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Abstract: A set in the complex plane which involves n parameters in [0, 1] is given to localize all eigenvalues
different from 1 for stochastic matrices. As an application of this set, an upper bound for the moduli of the
subdominant eigenvalues of a stochastic matrix is obtained. Lastly, we fix n parameters in [0, 1] to give
a new set including all eigenvalues different from 1, which is tighter than those provided by Shen et al.
(Linear Algebra Appl. 447 (2014) 74-87) and Li et al. (Linear and Multilinear Algebra 63(11) (2015) 2159-2170)
for estimating the moduli of subdominant eigenvalues.
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1 Introduction

Stochastic matrices and eigenvalue localization of stochastic matrices play key roles in many application
fields, such as Computer Aided Geometric Design [1], Birth-Death Processes [2-5], and Markov chains [6]. An
entrywise nonnegative matrix A = [a;;] € R"" is called row stochastic (or simply stochastic) if all its row
sums are 1,that is,
n
> aj=1, foreachieN={1,2,...,n}.
j=1

Let us denote the ith deleted column sum of the moduli of off-diagonal entries of A by

Ci(A) = ) lajil.
J#1
Obviously, 1 is an eigenvalue of a stochastic matrix with a corresponding eigenvectore = [1,1,...,1] T From
the Perron-Frobenius Theorem [7], for any eigenvalue X of 4, that is, A € 0(A), we have || < 1[8]. Here we call
|\] @ moduli of subdominant eigenvalue of a stochastic matrix A if 1 > |\| > || for every eigenvalue ) different
from 1 and ) [8-10].

Since the subdominant eigenvalue of a stochastic matrix is crucial for bounding the convergence rate of
stochastic processes [8, 11-14], it is interesting to give a set to localize all eigenvalues different from 1, or an
upper bound for the moduli of its subdominant eigenvalue [8, 15].

One can use the well-known GerSgorin circle set [16] to localize all eigenvalues for a stochastic matrix.
However, this set always includes the trival eigenvalue 1, and thus it is not always precise for capturing
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all eigenvalues different from 1 of a stochastic matrix. Therefore, several authors have tried to modify the
Gersgorin circle set to localize more precisely all eigenvalues different from 1. In [8], Cvetkovi¢ et al. gave the
following set.

Theorem 1.1 ([8, Theorem 3.4]). Let A = [a;;] € R™" be a stochastic matrix. If X € o(A)\{1}, then
AeTl'(A)={zeC:|z-~(A)|<1-trace(A) + (n-1)v(4)},
where v(A) = m%x(a,-,- -1;(A)), li(A) = minaj;; and trace(A) is the trace of A.
ie j#i
However, the set provided by Theorem 1.1 is not effective in some cases, such as, for the class of stochastic

matrices
SMo = {A e R™" : A is stochastic, and a;; = 1; = 0, for eachie N},

for more details, see [15]. To overcome this drawback, Li and Li [15] provided another set as follows.

Theorem 1.2 ([15, Theorem 6]). Let A = [a;;] € R™" be a stochastic matrix. If A € o(A)\{1}, then
Nel'(A)={zeC:|z+7(A)| < trace(A) + (n-1)7(A) - 1},

where 7(A) = max(L;(4) - ai;) and Li(A) = max aj;.
ie j#i
Recently, by taking respectively

1 1
li(A) =minaj;, vi(A) = max {0, 5 min{a; + ami}} =5 min{a; + ami},
j#i M, Jm,

km k+m

and
1

ai(A) = ——

> aji

JE
to modify the GerSgorin circle set, Shen et al. [12], and Li et al. [11] gave three sets to localize all eigenvalues
different from 1.

Theorem 1.3 ([11, 12]). Let A = [a;;] € R"" be a stochastic matrix. If X € c(A)\{1}, then

Ner*(a) = (17"(4) = {z < C: |ai - 2 - i(A)| < CLi(A)}) ,

ieN

Ne () = U (17" (4) = {z € C: fai - z - vi(A)| < Cvi(A)})

ieN
and
NI e(4) = U (IF*(4) = {z € lau—2 - ai(A)] < Cai(A)}).
where
CII(A) = Z |a,-,- - ll(A)| = Zaji - ZII(A) = CI(A) - (n - 1)li(A)9
J#1 j#i j#i
CVi(A) = Z |aj1- - VI(A)‘ = CI(A) - (Yl - 3)V1(A) - ZII(A)
j#i

and Cqi(A) = ¥ |aji - qi(A)|.
J#l

Remark here that Shen et al. [12] used these three sets to localize any real eigenvalue different from 1, which
are generalized to localize all eigenvalues different from 1 by Li et al. [11].
Also in [11], Li et al. provided another two modifications of the GerSgorin circle set by taking respectively

