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Abstract: In this paper, some algebraic and combinatorial characterizations of the spanning simplicial
complex As(Jn,m) of the Jahangir’s graph Jn,m are explored. We show that As(Jn,m) is pure, present the
formula for f-vectors associated to it and hence deduce a recipe for computing the Hilbert series of the Face
ring k[ As(Jn,m)]. Finally, we show that the face ring of As(Jx,m) is Cohen-Macaulay and give some open
scopes of the current work.
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1 Introduction

The concept of spanning simplicial complex (SSC) associated with the edge set of a simple finite connected
graph is introduced by Anwar, Raza and Kashif in [1]. They revealed some important algebraic properties
of SSC of a unicyclic graph. Kashif, Raza and Anwar further established the theory and explored algebraic
characterizations of some more general classes of n-cyclic graphs in [10, 11]. The problem of finding the SSC
for a general simple finite connected graph is not an easy task to handle. Recently in [15] Zhu, Shi and Geng
discussed the SSC of another class n—cyclic graphs with a common edge.

In this article, we discuss some algebraic and combinatorial properties of the spanning simplicial
complex As(Jn,m) of a certain class of cyclic graphs, Jn,m. For simplicity, we fixed n = 2 in our results. Here,
Jn,m is the class of Jahangir’s graph defined in [12] as follows:

The Jahangir’s graph Jn,m, for m > 3, is a graph on nm + 1 vertices i.e., a graph consisting of a cycle Cnm
with one additional vertex which is adjacent to m vertices of Cnm at distance n to each other on Cnm.

More explicitly, it consists of a cycle Cnm which is further divided into m consecutive cycles C; of equal
length such that all these cycles have one vertex common and every pair of consecutive cycles has exactly
one edge common. For example the graph 7>, 3 is given in Figure 1. We fix the edge set of 7>, as follows:

E ={e11, €12, €13, €21, €22, €23, *, €m1, €m2, €m3 }+ )

Here, {ex1, €x2, €3> e(k+1)1} is the edge set of the cycle Cy for k € {1,2,---,m - 1} and {em1, €m2, €m3, €11}
is the edge set of cycle Cp,. Also ey; always represents the common edge between Cy_; and C; for k ¢
{1,2,--,m -1} and ey, is the common edge between the cycle C,, and C;.
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2 Preliminaries

In this section, we give some background and preliminaries of the topic and define some important notions
to make this paper self-contained. However, for more details of the notions we refer the reader to [3-7, 13, 14].

Definition 2.1. A spanning tree of a simple connected finite graph G(V, E) is a subtree of G that contains every
vertex of G.
We represent the collection of all edge-sets of the spanning trees of G by s(G), in other words;

s(G) := {E(T;) c E, where T; is a spanning tree of G}.

Lemma 2.2. Let G = (V, E) be a simple finite connected graph containing m cycles. Then its spanning tree
contains exactly |E| — m edges.

Proof. A spanning tree of a graph is its spanning subgraph containing no cycles and no disconnection. If G is
aunicyclic graph then deletion of one edge from it results in a spanning tree. If more than one edge is removed
from the cycle in G then a disconnection is obtained which is not a spanning tree. Therefore, spanning tree
has exactly |E| — 1 edges.

If G has m disjoint cycles in it i.e. cycles sharing no common edges, then its spanning tree is obtained by
removing exactly m edges from it, one from each of its cycle. Therefore, its spanning tree has |E| - m edges in
it.

If any two cycles of G share one or more common edges and remaining are disjoint cycles, then one edge
is needed to be removed from each cycle of G to obtain a spanning tree. However, if a common edge between
two cycles is removed then exactly one edge from non common edges must be removed of the resulting big
cycle. Therefore, its spanning tree has |E| — m edges in it. This can be extended to any number of cycles in G
sharing common edges. This completes the proof. O

Applying Lemma 2.2, we can obtain the spanning tree of the Jahangir’s graph 7>, by removing exactly m

edges from it keeping in view the following:

— Not more than one edge can be removed from the non common edges of any cycle.

