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Abstract: This paper is devoted to study the existence and regularity of mild solutions in some interpolation
spaces for a class of functional partial differential equations with nonlocal initial conditions. The linear part
is assumed to be a sectorial operator in Banach space X. The fractional power theory and a-norm are used
to discuss the problem so that the obtained results can be applied to equations with terms involving spatial
derivatives. Moreover, we present an example to illustrate the application of main results.
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1 Introduction

Let X be a Banach space with norm |- |* and « be a constant such that 0 < « < 1. We denote by C(J, D(A%))
the Banach space of all the continuous functions from J to D(A®) provided with the uniform norm topology
and D(A“%) the domain of the linear operator A“ to be defined later.

In this paper, by using fractional power of operators and Schauder’s fixed point theorem, we study the
existence and regularity of mild solutions in some interpolation to the following functional partial differential
equations with nonlocal initial conditions

u'(6) + Au(t) = f(t,u(t), u(ai()), u(az(t)), - u(am(t))), te(0,al, oy
P
u(0) = Zciu(ti), @

where u(-) takes values in a subspace spaces of Banach space X, A : D(A) c X — X is a sectorial operator,
m is a positive integer number, J = [0, a], a > 0 is a constant, a; : ] — J are continuous functions such that
0<a(t) <tforj=1,2,-,m,f:]x (D(A“))erl — X is Carathéodory continuous nonlinear function,
O0<ti<ty<--<tp<a,c;arereal numbers,c; +0,i=1,2,-,p.
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Nonlocal initial conditions can be applied in physics with better effect than the classical initial condition
u(0) = uo. For example, in [1] Deng used the nonlocal condition (2) to describe the diffusion phenomenon
of a small amount of gas in a transparent tube. In this case, condition (2) allows additional measurements
att;, i =1,2,-, p, which is more precise than the measurement just at t = 0. In [2], Byszewski pointed out
thatifc; #0,i=1, 2, -, p, then the results can be applied to kinematics to determine the location evolution
t — u(t) of a physical object for which we do not know the positions u(0), u(t1), ---, u(tp), but we know
that the nonlocal condition (2) holds. Consequently, to describe some physical phenomena, the nonlocal
condition can be more useful than the standard initial condition u(0) = uo. The importance of nonlocal
conditions have also been discussed in [3-6].

In [7], Fu and Ezzinbi studied the following neutral functional evolution equation with nonlocal condi-

tions
Lx(6) + F(t,x(1)), x(b1(t)), -, X(bm(t)))] + Ax(t)

= G(t,x(t),x(ai(t)),-,x(an(t))), O<t<a, 3
x(0) + g(x) = x0 € X,

where the operator -4 : D(A) c X — X generates an analytic compact semigroup T(t) (¢ > 0) of uniformly
bounded linear operators on a Banach space X, F : [0,a] x X™*! - X, G : [0,a] x X' - X, a;, b;, 1 =
1,2,--,n,j=1,2,---,mand g are given functions satisfying some assumptions. The authors have proved
the existence and regularity of mild solutions. In the subsequent years, various similar results have been
established by many authors, see for example [8,9].

Recently, Chang and Liu [10] studied the existence of mild and strong solutions in some interpolation
spaces between X and the domain of the linear part for the following semilinear evolution problem with
nonlocal initial conditions:

u'(t) = Au(t) + f(t,u(t)), te[0,T],
@
u(0) +g(u) =up € X,
where T > 0, the linear part A is a sectorial operator in X, f and g are given X-valued functions.

The aim of this paper is to establish some existence results of (1) and (2) without assuming Lipschitz
condition on the nonlinear term and complete continuity on the nonlocal condition. The result obtained is a
partial continuation of some results reported in [2,7,10-12]. It is worth mentioning that the theory of fractional
power and a-norm are used to discuss the problems so that the results obtained in this chapter can be applied
to the systems in which the nonlinear terms involve derivatives of spatial variables, and therefore, they have
broader applicability.