Li(A) = maxaj;, and Vi(A) = %Iknax{aki + Qi }-
J#i me,

k+m
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Theorem 1.4 ([11, Theorems 3.3 and 3.8]). Let A = [a;j] € R™" be a stochastic matrix. If X € o(A)\{1}, then

eI (A) = U (17 (4) = {z € C:[Li(A) ~ i + 2] < CLi(A)})

ieN

and
Ner*V(a) = (177 (A) = {z < C: [Vi(A) - ay + 2| < CVi(A)})

ieN

where
CLi(A) = 3 ILi(A) - a;i| = (n = 1)Li(A) - Ci(A)
j#i

and

CV,(A) = Z |V1(A) - a,-i| = (n - B)V,(A) + 2Li(A) - Cl(A)
j#
Note that I;(A), vi(4), qi(A), Vi(4) and L;(A) are all in the interval [min a;;, max a;;]. So it is natural to ask
j#i j#i
whether or not there is an optimal value in [min a;;, max a;;] such that the set, which is obtained by using
ji J#i

this value to modify the GerSgorin circle set, captures all eigenvalues different from 1 of a stochastic matrix
most precisely. To answer this question, we give a set in Section 2 with n parameters in [0, 1] to localize
all eigenvalues different from 1 for a stochastic matrix, and show that this set would reduce to I**°/(4),
rs(A), r°°1(4), r’°V(A) and °"°*(A) by taking some fixed parameters. And we use this set in Section
3 to give an upper bound for the moduli of its subdominant eigenvalue for a stochastic matrix. In section 4,
by choosing special values of these n parameters in [0, 1] for the upper bound obtained in Section 3, we give
a new set including all eigenvalues different from 1, which is better than I"°/(A) and I"*"° (A) in the sense
of estimating the moduli of subdominant eigenvalues.

2 A Gersgorin-type eigenvalue localization set with n parameters

We first begin with an important lemma, which is used to give some modifications of the GerSgorin circle set.

Lemma 2.1 ([8, 11, 12]). Let A = [a;;] € R™" be a stochastic matrix. For any d = [di1,d>, ..., dn]T e R, if
weo(A)\{1}, then —p is an eigenvalue of the matrix

B=ed - A.

Lemma 2.1 shows that once an eigenvalue localization set for B = ed” — A is given, we can get a set to localize
all eigenvalues different from 1 for the stochastic matrix A [11]. Now we present the following choice of d:

d-L(A), M
where L% (A) = [L8(A), LS?(A), ..., Ly (A)]", a; € [0, 1] for i e N and

L{(A) = aiLi(A) + (1 - ap)li(A) = eymax aji + (1 - ;) minaj;, i € N.
j#i, j#i,

jeN jeN

By Lemma 2.1 and (1), we can obtain the following set to localize all eigenvalues different from 1 of a stochastic
matrix.

Theorem 2.2. Let A = [a;j] € R™" be a stochastic matrix. If A € o(A)\{1}, then for any o; € [0,1],i € N,

Ae FStOLa (A) _ U I—yiSfOLai (A),
ieN
where _
[F1 (A) = {z € C JagLi(A) + (1 - ap)li(A) - az + 2| < CL (A)}
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and
CL{(A) = X IL{" (A) = ajil = ) |eiLi(A) + (1 - ap)li(A) - ajil. @
j#i j#i
Proof. Let B* = ed’ - A = [b;'], where d = L*(A) = [LS1(A),LS?(A),...,Ly"(A)]". By applying the

Gersgorin circle theorem to B*, we have that for any A € o(B*),

NelU{zeC:|bfi - 2| < C;(B™)}.

ieN
By Lemma 2.1, we have for A € 0(A)\{1}, then -\ € o(B*), that is,

xeU{zeCr by - 2] < Ci(B™)}.
ieN

Furthermore, note that for any i € N,

b’ = L{(A) - aji = oiLi(A) + (1 - a;)li(A) - ai

and
Ci(B™) =) |L{""(A) - aji| = CL{" (A).
j#i
Hence, ‘
)\E FS[’OL (A) _ U]—}S[OL I(A),
ieN
where I (A) = {z € C:|o;Li(A) + (1 - ) li(A) - a;i + 2] < CLY(A)}. O