— If a common edge between two or more consecutive cycles is removed then exactly one edge must be
removed from the resulting big cycle.

— Not all common edges can be removed simultaneously.

This method is referred as the cutting-down method. For example, by using the cutting-down method for the
graph 7> 3 given in Fig. 1 we obtain:

s(J23) = {{6’11, ex1, 31, €12, €22, €32}, { €11, €21, €31, €12, €22, €33}, { €11, €21, €31, €12, €23,

es}, {e11, ex1, €31, e12, €23, €33}, {e11, €21, €31, €13, €22, €32}, {€11, €21, €31, €13, €22, €33}, {e11,
€21, €31, €13, €23, 832}, {611, €21, €31, €13, €23, 633}, {621, €31, €32, €33, €12, 622}, {6’21, €31, €32, €33,
€12, 623}, {621, €31, €32, €33, €13, ezz}, {621, €31, €32, €33, €13, 623}, {621, €31, €12, €13, €33, ezz},
{921, €31, €12, €13, €33, 623}, {621, €31, €12, €13, €32, 622}, {621, €31, €12, €13, €32, 623}, {911, €31, €12,
€13, €22, 932}, {611, €31, €12, €13, €22, 633}, {611, €31, €12, €13, €23, 632}, {611, €31, €12, €13, €23, 633},
{e11, e31, €22, €23, €13, €32}, { €11, €31, €2, €23, €13, €33}, {€11, €31, €22, €23, €12, €32}, { €11, €31, €22,
e, e12, €33}, {e11, e21, €23, €22, €32, €12}, { €11, €21, €23, €22, €32, €13}, {€11, €21, €23, €22, €33, €12 },
{611, €21, €23, €22, €33, 613}, {6’11, €21, €32, €33, €22, 6’12}, {6’11, €21, €32, €33, €22, 6’13}, {611, €21, €32,
€33, €33, 612}, {611, €21, €32, €33, €33, 6’13}, {911, €13, €22, €23, €32, 933}, {6’11, €12, €22, €23, €32, 633},
{911, €12, €13, €23, €32, 633}, {611, €12, €13, €22, €32, 633}, {611, €12, €13, €22, €23, 633}, {911, €12, €13,
€22, €23, €32}, {€21, €13, €22, €23, €32, €33}, { €21, €12, €22, €23, €32, €33}, { €21, €12, €13, €23, €32, €33},
{e21, e12, €13, €22, €32, €33}, { €21, €12, €13, €22, €23, €33}, {€21, €12, €13, €22, €23, €32}, { €31, €13, €22,
e, e32, €33}, {e31, e12, €22, €23, €32, €33}, { €31, €12, €13, €23, €32, €33}, {€31, €12, €13, €22, €32, €33},
{631, €12, €13, €22, €23, 633}, {6’31, €12, €13, €22, €23, 6’32}}-
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Fig. 1. The graph 753

€12 €13
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Definition 2.3. A simplicial complex A over a finite set [n] = {1, 2, ..., n} is a collection of subsets of [n],
with the property that {i} € A for alli € [n], and if F € A then A will contain all the subsets of F (including the
empty set). An element of A is called a face of A, and the dimension of a face F of A is defined as |F| - 1, where
|F| is the number of vertices of F. The maximal faces of A under inclusion are called facets of A. The dimension
of the simplicial complex Ais :

dimA = max{dimF|F € A}.

We denote the simplicial complex A with facets {F1, ..., Fq} by

A=(F1,...,Fg)

Definition 2.4. For a simplicial complex A having dimension d, its f — vector is a d + 1-tuple, defined as:

f(A) = (fo,frs... fa)

where f; denotes the number of i — dimensional faces of A.

Definition 2.5 (Spanning Simplicial Complex). Let G(V, E) be a simple finite connected graph and s(G) =
{E1, Ea, ..., Et} be the edge-sets of all possible spanning trees of G(V, E), then we defined (in [1]) a simplicial
complex As(G) on E such that the facets of As(G) are precisely the elements of s(G), we call As(G) as the
spanning simplicial complex of G(V, E). In other words;

As(G) = (E1, Ea, ..., Eyr).

