous both
at the origin and infinity such that 2\ < a(+), ndz < a(0), aco < N2 +6 with some § > max{a(0) — 62, vco —Nd2 }
and &, as in Lemma 2.6. Suppose that 2;(x,y)(i = 1, 2) satisfies(1.1),(1.2) and (1.5), then we have
@) (T1Z - ZT)f | o000 S I pgiceconas

. O8N O8N
@ 1(T5 = TZf |ygecrs S If L gyggecoes

PO ()
@) |(T1 0 T2 = TiT2VIf |y S If | ppgice -
PN PN

Theorem 1.4. Letp(-) € B(R"),0 < g < 00,and0 < X < oco.If a(-) is a bounded and log-Holder continuous both
at the origin and infinity such that 2\ < «(+), n6; < a(0), ae < 187 +6 with some § > max{a(0) — 2, veo — N2 }
and &, as in Lemma 2.6. Suppose that 2(x, y) satisfies(1.1), (1.2) and

max | 7x(&' /0y ) 206, y) e resecty < o0, (1.6)

then we have
@) |I(TD - DT ca()g S VST
H ( )f”MKp(f)?;\? Hf”HMKP(f)).)‘\?

2) |(T* - THD ca(da S ()

( ) H( ) f”MKp(f))yf ”fHHMKp(S),Aq

Theorem 1.5. Letp(-) € B(R"),0 < g < c0,and 0 < \ < oo. Ifa(-) is a bounded and log-Hélder continuous both
at the origin and infinity such that 2\ < a(+), né; < a(0), ae < 187 +6 with some § > max{a(0) -2, o — N2 }
and 5, as in Lemma 2.6. Suppose that 21 (x,y) and 2, (x, y) satisfies(1.1), (1.2). If 21(x, y) satisfies (1.5) and
2,(x,y) satisfies (1.6), then we have

I(T1 0 T2 = T1 T2)Df | 500000 S 1f | gppicecoa-
(YA PO

2 Definitions and preliminaries

In this section, the Morrey-Herz spaces with variable exponents MK

()2
spaces with variable exponents HMK;‘((.'))”/’\’ will be introduced. Some preliminary lemmas will be given as
well.

Lebesgue spaces with variable exponent L? ) (R™) become one of important function spaces due to the
fundamental paper [11] by Kovdcik Rékosnik. In the past 20 years, the theory of these spaces have made
progress rapidly. On the other hand, the function spaces with variable exponent have been applied in fluid
dynamics, elastlcity dynamics, calculus of variations and differential equations with non-standard growth
conditions (see [12-16]). In [17], authors proved the extrapolation theorem which leads to the boundedness
of some classical operators including the commutators on LP) (R™). Karlovich and Lerner also obtained the
bundedness of the singular integral commutators in [18]. The boundedness of some typical operators has
been studied with keen interest (see [18-25]). Recently, Xu and Yang have introduced the Morrey-Herz-type
Hardy spaces with variable exponents and established the boundedness of singular integral operators on
these spaces in [26].

and the Morrey-Herz-type Hardy

Definition 2.1 ([21]). Let o(-) be a real-valued function on R". If there exist C > 0 such that for any x,y € R",
-yl <1/2,
C

la(x) — a(y)| < —log(jx-y|)’
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then o(-) is said to be local log-Holder continuous on R".
If there exist C > O such that for all x e R",

C

|a(X) - a(0)| < m,

then a(-) is said to be log-Hdlder continuous at origin.
If there exist a.oo € R and a constant C > 0 such that all x € R",

C

20970 ogle )

then a(-) is said to be log-Hélder continuous at infinity.

Definition 2.2 ([11]). Let p : R" — [1, o) be a measurable function. The Lebesgue space with variable
exponent LP©) (R™) is defined by

p(x)

LPORM) = {f is measurable : / (M) < oo for some constant 7 > 0} .

n
Rfl

Equipped with the Luxemburg-Nakano norm

(L) g}

Hf||LP(~>(Rn) = inf {7] >0: / ;

Rn
we denote
p- =essinf{p(x) : x e R"}, p, =esssup{p(x):xeR"}.

Then P(R™) consists of all p(-) satisfying p— > 1 and p. < co.

Let M be te Hardy-littlewood maximal operator. We denote B(R") to be the set of all functions p(-) € P(R")
satisfying the condition that M is bounded on LP©) (R™).

We now make some conventions. Throughout this paper, let k € Z., B = {x € R" : |x| < 2X}, C; = Bi\By_1,
L e Zand Xk = XCi

Definition 2.3 ([26]). Let 0 < g < oo, p(-) € P(R"), and 0 < )\ < oo. Let a(-) be a bounded real-valued

measurable function on R". The homogeneous Morrey-Herz space MK;"(("))’;J is defined by

MK;‘((.'))”/‘\I(RH) ={fe Lﬁ)(c') (R™\{0}): Hf”MI'(f(S)f(R") < oo},
where

L 1/q
N a(ke. 1a
o () mny = SUP 2 § 2 ) R
HfHMKp(f))';\](R ) Leg {k—_oo H ka|Lp()}

with the corresponding modification for g = co.