Example 2.3. Consider the first 50 stochastic matrices generated by the MATLAB code
k =10;A = rand(k, k); A = inv(diag(sum(4"))) * A,
and take o; € [0,1] fori=1,2,...,10 by the MATLAB code
alpha = rand(1, k).
By drawing the sets I'*"°L" (A) in Theorem 2.2 and
r=(rANra)

in Theorems 1.1 and 1.2, it is not difficult to see that the number of I'°°*" (A) c I'is 46, that if 1 ¢ T, then
1 ¢ I’ (A), and that if 1 € T, then I'*®"" (A) may not contain the trivial eigenvalue 1 (also see Table 1).
So, by these examples, we conclude that the set in Theorem 2.2 captures all eigenvalues different from 1 of a
stochastic matrix more precisely than the sets in Theorem 1.1 and Theorem 1.2 in some cases.

Table 1. Comparisons of I**°}” (A) and I" = (I'"(A) N [*(4))

- stoL™ o
1er™™ () | 1¢T | [ iy | T ()T

Number 8 2 4 46
The i-th happens 33’;‘;7;;4;2 25,31 3,7,11,35 otherwise

Remark 2.4. (I) When o; = 1 foreachi e N, then L{"'(A) = L;(A) and CL{""(A) = CL;(A) for any i € N, which
implies I*"°L" (A) reduces to I'°* (A) in Theorem 1.4;
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(ID) When o; = £:8)=H8 ¢ [0,1] and Li(A) > li(A) for each i € N, then LY (A) = Vi(A) and CL{*(A) =
CV;i(A) for any i € N. On the other hand, if for some i € N, L;(A) = I;(A), then for any «a; € [0, 1] we also have
L& (A) = Vi(A) and CL%(A) = CVi(A). These imply I'"°" (A) reduces to I''°" (A) in Theorem 1.4;

(II1) When o; = % € [0,1] and L;(A) > I;(A) for eachi ¢ N, then LY (A) = q;(A) and CL{"(A) =
Cqi(A) for any i € N. On the other hand, if for some i € N, L;(A) = l;(A), then for any «; € [0, 1] we also have
L% (A) = qi(A) and CL%(A) = Cq;(A). These imply """ (A) reduces to " (A) in Theorem 1.3;

(IV) When «; = % € [0,1] and L;(A) > l;(A) for eachi € N, then L{"'(A) = v;(A) and CL{"(A) =
Cvi(A) for any i € N. On the other hand, if for some i € N, L;(A) = l;(A), then for any «; € [0, 1] we also have
L% (A) = vi(A) and CLY (A) = Cvi(A). These imply """ (A) reduces to """ (A) in Theorem 1.3;

(V) When o; = O for each i € N, then L(A) = 1;(A) and CL{"(A) = Cl;(A) for any i € N, which implies

" (A) reduces to I'*"°'(A) in Theorem 1.3.

Hence, we say that the set I'5°°L” (A4) is a generalization of I'**°/(A), I’**°"(A) and I"*°?(A) in Theorem 1.3,
and 7°°Y(A) and 1! (A) in Theorem 1.4. Moreover, according to ; € [0, 1] in Theorem 2.2, we can get the
following result easily.

Remark 2.5. Let A = [a;;] € R™" be a stochastic matrix. If X e o(A)\{1}, then

rAerl®H@y= N st a.
ae[0,1]

Furthermore, I''®*(A) ¢ (rS"°H(A) N Y (A) N TS°9(A) N TS (A) N TSN (A)).

The set 1'%} (A) in Remark 2.5 is not of much practical use because it involves some parameters o;. In fact,
we can take some special «; in practice, which is illustrated by the following example.

