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Abstract: In this paper, we study the ordered regular equivalence relations on ordered semihypergroups in
detail. To begin with, we introduce the concept of weak pseudoorders on an ordered semihypergroup, and
investigate several related properties. In particular, we construct an ordered regular equivalence relation on
an ordered semihypergroup by a weak pseudoorder. As an application of the above result, we completely
solve the open problem on ordered semihypergroups introduced in [B. Davvaz, P. Corsini and T. Changphas,
Relationship between ordered semihypergroups and ordered semigroups by using pseuoorders, European
J. Combinatorics 44 (2015), 208-217]. Furthermore, we establish the relationships between ordered regular
equivalence relations and weak pseudoorders on an ordered semihypergroup, and give some homomorphism
theorems of ordered semihypergroups, which are generalizations of similar results in ordered semigroups.
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1 Introduction

The theory of algebraic hyperstructures was first introduced by Marty [1], which is a generalization of the
theory of ordinary algebraic structures. Later on, people have observed that hyperstructures have many
applications to several branches of both pure and applied sciences (see [2-5]). In particular, a semihyper-
group is the simplest algebraic hyperstructure which possess the properties of closure and associativity.
Nowadays, semihypergroups have been found useful for dealing with problems in different areas of algebraic
hyperstructures. Many authors have studied different aspects of semihypergroups, for instance, see [6-13].
Especially, regular and strong regular relations on semihypergroups have been introduced and investigated
in [14].

On the other hand, the theory of ordered algebraic structure was first studied by Fuchs [15] in 1960’s.
In particular, an ordered semigroup is a semigroup together with a partial order that is compatible with the
semigroup operation. Ordered semigroups have several applications in the theory of sequential machines,
formal languages, computer arithmetics and error-correcting codes. There are several results which have been
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added to the theory of ordered semigroups by many researchers, for example, N. Kehayopulu, M. Tsingelis,
X. Y. Xie, M. Kuil and others. For partial results, the reader is referred to [16—22].

A theory of hyperstructures on ordered semigroups has been recently developed. In [23], Heidari and
Davvaz applied the theory of hyperstructures to ordered semigroups and introduced the concept of ordered
semihypergroups, which is a generalization of the concept of ordered semigroups. Also see [2]. The work
on ordered semihypergroup theory can be found in [24-27]. It is worth pointing out that Davvaz et al. [25]
introduced the concept of a pseudoorder on an ordered semihypergroup, and extended some results in [16] on
ordered semigroups to ordered semihypergroups. In particular, they posed an open problem about ordered
semihypergroups: Is there a regular relation p on an ordered semihypergroup (S, o, <) for which S/p is an
ordered semihypergroup? To answer the above open problem, Gu and Tang attempted in [28] to introduce
the concept of ordered regular equivalence relations on ordered semihypergroups, and construct an ordered
regular equivalence relation p; on an ordered semihypergroup S by a proper hyperideal I of S such that the
corresponding quotient structure is also an ordered semihypergroup. However, they only provide a partial
solution to the above problem. In fact, for an ordered semihypergroup S, S doesn’t necessarily exist a proper
hyperideal (see Example 3.3). As a further study, in the present paper we study the ordered regular equivalence
relations on ordered semihypergroups in detail and completely solve the open problem given by Davvaz et
al. in [25].

The rest of this paper is organized as follows. In Section 2 we recall some basic notions and results from
the hyperstructure theory which will be used throughout this paper. In Section 3, we introduce the concept
of weak pseudoorders on an ordered semihypergroup S, and illustrate this notion is a generalization of the
concept of pseudoorders on S by some examples. Furthermore, the properties of weak pseudoorders on an
ordered semihypergroup are investigated. In particular, we construct an ordered regular equivalence relation
on an ordered semihypergroup by a weak pseudoorder. As an application of the above result, we give a
complete answer to the open problem given by Davvaz et al. in [25]. In Section 4, the relationships between
ordered regular equivalence relations and weak pseudoorders on an ordered semihypergroup is established,
and some homomorphism theorems of ordered semihypergroups by weak pseudoorders are given. Some
conclusions are given in the last Section.

2 Preliminaries and some notations

Recall that a hypergroupoid (S, o) is a nonempty set S together with a hyperoperation, thatisamapo : SxS >
P*(S), where P*(S) denotes the set of all the nonempty subsets of S. The image of the pair (x, y) is denoted by

xoy.Ifx € Sand A, B € P'(S), then Ao BisdefinedbyAoB= |J aob.AlsoA oxisused for A o {x}
acA,beB
and x o A for {x} o A. Generally, the singleton {x} is identified by its element x.

We say that a hypergroupoid (S, o) is a semihypergroup if the hyperoperation “ o ” is associative, that is,
(xoy)oz=xo(yoz)forallx,y,z c S (see [14]).

We now recall the notion of ordered semihypergroups from [23]. An algebraic hyperstructure (S, o, <) is
called an ordered semihypergroup (also called po-semihypergroup in [23]) if (S, o) is a semihypergroup and
(S, <) is a partially ordered set such that: forany x,y,a € S, x < yimpliesaox < aoyand xoa < y o a. Here,
if A, B € P*(S), then we say that A < B if for every a € A there exists b € B such that a < b. Clearly, every
ordered semigroup can be regarded as an ordered semihypergroup, see [26]. By a subsemihypergroup of an
ordered semihypergroup S we mean a nonempty subset A of S such that A o A C A. A nonempty subset A of
a semihypergroup (S, o) is called a left (resp. right) hyperideal of Sif (1) So A C A (resp. Ao S C A) and (2) If
aceAand S > b <a,thenb € A. If A is both a left and a right hyperideal of S, then it is called a hyperideal
of S (see [26]).

Let p be a relation on a semihypergroup (S, o) or an ordered semihypergroup (S, o, <). If A and B are
nonempty subsets of S, then we set

APB & (Va c A)3b € B) apb,
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ASB & (Vb € B)3a € A)apb,
ApB < ApBand ASB,
ApB < (Ya € A,Vb € B) apb.
An equivalence relation p on S is called regular [14, 25] if
(Vx,y,a€ S)xpy =aoxpaoyandxoapyoa;
p is called strongly regular [14, 25] if
(vx,y,a € S)xpy =aoxpacoyandxoapyoa.