The rest of this paper is organized as follows: We introduce some basic definitions and preliminary facts
which will be used throughout this paper in section 2. The existence results of mild solutions are discussed in
Section 3 by applying fixed point theorem. In Section 4, we provide some sufficient conditions to guarantee
the regularity of solutions, that is, we obtain the existence of strong solutions. Finally, an example is presented
in Section 5 to show the applications of the abstract results obtained.

2 Preliminaries

Assume A : D(A) c X — X be a sectorial operator and —A generates an analytic compact semigroup T(t)
(t > 0) on X. It is easy to see that T(t) (¢t > 0) is exponentially stable, i.e. there exist constants M > 1 and
d < 0 such that

IT(t)]" < Me’t, foreacht>O0, (5)

the infimum of §
vo=inf {§<0: IM > 1, |T(t)|" < Me’', vt >0}



DE GRUYTER Functional partial differential equations with nonlocal conditions = 115

is called a growth index of semigroup T(t) (¢t > 0), and at this point vy < 0. For each v € (0, |vo|), by the
definition of vq, there exists a constant M > 1, such that

IT(t)]* < Me™", foreacht> 0. (6)
Define an equivalent norm in X by
x|l = suple” T(t)x|", @
=0

then |x|* < |x| < M|x|*. We denoted by ||T(t)| the norm of the operator T(t) in space (X, | - |). By (6), we
have
IT(t)| <e™ <1, foreacht>O0. 8

and
IT(t)| <e™<e™ <1, i=1,2,-p. 9)

It is well known [13, Chapter 4, Theorem 2.9] that for any uo € D(A) and h € C 1 (J, X), the initial value problem
of linear evolution equation (LIVP)

u'(t) + Au(t) = h(t), te],
(10)
u(0) = uo,
has a unique classical solution u € C*((0, a], X) n C(J, D(A)) expressed by
t
u(t) = T(H)uo + f T(t - s)h(s)ds. (11)
0

IfupeXand helL? (J, X), the function u given by (11) belongs to C(J, X), which is known as a mild solution
of the LIVP (10). If a mild solution u of the LIVP (10) belongs to W' (J, X) n L*(J, D(A)) and satisfies the
equation for a.e. t € J, we call it a strong solution.

Throughout this paper, we assume that:

14
Po) 3 i < 1.
i=1

oo p
Applying (9) and assumption (Py), we get H Y ¢iT(t)|| < ¥ |cile™ < 1. Combining this with the operator
i=1 i=1

spectrum theorem, we know that

p -1
Bi=(I-Y T(t)) (12)
i=1
exists and it is bounded. Furthermore, by Neumann expression, B can be expressed by
oo p n
B= Z(ZQT(!’{)) . (13)
n=0 "i=1
Therefore,
oI n 1 1
1Bl <Y | Y atw)| = ; <—. (14)
n=0 " i=1 1-| X CiT(ti) 1-X |Ci|
i=1 i=1

To prove our main results, for any h € C(J, X), we consider the linear evolution equation nonlocal problem
(LNP)
u'(t) + Au(t) = h(t), te], (15)

M(O) = iciu(ti). (16)
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Lemma 2.1. If the condition (Po) holds, then the LNP (15)-(16) has a unique mild solution u € C(J, X) given by
ti t
p
u(t) = > ¢;T(t)B / T(t; — s)h(s)ds + f T(t-s)h(s)ds, te]. (17)
i=1 0 0

Proof. By (10) and (11), we know that Eq. (15) has a unique mild solution u € C(J, X) which can be expressed
by

t
u(t):T(t)u(0)+[T(t—s)h(s)ds. (18)
0
It follows from (18) that
ti
u(ti):T(ti)u(0)+fT(ti—s)h(s)ds, i=1,2,p. (19)
0
Combining (16) with (19), we have
p p i
u(O):ZciT(ti)u(0)+ZcifT(ti—s)h(s)ds. (20)
i=1 i=1 0

P
Since I - ¥ ¢;T(t;) has a bounded inverse operator B,
i=1

t:

p 1
u(O):ZciBf T(t; - s)h(s)ds. Q1)
i=1 0

By (18) and (21), we know that u satisfies (17).
Inversely, we can verify directly that the function u € C(J, X) given by (17) is a mild solution of the LNP
(15)-(16). This completes the proof. O