Example 2.6. Consider the third stochastic matrix A in Example 2.3. By Table 1, we have that
1e " (4), " (A) ¢ I, and I ¢ T°°F° (4),

which is shown in Figure 1, where steL” (A) is drawn slightly thicker than I'. Furthermore, we take the first 3
vectors _ _ .
o) = [agl),ozgj), ,ozgjo)], j=1,2,3
generated by the MATLAB code alpha = rand(1, 10), that is,
o™ =[0.8147,0.9058,0.1270, 0.9134, 0.6324, 0.0975,0.2785,0.5469, 0.9575, 0.9649],

a® =[0.1576,0.9706,0.9572, 0.4854, 0.8003, 0.1419, 0.4218,0.9157,0.7922, 0.9595],

and
a® =[0.6557,0.0357,0.8491, 0.9340, 0.6787,0.7577,0.7431,0.3922,0.6555,0.1712].
By Remark 2.5, we have that for any X € o (A)\{1},
stoL”‘(l) stoL"‘(z) stoL“O)
/\e(F AN (O r (A)).
We draw this set in the complex plane, see Figure 2. It is easy to see
stoL“(l) stoL“m stoL"(s)
e (o @wN e @Nret )

and
oD @ a3
(FSfOL (A) ﬂFS[OL (A) mFStOL (A)) cr.
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Fig. 1. ISt°L% (A) ¢ I, and I ¢ I'S1°L° (4)
2 ........... ‘ ........... ot .......... smpmrnre R s :

1.5

2

15

This example shows that we can take some special «; to get a set which is tighter than the sets in Theorems
1.1and 1.2

It is well-known that an eigenvalue inclusion set leads to a sufficient condition for nonsingular matrices,
and vice versa [12, 16]. Hence, from Theorem 2.2 or Remark 2.5, we can get a nonsingular condition for
stochastic matrices.

Proposition 2.7. Let A = [a;;] € R™" be a stochastic matrix. If for some &; € [0,1],i € N,
|&iLi(A) + (1 - a)li(A) - aii| > CLY(A), i €N, €)

where CL?“ is defined as (2), then A is nonsingular.
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Proof. Suppose that A is singular, that is, O € 0(A). From Theorem 2.2, we have that for any «; € [0, 1], € N,

Oe¢ FStOLa (A) _ U I—‘iSlOLai (A).
ieN

In particular, ) )
Oe¢ FstoL (A) _ UFistoL I(A)
ieN
Hence, there is an index ip € N such that
|&ioLio (A) + (1 - &io)lio(A) - aioi0| < CL:? (A)

This contradicts (3). The conclusion follows. O

3 An upper bound for the moduli of subdominant eigenvalues

By using the set 1"s©L” (A) in Theorem 2.2, we can give a bound to estimate the moduli of subdominant
eigenvalues of a stochastic matrix.

Theorem 3.1. Let A = [a;;] € R™" be a stochastic matrix. If X € c(A)\{1}, then

A < o1, )

where pl®! = max min {i la;Li(A) + (1 - a;);(A) - aj,-|} .
1

ieN «;€[0,1] |j=
Proof. Let
n
filei) = Y laiLi(A) + (1 - i) 1i(A) - ajil
j=1
= CL?i(A) + ‘OziLi(A) + (1 - ai)li(A) - aii|, aj € [0, 1], ieN,
where

CL{"(A) = |ouLi(A) + (1 - o) i (A) - ajil.

j#i

Therefore, each fi(«a;), i € N is a continuous function of «; € [0, 1], and there are &; € [0, 1], i € N such that

fi(&4) = a_rg[ionl] {CL{"(A) + |aiLi(A) + (1 — ;) li(A) — aii| } , i € N. (5)
For these &; € [0, 1], i € N, by Theorem 2.2 we have

Ae ]—1St0LC~X (A) _ U I—‘iS[OLdi (A).
ieN

Hence, there is an index ig € N such that

&3, Liy (A4) + (1~ &4, ) iy (A) — @iy + A < CL° ()},
which gives

A < CLE® (A) + [di,Liy (A) + (1 - iy )iy (A) = @iy - (6)
By (5) we have

A< min {CLE®(4) +lai,Liy(4) + (1 - i)l (4) - @i}

0



DE GRUYTER A Ger3gorin-type eigenvalue localization set with n parameters for stochastic matrices =—— 305

which implies

|A| < max m%)nl] {CL{(A) + |aiLi(A) + (1 - ay)li(A) — @il }

ieN el

= max min {Zn:|ociLi(A)+(1—Oéi)li(A)_aji|}
j=1

ieN «;€[0,1]
_ p[O,l] ]
The conclusion follows. O

As in the proof of Theorem 3.1, we can give another bound to estimate the moduli of subdominant eigenvalues
by using the sets I"""°!(A), I'""*"(A) and I'*"°?(A)in Theorem 1.3, I'""°*(A) and I"*°"(A) in Theorem 1.4,
respectively.