For example, the spanning simplicial complex of the graph 7> 5 given in Fig. 1is:

AS(JZ,B) = ({611, €21, €31, €12, €22, 632}, {911, €21, €31, €12, €22, 933}, {911, €21, €31, €12, €23,

632}, {611, €21, €31, €12, €23, 633}, {611, €21, €31, €13, €22, 632}, {6‘11, €21, €31, €13, €22, 6‘33}, {611,
ex, €31, €13, €23, €32}, {€11, €21, €31, €13, €23, €33}, { €21, €31, €32, €33, €12, €22}, {€21, €31, €32, €33,
e, e}, {ex, e31, e32, €33, €13, €22}, { €21, €31, €32, €33, €13, €23}, {€21, €31, €12, €13, €33, €22 },
{621, €31, €12, €13, €33, 623}, {821, €31, €12, €13, €32, 822}, {621, €31, €12, €13, €32, 623}, {611, €31, €12,
eis, e, e}, {e11, e, e12, €13, €22, €33}, {e11, €31, €12, €13, €23, €32}, {e11, €31, €12, €13, €23, €33},
{911, €31, €22, €23, €13, 932}, {611, €31, €22, €23, €13, 633}, {911, €31, €22, €23, €12, 932}, {911, €31, €22,
€23, €12, 633}, {611, €21, €23, €22, €32, 612}, {611, €21, €23, €22, €32, 613}, {611, €21, €23, €22, €33, 612},
{e11, e21, €23, €22, €33, €13}, { €11, €21, €32, €33, €22, €12}, {€11, €21, €32, €33, €22, €13}, { €11, €21, €32,
es3, €3, €12}, {e11, €21, €32, €33, €23, €13}, { €11, €13, €22, €23, €32, €33}, {€11, €12, €22, €23, €32, €33},
{6‘11, €12, €13, €23, €32, 633}, {811, €12, €13, €22, €32, 833}, {611, €12, €13, €22, €23, 633}, {611, €12, €13,
€22, €23, 632}, {921, €13, €22, €23, €32, 833}, {621, €12, €22, €23, €32, 633}, {621, €12, €13, €23, €32, 933},
{921, €12, €13, €22, €32, 933}, {621, €12, €13, €22, €23, 633}, {921, €12, €13, €22, €23, 932}, {931, €13, €22,
€13, €32, €33}, {€31, €12, €22, €23, €32, €33}, { €31, €12, €13, €23, €32, €33}, { €31, €12, €13, €22, €32, €33},
{es1, e1z, €13, €22, €23, €33}, {€31, 12, €13, €22, €23, e32}>.
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3 Spanning trees of 7> ,, and Face ring Ag(J>,m)

In this section, we give two lemmas which give an important characterization of the graph J>,» and its
spanning simplicial complex s(72,m ). We present a proposition which gives the f-vectors and the dimension
ofthe J>,m. Finally, in Theorem 3.13 we give the formulation for the Hilbert series of the Face ring k[AS (J2m )]

Definition 3.1. Let C;,, C;,, -+, C;, be consecutive cycles in the Jahangir’s graph J>,m. Then the cycle obtained by
deleting the common edges between the consecutive cycles C;,, Ci,, ---, C;, is a new cycle of the Jahangri’s graph
J2,m is denoted by C i,» The cardinality count of the number of edges in the cycle C;, ;... ;, is denoted by

Bil»iZ,"'yik =|C

i1,02,

iy,d0, 0|

The following lemma computes the total number of cycles in the Jahangir’s graph 7>,» and the cardinality
count of the edges in these cycles.

Lemma 3.2 (Characterization of J>,m). Let J>,m be the graph with the edges E as is defined in eq. (1) and
C1, Ca, -+, Cmy be its m consecutive cycles of equal lengths, then the total number of cycles in the graph are

2
T=m

such that B;, j,,...;, = 2(k +1).