]

Example 2.1. We consider aset S := {a, b, ¢, d} with the following hyperoperation “ o ” and the order “ < ”:

‘ a b c d
{a,da} {a,d} {a,d} {a}
{a, d} {b} {a,d} {a,d}
{a,d} {a,d} {c} {a,d}

{a} {a,d} {a,d} {d}

QU 6 T R|o

<:={(a, a), (a, b), (a, ¢), (b, b), (c, c),(d, b),(d, ), (d, d)}.
We give the covering relation “<” and the figure of S as follows:
=<={((a, b), (a, c), (d, b), (d, C)}.

C

a d

Then (S, o, <) is an ordered semihypergroup (see [26]). Let p1, p> be equivalence relations on S defined as
follows:
p1 :={(a, a), (a, d), (b, b), (c, ©), (d, ), (d, d)},
p2 :=={(a, a), (a, ¢), (b, b), (c, a), (c, c), (d, d)}.
Then
(1) p1 is a strongly regular relation on S.
(2) p> is a regular relation on S, but it is not a strongly regular relation on S. In fact, since apc, while
aoap coadoesn’t hold.

Lemma 2.2 ([14]). Let (S, o) be a semihypergroup and p an equivalence relation on S. Then
(1) If p is regular, then (S/p, ®) is a semihypergroup with respect to the following hyperoperation: (a), ®

(b)p = U (). Inthis case, we call (S/p, ®) a quotient semihypergroup.
ceaob
(2) If pis strongly regular, then (S/p, ®) is a semigroup with respect to the following operation: (a), ® (b), =

(c)p forall c € ao b. In this case, we call (S/p, ®) a quotient semigroup.

A relation p on an ordered semihypergroup (S, o, <) is called pseudoorder [25] if it satisfies the following
conditions: (1) <C p, (2) apb and bpc imply apc, i.e., pop C p and (3) apb impliesaocp bocand coap cob,
forallc € S.

Example 2.3. Consider the ordered semihypergroup (S, o, <) given in Example 2.1, and define a relation p on S
as follows:

p :={(a, a), (a, b), (a, ¢, (a, d), (b, b),(c,c),(d,a),(d,b),(d,c),(d,d}.
It is not difficult to verify that p is a pseudoorder on S.
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Let (S, o, <), (T, ¢, <) be two ordered semihypergroups and f : S - T a mapping from S to T. f is called
isotone if x < y implies f(x) < f(y), forall x, y € S. f is called reverse isotone if x, y € S, f(x) < f(y) implies

x < y. f is called homomorphism [25] if it is isotone and satisfies f(x) o f(y) = | f(2), forallx,y € S.fis
zexoy

called isomorphism if it is homomorphism, onto and reverse isotone. The ordered semihypergroups S and T
are called isomorphic, in symbol S = T, if there exists an isomorphism between them.

Remark 2.4. Let S and T be two ordered semihypergroups. If f is a homomorphism and reverse isotone mapping
fromSto T, then S = Im(f).

In order to investigate the structure of quotient ordered semihypergroups, Gu and Tang [28] introduced the
concept of (strongly) ordered regular equivalence relations on an ordered semihypergroup. A regular (resp.
strongly regular) equivalence relation p on an ordered semihypergroup S is called ordered regular (resp.
strongly ordered regular) if there exists an order relation “ < ” on (S/p, ®) such that:

(1) (S/p, ®, =) is an ordered semihypergroup (resp. ordered semigroup), where the hyperoperation “ ® ”
is defined as one in Lemma 2.2.

(2) The mapping ¢ : S > S/p, x » (x), is isotone, that is, ¢ is a homomorphism from S onto S/p.

The reader is referred to [2, 19] for notation and terminology not defined in this paper.

3 Weak pseudoorders on ordered semihypergroups

In [25], Davvaz et al. obtained an ordered semigroup from an ordered semihypergroup by means of pseudo-
orders. In the same paper they posed the following open problem about ordered semihypergroups.

Problem 3.1. Is there a regular equivalence relation p on an ordered semihypergroup (S, o, <) for which S/p is
an ordered semihypergroup?

To answer the above open problem, Gu and Tang [28] defined an equivalence relation p; on an ordered
semihypergroup S as follows:

pri={x,y)e S\IxS\I|x=y}u( xI),

where I is a proper hyperideal of S. Furthermore, they provided the following theorem:

Theorem 3.2 ([28]). Let (S, o, <) be an ordered semihypergroup and I a hyperideal of S. Then p; is an ordered
regular equivalence relationon S.

As we have seen in Theorem 3.2, for an ordered semihypergroup S, there exists a regular equivalence relation
p; on S such that the corresponding quotient structure S/p; is also an ordered semihypergroup, where [ is a
proper hyperideal I of S. However, in general, there need not exist proper hyperideals in S. We can illustrate
it by the following example.

Example 3.3. We consider a set S := {a, b, c, d} with the following hyperoperation “ o ” and the order “ < ”:

a b c d
{a} {a,b} {a,c} S
{b} {b} {b,d} {b,d}
{c} Ac,d} {c} {c, d}
{d} {d} {d} {d}

QU n T o

<:={(a, a), (a, b), (b, b), (¢, ¢), (c, d), (d, d)}.
We give the covering relation “<” and the figure of S as follows:
<= {(a’ b)9 (C’ d)}-
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a C

Then (S, o, <) is an ordered semihypergroup. Moreover, it is a routine matter to verify that there do not exist
proper hyperideals in S.

By the above example, it can be seen that Theorem 3.2 only provides a partial solution to Problem 3.1, and not
completely. In order to fully solve the open problem, we need define and study the weak pseudoorders on an
ordered semihypergroup.

If A, B € P*(S), then we set

ApB < (Ya € A)3b € B) apb and bpa & (Vb € B)(3d € A) a/pb, and b/pa/.
Definition 3.4. Let (S, o, <) be an ordered semihypergroup and p a relation on S. p is called weak pseudoorder
if it satisfies the following conditions:
(1) <C p;
(2) apb and bpc imply apc;

(3) apb impliesaoczbocanchagam,forallc €S;
(4) apb and bpaimplyaocpbocandcoapcob, forallc € S.

Remark 3.5. Note thatif (S, o, <) is an ordered semigroup, then Definition 3.4 coincides with Definition 1in [16].
Lemma 3.6. Let (S, o, <) be an ordered semihypergroup. Then there exists a weak pseudoorder relation on S.

Proof. With a small amount of effort one can verify that the order relation “ < ” on S is a weak pseudoorder
relation on S. O

One can easily observe that every pseudoorder relation on an ordered semihypergroup S is a weak pseudo-
order on S. However, the converse is not true, in general, as shown in the following example.