Theorem 3.2. Let A = [a;;] € R™" be a stochastic matrix. If A € o(A)\{1}, then

[\l <min{pr, pv, pg, pv, p1} @)

where
pL = max {aii+nLi(A) - Ci(A)},
pv = nile?vx{aii + (n - 2)V1(A) + 2L1(A) - CI(A)} ’
n
pq = Max ]; laji — qi(A)l ¢,
pv = Irl_ljlvx{aii -(n-4)vi(A) - 2l;(A) + Ci(A)}

and

o= Iﬁ;}lvx{aii -(n-2)L(A)+Ci(A)}.

Proof. We first prove |\| < pr. From Theorem 1.4,

\e FStOL(A) _ Ul—‘iStoL(A).
ieN

As in the proof of Theorem 3.1, we have that there is an index iy € N such that
|Lio(A) - aioio + )‘| < CLio(A)’
and
|>‘| < |aioi0 _Ll'o(A)‘ + CLio(A)

< Qjjip + Lio (A) + (n - 1)Lio (A) - Cio(A)

= a,-o,-o + nLio (A) - Cio (A)

< mé}vx{aii +nL;i(A) - Ci(A)},

1€

i.e., |\ < pr. Similarly, by
Ae ISV (A), e IS°U(A), X e TV (A), and X e T°"°!(A),

we can get respectively

IA[ < v, [l < pg, [A] < pvy and A < pr.
The conclusion follows. O
By the choices of «; in Remark 2.4, it is easy to get the relationships between plo1]
follows.

s PLs PVs Pq>s Pv and p1 as
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Theorem 3.3. Let A = [a;;] € R"*" be a stochastic matrix. Then

0,1 .
p[ ] Smln{ﬂL,pV, Pqs Pvs ,01};

where p[o’l], PLs PVs Pgs pvs and py are defined in Theorem 3.1 and Theorem 3.2, respectively.

As in the proof of Theorem 3.2, by Theorems 1.1 and 1.2 two upper bounds for the subdominant eigenvalue of
a stochastic matrix are obtained easily.

Proposition 3.4. Let A = [a;;] €« R™" be a stochastic matrix and X € o(A)\{1} be its subdominant eigenvalue.
Then
[A| <1-trace(A) + ny(A), and |\ < trace(A) + ny(A) - 1,

consequently,

|A| <min{1 - trace(A) + ny(A), trace(A) + ny(A) - 1}. (8)
For the comparison of p[®!] and the upper bound

A:=min{1 - trace(A) + ny(4), trace(A) +ny(A) -1}

in (8), we conclude here that by taking some special «; and the fact that A is given by Theorems 1.1 and 1.2,
an upper bound can be obtained, which is better than

min{1 - trace(A) + ny(A), trace(A) + ny(A) — 1}.

4 Special choices of o; for the set I's?°L”(A)

In this section, we choose o; for the set I'°!” (4) to give a set, which is tighter than the sets I"°/(4) and
rstel (A) by determining the optimal value of «; for estimating the moduli of subdominant eigenvalues of a
stochastic matrix.

For a given stochastic matrix A = [a;;] ¢ R™", let

N"(A)={ieN:4;(A) >0}
and
N (A)={ieN: Ai(A) <0},
where A;(A) =nL;(A) + (n-2);(A) - 2C;(A). Obviously, N = N*(A) UN(4).

Proposition 4.1. Let A = [a;;] € R"" be a stochastic matrix. If X € o(A)\{1}, then
A < o, ©)

where
po’l = max {161'151?();) {aii - (n — Z)II(A) + CI(A)} . 15%1*3&)/(1) {aii + nL,(A) - CI(A)}} .

Proof. Note that

CL?i (A) + |OziLi(A) + (1 — Otl')l,'(A) - aﬁ|
= Z |oiLi(A) + (1 — ;)i (A) - (aia,-i +(1- al-)aﬁ)|

j#i
+euLi(A) + (1 - o) li(A) - ayil
< ai ) |Li(A) - ail + (1 - i) " [li(A) - ajil

j#i j#i
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+aiLi(A) + (1 - ap)l(A) + ai

(n=1) (iLi(A) = (1 - ai)li(A)) + (1 - 2c4) Ci(A)

+aiLi(A) + (1 - o) li(A) + aii

=a;—-(n-2)i(A) + Ci(A) + i (nLi(A) + (n-2);(A) - 2Ci(4))
= aii — (n-2)li(A) + CGi(A) + i Ai(4).