Proof. The Jahangir’s graph 7>, m contains more than just m consecutive cycles. The remaining cycles can be
obtained by deleting the common edges between any number (included) of consecutive cycles and getting a
cycle by their remaining edges. The cycle obtained in this way by adjoining consecutive cycles C;,, Cy,, -+, C;,
is denoted by C i,- Therefore, we get the following cycles

1,5,
C1,2,C23, -, Cm-1,m> Cm,1, C1,2,35 s Cm-2,m-1,m» Cm-1,m,1,
Cm1,2,5C1,2,3,.m> C2,3,4,.m,1, C3,4,5,-..m,1,2, Cm,1,2,-,m~1-

Combining these with m cycles given we have total cycles in the graph 72, m,

Cl'biz,'“,l'k i}' € {1, 2, m} and1<k<m,

such thatij,, =i + 1if {; * mand ij;, = 1ifi; = m.

Now for a fixed value of k, simple counting reveals that the total number of cycles C, ;,....;, is m for
i, < m. Hence the total number of cycles in 7>, is 7. Also it is clear from the construction above that C;, ;, ....;,
is obtained by deleting common edges between consecutive cycles C;,, C;,, ---, C;, which are k - 1 in number.
Therefore, the order of the cycle C;, j,,...;, is obtained by adding orders of all C;,, C;,, ---, C;, that is, 4k and
subtracting 2(k — 1) from it, since the common edges are being counted twice in sum. This implies

:Zk:]C,-[|—2(k—1):2(k+1). O

Bil,iz,"',ik = |Ci1:i2,'":ik
t=1

In the following results, we fix Cy,,u,,u,» Cv,,v,,-v, t0 represent any two cycles from the cycles

C ije{1,2,,m}and1<k<m,

[FIPREN
such that ij,1 = ij + 1if i; # m and ij,, = 1if ij = m, of the graph J> . Also we fix the notation "a — b" if b
immediately proceeds a i.e., the very next in order of preferences.

Proposition 3.3. Let J>,. be the graph with the edges E as defined in eq. (1) such that {u1,u, -, up} <
{v1, V2, -, vq} then we have

/Bul)ub”"up -2, {ul’ up} ¢— {Vl! VII}

Buyuy,ouy — 1, Ut € {v1, vg} &up ¢ {vi,vq}
ﬁul,uz,m,up -1, upe {Vl, Vq} &uit¢ {Vly Vq}

Buy tz ooty » U1 =v1 &Up=vqO0rus =vg Up =Vyq

CU1,uz,'",up m CVl:VZ;"';Vq
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Proof. Since the cycles Cy, u,,---u, and Cy, v,,..v, are obtained by deleting the common edges between cycles
Cu,, Cy,, -, Cy, and Cy,, Cy,, -, Cy, respectively, therefore, {us,up} ¢ {v1,vq} implies {u, uz, -, up} c
{v1,v2,-, vq}. Hence, the intersection Cu,,u,,,u, N Cv,,v,,--v, Will contain only the non common edges of
the cycle Cy, u,,--,u, €xcluding its two edges common with the cycles on its each end. This gives the order of
intersection in this case Bu,,u,,--,u, — 2. The remaining cases can be visualized in a similar manner. O

Proposition 3.4. Let 7>, be the graph with the edges E as defined in eq. (1) such that {u;,u, -, Us} <
{v1,Vv2, -, vg} and us € {uq, Uz, -, Up} & Us—1 — U With t < o < p then we have

ﬁﬁl’az,"‘yﬁa -1, ﬂl =Vi & Vg = U1
551’52,,,,’@’ - 2, ﬂl =Vi & Vq 7l'> uq
/Bﬁljz,‘“,ﬁg - 1, HO— = Vq & UP - V1