Example 3.7. We consider aset S := {a, b, c, d} with the following hyperoperation “ o ” and the order “ < ”:

a b c d
{a,da} {a,d} {a,d} {a}
{a, d} {b} {a,d} {a,d}
{a,d} {a,d} {c} {a,d}

{a} {a,d} {a,d} {d}

<:={(a, a), (a, ¢), (b, b), (c, ¢), (d, c), (d, D)}.
We give the covering relation “<” and the figure of S as follows:
=<={(a,c),(d, 0)}.

QU 6 T R|o

c
a b d

Then (S, o, <) is an ordered semihypergroup. Let p be a relation on S defined as follows:
p :={(a, a), (b, b), (c, ), (d, d), (a, c), (b, a), (b, c), (d, a), (d, c)}.

We can easily verify that p is a weak pseudoorder on S, but it is not a pseudoorder on S. In fact, since apc, while
aobp cobdoesn’t hold.
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In the following, we shall construct a regular equivalence relation on an ordered semihypergroup by a weak
pseudoorder, from which we can answer Problem 3.1 completely.

Theorem 3.8. Let (S, o, <) be an ordered semihypergroup and p a weak pseudoorder on S. Then, there exists
a regular equivalence relation p* on S such that S/p” is an ordered semihypergroup.

Proof. We denote by p” the relation on S defined by
p":={(a,b) € SxS|apband bpa} (=pnp?).

First, we claim that p” is a regular equivalence relation on S. In fact, for any a € S, clearly, (a, a) €<C p, so
ap”a.If (a, b) € p*, then apb and bpa. Thus (b, a) € p”. Let (a, b) € p" and (b, ¢) € p*. Then apb, bpa, bpc
and cpb. Hence apc and cpa. It implies that (a, ¢) € p*. Thus p* is an equivalence relation on S. Now, let
ap’b and ¢ € S. Then apb and bpa. Since p is a weak pseudoorder on S, by condition (4) of Definition 3.4,
we have

aocpbocandcoapcob.

Thus, for every x € a o c, there exists y € b o ¢ such that xpy and ypx which imply that xp"y, and for every
Yy € boc, there exists X € a o ¢ such that xpy and y'px which mean that xp"y’. It thus follows that
aocp* boc. Similarly, it can be obtained that coa p* co b. Hence p” is indeed a regular equivalence relation
on S. Thus, by Lemma 2.2, (S/p", ®) is a semihypergroup with respect to the following hyperoperation:

(W@, () € SIp) @y @ By = | ()

c€aob

Now, we define a relation <, on S/ p" as follows:

=p:= {0y, 1)) € S/p < SIp” | (x, y) € p}.

Then (S/p”, <,) is a poset. Indeed, suppose that 0y € S/p”, where x € S. Then (x,x) €<C p. Hence,
() =p (X),+. Let (xX)r =p (¥)p+ and (y),+ =y (x),+. Then xpy and ypx. Thus xp"y, and we have () = )y
Now, if (x),+ <, (y),» and (), < (2),+, then xpy and ypz. Hence, by hypothesis, xpz, and we conclude that
() =Zp (@)

Furthermore, let (x),+, (¥),+, (2),s € S /p” be such that (), =p (¥),+. Then xpy and z € S. Since p is a
weak pseudoorder on S, by condition (3) of Definition 3.4, we have x o zz yozandzo x7)> zoy. Thus, for any
a € x o z there exists b € y o z such that apb. This implies that (a)p* =p (b),+. Hence we have

(X)p* & (Z)p* = U (a)p* jp U (b)p* = (y)p* ® (Z)p*.

acxoz beyoz

In a similar way, it can be obtained that (z), ® (x),* <y (2),+ ® (y),+. Therefore, (S /p", ®, =p) is an ordered
semihypergroup. O

Furthermore, we have the following proposition:

Proposition 3.9. Let (S, o, <) be an ordered semihypergroup and p a weak pseudoorder on S. Then p” is an
ordered regular equivalence relation on S, wherep” = pnp™t.

Proof. By Theorem 3.8, (S/p”, ®, =p) is an ordered semihypergroup, where the order relation =, is defined
as follows:

=p:= {((0)y, )) € SIp" xS/p" | (x,y) € p}.
Also, letx, y € Sand x < y. Then, since p isa weak pseudoorderon S, (x, y) €<C p, and thus ((x),,+, (y)*) €=,
i.e., (), =p (y),+. Therefore, p” is an ordered regular equivalence relation on S. O
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Example 3.10. We considerasetS := {a, b, c, d, e} with the following hyperoperation “o” and the order “ < *:

‘ a b c d e
{a,b} {a,b} {c} {c} {c}
{a,b} {a,b} {c} {c} {c}
{a,b} {a,b} {c} {c} {c}
{a,b} {a,b} {c} {d,e} {d}
{a,b} {a,b} A{c} {da} {e}

o QU T Qo

<:={(a, a), (a, ¢), (a, d), (a, e), (b, b), (b, ¢), (b, d), (b, €), (c, ¢), (c, d), (c, e), (d, d), (e, e)}.

We give the covering relation “<” and the figure of S as follows:

<={(a, ), (b, 0),(c,d),(c,e)}.
e d

a b

Then (S, o, <) is an ordered semihypergroup (see [26]). Let p be a weak pseudoorder on S defined as follows:
p ={(a,a),(a,c),(a,d),(a,e),(b,b),(b,c),(b,d),b,e),(c,c),(cd),c,e),(d,c),
(d,d),(d,e), (e, c), (e, d), (e, e)}.
Applying Theorem 3.8, we get
p" ={(a,a), (b, b),(c,0),(c,ad),(c,e),(d,c),(d,d),(d,e),(e,c),(ed),e,e}
Then S/p* = {wy, wy, w3}, where w1 = {a},w, = {b} and w3 = {c, d, e}. Moreover, (S/p*, ®, <p) is an
ordered semihypergroup with the hyperoperation “ @ ” and the order “ <, ” are given below:

[} ‘ w1 w> w3
wi {Wl, WZ} {Wl’ WZ} {W3}
wa | {wi,w2}  {wi, w2} {ws}
w3 {wi, w2}  {wi,w2} {ws3}

<i= {(w1, wi), (W1, wz), (Wa, w2), (w2, ws), (w3, w3)}.

We give the covering relation “<,” and the figure of S/p” as follows:

<p={(w1, w3), (W2, w3)}.

Similar to Theorem 4.3 in [25], we have the following theorem.