Hence, from Theorem 3.1, we have

|A| < max min {Zn:aiLi(A) +(1-a)l;(4) _aji|}

ieN «;€[0,1

= nllea]\vxar?[})nl] {CL{ (A) + |oiLi(A) + (1 - a;)li(A) - asil}

< max rn[m {a;i—(n-2);(A) + Ci(A) + a;A;(A)}
1€ [ 713

- ~2)Ii(A) + Ci(A) + s A (A) )}
max{lgl{[lf‘(’j)afgl[bnﬂ{au (n-2)L;(A) + Ci(A) + a;4;(A)}

151;1V1a()/(1)a,r£[%)n X {aii —(n-2)[;(A) + C;(A) + a,-Ai(A)}}. (10)

Furthermore, let
f(a) = aijj — (n - Z)ZI(A) + CI(A) + OtAi(A), « € [O, 1].

Then when A;(A) > 0, f(«) reaches its minimum a;; — (n - 2)l;(A) + C;(A) at « = 0, and when A;(A) < 0,
f(«) reaches its minimum

-(n-2);(A) + Ci(A) + Ai(A) = a;; + nL;(A) - Ci(A)

at a = 1. Therefore, Inequality (10) is equivalent to
|Al < max{ierlglg)j) {a;i-(n-2)l;(A) +Ci(A)},

max {a” +nL;i(A) - C (A)}}

ieN-
The conclusion follows. O

By the proof of Proposition 4.1, it is not difficult to see that the upper bound % is larger than p[o’ Jin Theorem
3.1, but p>! depends only on the entries of a stochastic matrix. Moreover, p* < p; and p®! < p;, which are
given as follows.

Proposition 4.2. Let A = [a;;] € R™" be a stochastic matrix. Then

0,1 .
p <min{p;, p},

where p;, pr. and p°! are defined in Theorem 3.2 and Proposition 4.1, respectively.

Proof. By the proof of Proposition 4.1, we have that p*! is equivalent to the last of Inequality (10), that is,

0,1
= -2);(A i(A iAi(A)},
p max{,e?vli’,i)arﬁtn {aii = (n=2)li(A) + Ci(A) + i Ai(A) }

-2);(A i(A iAi(A .
max min (a - (n- 2)(4) + G(A) s ()]

Also let
f(Oé) =daj — (Yl - Z)II(A) + Cl(A) + (XAI'(A), o€ [O, 1]
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Then when A;(A) > 0, f(«) is a monotonically increasing function of «, and when A;(4) < 0, f(a) is a
monotonically decreasing function of a.
For the case that L;(A) = max aj; > l;(A) = min aj;, i € N, we will prove p>! < p;. Note that
j=i, JESN
jeN jeN
f(O) =daj — (n - Z)Ii(A) + C,'(A), andf(l) =daj + nLi(A) - Ci(A).
Since f(«) is increasing when A;(A) > 0, we have

max {a” (n-2);(A) + Ci(A)} = max min {au (n-2)li(A) + Ci(A) + i Ai(A) }

ieN+ (A ieN+(A) o;€[0,1]
< max {a;-(n-2)L(A)+Ci(A) + A;(A)}
ieN+(A)
= I}]laX {aii + nL;(A) - C;(A)},
ieN*

which implies
pO,l < Irile%x{aii + nLl-(A) - C,(A)} =pL.

Then similarly as in the proof of p** < p;, we can obtain easily p>' < p;.
For the case that L;(A) = [;(A) for some i € N, we have A;(A) = 0 and

aii + nLi(A) - Ci(A) = aji + (n - Z)Vi(A) + ZLi(A) - Ci(A)
n
= 2. laji - qi(A)]
j=1
= aji — (n — 4)Vi(A) - Zli(A) + C,'(A)
= aii - (n-2)li(A) + Ci(4).
Similarly as in the case L;(A) > [;(A), i € N, we can also obtain easily
pt < ppand p*' < py.
The conclusion follows. O
By propositions 4.1 and 4.2, we know that the optimal values of «;, i € N for the bound

max mm {a” (n-2)li(A) + Ci(A) + 2 Ai(A) },

ieN «;€[0,

which could be obtained by using the set I"*:” (A) in Theorem 2.2, are o; = O fori ¢ N*(A) and o; = 1 for
ie N (A)such that