Next let us recall the definition of Morrey-Herz-type Hardy spaces with variable exponents HMK;’((.'))y’f,
which was firstly introduced by Xu and Yang in [26]. To do this, we need some natations. S(R") denotes the
Schwartz spaces of all rapidly decreasing infinitely differentiable functions on R", and S’(R") denotes the

dual space of S(R"). Let Gyf be the grand maximal function of f defined by

Gnf(x) = sup |63 (f)(x)|, xeR",
pe Ay

where Ay = {¢ € S(R") : sup  [x*D¢(x)| <1} and N > n + 1 and ¢ is the nontangential maximal
[v],|B|<N, V¥ xeRn

operator defined by ¢% (f)(x) = sup |¢¢ + f(y)|, where ¢¢(x) = t"¢(%) forany x e R" and ¢ > 0.
ly—x|<t
The grand maximal Gy was firstly introduced by Fefferman and Stein in [27] to study classical Hardy
spaces. We refer the reader to [28-30] for details on the classical Hardy spaces. The variable exponent case is

shown in [22] by Nakai and Sawano.
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Definition 2.4 ([26]). Let a(-) € L*(R"), 0 < g < o0, p(-) € P(R"),0 < A < oo, and N > n + 1. The

homogeneous Morrey-Herz-type Hardy space with variable exponents HM I%';((.')) ’;1 is defined by

ro(),q _ ! ny ., —
HMI(p(.)’)\ = {f €S (R ) : ”f”HMK;"(())/\q = ” GNfHHMf(;(S)Yf < Oo} .

Obviously, if a(-) = aand X = 0, these spaces were considered by Wang and Liu in [23]. If p(-) and «(-) are
constant and )\ = 0, these are the classical Herz type Hardy spaces (see [31]).

Definition 2.5 ([26]). Let p(-) € P(R") and a(-) € L*(R") be log-Hélder continuous both at the origin and
infinity, and nonnegative integer s > [ar — né, |, here ar = a(0), if r < 1, and ar = a0, if T > 1, N62 < ar < 00 and
07 as in Lemma 2.6.

(1) A function a on R" is called a central (a(-), p(-))-atom, if it satisfies (1) supp a c B(0,1); (2) |a| ¢ <
B0, 1)[7/"; (3) [pn a(x)x’dx =0, |8] <s.

(2) A function a on R" is called a central (a(-), p(-))-atom of restricted type, if it satisfies (1) supp a c
B(0,1),7>1; ) |a|po <|BO, 1) 3) [ a(x)x’dx =0, || <s.

Lemma 2.6 ([18]). If p(:) € B(R"), then there exist constants 51, 6, > O, such that for all balls B c R" and all
measurable subsets S c B,

Ixglro@ _ Bl - Ixslo@n <(|S|)‘Sl Ixslrro ) <(|S|)52
Bl " lxsl |B|

Ixslpo @y = 18I Ixslo @y ™ O®Y

Lemma 2.7 ([21, Theorem 13]). Let 0 < g < oo, p(-) € B(R"), 0 < X\ < oo, and a(-) € L™ be log-Holder
continuous both at the origin and infinity, 2\ < a(-), nd2 < a(0), asw < oo With §; as in Lemma 2.5, then
fe HMK;“((_')),’;] ifand only iff = Y32 _. Mcay inthe sense of S'(R"), where each ay is a central (a(-), p(-))-atom
with support contained in By and sup 2~1* Zi?m [Ak|? < co0. Moreover,

LeZ

\ L 1/q
co(ra ~infsup 2" el
Pl =infsup2 (35 )

k=—oc0

where the infimum is taken over all above decompositions of f.
Lemma 2.8 ([11]). Let p(-) ¢ P(R"). Iff ¢ L’ and g € LP'O), then fg is integrable on R" and

[ FC0g00ldx < 1ol s Lo,

Rn

wherer, =1+1/p” - 1/p*.

Lemma 2.9 ([26]). Let a(-) be a bounded and log-Holder continuous both at the origin and infinity such that
ndz < a(0), ac < ndy + & with some § > max{a(0) — ndz, as — N&2 } and &, as in Lemma 2.6. Suppose T is a
Calderén-Zygmund operator associated to a standerd kernel K. If p(-) € B(R"),0 < A < co and 0 < q < oo, then
we have

I Tf | yieon S I I gpgigacon -
()4 ()4

Lemma 2.10 ([26]). Let p(-) € P(R"), q € (0, 0], and A € (0, co]. If a(-) € L= (R™) n PiE(R") n PE(R™),
then

L

—LX\ ki

fIM,-(ao,wmaX{ sup 27 3 29O py ey,
()9 L<0,LeZ k=—o0

-1 L
—L)\ kqo —L)\ kqoeo
sup [z NS QMO p e yUa oI5 ok |ka|zp<,)>1/q]}.

L>0,LeZ k=—o00 k=0
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3 Spherical harmonics and boundedness of T, ;

In this section, we will recall the spherical harmonical expansion and give the boundedness of T, ;, which
are very vital in our proofs of Theorems.

We let H,» denote the space of spherical harmonics homogeneous polynomials of degree m. Let dim#,, =
dm and «{Y,,U-}]‘.’I:'"1 be an orthonormal system of H . It is showed that {Ym,,-}fzml, m=0,1,...,isacomplete
orthonormal system in L*(S"™!) (see [32]). We can expand the kernel 2(x, z') in spherical harmonics as

iy
02062 = 3 3 ami()¥mi(z),

m>0 j=1
where
anj(x) = [ 2(%,2) ¥ (Z)do(2).
SYI—I
If [ 2(x,2")do(2") = 0, then aq; = O for any x € R". Let

Ty i (X) = (‘Y_";;{ P ). (3.1)

Then T, defined in (1.3), can be written as

dm
Tf(x) = > > amj(X) T if (x).

m>1j=1

Let T* and T! be the adjoint of T and the pseudo-adjoint of T respectively, defined by

co dpy
TF(0) = 30 > (-1)" T, (@mif ) (%) (3.2)
m=1j=1
and .
TH(x) = Zli(-1)mam,j(x)rm,if(x). (3.3)
m=1j=1

Lemma 3.1. Let o(-) € L™ be log-Hélder continuous both at the origin and infinity, 2\ < a(-), né2 < «(0),
Qoo < N8y + & With some § > max{a(0) — ndz, aeo — N2} and 6, as in Lemma 2.6. The T, ; defined by (3.1) is

7 a(')v)‘ 7 a(')’)‘ y
bounded from HMKP(.)’q to MKp(.)’q ,i.e.