Theorem 3.11. Let (S, o, <) be an ordered semihypergroup and p a weak pseudoorder on S. Let
A :={0 | 8is a weak pseudoorder on S such that p C 6}.

Let B be the set of all weak pseudoorders on S/p”. Then, card(A) = card(B).

Proof. For 0 € A, we define a relation 6 on S/ p” as follows:

6" = {()y» W)p) € S/p" % S/p” | (x,) € 6}.
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To begin with, we claim that 8 is a weak pseudoorder on S/p”. To prove our claim, let () ¥)p) €=«
Then, by Theorem 3.8, (x, y) € p C 6, which implies that ((x),-, (¥),-) € 6. Thus, <,C 6. Now, assume that
((p 1)) € 6 and ((V)ps (2)) € 6. Then, (x,y) € 6 and (y,z) € 6. It implies that (x,z) € 8. Hence,
(%), (2),1) € 6. Also, let (x),+, (¥),-) € 6" and (2),- € S/p”. Then, (x,y) € 6 and z € S. Since 6 is a weak

>
pseudoorder on S, we have x oz 8 yozand z o x 8 z o y. Thus, for every a € x o z there exists b € y o z, we
have (a, b) € 6. This implies that ((a),+, (b)) € ', and thus we have

>
Wy @@y = | @y 6 | By =0y © (@)

aexoz be€yoz

Similarly, we obtain that (z),- ® (x),: Z (2)p* ® (y),+. Furthermore, let (), (¥),+), (2),+ € S/ p” be such that
(), ¥)p) € 6 and () X)) € 0. Then (x,y) € 0, (y, x) € 8and z € S. By hypothesis, we have XOzéyoz
andzox0zo y. Then, similarly as in the above proof, it can be obtained that (x),+ ® (2),: g )y ® (2),- and
(2)p ® (X),r '} (2)p ® (¥),:- Therefore, 6 is indeed a weak pseudoorder on S/p”.

Now, we define the mapping f : A > B by f(0) = 0',v0 € A.Then, fisa bijection from A onto B. In fact,

(1) f is well defined. Indeed, let 61, 6, € A and 0; = 6. Then, for any ((x),:, (y),*) € 67, we have (x, y) €
61 = 6,. It implies that ((x),-, (¥),+) € 6. Hence 6; C 6,. By symmetry, it can be obtained that 6, C 6.

(2) f is one to one. In fact, let 61, 6, € A and 6, = 6,. Assume that (x,y) € 6:. Then, ((x),, (¥),") € 6;
and thus ((x),+, (y),*) € 6. This implies that (x, y) € 8,. Thus, 6; C 6,. Similarly, we obtain 8, C 6;.

(3) f is onto. In fact, let § € B. We define a relation 6 on S as follows:

0 :={(x,y) € SxS|((X),, (¥),) € 6}.

We show that 0 is a weak pseudoorder on S and p C 6. Assume that (x,y) € p. Then, by Theorem 3.8,
((X),> ¥)p?) €xpC 6, and thus (x, y) € 6. This implies that p C 6. If (x, y) €<, then (x,y) € p C 6. Hence,
<C 6. Letnow (x, y) € 6 and (y, z) € 0. Then ((x),+, (¥),*) € 6 and ((y),:, (2),+) € 6. Hence ((x),:, (2),+) € 6,
which implies that (x, z) € 6. Also, let x, y, z € S be such that (x, y) € 6. Then ((x),, (y),") € 6 and (2),+ €

. . -> ->
S/p’. Since 6 is a weak pseudoorder on S/p”, we have (x),» ®(2),+ 6 (y),» ®(2),- and (2),» @ (x) 6 (2)pr @ ()75

- " 2 ,
ie, U (@p0 U (b)yand U (@), 0 U (b), Thus, for every a € x o z there exists b € y o z such
a€xoz b€Eyoz a’ €zox b’ €zoy

that ((a),-, (b),+) € 6, and forevery a’ € zox there exists b* € zoy such that ((a),-, (b'),+) € 6. It implies that

(a,b) € 8and (d’, b') € 6. Hence we conclude that x o 219> yozandzo x%9 z o y. Furthermore, let x,y,z € S
be such that (x, y) € 6 and (y, x) € 6. Then, similarly as in the previous proof, we can deduce that x o z 0 yoz
andzox0zo y. Thus 6 is a weak pseudoorder on S and p C 6. In other words, 8 € A. Moreover, clearly,
0’ = 6. It thus follows that f() = 6.

Therefore, f is a bijection from .A onto B, and card(A) = card(B). O

By the proof of Theorem 3.11, we immediately obtain the following corollary:

Corollary 3.12. Let (S, o, <) be an ordered semihypergroup and p, 6 be weak pseudoorders on S such thatp C 6.
We define a relation 0/p on S/p" as follows:

0/p == {((x)y» ¥)p) € SIp" xS/p" | (x,y) € 6}.
Then 8/p is a weak pseudoorder on S/p”.

4 Homomorphism theorems of ordered semihypergroups

In the current section, we shall establish the relationships between ordered regular equivalence relations
and weak pseudoorders on an ordered semihypergroup, and discuss homomorphism theorems of ordered
semihypergroups by weak pseudoorders.
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In order to establish the relationships between ordered regular equivalence relations and weak pseudo-
orders on an ordered semihypergroup, the following lemma is essential.

Lemma 4.1. Let (S, o, <) be an ordered semihypergroup and o a relation on S. Then the following statements
are equivalent:

(1) o is a weak pseudoorder on S.

(2) There exist an ordered semihypergroup (T, ¢, <) and a homomorphism ¢ : S - T such that

kerp = {(a, b) € $x S| p(a) < p(b)} = 0.

Proof. (1) = (2). Let o be a weak pseudoorder on S. We denote by ¢* the regular equivalence relation on S
defined by
0 :={(a,b)eSxS|(a,b) e0,(b,a) co}(=0na?).