TR TRR i 2, ﬁg =Vq & Up 7L> V1

Cul,uz,---,up m CVlyVZ:"'qu =

Proof. Here, the cycles Cy,, Cy,, -, C;_ are amongst o consecutive adjoining cycles of the cycle Cy,,u,,---u,
which are also overlapping with the ¢ consecutive adjoining cycles of the cycle Cy, v,,...v,. If the adjoining
cycle Cy, of the cycle Cy,,u,,..,u, Overlaps with the first adjoining cycle C,, of the cycle Cy, v,,..,v, and the
adjoining cycles Cy, and C,, are consecutive then by previous proposition the order of the intersection
Cujuy,uy N Cyy vy, is indeed By, g,z — 1. Similarly, if the adjoining cycles C,, and C,, are not consec-
utive then they will have no common edge and the use of proposition 3.3 gives the order of the intersection
Cuyuy,uy N Cvy vy, oy, @S By, 1, -, — 2. Similar can be done for the remaining cases. O

Remark 3.5. The case when there exists a to < o < p such that us,—1 -+ Uz, in above proposition i.e., when
cycles Cy,, Cy,, -, Cq,_.» Ca,» > Cg, arenotamongst o consecutive adjoining cycles of the cycle Cy, u, ---u,, the
order of theintersection Cy, u;,-,u, N Cv,,v,,--v, €can be calculated by applying proposition 3.4 on the overlapping
portions.

Proposition 3.6. Let [J>,m be the graph with the edges E as defined in (1) such that {u1,uz, -, up}N
{vi,v2,-,vq} = p and p < q. Then we have

1, up —vi &vg 4w
1, up $vi &vg—>us
2, up > v1 &vg = up
0, otherwise.

Cuyuy o, m Cvivayy

Proof. In this case the adjoining cycles of Cy, u,,-,u, and Cy,,v,,.,v, have no common cycle. However, if the
adjoining cycle on one of the extreme ends of the cycle Cy, ,u,,u, iS consecutive with the adjoining cycles
on one of the extreme ends of the other cycle Cy, v,,...v, then the intersection Cy, u,,-,u, N Cv,,v,,v, Will have
only one edge. The remaining cases are easy to see. O

In the following three propositions we give some characterizations of J2,m. We fix E(T;,
ja€{1,2,-,m}and i, € {1, 2,3}, as asubset of E. s(J2,m).

in) ), where

i1,j212, 5 jm

Proposition 3.7. A subset E(Tj,i, j,i,, - jnin) Of E With jala # jo1 for all a will belong to s(J2,m) if and only if
E( T(jlil’iZin"';jmim)) =E~ {elil » €2iy5 007 emi,,,}

Proof. [J>,m is a graph with cycles C1, C2, -+, C;m and e11, €21, -, em1 are the common edges between the
consecutive cycles. The cutting down process explains we need to remove exactly m edges, keeping the
graph connected and no cycles and no isolated edge left and no isolated vertices left in the graph. Therefore,
in order to obtain a spanning tree of 7,,,, with none of common edges e11, €21, -, €m1 to be removed, we
need to remove exactly one edge from the non common edges from each cycle. This explains the proof of the
proposition. O
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Proposition 3.8. A subset E(T j,i, j, i, jnin) Of E With jaia = jo1 for any o will belong to s(J2,m) if and only if
E(T sty oty,simin)) = E~ {1015 @iy s € }

where, {€j,i,, €j,i,> s €j,i, } Will contain exactly one edge from C;__1)(j.) ™ {€(j.-1)1>
€(j.+1)1) other than e;_ 1.

Proof. For a spanning tree of J2,, such that exactly one common edge e;_; is removed, we need to remove
precisely m — 1 edges from the remaining edges using the cutting down process. However, we cannot remove
more than one edge from the non common edges of the cycle C(;, _1)(;, ) (since this will result a disconnected
graph. This explains the proof of the above case. O

Proposition 3.9. Asubset E(T(j,i, j,i,, - jmin)) C Es Wherejola = jalfora e {ri,ra, -, 1,} ¢ {1,2,--,m}, will
belong to s(J>,m) if and only if it satisfies any of the following:
1 if €j,, 15 €j,,1, "+, €, 1 are common edges from consecutive cycles then