” TmeHMj(O‘(')v* S HfHHMj("(')v)"
p(-).q p(-).q

Proof. Suppose f € Mkpa((_'))”/‘\l .By Lemma 27, f = ¥;°_, \;b; converges in S'(R"), where each b; is a central

(a(:), q(+)) — atom with support contained in B; and

L q
; —-LX
s = nfsup2 ( > W) |

LeZ j=—o0

For simplicity, we denote & = 3", , 272* Z]-L:_oo |Aj|%. By Lemma 2.10, we have

L
—-LX k 0
I T tf g = max{ sup 2729 57 2O (T, i)l
()N L<0,LeZ ke—oo

-1 L
—L)\ k 0 k oo
sup 273 2O (T )il G + D 299 (Tt x| %00)
L>0,LeZ k=—o0 k=0

=max{[, II + III},
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where

I= sup 27M z 24O (T f x|, I = sup z 259 (T ) xi s »
L<0,LeZ k=—o0 LeZ k=—o0o

—L)\ k oo
HI= sup 27M Z 2kae (=) (T, Hxille-
L>0,LeZ k=0

To complete our proof, we only need to show that I, II, IIT m'2p, First, we estimate I:

I= sup 271 Z 2kqa(o)”(Tm lf)XkHLpo

L<0,LeZ k=—

L oo q
s sup 27 % 2’“’“(0)(ZIAJIII[Tm,zbf]Xkle<»>)
L<0,LeZ k=—o0 j=k

L _ q
+< sup 270 B z"qa<°>( z N[ Tom,1b5] xmo)

L<0,LeZ k=—o00

=11 +I,.
By the result that T, ; is bounded on L? © (R™) (see [10]), we have
I(Tmab0)xillro s Y2 bj ey s m™2|Bj| =" = m"V227e7,
Therefore, when we get 0 < g < 1, we get

L oo . q
Lig sup 274 % 2"4"(0)(Z|A,~|m”/22‘aﬂ)

L<0,LeZ k=—o00 j=k

L -1 . oo .
< mnq/2 sup y~LAg Z qua(o) Z|/\j|qz—a(0)1q+Z|)\j|q2—am1q
L<0,LeZ k=—o0 j=k j=0

L -1 .
< mh? sup >-LAq Z Z|)\j|qza(0)(k—1)q
L<0,LeZ k=—o0 j=k

L oo
2 —LA 0)k —~Coof
+m/ sup 27 Z 2(0) qz|>\i|qz Qoo fq
L<0,LeZ k=—oo j=0

< mhi’? sup 2° -LAq Z |7 Z 2a(0) (k=g
L<0,LeZ j=—oo [

) ) L
+mnq/Z sup zflkq‘)\ﬂqz(z\fax))qz%)\q Z za(O)kq
L<0,LeZ k=—oo

L -1 j .
Smnq/Z sup 7~LXg Z |)\j|q+mnq/2 sup 27L>\q2|>\]_|q Z 7a(0) (k=g
L<0,LeZ j=—oo L<0,LeZ j=L k=—o0

a2 S (A-aw)ig i Ha(0)kg-LAg

o sup Y.
L<0,LeZ j—0 k=—o00

-1, . j .
< m"q/2d5+m"‘”2 sup Zzﬂz\qpﬂqz(l%)/\q Z 2a(0) (k=g +mnq/2¢

L<0,LeZj=], k=—o00
-1 j .
m"2e + m"i2p sup ZZ(I—L)/\q Z 5(0)(k=i)q
L<0,LeZ j=], k=—o0
m"?¢

As 1 < g < oo, We can obtain

L 0o q

2 -L\ kqo.(0 —ayj

I <m" sup 27M 32 qa( )(Z|/\i|2 %1)
L<0,LeZ k=—o0 j=k
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L (-1 \9
Smnq/2 sup 2~LAg Z (Z|)\j|2a(0)(k—1))

L<0,LeZ P

L oo . q
+m"? sup 27 57 ORI STy pm )
L<0,LeZ k=—o00 j=0

_ _ a/q’
cm'? sup 27N ¥ (21:|)\j|qza(0)(/<i)q/Z)X(iza(O)(ki)Q’/Z)

L<0,LeZ k=—o0 \j=k j=k

L oo . o o\
+ m"9/2 sup 5~LAg Z y(0)kg (Z |/\j|42—04ml¢1/2) % (Z )~ efq /2)
j=0

L<0,LeZ k=—o0 j=0

L -1
Smnq/z sup >-LAq Z Z|)\j|q2a(0)(k—i)q/2
L<0,LeZ k=—o0 j=k

+mnq/2 sup 2~ LAq Z za(O)qup\ |42 Qoofq
L<0,LeZ k=—o00 j=0

<mnq/z sup 2~ —-L)\q Z |)\ |q Z 2!1(0)(" j)a/2
L<0,LeZ jo—eo  ke—oo

oo . X L
+ m"9/2 sup Z2—}/\4|)\j|qz(>\—am/2)iqz—L>\q Z 5(0)kg
L<0,LeZ j=0 k=—oo

< mhi/? sup 2~ -LAq Z I |q+mnq/2 sup 2 L/\qz|/\ K Z 2 (0)(k=j)a/2
L<0,LeZ jo—oo L<0,LeZ j=L k=—

oo . L
+mnq/2¢ sup Zz(kfaoo/Z))q Z 5a(0)kg-LAq
L<0,LeZ j=0 k=—o00

< mM/2p~IA Z I\ |q+mnq/2 -LXg sup Z|’\ K Z 5(0)(k=j)g/2
j=—o0 L<0,LeZ j=], k=—o00

oo L
na/2 g sup Zz(’\*“w/z)fq Z 7 a(0)kg-LAq
L<0,LeZ j—0 k=—o0

+m

"2g g sup ’Zl 2Ny 107D 5 a@ DA | a2

L1<0,LeZ ] ke—oo

sm

M2 P sup 30200N 3 e

LgO,LeZ]':L k=—o0

sm d+m

<m"%p

Hence, we have I, < m"9/%5.
Secondly, we estimate I,. A simple computation shows that there exists a constant § > 0 such that Ty, ;
satisfies the following size condition

| Tnf| s m"? (diam(suppf))°[x|”"**|f]1, when dist(x, suppf) > |2L|

and with the help of Lemma 2.8, we get

I Tmabj(0)| s m"2x -2 [ by (y)jay
B;