Then, by Theorem 3.8, the set S/0” := {(a),- | a € S} with the hyperoperation (a),; @ (b)y» = | (¢)s*, for
c€aob
all a, b € S and the order

<o:={((g, W)g) € S/0" xS/0" | (x, ) € 0}
is an ordered semihypergroup. Let T = (S/¢”, ®, <) and ¢ be the mapping of S onto S/¢” defined by ¢ : S >

* * _9
S/o” | a » (a), . Then, by Proposition 3.9, ¢ is a homomorphism from S onto S/¢™ and clearly, kerg = o.
(2) = (1). Let (S, o, <) be an ordered semihypergroup. If there exist an ordered semihypergroup (T, ¢, <)

and ahomomorphism ¢ : S &> T such that Er(p = 0, then ois aweak pseudoorderon S. Indeed, let (a, b) €< .
—>
Then, by hypothesis, ¢(a) < ¢(b). Thus (a, b) € kerp = 0, and we have <C ¢. Moreover, let (a, b) € o and

(b, c) € 0. Then p(a) < ¢(b) < ¢(c). Hence ¢(a) < ¢(c), i.e., (a,c) € E?p = 0. Also, if (a, b) € o, then
¢(a) < @(b). Since (T, ¢, =) is an ordered semihypergroup, for any ¢ € S we have @(a) ¢ ¢(c) < @(b) o @(c).
Since ¢ is a homomorphism from S to T, we have
U ) =0p@oplc)=pbdoplc)= U @y).
X€aoc yEboc

Thus, for every x € a o c there exists y € b o ¢ such that ¢(x) < ¢(y), and we have (x, y) € E?r(p = g, which
implies that aoc?r boc. Inthe same way, it can be shown that Coa% cob. Furthermore, let(a, b) € 0,(b,a) € o
and ¢ € S.Then ¢(a) =< @(b) and p(b) =< @(a). Thus @(a) = ¢(b), which implies that p(a)o@(c) = p(b)op(c),

ie, U ox)= U ¢(y).Hence, foranyx € aoc, there exists y € bo c such that ¢(x) = ¢(y), and we have
X€aoc y€Eboc

o(x) < o(y) and @(y) < @(x). It thus follows that xoy and yox. On the other hand, for any y' € b o c, there
exists x' € a o c such that ¢(x') = ¢(y). Hence we have ¢(x) < ¢(y) and ¢(y) < @(x), which imply that
x'oy and y'ox'. Thus, a o c ¢ b o c, exactly as required. Similarly, it can be obtained that coa g cob. [

In the following, we give a characterization of ordered regular equivalence relations in terms of weak
pseudoorders.

Theorem 4.2. Let (S, o, <) be an ordered semihypergroup and p an equivalence relation on S. Then the
following statements are equivalent:

(1) p is an ordered regular equivalence relation on S.

(2) There exists a weak pseudoorder o on S such thatp = o N o™ L.

(3) There exist an ordered semihypergroup T and a homomorphism ¢ : S > T such that p = ker(¢), where
kergp = {(a, b) € Sx S| ¢(a) = p(b)} is the kernel of ¢.

Proof. (1) = (2). Let p be an ordered regular equivalence relation on S. Then there exists an order relation “=<”
on the quotient semihypergroup (S/p, ®) such that (S/p, ®, <) is an ordered semihypergroup, and ¢ : S >

S/p is a homomorphism. Let o = Er(p. By Lemma 4.1, 0 is a weak pseudoorder on S and it is easy to check
thatp =ono L.
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(2) = (3). For a weak pseudoorder ¢ on S, by Lemma 4.1, there exist an ordered semihypergroup T and
—
a homomorphism ¢ : S > T such that o = ker@. Then we have
—> = 1
kerp = kergp N (kerp) ™ =ono™" =p.
—>
(3) = (1). By hypothesis and Lemma 4.1, ker¢ is a weak pseudoorder on S. Then, by Theorem 3.8, p =

N -
kergpn(kerp)! is aregular equivalence relation on S. Thus, by the proof of Lemma 4.1, p is an ordered regular
equivalence relation on S. O

Example 4.3. We considerasetS := {a, b, c, d, e} with the following hyperoperation “o” and the order “ <g ”:

‘ a b c d e
{a} {e} {c} A{a} A{e}
{a} {b,e} {c} {d} {e}
{a} {e} {c} {a} {e}
{a} {e} {c} {a} {e}
{a} {e} {c} {a} {e}

o Qe S |o

<s:={(a, a), (a, d), (a, e), (b, b), (c, ©), (c, ), (d, d), (e, e)}.

We give the covering relation “<s” and the figure of S as follows:
<s={(a, d), (a, e), (c, e)}.

e d

Then (S, o, <) is an ordered semihypergroup (see [28]). Let p be an equivalence relation on S defined as follows:
p ={(a, a), (b, b), (c, ), (c,d),(d, c),(d, d), (e, e)}.

Then S/p = {{a}, {b}, {c,d},{e}}, and p is regular. Moreover, we have
(1) p is an ordered regular equivalence relation on S. In fact, let S/p = {m, n, p, q}, where m = {a},n =
{b},p = {c, d}, q = {e}. The hyperoperation “®” and the order “<” on S/p are the follows:

‘ m n p q
{m} {q} {r} {a}
{m} {n,q} {p} {q}
{m} {q} {r} {4}
{m} {q} {r} A{a}

QR = IR

== {(ma m)a (na n)’ (p’ p); (qa (I), (m’ p)’ (ma (I), (p’ Q)}-
We give the covering relation “<” and the figure of S/p- as follows:

<={(m, p), (p, 9}.
qo
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Then (S/p, ®, <) is an ordered semihypergroup and the mapping  : S > S/p, x = (x), is isotone. Hence p is
an ordered regular equivalence relation on S.
(2) Let 0 be a relation on S defined as follows:

o={(a, a),(a,c),(a,d),(a,e),Db,b),(c,0),(,d,(ce)d,c)d,d),(e,e}.

With a small amount of effort one can verify that o is a weak pseudoorder on S, andp = c N o™ .
(3)Let T := {x,y, z, u, v} with the operation “ ® ” and the order relation “ <1 ” below:

‘ X y z u v
{xr {3y {z {u} {u}
{xr {3y {zx A{u} {u}
{xr {3 {zx A{u} {u}
{x} { A{zz A{u} {u}
{xx {r {z {u} A{uv}

< | N< X|o

<= {(x, %), (x,2), (x, u), (x, V), (v, ¥), (v, 2), (y, w), (y, ), (2, 2), (2, u), (2, V), (u, u), (v, v)}.

We give the covering relation “<r” and the figure of S as follows:
<r={(x, 2), (v, 2), (z, u), (z, v)}.

u v

X y

Itis easy to check that (T, e, <7) is also an ordered semihypergroup. We define a mapping ¢ from S to T such that
p(a) = x, p(b) =v, p(c) = p(d) = z, p(e) = u. Itis a routine matter to verify that ¢ : S > T is a homomorphism
and p = ker(o).