We recall some concepts and conclusions on the fractional powers of A. Because A : D(A) c X —» Xisa
sectorial operator, it is possible to define the fractional powers A* for 0 < o < 1. Now we define (see [13]) the
operator A™ by

+o00o
A% = . / taflT(t)xdt, xeX,
T'(a) J

where I" denotes the gamma function. The operator A~ is bijective and the operator A® is defined by
Aa — (A—a)—l'

We denote by D(A%) the domain of the operator A*.
Furthermore, we have the following properties which appeared in [13].

Lemma 2.2. Let0 < « < 1. Then:

(i) T(t):X - D(A®*)foreacht > 0.

(ii)) A“T(t)x = T(t)A%x, foreachx < D(A%)andt>0.

(iii) For every t > O, the linear operator A*T(t) is bounded on X and there exist M, such that

M

A T()] <

(iv) For every t > 0, there exists a constant C a such that
[(T(t) - DA™ < Cot®.

(v) ForO<a<pB<1,weget D(A®) - D(A%).
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D(A®) endowed with the norm | x|, = |A“x|| for all x € D(A®) is a Banach space. We denote it by X,.
From now on, for the sake of brevity, we rewrite that

(&, u(t), u(a(t)), - u(am(t))) := (t, x(t)). 22)

Definition 2.3. A functionf : J x X™! - X is said to be Carathéodory continuous provided that
(i) forallx e X", f(-,x) : ] - X is measurable,
(ii) fora.e.te[0,a], f(t,-): xX"" - X is continuous.

3 Existence of mild solutions

This section is devoted to the study of the existence of mild solutions for a class of functional partial
differential equations with nonlocal initial conditions (1)-(2). In what follows, we will make the following
hypotheses on the data of our problem (1)-(2).

(P1)The function f : J x X?Q“ — X is Carathéodory continuous and for some positive constant r, there exist
1
constants g € [0, 1 - a), v > 0 and function ¢, € L4 (J, R*) such that for any ¢ € J and u;j € X, satisfying
|ujlo <rforj=0,1,2,-,m,
ler] 1

s s La([o,
I (6o, oy um) | < or(8), - Timinf —— 2D o=y < oo,

Theorem 3.1. Assume that the hypotheses (Py) and (P1) are satisfied. Then the problem (1)-(2) has at least one
mild solution on C(J, X)) provided that

l1-a-q _ 1—
4 pr(lia?q) LS (23)
1- 2 il
i=1
Proof. We consider the operator Q on C(J, X ) defined by
P t; t
(Qu)(t):ZciT(t)B/ T(ti—s)f(s,x(s))ds+/T(t—s)f(s,x(s))ds, tel. (24)
i=1 0 0

With the help of Lemma 2.2, we know that the mild solution of the problem (1)-(2) is equivalent to the fixed
point of the operator Q defined by (24). In what follows, we shall prove that the operator Q has at least one
fixed point by applying the famous Schauder’s fixed point theorem.

For this purpose, we first prove that there exists a positive constant R such that the operator Q defined
by (24) maps the bounded closed convex set

Dr={uecC(,Xa): |u(t)|a <R, te]}

to Dg. If this is not true, there would exist u, € D, and ¢, € J such that | (Qu,)(¢;)| > r foreach r > 0. However,
by (9), the condition (P;), Lemma 2.1 and Holder inequality, we get that

r<|(Qur)(tr)]a

SHiCiT(tr)BfT(ti—s)f(s,x(s))dsH +"fT(t,—s)f(s,x(s))ds“
i-1 3 a 1 o (25)

» t; t
<IBI Y. leil [ 14 T(ti - $)f(s,x(s)lds+ [ 1A*T(t: - ) (s, x(s))|ds
=1 9 0
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p
> |Ci| ti t,
< ’=1p / t_Ma agor(s)ds+f%gpy(s)ds
1-— |Ci|0 (1_5) 0 (T_s)
i=1
p
Mq Z |Ci| ti