E(T (i joizmjmin)) = E N {€11i15 €2t s s @i )

such that {ej,, €j,i,» " €j,i,t will contain exactly exactly one edge from Cj, ; ..j ~other than
€115 €y 1s 2 €)1 where jr, = jr,.
2. if none of €j,,1» €j,,1, "> &), 1 Are common edges from consecutive cycles then

E(T Gyt oz, oimin)) = E N {1115 €ty 5 € }

such that for each edge ej, 1 proposition 3.6 holds.
3. if some of €j,, 15 €j,,1, "> €, 1 are common edges from consecutive cycles then

E(T Gty oty ooimin)) = E N {81105 €105 75 )i }

such that proposition 3.9.1 is satisfied for the common edges of consecutive cycles and proposition 3.9.2 is
satisfied for remaining common edges.

Proof. For the case 1, we need to obtain a spanning tree of />, such that |r, — r1|m» common edges must be
removed from p consecutive cycles Cj, , Cj,, -+, Cj, . The remaining m — [r, - r1|m edges must be removed
in such a way that exactly one edge is removed from the non common edges of the adjoining cycles
C]-,0 s C,-,1 Yy C,-,p and the remaining m — |r, — r1|m cycles of the graph 7> . This concludes the case.

The remaining cases of the proposition can be visualised in a similar manner using the propositions 3.7

and 3.8. This completes the proof. O

Remark 3.10. If we denote the disjoint classes of subsets of E discussed in propositions 3.7,3.8 and 3.9 by
C71,C72,Ca34> Cr3p> Cr5c TESPECtively, then, we can write s(J2,m) as follows:

s(J2,m) =C71UC7,UCr3,UCT3,UC5-

In our next result, we give an important characterization of the f-vectors of As(72,m).

Proposition 3.11. Let As(J>,m) be a spanning simplicial complex of the graph J» m, then the dim(As(J2,m)) =
2m — 1 with f-vector f(As(T2,m)) = (fos f1,++ frm—1) and

t
; 3m- Zlﬁier > G NG,
" . o= (i Y {ip ),
T A D r .
& iniprideCil j4+1- Y g+ X [C,NG,

s=1 T (i el

where 0 <i<2m—11= {iyiixlij € {1,2,--,m} and 1 < k < m such that ij,1 =1;+ 1 if ij + m and i1 =
1if i; = m} and C} = {Subsets of I of cardinality t}.
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Proof. Let E be the edge set of J2,m and C71,Cr5, Cr34, C73p» C7 3 are disjoint classes of spanning trees of
J>,m then from propositions 3.7, 3.8, 3.9 and the remark 3.10 we have

s(J2,m) =Cq1UC7, UCr3,UCT3, UCT5-

Therefore, by definition 2.5 we can write As(J2,m) = (le UCr,UCs5,UCs5, U Cj3c>. Since each facet

E(ilil,iziz,-~~,imim) = E(T(,i,jris,-jmin)) 18 Obtained by deleting exactly m edges from the edge set of J2,m,
keeping in view the propositions 3.7, 3.8 and 3.9, therefore dimension of each facet is the same i.e., 2m — 1 (
since |E (i, j,ipjmin)| = 2m ) and hence dimension of As(J2,m) will be 2m - 1.

Also it is clear from the definition of As(7>,) that it contains all those subsets of E which do not contain
the given sets of cycles {ey1, ex2, i3, (1)1} for k € {1,2,---,m — 1} and {em1, em2, em3, €11} in graph as
well as any other cycle in the graph 7> .

Now by lemma 3.2 the total cycles in the graph 7>, are

C ije{1,2,-,m}and1<k<m,

i35035k

such that ij,; = i; + 1if i; # m and ij;; = 1ifi; = m, and their total number is 7. Let F be any subset of E of
order i + 1 such that it does not contain any Cj, ;,,...;, ij€{1,2,--,m} and 1 < k < m, init. The total number
of such Fis indeed f; for 0 < i < 2m — 1. We use inclusion exclusion principle to find this number. Therefore,
fi = Total number of subsets of E of order i + 1 not containing C ije{1,2,-,m} and 1 < k < msuch
thatij,, =i+ 1ifi; # mand ij,, = 1ifi; = m.