Remark 4.4. (1) For an ordered regular equivalence relation p on S, since the order “<” such that (S/p, ®, <)
is an ordered semihypergroup is not unique in general, we have the weak pseudoorder o containing p such that
p = on o isnot unique.

(2) If 0 is a weak pseudoorder on an ordered semihypergroup S, then p = o N 0™ is the greatest ordered
regular equivalence relation on S contained in o. In fact, if p1 is an ordered regular equivalence relation on S
contained in o, thenp, =p1Np; Cono ! =p.

Let o be a weak pseudoorder on an ordered semihypergroup (S, o, <). Then, by Theorem 4.2, p = 6 N o ! is
an ordered regular equivalence relation on S. We denote by p* the mapping from S onto S/p, i.e., p* : S >
S/p | x ™ (x)p, which is a homomorphism. In the following, we give out a homomorphism theorem of ordered
semihypergroups by weak pseudoorders, which is a generalization of Theorem 1 in [17].

Theorem 4.5. Let (S, o, <) and (T, o, <) be two ordered semihypergroups, ¢ : S > T a homomorphism. Then,

—>
if 0 is a weak pseudoorder on S such that o C kerg, then there exists the unique homomorphism f : S/p >

T | (a)p » ¢(a) such that the diagram

SL—T

””l /
Slp

commutes, where p = 0 N o~ L. Moreover, I m(¢) = Im(f). Conversely, if o is a weak pseudoorder on S for which
there exists a homomorphism f : (S/p, ®, <s) > (T, 0, =) (p = 6N 6~1) such that the above diagram commutes,

—
then o C kere.
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—>
Proof. Let 0 be a weak pseudoorder on S such that o C kerg, f : S/p > T | (a), » @(a). Then
—
(1) fis well defined. Indeed, if (a), = (b),, then(a, b) € p C 0. Since ¢ C kergp, wehave (¢p(a), p(b)) €< .

Furthermore, since (b, a) € 0 C k_-e?<p, we have (¢(b), p(a)) €< . Therefore, ¢(a) = p(b).

(2) f is a homomorphism and ¢ = f o p*. In fact, by Lemma 4.1, there exists an order relation “<,” on the
quotient semihypergroup (S/p, ®) such that (S/p, ®, <) is an ordered semihypergroup and the mapping pﬁ
is a homomorphism. Moreover, we have

(a)p =0 (b)p = (a,b)e o C Eg’(p
= ¢(a) < ¢(b)
= f((a)p) = f((B)p).

Also, let (a)p, (b), € S/p. Since ¢ is a homomorphism from S to T, we have

f@p) o f((B)p) =p@ogb) = | 0= | )

c€aob (0)p (@) ®(b),

Furthermore, for any a € S, (f o p*)(a) = f((a),) = ¢(a), and thus ¢ = f o p¥.
We claim that f is the unique homomorphism from S/p to T. To prove our claim, let g is a homomorphism
from S/p to T such that ¢ = g o p*. Then

f(@)p) = p(a) = (g0 p")(a) = g((a)p).

Moreover, Im(f) = {f((a),) | a € S} = {p(a) | a € S} = Im(¢p).
Conversely, let ¢ be a weak pseudoorder on S, f : S/p > T is a homomorphism and ¢ = f o p*. Then

—>
o C kerg. Indeed, by hypothesis, we have

(a,b) € 0 < (a)y <o (b)p = f((a)y) < F((b)y)
= (fop")(a) < (f o p")(b)
—>
= ¢(a) < o(b) = (a, b) € kergp,

where the order <, on S/p is defined as in the proof of Lemma 4.1, that is

== {((0p, ¥)p) € S/pxS/p | (x,y) € 7}.
0

Corollary 4.6. Let (S, o, <) and (T, o, <) be two ordered semihypergroups and ¢ : S > T a homomorphism.
Then S/kerp = Im(¢p), where kerg is the kernel of ¢.

> - o
Proof. Let 0 = kerg and p = kerg N (kerp)™'. Then, by Theorems 4.2 and 4.5, p is an ordered regular
equivalence relationon Sand f : S/p > T | (a), » ¢(a) is a homomorphism. Moreover, f is inverse isotone.
In fact, let (a),, (b), be two elements of S/p such that f((a),) < f((b)y). Then p(a) < ¢(b), and we have

N
(a, b) € kere. Thus, by Lemma 4.1, ((a),, (b)y) €=0, i.e., (@)p <o (b)y. Clearly, p = kerg. By Remark 2.4,
S/kerp = Im(f). Also, by Theorem 4.5, Im(f) = Im(¢). Therefore, S/kerp =~ Im(¢p). O

Remark 4.7. Note that if S and T are both ordered semigroups, then Corollary 4.6 coincides with Corollary
in [17].

Let (S, o, <) be an ordered semihypergroup, p, 8 be weak pseudoorders on S such that p C 6. We define a
relation 0/p on (S/p", ®, <,) as follows:

6/p = {(@),, (b),") € S/p" xS/p” | (a, b) € 6},

where <,:= {((a),, (b),-) | (a, b) € p},p" = p N p~'. By Corollary 3.12, §/p is a weak pseudoorder on S/p".
Moreover, we have the following theorem.



180 — |J.Tangetal. DE GRUYTER

Theorem 4.8. Let (S, o, <) be an ordered semihypergroup, p, 0 be weak pseudoorders on S such that p C 6.
Then (S/p")/(6/p)" = S/6".

Proof. We claim that the mapping ¢ : S/p" > S/6" | (a),+ ™ (a)g: is a homomorphism. In fact:

(1) ¢ is well-defined. Indeed, let (a),- = (b),-. Then (a, b) € p*. Thus, by the definition of p*, (a, b) € p C
6 and (b, a) € p C 0. This implies that (a, b) € 87, and thus (a)y = (b)y-.

(2) @ is a homomorphism. In fact, let (a)p*, (b)p~ € S/p”. Then, since p*, 8" are both ordered regular
equivalence relations on S, we have

(a),D* ®P (b)p* = U (X)p*’ (a)e* ®9 (b)@" = U (X)e*’

xc€aob XEaob

where “ ®, ” and “ ®y ” are the hyperactions on S/p" and S/6", respectively. Thus

0(0,) @0 9(D)) = @ 6 @e = | We= | 0@,

XxEaob (x)p*E(a)p* ®p(b)p*

Also, if (@), <y (b),:, then (a, b) € p C 6. It implies that (a)s: =g (b)¢-, and thus ¢ is isotone.
On the other hand, it is easy to see that ¢ is onto, since

Im(p) = {p((a),") | a € S} = {(a)g | a € S} = S/6".
It thus follows from Corollary 4.6 that (S/p")/Kerp = Im(p) = S/6".
Furthermore, let Eg(p :={((@),+, (b),") € S/p" xS/p" | p((a),-) <o @((b),")}. Then

(@), (b)) € kerp <= (@ <6 (D) <= (@, b) € 0 > (@), (b)) < .