2~-k 5)A~jd
m"2 27 O 0 by Ixs e

(5—0)—k(6
< m"22i(0-)-k( +n)||XB;”LF"(')'

So by Lemma 2.6 and 2.8, we have

i(6—ai)—k(S
[(Tamabi)xilprer s m2 27D g1 Slxae e

— 333
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24j(0—a;)—kd H—k -1
§ "D 1By m, [ br ) [ s

n/22](6 o)k HXB HLP ()

[xB, |l Loy
< 29418 -0 ey

N

Therefore, when O < g < 1, by né, < a(0) < § + nd, we get

L k-1 4
L= sup 27*M > qua(O)( > |/\i||(Tm,1bj)Xk||Lp<«>)

L<0,LeZ k=—oo j=—oo

L k-
<m"? sup 27N 3 qua(O)( zl |)\j|42[(5+n5z)(i—k)—ia(O)]q)
L<0,LeZ ke—oo i

-1 .
< mhi/? sup 2~ LAg 2|9 2 (=k)(8+nd2-a(0))q
L<0,LeZ ,_Z 4l k;A
<m"g,

When 1 < g < o0, let 1/q + 1/q’ = 1. Since nd> < a(0) < § + néd,, by Holder’s inequality, we have

L<0,LeZ k=—o00

j=—o0

q
IZ < m"‘]/z sup 2 -LAgq Z za(o)kQ( Z |A |2(6+”62)(} k)—]oc(O))

L<0,LeZ jooo

j=—o0

L k—
sm? sup 3 2a<o>kq( 21 |A],qzo—k)(émaz—a(onqn)

k-1 a/q
X( 3 z(ik)(6+néza(0))q’/2)

j=—o0

k—
<m"? sup 271N Z 2a<o>kq( Zl |)\i|q2(i—k)(5+n62—a(0))Q/2)
L<0,LeZ j=—o0

j=—o0
L -1 )
- m"a/? sup 2~LAg Z |>\j|q Z 9 (=k)(6+nd,-(0))q/2
L<0,LeZ j=—o0 k=j+1

<m"%p,

Hence, we have I < m"4/%g,
Thirdly, we estimate II. Consider

q q
s Z qua(o)(ZM”(Tm 1b; )XkLP()) + Z qua(o)( > I (Tmaby )XkLP())

k=— j=k k=— j=—o0
=: IIl + IIz.

When 0 < g < 1, we get

k=—o0 j=k

-1 o X q
IIl 5 m"Q/z Z 2kqa(0) (Z |)\i2_ai1)
< mhi? Z 5kae(0) (Z|/\ 72° a(0)jg ZP‘ |2° amlq)

k=— j=k j=0

< mh? Z Z|/\ |q2a(0)(k—1)q+mnq/2 Z za(O)qup\ 7270~
k=—o0 j=k k=—o0 j=0

<m"/? Z BYIK Z 2“(0)(k_])q+m"q/22\>\ 172 ~Qoofiq Z 5(0)kq
j=—o00 k=— j=0 k=—
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-1 oo -1
2 2 —iA —Qloo] 0)k
Smnq/ Z |)\j|q+mnq/ Z(:)Z j q|)\i|qz a lqkz 2@4( Ykq
j=—oo j= =—c0

j oo o
gm"q/2¢+m"q/zq§ Z |)\i|q22(x\fam)1q Z 5a(0)kq
i=—oo j=0 k=—oo

<m'%p.

As 1 < g < oo, we obtain

q
-1 %)
m= Y 2K (Z |)\j||(Tm,1bj)XkLp<->)

k=—oco =k

-1 oo q
< m"a/? Z 5kge(0) (Z|/\j|2_ajj)
k

=—oo j=k

-1 (-1 A\ oo \1
Sm"‘]/z Z (Z|>\]|2a(0)(k_1)) + Z 2’“1@(0) (Z|)\i|2_awl)

k=—o0 \j=k k=—c0 j=0

1 /-1 1 a/d’
< mhi/? Z (Z|)\j|qza(0)(k—i)q/2) (Z za(O)(k—i)q’/Z)

k=—o0 \j=k j=k

o oo ald
" mnq/lza(o)kq (Z |)\j|q2—awiq/2) (Z z—aqu’/l)
j=0 Jj=0

-1 j 3 o X -1
< mhi? S Y Za(O)(k—J)q/2+mnq/2z|/\j|qz—am1f1/2 S 5(0)kq
k

=—o00 k=—oc0 j=0 k=—o00

-1 o . . j -1
Smnq/2 Z |)\]_|q+mnq/222(/\faoo/z)mzf}/\q Z ‘Mq Z za(O)kq
j=0 i

k=—o0 1=—o00 k=—oc0

oo -1
< m"i2p mnq/2¢22(>\—am/2)iq Z 2(0)kq
j=0 k=—o00

<m"%p,

For II,, as 0 < g < 1, noting that nd, < a(0) < § + nd,, we have

k=—o0 j=—o0

-1 k-1 q
L= 2“"‘(0)(2 A;|||<Tm,,b,-)ka.))

cm 3 gk ( D |>\]_qz[(5+n5z)(ik)ia(O)]q)

k=—oc0 j=—o0

-1 -1 X -1
- m"4/2 Z BYK Z 20K (34102 (0))q ¢ yma/2 Z |>\j|qunq/2¢'
k=—o00 k=j+1 k=—oc0