S;(f(ti—s)ﬁds)l_q(f@é(s)ds)q
0

+Ma(0f(t,—s)1-‘2ds)l_q(fgp}(s)ds)q

0

o

1-qg \1"9 {_o_
(1 I 2
—a-q L4 ([0,a])

[u=y
|
o

1-¢q 1-q 1-a—q
+M"<1_a_q) a HSDYHL%([O,a])

Ltgs|igs

i

1-a-gq Li([0,a])"

|cil

Divided by r on both sides of (25) and then take the lower limits as r — +oco we get

al_o‘_qu( 1-¢g )H >1
p l-a-¢q -
1-% il

i1

which contradicts with the inequality (23). Therefore, there exists a positive constant R such that the operator
Q maps Dy to Dg.

Below we will verify that Q : Dg — Dg is a completely continuous operator. From the definition of operator
Q and the assumption (P;) we note that Q is obviously continuous on Dg. Next, we shall prove that {Qu : u €
DR} is a family of equi-continuous functions. Let u € Dg and t', t’ € J, ' < t". By (24) one get that

(Qu)(¢") - (Qu)(t') < (T(t")—T(t'))ilciB [ T(ti-9)f(s.x(s))ds
= 0

N [ T(t" - 5)f (s, x(s))ds

t

t
+ [IT(" =)= T(¢' - 9)If (s, x(5))ds
0
= Bl + Bz + B3.
It is obvious that

3
[(Qu)(t") = (Qu)(t)]a < k; | Bile.-

Therefore, we only need to check | By |« tend to 0 independently of u € Dg when t” —t' - Ofork =1, 2, 3.
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For B1, by the condition (P;), Lemma 2.1 and Holder inequality, we have
p {i
H > ¢iB / T(t; - s)f (s, x(s))dsH
i=1 0 @

Slel
S [1A°T(t - $)f (s, x(5)) |ds

< 1
b
1-Ylci|o
i-1

(26)

o

ti

Lt

M,
(ti—s)~

IA

¢r(s)ds

[
|

|Ci| 0

™M T

Il
[N

=
Q

IA

e I 1

l-a—gq Li([0,a])’

[uny
|
.M'B

Il
[

|ci

Combining (26) and the strong continuity of the semigroup T(t) (t > 0), one can easily get that |B1||« — O
ast’ -t - 0.
For B,, taking assumption (P;), Lemma 2.1 and Holder inequality into account, we obtain

Bala < [ IA°T(E" = $)f(s,x(s)) ds
/

t”
M,
< [_I/ mtp}z(s)ds

1-qg \'-9,, 1-a—q
< Mol —— t -t 1
<Ma(=o20) = lerl 3

>0ast' -t >o0.

Fort' = 0,0 < t" < a, it is easy to see that |Bs|| = 0. For t' > 0 and O < ¢ < ¢’ small enough, by the condition
(P1), Lemma 2.1, Holder inequality and the equi-continuity of T(t) (¢ > 0), we know that

- ;s S\y g Sy pp
IBsla < [ IIT(E" =€+ 3) = T(IATCOHF(E - 5, x(¢' = 5)) |ds
0
,
" ! S S (0% S ! A
+ [T =€+ 2) = TCA TG ~ s, x(¢' =5))|ds
<2 [ AT - s,x(¢ - 5))|ds
0
,
+osup |T(¢ ¢+ 2)-T()| [ A TCHF(E -, x(¢' - 5))|ds
sefe,t'] 2 2 J 2
1-g \19/e\1-oq v g S S
< 2Ma(=2) (3) Ionl 41+ SR IT( =17+ 5) = T()]
1-—q a0\ e\t
Mo(omg) ((B) 7 () 7)) erlion
1-¢g 1-qe\1-a-q moog S S
< ZMa(m) (5) lerll 2 + sup |T(t" -t +§)—T(§)H

L4 ([0,a]) sefe,t']

1- 1eg  # o l—c—
Mo‘(pa?q) q(tz ") q||%0R||L%([o,a])
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>0ast' -t >0ande— 0.