174

— — « . «
Therefore, Kergp = kerp N (kerp)™ = (8/p) N (8/p)™! = (6/p)". We have thus shown that (S/p")/(8/p)
S/6".

d

Definition 4.9. Let (S, o, <) and (T, ¢, <) be two ordered semihypergroups, p, 6 be two weak pseudoorders on
S and T, respectively, and the mapping f : S > T a homomorphism. Then, f is called a (p, 6)-homomorphism if
(x,y) € p implies (f(x), f(y)) € 6, forall x,y € S.

Example 4.10. Consider the ordered semihypergroups (S, o, <) and (T, ®, <7) given in Example 4.3, and define
the relations p, 6 on S and T, respectively, as follows:
p :={(a, a), (a,c),(a,d), (a,e),(b,b), (c,c),(cd),(ce)dc),dAqad),e, e},
6 :={(x, x), (x, 2), (x, ), (x, v), (v, ), (v, 2, (v, w), (y, v), (2, 2), (z, W), (z, V), (u, w), (v, V)}.
It is not difficult to verify that p, 0 is pseudoorders on S and T, respectively. Furthermore, we define a mapping f
from S to T such that f(a) = x, f(b) = v, f(c) = f(d) = z, f(e) = u. By Example 4.3, f : S > T is a homomorphism.
Hence f is a (p, 8)-homomorphism.

Lemma 4.11. Let (S, o, <) and (T, o, X) be two ordered semihypergroups, p, 6 be two weak pseudoorders on S
and T, respectively, and the mapping f : S > T a (p, 6)-homomorphism. Then, the mapping f : (S/p*, ®p, <p
) > (T/6", ®4, =¢) defined by

(vx € 8) (1)) = (F(X))gr

is a homomorphism of ordered semihypergroups, where the orders <,,, <g on S/p” and T/9", respectively, are
both defined as in the proof of Lemma 4.1.

Proof. Letf : S > Tbea (p, §)-homomorphismand f : S/p” > T/6" | (x),- » (f(x))g:. Then

(1) f is well defined. In fact, let (x),+, (y),* € S/p” be such that (), = (¥)p+- Then (x,y) € p" C p. Since
fis a (p, 6)-homomorphism, we have (f(x), f(y)) € 6. It implies that ((f(x))e, (f(¥))g-) €=¢ . Similarly, since
(v, x) € p, we have ((f(y))g, (f(x))g:) €=g . Therefore, (f(x))g: = (fF(¥))g, i-€., f((X)p) = F((¥),).
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(2) f is a homomorphism. Indeed, let (x),-, (¥),» € S/p". By Theorem 4.2, p*, 6" are ordered regular
equivalence relations on S and T, respectively. Since f is a homomorphism, by Lemma 2.2 we have

F(()p) @6 F(1)p) = (FONg @6 (e = | (F(@)g: = U  F@p).

a€xoy (@), €0, @, (),
Also, since f is a (p, 6)-homomorphism, we have

Op =p W) = (,y) ep= (O, f(V) €6
= (f0D)g =6 FW)e = F(0),) =0 F(1)p)-

Hence f is isotone. We have thus shown that f is a homomorphism, as required. O

Lemma 4.12. Let (S, o, <) and (T, ¢, <) be two ordered semihypergroups, p, 6 be two weak pseudoorders on
S and T, respectively, and the mapping f : S > T a (p, 6)-homomorphism. Then, We define a relation on S/p"
denoted by py as follows:

pr = {0y, 1)) € S/p" xSp™ | F(X)g: =6 (FY))g-}-
Then py is a weak pseudoorder on S/p".

Proof. Assume that ((x),, (y),-) €=, . By Lemma 4.11, f is a homomorphism. Then f((x),-) =¢ f((¥),"),
ie, (f(X))g <o (F(y))e:. It implies that ((x),:, (¥),*) € py, and thus <,C py. Now, let ((x),+, (¥),") € py
and ((y)y+, (2),)) € ps. Then (F(X))g <o (F())er and (F(¥))g: =g (f(2))g:. Thus, by the transitivity of <,
(fX))g: = (f(2))p-. This implies that ((x),:, (2),-) € py. Also, let (x),-, ¥),") € pyand (2),» € S/p”.
Then (f(x))g <o (f(¥))g. Since (T/6", ®y, <p) is an ordered semihypergroup, it can be obtained that
F())e ®e (F(2))g =0 (F))e ®o (f(2))g, that is, f((X),1) ®g f(2),") =6 F(¥),") ®g f((2),+). Then, since f

is a homomorphism, we have

U @, = U  Ff,,

(), €(X) » ®p(2) ,» (b),+ €Y ®p(2) ,»

which means that |J (f(a))g <¢ U (f(b))g-. Thus, for any a € x o z, there exists b € y o z such that
acxoz beyoz

(f(@))g =g (f(b))g:. Hence ((@),:, (b),*) € py. It thus implies that (x), ®p (2),* -Zf )p* ®p (2),+. Similarly,

it can be shown that (z),r ®) (), ?f (2),+ @p (y),+. Furthermore, let (x),, (y),+, (2),+ € S/p” be such that

(), ¥)y) € prand ((y),+, (X),+) € py. Then, similarly as in the above proof, it can be verified that (x),- ®p

(@) Pr (V) ®p (2),r and (2),+ @p (X),+ Py (2),+ @p (), Therefore, py is a weak pseudoorder on S Ip”. O

By Lemmas 4.11 and 4.12, we immediately obtain the following corollary:

Corollary 4.13. Let (S, o, <) and (T, o, <) be two ordered semihypergroups, p, 6 be two weak pseudoorders on
S and T, respectively, and the mapping f : S > T be a (p, 6)-homomorphism. Then, the following diagram

f

S———B

(p*)”l J/(e*)jj

S/p* —_— T/G*
f
commutates.