As 1 < g < oo and nd; < a(0) < 4§+ ndy, by Holder’s inequality, one has

-1 k-1 o q
1L < m"a/? Z qua(o)( Z |)\j|2(5+n52)(1—k)—1a(0))
k=—o0 j

= Jj=—o0

< mnq/z( 5 )\]_|q2(ik)(5+n52a(0))4/2)

j=—o0

-1 o\
><( D 5 (=k)(§+nd2-c(0))q /2)

j=—o0

cml S 2a<0)kq( 5 |)\j|qz(i—k)(5+n52—a(0))q/2)

j=—o0 j=—o0
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_ a2 _le A i 5K (3418, -a(0))a/2
j=—o0 k=j+1
<m"%p
So, we have IT < m"/?®,
Finally, we estimate I1I. Write

L oo
115 sup 272M > ka0 (Z

L>0,LeZ k=0 j=k

q
|)‘i| ” ( Tm,lbi)Xk|Lp(»))

=

-1

L

-L kqaeo

+ sup 27FM » 2
L>0,LeZ k=0

j=—o0

q
INICTom,ib5) Xk ”LP(‘))
=111, +III,.

When O < g < 1, by the boundedness of Ty, ; in LP) (R") (see [10]), we obtain

A kqoreo
< sup 2703 249 S ) (T, byl
L>0,LeZ k=0 j=k

L oo

2 -L kqtoo —ajj

< m"4/ sup 2 Aq Z ykqer Z|)‘i|q2 ajiq
L>0,LeZ k=0 j=k

I o
2 -L kqoves — Qoo
<m"? sup 27M D 2M%= NN T27
L>0,LeZ k=0 j=k

L j . oo L )
- m"/? sup y~LAg Z |)\j‘q Z kDoeeq | pna/2 sup 7~LXq Z \Aqu Z g (k=)aeq
L>0,LeZ j=0 k=0 L>0,LeZ j=L k=0

< m"/? sup 2 quz|/\ K + m"a/? sup ZZ(JM LAgq) 5y-jra Z I\i]? Z o (k=f)ereg
L>0,LeZ j=0 L<0,LeZ j=],

i=—o0 =

m"‘]/2¢+ m”‘]ﬂ@ sup Zz(L—f)aooQZ(i—L)Aq

L>0,LeZ j=],

<m"Pg + mM2g sup 320 DI
L>0,LeZj=],
< m"‘]ﬂ@

As 1 < g < oo, by the boundedness of Ty, ; in L? ©) (see [10]) and Hélder’s inequality, we have

a/q
I S sup ZW(ZIA (T, 1bj )mll%) (ZII(Tmzb )XkLp())

L>0,LeZ j=k

L
m"? sup ZZ_L’\‘I Z|/\,|q|b ||Zz{<2>
L>0,LeZ j=0 j=k

oo q,
2
x| > 11y ||zp{>)
j=k

’
L>0,LeZ |=0

L
< m"a/? sup Z 2—L>\q |>\}| |B; |—a;4/(2")
L>0,LeZ k=0 i=k

L oo oo q/q
< mnq/Z sup Z sz/\q Z I\ | |B |a;q/(2n)) (Z |B |foc/q /(Zn))
j=k —k

L L )
— mnd/? sup 5~LAg Z Nk Z 2 (k=fawa/2
L>0,LeZ j=0 k=0

(e =] L
2 —L\ k=j)ceeq/2
+m/ sup 2 qZ|>\i|qZZ( J)aeq/
L>0,LeZ j=L k=0
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L
<m"? sup Z_L’\qZ|/\i\q
L>0,LeZ j=0

o . . j L .
+ mnq/z sup Z—L)\q Z 2(1)\q—L/\q)2—]/\q Z |)\i|q Z 2(k—1)awq/2
L<0,LeZ v i=—oo k=0

< mnq/2¢+ mnq/zgp sup Zz(i*L)/\qz(L*]')aNQ/Z
L<0,LeZj=],

< m"2p + m"2p sup 5(-1)a(A-ae/2)
L<0,LeZj=],

<sm"%p.

For III;,as 0 < g < 1 and né; < a(0), ae < § + N2, We get

L -1

- - §+n8,) (i-k)-jey)q

II s sup 273 ke Aj|92[(0%n% i
L>0,LeZ k=0 Z | ]|

j=—o0

L -1 ) )
< mha/? sup 2~LAg Z ykqa ( Z |)\j|112[(5+n5z)(1—k)—1a(0)]q)
L>0,LeZ k=0

j=—o0

L k-1 . )
n mnq/2 sup 7~LAg Z kg (Z |)\]_|qz[(5+n52)(J—k)—Jam]q)
L>0,LeZ k=0 ]'=0

L -1
< m"a/? sup 7~LXAg Z ylaw—(6+nd2)]lkq Z ‘)\j|42(5+n5ra(0))iq
L>0,LeZ k=0 j=—oo

L oo
- j—k) (6+ndr— oo
+ m"e/? sup 2 LAgq Z|)\]_|q Z 9 (=k)(6+nd2-0ree )q
L>0,LeZ k=0 k=j+1

-1 L-1
<m"? gup 271M > |)\,-|q+m"q/2 sup 27L’\q2|>\,-|”
L>0,LeZ j=—oo L>0,LeZ j=0