i1,03,,1k

Therefore, using these notations and applying Inclusion Exclusion Principle we can write, f; = ( Total
number of subsets of E of order i + 1) - X ( subset of E of order i + 1 containing C;, for s = 1) + X (
{i1}eC} {ir,i}eC?

subset of E of order i + 1 containing both C; forall 1 < s < 2) -+ (=17 > (subset of E of order

{il,iz,"',i-r}écf
i + 1 simultaneously containing each C; forall 1 < s < T).
This implies

3m 3m- B,
i= (i+1)_|:{iléc}(i+1_/3il):|+
_ 2
3m-y B+ ¥ [GNG,
s=1 {iwsivye{ip}2,

>z 2
bl ivli-F a+ £ |G,NG,

s=1 0 i )eli)2,

— et (17

{iwivy={ip},

>
bl | i+1- % i+ £ |G,NG,

sS1 (el

3m- Zlﬁis+ > |Ciumciv
S=

This implies
3m- 3 B + 2 Ci, N C;,

~ s
fi- ( 3m )+ 5 (1)t 5 s t (i Y {ip Y . -
i) e obeide| 41— g+ ¥ |G,NG,
ST (i el

Example 3.12. Let As(J>2,3) be a spanning simplicial complex of the Jahangir’s graph [J»>,m given in Figure 1,
then the dim(As(J>3)) = 5 and r = 3* = 9. Therefore, f—vectors f(As(J2.3)) = (fo, f1, - f5) and

9 9 -8,
ﬁ:(i+1)_[m£q(i+l—ﬂu)]+
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— 2
— Zl Bis ‘Clu m Clv
S= {iu, lv}c{l
z : ”
{bleCi | 41— % B + |c,u ne,
| s=1 {lu v}c{lp}
et (-1)°
9
3m- Z ﬁis iy
s=1 {iusiv}c {IP}
9
{i1, 12, 19}EC9 i+1-Y Bi, + |Clu
s=1 {iusiv}c {IP}

whereO <i<5.

For a simplicial complex A over [n], one would associate to it the Stanley-Reisner ideal, that is, the monomial

ideal In(A) in S = k[x1, X2, ..., Xx] generated by monomials corresponding to non-faces of this complex

(here we are assigning one variable of the polynomial ring to each vertex of the complex). It is well known

that the Face ring k[ A] = S/Ix(A) is a standard graded algebra. We refer the readers to [7] and [14] for more

details about graded algebra A, the Hilbert function H(A, t) and the Hilbert series H;(A) of a graded algebra.
Our main result of this section is as follows;

Theorem 3.13. Let As(J>,m) be the spanning simplicial complex of J»,m, then the Hilbert series of the Face
ring k[ As(Ja,m) | is given by,
n t1+1 d T
H(k[As(T2m)], t) =1+ z 512) t2 kzl(—l)"
{20 k=

3m- 3 Bi, + ¢, NG, .
s =N {f.,.me(:p):,,l iy !
k. —t)i+1
st | ivi-$p 0w je,nel ) | (70
s=1 i yedip Yo,

Proof. From [14], we know that if A is a simplicial complex of dimension d and f(A) = (fo, f1,...,fq) its
f-vector, then the Hilbert series of the face ring k[ A] is given by

d fiti+1

H(k[A],t) =1+ 2 G-t

By substituting the values of f;’s from Proposition 3.11 in this above expression, we get the desired result. [

4 Cohen-Macaulayness of the face ring of A;(73,m)

In this section, we present the Cohen-Macaulayness of the face ring of SSC As(7>,m ), using the notions and
results from [2].

Definition 4.1 ([2]). LetIc S = k[x1, X2, -+, Xn| be a monomial ideal. We say that I has linear residuals, if there
exists an ordered minimal monomial system of generators {m, ma, ---, m,} of I such that Res(I;) is minimally
generated by linear monomials for all 1 < i < r, where Res(I;) = {u1, ua, ---, uj_1} such that uy = m for
all1 <k<i-1.