Theorem 4.14. Let (S, o, <) and (T, ¢, <) be two ordered semihypergroups, p, 6 be two weak pseudoorders on
S and T, respectively, and the mapping f : S > T a (p, 6)-homomorphism. If ¢ is a weak pseudoorder on S/p”
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such that o C py, then there exists the unique homomorphism ¢ : (S/p*)/a" > T/6" | ((a),),+ ™ f((@),+) such
that the diagram

slp' —L > 1/6°
(U*)u \L /
(S/pMlo
commutes.
Conversely, if o is a weak pseudoorder on S/p” for which there exists a homomorphism ¢ : (S/p")/o" > T/6"
such that the above diagram commutes, then ¢ C py.

Proof. The proofis straightforward by Lemma 4.11, Lemma 4.12 and Theorem 4.5, and we omit the details. O

Let (S, o, <5) and (T, o, <7) be two ordered semihypergroups. In [25], it is shown that (S x T, *, <s,7) is also
an ordered semihypergroup with the hyperoperation “ * ” and the order relation “ <g.r ” below: for any
(s1,t1), (s2,02) € Sx T,

(s1,t1) * (52, t2) = (510 52) x (t1 o £2);

(Sl, tl) SSxT (Sz, tz) <~ S1 5 S2 and t1 <7 b7,

Lemma 4.15. Let (S, o, <5) and (T, ¢, <7) be ordered semihypergroups, p1, p2 be two weak pseudoorders on S
and T, respectively. We define a relation p on S x T as follows:

(V (51, t1), (52, t2) € Sx T) (51, t1)p(s2, t2) < s1p152 and tipats.

Then p is a weak pseudoorder on S x T.

Proof. The verifications of the conditions (1), (2) and (3) of Definition 3.4 are straightforward. We only need
show that the condition (4) of Definition 3.4 is satisfied.

Let (s1, t1), (S2, t2), (s, t) € S x T be such that (sy, t1)p(sa2, t2) and (s;, t2)p(s1, t1). Then s1p1S2, t1p2t2,
S2p151, tapat; and s € S, t € T. Since p1, p, are weak pseudoorders on S and T, respectively, we have

siospiSrosandtiotpy trot.

Thus
(Vx € s108) (Bu € 53 05) xp1u and up1x & (Vu €5508)(3x €5105) x/plu/ and u/plx,,
Wy etiot) @vetot)ypvand vpry & (W etot)@Fy etiot) y'pzv' and v'pzy'.

Hence we have
(V(x,y) € (s108) x(t1 0 1) (3(u,v) € (s2058) x (t2 0 1)) (x,y) p (u,v) and (u, v) p (x,y),

(W', v) € (s208) x(t20) Bx,y) € (s108)x(t108) (x,y) p W, v)and (', v) p (X, y).

It thus follows that (s; 0 s) x (t; 0 t) p (52 08) x (t2 o t), i.e., (51, t1) * (s, t) p (s2, t2) * (s, t). Similarly, it can be
verified that (s, t) * (s1, t1) p (s, t) * (s2, t2). O

By Theorem 3.8 and Lemma 4.15, ((S x T)/p", ®p, =<p) and (S/p] x T/p5, *', <s.r) are both ordered semi-
hypergroups, where the hyperoperation *" and the order relation <g,; on S/p} x S/p5 are similar to the
hyperoperation * and the order relation <57 on S x T, respectively. Furthermore, we have the following
theorem:

Theorem 4.16. Let (S, o, <s) and (T, o, <7) be ordered semihypergroups, p1, p2 be two weak pseudoorders on
Sand T, respectively. Then (S x T)/p" = S/p] x T/p5.
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Proof. We claim that the mapping ¢ : (Sx T)/p" > S/p} x T/p; | (s, 1)), > ((8),:, (8);) is an isomorphism.
In fact:

(1) @ is well-defined. Indeed, let ((s1, t1)),- = ((s2, t2)),+. Then (s1, t1)p"(s2, t2). Hence, by the definition
of p”, (s1, t1)p(s2, t) and (s2, t2)p(s1, t1). It thus follows that 510155, t1p2t2, S2p151 and t,p,t1, which imply
s1p182 and t1p3ta. Thus, ((s1),:, (t1);) = ((52):, (£2),2)-

(2) @ is an isomorphism. In fact, for any ((s1, t1)),, ((s2, t2)),* € (S x T)/p", we have

P(((s1, 1)) * @(((s2, 1)) = ((s1),:5 (t1),2) * ((s2),:, (t2),2)
= ((s1)p; ®p, (52)1, (t1) 52 @, (E2)2)

=(U @y U 0

SES510S; teti1ot;
- U ©),.0,)

5E€57105)

tety oty

U ol 0),)
(s,)€(s1082)x(t10t2)
- U el 0,
(s,t)E(s1,t1)*(s2,t2)

- U o(((s, D).

((S,l‘))p* e((s1 ;tl))p" ®p((s2,t2 ))p*

Moreover, it can be easily seen that ¢ is onto. Also, ¢ is isotone and reverse isotone. Indeed, let
((s1, t1))7» (52, t2)),+ € (Sx T)/p". Then we have

((s1, t1))pr =p ((s2, 12)),r <= (51, t1)p(s2, t2) <= s1p152 and t1patr
= (1) Zp: (52),; and (¢1): =p, (£2),5;
= ((s1)p:, (1)) Zsxr ((52)5 (E2),52)

= 0(((s1, t1))p*) Zsur P(((52, £2))0)-

Therefore, ¢ is indeed an isomorphism, which means that (S x T)/p" = S/p] x T/p5. O

5 Conclusions

As we know, (strongly) regular equivalence relations on ordered semihypergroups play an important role
in studying the structure of ordered semihypergroups. In this paper, we further studied the ordered regular
equivalence relations on ordered semihypergroups. We introduced the concept of weak pseudoorders on an
ordered semihypergroup, and established the relationships between ordered regular equivalence relations
and weak pseudoorders on an ordered semihypergroup. Especially, we constructed an ordered regular
equivalence relation on an ordered semihypergroup by a weak pseudoorder, and gave a complete answer
to the open problem given by Davvaz et al. in [25].

In [25], for a pseudoorder p on an ordered semihypergroup S, Davvaz et al. obtained an ordered semigroup
S/p”, where p"(= p N p7!) is a strongly regular equivalence relation on S. Moreover, they provided some
homomorphism theorems of ordered semigroups by pseudoorders, for example see Theorems 4.5, 4.11 and
4.15in [25]. However, they have not established the homomorphisms of ordered semihypergroups. As a further
study, in the present paper we also discussed the homomorphic theory of ordered semihypergroups by weak
pseudoorders, and generalized some similar results in ordered semigroups.
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