<m"%g,

As 1< q<ooandnd; <a(0), ax <&+ nd,, by Holder’s inequality, we have

L k-1 ) ) q
Il < mHLI/Z sup sz)\q Z quocw ( Z |>\j|2[(5+n52)(]k)}a]~])
L>0,LeZ k=0

j=—o0

q
L -1 . .
< m"‘]/z sup 2_L>\q Z qu@ee ( Z |)\j|2[(6"‘"52)(]_1‘)_]@(0)])
L>0,LeZ k=0

j=—<>o

L k-1 ) ) a
+ m"9/2 sup 7-LAg Z ykqa Z |>\},|2[(5+n52)(1—k)—1am]
L<0,LeZ k=0 j=0

_ q
< mnq/z sup Z—L)\q ZL: z[aw—(zhnéz)]kq % ( 21: 2(5+n62a(0))j)
L>0,LeZ k=0

j:—oo

L (k-1 ) 1
n mnq/z sup Z—L)\q Z Z ‘)\j|2(1—k)(6+n62—o¢w)
L>0,LeZ k=0 \ j=0

- _ a/q
Smnq/z( sup 271 i | Aj|q2<6+msz—a<0)>jq/z)( i 2(5+n62—a<0>)m'/2)
L>0,LeZ j=—o00 j

j=—o00

I & [ i—k)(6+nd N (oo 6ens ’zq/q
" mnq/Z sup 2~ q Z Z ‘)\j|qz(k )(6+ndr—ae)q/ Z 2(17 )(6+ndr—aes)q’/
L>0,LeZ k=0 \ j=0 j=0

1 )
< m"tI/Z sup 2-LAq Z |)\j|112(5+"52—0¢(0))14/2
L>0,LeZ jo—oo

— 337



338 — Y.Yang,S.Tao DE GRUYTER

L k-1 .
+ m"9/2 sup 5~LAg Z Z |)\j|qz(1—k)(6+n62—am)q/2
L>0,LeZ k=0 j=0

< mhi? sup 2~ LAg Z I\ |q+mnq/2 sup 5~LAq Z i Z 9 (=K (§+nd2-0e)q/2
L>0,LeZ j=— 0,LeZ j=0 k=j+1

<m"? gup 271N Z I\j |q+m"q/2 sup 27t Z A2
L>0,LeZ j=— 0,LeZ j=0

<m"%p,

Thus, we have III < m"4/?®.
Combining the estimates I, II, III, we complete the proof of Lemma 3.1. O

Lemma3.2. Let p(-) € B(R"),0< g < 00,0 < )\ < oo and t(x) be a homogeneous of degree —n — 1 and locally
integrable in |x| > 0. Let b € Lip(R") and K is defined by

KFG) =lim [ t()(b(0) - b))y

x-yl>e

Suppose that t(x) e C'(S"™1), Jonr t(x)x;do(x) = O(j = 1,...,n), and a(-) is a bounded and log-Holder
continuous both at the origin and infinity such that 2\ < a(-), nd 2 < a(0), aew < nda + § with some
§ > max{a(0) - 62, v — N2 } and 6, as in Lemma 2.6, then we have

1Kf lygaca & VL= 521y + Ml s VD If lpgpgicacoa-

Proof. Let k(x,y) = t(x-y)(b(x) - b(y)).Forall x, xo, y € R" with |x — xo| < 1/2|y — x|, then k satisfies the
following inequalities

Ik(x,y) = k(X0, Y)| S [V = (s1-1) | VD] 1= |x = Xolly — x| 7" (3.4)
and
kX, Y)| S [tz (sn-1y | VD ze=]y — x| ™" (3.5)

This, together with the boundedness of K on L?(R") (see [33]), tells us K is a generalized Calderén-Zygmund
operator (see [34]). Thus, by applying Lemma 2.9, we see that K is bounded from HMK “(( )) )‘f to MK;‘(( >) /‘\1 with
bound ([[Vs||pe~(sn1y + [|S]Lee(s-1)) [ VD=, €.

1Kf lygeoa & (0l sy + I8 sr)) [VD i I [ pgicecra-
Therefore, the proof of Lemma 3.2 is finished. O

Lemma3.3. Let p(-) € B(R"),0 < g < 00,0 <\ < oo, b e Lip(R"), and T be a singular operator which is
defined by

TFO) =lim [ KO- y)f(y)dy,
x-yl>e
where K(x) € C*(S"') satisfies [, K(x)do(x) = 0 and K(Ax) = X""K(x) for x e R"\{0}. If a(-) is a bounded
and log-Holder continuous both at the origin and infinity such that 2\ < a(-), nd; < a(0), ae < Nz + § with
some § > max{a(0) - d2, aco — N&2 } and &> as in Lemma 2.6, then, for f € C5° (R"),

b, T|—|,,secre SMax 0" K| o (sn-1y| VD] L= ()
”[ ] an HMKP(S); 1B<2 H HL (sn-1) H ”L ”fHHMKp(f)),A"

Proof. With an argument similar to that used in the proof of Lemma 5.2 in [9], together with Lemma 2.9 and
Lemma 3.1, it is not difficult to obtain Lemma 3.3. Thus, we omit the details here. O
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4 Proofs of of Theorems 1.1-1.5

Proof of Theorem 1.1. Let
dm
Q(Xr)') = Z Zam.i(x)ym,i(Y)'

m>1j=1
From [8], for any x, we can write the coefficients a, ; as

amj(0) = (-1)"m " (m+n=2)" [ L1(206Y ) Ymi(y )do(y),m> 1, (4.1)
Sn—l

where L(F) = |x|* AF(x).
We will firstly prove the conclusion (1). Write

oo dp
(TD’Y - D’YT)]C = Z Z(am,,-Tm,,-D"’ - D”am,ij,j)f
m=1j=1

QU
3

MS

(amJD Tm,j =D am,Tm,j)f

3

Il
-
-.
-

[am js ’Y]Tm,jf-

Nk
g

3
If
—
-
[
-

By condition (4.1), it follows that

Dy (x) = (-1)"'m " (m+n=2)" [ DILL(2(x,¥))¥m (¥ )do(y ) m > 1.
Snfl

Further, by applying the condition (1.4), we have
|DY @ j|r= s m ", (4.2)

Moreover, [b, D7] is a generalized Calderén-Zygmund operator (see [35]), which is defined by

0.0 =C) [ 2 p(y)ay.