2t = max{lérl?flx {aii - (n-2);(A) + Ci(A4)}, ax, {aii + nL;i(A) - Ci(A)}}-

isless than or equal to the bounds obtained by using the sets in Theorem 1.3 and 1.4 respectively. This provides
a choice of o, i € N for the set I'S©°L” (A) to localize all eigenvalues different from 1 of a stochastic matrix.
For a stochastic matrix A = [a;] € R"" and

d=L"(A) = [LT*(A), L3*(A), ..., Ly"(A)]"
defined as (1), we take o; = O fori e N*(A) and o; = 1 fori e N”(A), that s,

aigay [ LI(A) = Ti(A), i N*(A),
Li (A)_{L}(A):Li(A), ie N (A).

For this choice, the set I'!” (4) reduces to

FsmLo,l(A)::( U FistoLO(A))U( U Fisle(A)),

ieN+ (A) ieN~(A)

0 1 .
where I'F°F (A) = I7°!(A) and IF°L (A) = I'5°L (A). Hence, we have the following result.
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Theorem 4.3. Let A = [a;;] € R™" be a stochastic matrix. If X € o(A)\{1}, then

) e FstoLO’l(A) _ ( U Fistol(A)) U( U EstoL(A)) . (11)

ieN+(A) ieN—(A)
Example 4.4. Consider the stochastic matrix

[0.2656 0.0471 0.1452 0.0758 0.2199 0.2463 ]
0.2634 0.3368 0.0475 0.1143 0.1354 0.1026
0.0591 0.2002 0.1831 0.1916 0.1814 0.1846
0.2699 0.2753 0.1655 0.1941 0.0788 0.0165
0.1443 0.0598 0.1205 0.2582 0.2839 0.1332

| 0.2355 0.1027 0.1399 0.2358 0.2111 0.0750 |

By computations, we have that N*(A) = {2,4,6}, N"(A) = {1,3,5}, and
et (a) = 5 U ) U s @) Uit U @) U s ).

By drawing the sets I’*'°!(A), I'*'°"(A) and """ (A) in the complex plane (see Figure 3), it is not difficult to
see that for any X € o (A)\{1},
0,1
)¢ FStOL (A),

and that although I'*°*"" (A) ¢ I°°/(A) and I*°/(A) ¢ I°°""" (A), the set I°'°"" (A) is better than I*"°'(A)
and I'S"°F (A) for estimating the moduli of subdominant eigenvalues.

Fig. 3. Itl(A), I'stoL (A) and I'$t0L™" (4)

D e B T .......... sy R drrieeees :

=i O, .......... .......... .......... ........... ...........

5 Conclusions

In this paper, a set with n parameters in [0, 1] is given to localize all eigenvalues different from 1 for a
stochastic matrix A, that is,

o(A\{1} € I (A), forany a; € [0,1],i e N.
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In particular, when o; = O for each i € N, I'**°" (4) reduces to the set I'*°/(4), which consists of n sets
I'(A), and when o; = 1 for each i € N, I'*°L” (A) reduces to the set '/ (A), which consists of n sets
IL(A). The sets I°"°!(A) and I'*"°L (A) are used to estimate the moduli of subdominant eigenvalues, that
is, forany A € o (A)\{1},

A <o = nl_leeltvx{aﬁ -(n-2)L(A)+Ci(A)}

and
|)\| <pL= Il;lE%IX{aii + nLi(A) - C,(A)} .

Moreover, by taking o; = O fori e N*(A) and a; = 1 fori e N (4), we give a set st (A), which consists of
IN*(A)| sets I'¥°!(A) and [N~ (A)] sets 1L (A) where [N*(A)| + [IN"(A)| = n. By using "L (A), we can
get an upper bound for the moduli of subdominant eigenvalues which is better than p; and py, i.e, for any

Aea(A))\{1},

1Al < p>' <min{p;, pr},

where

0’1 — Py— p— . . .e . - .
p = =max {ierl{ll?(),i) {a;i—-(n-2);(A) +C;(A)}, ierl{llfa()/(l) {aji + nL;(A) CI(A)}}.
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