Theorem 4.2 ([2]). Let A be a simplicial complex of dimension d over [n]. Then A will be a shellable if and
only if Ir(A) has linear residuals.

Corollary 4.3 ([2]). If the facet ideal I=(A) of a pure simplicial complex A over [n] has linear residuals, then
the face ring k[ A] is Cohen Macaulay.

Here, we present the main result of this section.
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Theorem 4.4. The face ring of As(J2,m) is Cohen-Macaulay.

Proof. By corollary 4.3, it is sufficient to show that Ir(As(J2,m)) has linear residuals in S =
k[X11, X125 X13, X21, X225 X235 X315 ***s Xm1> Xm2, Xm3 |- By propositions 3.7, 3.8, 3.9 and the remark 3.10, we have

s(JT2,m) =Cq1UC7, UCr3,UCT3, UCT5,-

Therefore,

As(Toam) = (Bt imin) = EM@iuins €0tz €} | Bty ot i) € S(T2m))
and hence we can write,

I(As(To,m)) = (x | EGuinoreninin) € S(Tom))-

E(hﬁ-iz*’zwnimim)
Here, I7(As(J2,m)) is a pure monomial ideal of degree 2m — 1 with Xigi as the product of all
1112125

imim

variables in S except X;,i, , Xj,i,» *** Xj,i,,- NOow we will show that Iz(As(J2,m)) has linear residuals with
respect to the following orders in its monomials:
Xz i, #1; 1< <m&ix=1; k+r},
[GURFLR

jmim)

i, i #1; 1<, o <m&iy=1; k+ri,12},

{XE(hilJz iy, jmim) (2)

xXg | vy irys s, £ 131 <11, 120 Tm < M.
Uri1dzi

“jmim)

More explicitly, the monomials {XE(_ o
. J1i152125
of monomials of the form Xy

|ir, #1; 1 <r1 <m & i = 1; k # r1} in the order 2, consists

~imim)
(=1 Limim) . . L.
;wherei € {2,3}and 1 < ji < m. Similarly, other

E(ll,zl,---,j(m_l)i(m_l),ml) »h XE(ll,jzi2,31,---,(m—1)1,m1) ’ XE(/'lil,21,---,(m—1)1,m1)
monomials in order 2. Let us put

E iy iy gainenimim)

ged(my,

Res(x+ = { m;, prceeds x: wrt order 2}
( E(ilil.jziz,---,imim) | mip Eiyiy sty

) “\jmim

X‘\
EGrivipizmimim)

*E(11,01,, (m=1) L jmim)
)={ }

For instance, for r; = min Res(xE(l_ll_ld_zizﬁ ecd(my,

) ) we have, Res(xﬁ(um’”

- Ny i X-
Simmim »(m=1)1,jmim) E(11,21,, (m=1)Ljmim)

where, my in this case are all the monomials in S of the form XE e where i, # mand j, = 2, 3. Since
all the monomials m, differ from XE ity i at only one position, therefore, Res(xE(u.uw ) have
all linear terms i.e., Res (XE(11,21,...,(,,1_1)1,,-,,1,-," ) is minimally generated by linear monomials.

Continuing the same process the order 2 of the monomials of Ir(As(J2,m)) guarantees that
Res(xE(ililJz i) ) is minimally generated by linear monomials for all X i iy € Ir(As(J2,m))-Hence,

Ir(As(J2,m)) has linear residuals, and by Corollary 4.3 As(J2,m) is Cohen-Macaulay. O

»(m=1)Ljmim)

5 Conclusions and Scopes

We conclude this paper with some perspectives for further study as well as some constraints related to our

work.

— The results given in this paper can be naturally extended for any integer n > 2.

— The scope of SSC of a graph can be explored for some other classes of graphs like the wheel graph W,
etc. However, since finding spanning trees of a general graph is a NP-hard problem, therefore the results
given here are not easily extendable for a general class of graph.

— In view of the work done in [8, 9], we intend to find some perspectives for the SSC in studying sensor
networks.
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