Thus, we see that [b, D?]f(x) is bounded from HMKO“(( )) 1 to MK;"(( )) 'V by applying Lemma 2.9. Namely
I[b, D’Y]f”MK;”(S”;’ S HDWbHBMOHf”HMk:(S)f- (4.3)

Then by dp, ~ m"™2 (see [7]), (4.2), (4.3) and Lemma 3.1, we have

I(TDY = DY T)f [ yienra < 2 Do 1 l@myjs DV ITmif |y
POX oz M0y

oo

s 2, HD’Yam]”BMOHTmeH 20
m= P
s m

$ Y Y mE D@m= |f]
m=

HMKS ()) d

n

— n-2__2% -2n
sy m T mem ]

HMK@( ) q
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Now let us turn to estimate (2). By applying the definition of T* and T* we can deduce that
oo d
(T" - T*)Df = Z > (-1)"[@mj> Tm,j]D"f. (4.4)
m=1j=1
To estimate MKO“(( )) "V norm of (T* - T*)D?, we first consider [b, T,;]D” for any fixed b € I, (BMO). Noting
that b(x) - b(y) = (b(x) - b(z)) - (b(y) - b(z2)), for any x, y, z € R", then we have
[b, T j]D"f = [b, D" Trj1f — T j[b, D" f.
Thus, we get by (4.3) and Lemma 3.1

| Tm,i[bs DV]fHMKam S m? Db puolf] (4.5)

QN
HME VY

Further, we estimate the MKa(( )) T norm of [b, DY Ty, ;]f. From the fact that [b, D" Ty ;] is a generalized
Calderén-Zygmund operator with kernel (see [9])

lm,i (%, ¥)| M2~ | D7 bl pago

x -y’
then we get by Lemma 2.9
1B, D T If] ocry S M3 1D blamolf ], .o, (4.6)
Koy POA
Then, combining (4.5) with (4.6), we have
[0b, T IDfI iye SMTID7bBMolf] oy + M2 [D7B|BMolf oy
MKP(V))\ HMKp(-),A HMKP('))\
3 IDY
S0 DLl (4.7)
By condition (4.2), (4.4) and (4.7), we get
oo dm
|(T*-T" )va\l <> 2 Mam» TmIDf (O
m=1j=1 (),
S S m D amlsmolf] o,
m=1j=1 M (X
<3 Y M D i,
m=1j=1 pC)A
= =2 347 2
< Xm0,
UL o
p(
Thus we finish the proof of Theorem 1.1. O
Proof of Theorem 1.2. Let
21(x, x 25(x,x —
- | DX fy)dy and Tof ) = [ LEX D g ay,
Ix -yl & =yl
Write
dn dx
206y) = 20 Y ami(X)Ymj(y) and 22(x,y) = 37 > ba ()Y u(y),
m21j=1 A>1 p=1
where

A j(X) = f 21(%,2 )V ;(2)do(2) and by, (x) = f 22(%,2 )V o (2)do (2).
Sn—l —
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For any x € R", with a similar argument used in the proof of Theorem 1.1 in terms of (1.4) and (1.5), we can

obtain that
|@mjl= s m™"
Dby = s M7

Let

£ ().

m)f()*| |n *f(x)andT,\Mf(x) | ‘

Since 21 (x, y) and 2;(x, y) satisfy (1.2), then we get

dp dx
Tif(x) = > Y amj(X) T if (x) and Taof (x) = > > by (X)) T, f (X).

m>1j=1 A>1 p=1

Write (see [9])

d dx

3

M8

(T1oT2)f(x) = i

=1j

Am,j (X) D, (X) (T i T, uf ) (X)),

3
N
-
>
Il

1p=1

QU
3

M8

dy
(T1T2)f(x) = Am,jTmj (D, Tx W f) ().

p=1

e

[un

A

1
==

}:
Then

Qu
3

M8

dx

(T1 o Tz - T1T2)D‘yf = Z am,j(b,\,u(x)Tm,j - Tm,]-b,\,u(x))T,\,MDVf

=1j
d

3
-

[
-
>

[

1p=1
d

>

- 3
e
M M

(D2, () Tmj = T, (X))D T, uf

I
Nk

3
N

d

3

M8

= am,i[bx,pus Tmj]D" T, uf -
m=1j 1

N
-

A

1
Therefore, together with (4.7), (4.8), (4.9) and Lemma 3.1, we obtain
[(T1oTo=TiT2)Df| 0y

PO
> 2. lamjlee b, us T ID  Tx uf | o
PO

oo
n
53" [am i~ Db ulawom* T Tauf o,
JAQIPN

> 2, lamjl= Dby yliem2 " X2 |f]

k()4
HMK

= n2 o4 - -2n
sym m2" Z A2 |f]

HMK“()) a

This finishes the proof of Theorem 1.2.

(4.8)
(4.9)

O

Proof of Theorem 1.3. We estimate that term exactly as we did for the corresponding boundedness in Theorem
1.1 in the above arguments. Without loss of generality, we only have to prove (2) and (3) of Theorem 1.3. By

using the fact that 2, (x, y) and 2;(x, y) satisfy (1.5), we have shown that

lamjlz= $m ™" [byuli= A"

(4.10)
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Firstly, let’s prove (2). As in the proof of Theorem 1.1, we can get

(T4 - TY)If = Z Z( 1)"™[@m,j» T j1Zf -
m=1j=1
We showed that [b, Ty, ;] is a special Calderén-Zygmund operator, so it is a bounded operator from HMKO‘(( )) )’f

to MKS‘(( )) 'V by applying Lemma 2.9. Thus we have
” [b Tm }]f”MKO‘()q sme ||b||L°° ”fHHMK“(()) . (411)
Then by (4.10), we get
I(T4 = THZf | ygeora 3 M 2m 2| i
(YA m=1 (YA
< Ca().q
~ ”fHHMKp(f))’;

Thus the conclusion (2) is proved. We now estimate (3). Write

oo dm oo d)\

(Tro T -TiT)Zf = 3. 35 S [baus Tmj]Tau Zf -
m=1j=1X=1p=1

Therefore, by (4.10), (4.11) and Lemma 3.1, we get
”(Tl o T2 - T1 Tz )If”MKa(A),q
PO
oo dp oo dy .
S Z 4 Z Ham,jHL“’ Hb/\,HHmez H T/\,HIf] HMK;!(());-

oo
< Z mn—zm 2n n/2 Z A 2 —Zn n/ZHfHHMKQ()q
m=1 A=1

< a(:).q e
T
Thus the conclusion (3) is also proved. Hence the proof of Theorem 1.3 is finished. O

Proof of Theorem 1.4. In the first place, we will prove the conclusion (1). Write D = Y}_; Rkaixk, where R
denotes the Riesz transform. As in the proof of Theorem 1.1, we have

QU
3

s

(TD - DT)f(X) = [am j» ]Tm,jf(x)

3
If
-
-
[
-

[ m n a oo dm n
Z ZZ am}, [T if (x) + Z Z aml’Rk (Tm,if)(x)
m=1 =1 k=1 m=1j=1k=1 Xk
=J1+]2.
We have by the Leibniz’s rules that
oo dy n a
=y 3> Rk(g(am,j)Tm,jf)'
m=1j=1k=1 k

Thus we deduce from (4.1) that

%’kf(x):(_l)nm—n(mm_z)-"[aka;,(Q(X,y'))ym,j(y’)da(y'),mz1.

From this and (1.6), we getfork=1,...,n,

sm", (4.12)
Lo

aam,,-
an
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n-2

By using the fact that |Rg|| WMES () S ||gHMI'<;,1)\(R"), dm ~ m'""* and Lemma 3.2, then we have

oo dy n
il yiemcra 20 D000 HRk( (amJ)Tm;f)HMKa<>q
POA m=1j=1k=1
, dn n/z
S Z m- HfHHMKa()q
m=1j=1 PR
— 2 /2
- n
5 Z mn m HfHHMKW()q
m=1 PR

S ”fHHMK;Y(());I

By Lemma 3.3 and (4.12), a trivial computation shows that for I,

(o) dm n
HJZHWMI'(;’IA(]R" S Z |Vam,j|i=| Tme”WMI'(;”f‘(]R")
' m=1j=1k=1 '
oo m /2
n
s> ym? ||f”1vu<a A (Rr)
m=1j=1
oo
Z n-2 n/2

pS

E

m- Hf”MKW 2 (Rn)

m=1
S Hf||1|,1j<§‘-1A (R7)*

Combining the estimates above, we arrive at the desired boundedness
TD - DT o S NAWR
H ( )f||MKp(§)?)? Hf”HMKp(_);

We posterior prove the conclusion (2). Write D = 3} _,; Rkaixk, we have

oo dp n
(T'=T")Df(x) = 3 3.(~1)"[@mj> Tmj1DF(x) =Z )" [mjs Tl 3~ (ka)( ). (4.13)

m=1j=1

\\Mg
&Ms

We now turn to estimate the MKa(( )) T norm of [@m,j, T ,] (ka ). Applying (4.12), Lemma 3.3 and the fact
that for any multi-index 3 and x e R"\{0}, m =1, 2,. (see [1D,

107 (|X|™) Y| < C(n)\x|’"—‘3'm'ﬁ'+<"—2>/2. (4.14)

Hence, we get

C P (J)H o #1910 oo R L

< m_znmn/2+1‘|f||HMk:(S)f

-3n/2
S o (4.15)

Combining the estimates of (4.13) with (4.15), we have
T”—T*D o S kel - —3n/2+1 et S s
H( ) f”MKp(F))y)‘\I Z:: ”fHHMKP(F))y;\I ”fHHMKP(f)))?

Consequently, the proof of Theorem 1.4 is completed. O
Proof of Theorem 1.5. Similarly to the proof of Theorem 1.2, we easily see that

dn, d

>

(T1 [©] Tz - Tsz)Df:

M8
M8

am) (b Lo m}]DT)\ Mf

1 1

3
If
Y

=1

i
0

"
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where ap, j and b} , are the same as in the proof of Theorem 1.2. By (1.5) and (1.6), we have
|@mjl= s m™*". (4.16)
Vb= s A7 (4.17)

Write D = 32 5%-Ry it then follows that

[(TioT, - T Tz)DfHMKa(-);;
(),

oo d,,, oo d>\ n a
$ 202020 2 lamli= |[[ba Tmj 12 5 ~RiTxuf)
m=1j=1 A=1 p=1 k=1 9%k Mke
E5Esd a
lamslo= (B Tad R -
k=1m=1j=1 =1 p=1 " () H O‘()q

The above estimate, via Lemma 3.1, leads to

I(T1 0 Ta = T1 T2) Df || a0
p()A

oo dy
Z Z Ham,i
=1

=1p

QU
3

nMg

«|| Vb wmax [0° Yy il oo (grty | Ty R (o -
= [ Vb L max 107 Yo jll oo (sn-1) [ T, kaMKp(g)?f

-
i

-

>

We thus obtain from (4.14), (4.16), (4.17) and Lemma 3.1 that

[(TyoT2-Th TZ)Df||Mka<->,q

oo

271 2+1 2-1,-2 2

< Z mn/ 2n n/ + )\2: )\n/ A n n/ ”fHHMK‘l(())‘i
= =1

S ”fHHMK;Y(())f .

Consequently, the proof of Theorem 1.5 is finished. O
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