As aresult, | (Qu)(t”") - (Qu)(t')|« — 0 independently of u € Dg as t"" - t' - 0, which means that Q maps
Dy, into a family of equi-continuous functions.

It remains to prove that V(t) = {(Qu)(t) : u € Dr} is relatively compact in X. Obviously it is true in the
case t =0.Fix t € (0, a], foreach e € (0, t) and u € Dg, define

€

p t; t—
(Qeu)(t):ZciT(t)Bf T(t,~—s)f(s,x(s))ds+fT(t—s)f(s,x(s))ds
i=1 0 0
r i
- T(t)ZciB/ T(t; - s)f (s, x(s))ds
i=1 0

+T(¢) /_ T(t-s-e)f(s,x(s))ds.
0

The compactness of T(t) (t > 0) ensures that the sets Ve (t) = {(Qcu)(t) : u € Dg} are relatively compact in
Xa. Since

1(Qu)(®) - (Qa)(O) o < [ [T(¢=$)f(s,x(5)) |ads
< [ 1A T(t-9)f(s, x(s))ds

<f (P sy Pn(5)as

1- 1-q 1 __
: M“(ﬁ) <Rl o,
for every u € Dg. Therefore, there are relatively compact sets V. (t) arbitrarily close to V(t) for t > 0. Hence,
V(t) is also relatively compact in X,, for ¢ > 0.

Thus, the Ascoli-Arzela theorem guarantees that Q : D — Dg is a completely continuous operator.
According to the famous Schauder’s fixed point theorem we know that the operator Q has at least one fixed
pointu € Dg, and this fixed point is the desired mild solution of the problem (1)-(2) on C(J, X ). This completes
the proof. O

If we replace the condition (P;) by the following condition:
1
(P,)The function f : J x X™*! - X is Carathéodory continuous and there exist a function ¢ ¢ L7 (J,R")
(g € [0,1 - )) and a nondecreasing continuous function ¢ : R* — R* such that

m
£ (s oy ur, -+, wm)| < @)% ( Y i)
j=0
foralluje C(J,Xa),j=0,1,2,--,m,and t € ],

then we have the following existence result.

Theorem 3.2. Assume that the hypotheses (Py) and (P,) are satisfied. Then the problem (1)-(2) has at least one
mild solution on C(J, X, ) provided that there exists a positive constant R such that

¢ 1 <R. 27)

a ™ y((m + 1)R)Ma( 1-¢g )1*4‘
L7 ([0,a])

p 1-—a-
1-% [cif q
i=1
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Proof. From the proof of Theorem 3.1, we know that the mild solution of the problem (1)-(2) is equivalent to
the fixed point of the operator Q defined by (24). In what follows, we prove that there exists a positive constant
R such that the operator Q maps the set Dy to itself. For any u; € Dg,j =0,1,2,---,m, and t € ], by (8), (14),
(24), (27), the hypothesis (P,) and Holder inequality, we have

[(Qu)(®)]a

IA

Hicm)B f T(ti-)f (s, x(s))ds| + [ JAT(e=5)f(s,x(5))[ds
i= 0 0

=

zlal s HRM.

. (a4
1-$lels E9)
i=1

p
’([)((m + 1)R)Ma Z |Ci| £ o 1- i 1
([ @-9)Tias) ([ s (s)as)”
1= 2 e 0 0

f ((m+ 1)R)Ma
(t-s)~

<

o(s)ds + o(s)ds
0

IA

+¢((m+1)R)Ma([(t-s)ﬁds)l_q([qsi(s)ds)q
0 0

q
l¢ll 1

La([0,a])

IN

a ™ %y((m+1)R)M, ( 1-¢q )1—
p 1-a-—
1- % | @4
i=1
< R,

which implies Q(Dg) c Dg. By adopting a completely similar method which used in the proof of Theorem 3.1,
we can prove that the problem (1)-(2) has at least one mild solution on C(J, X, ). This completes the proof. [J

Similarly to Theorem 3.2, we have the following result.

Corollary 3.3. Assume that the hypotheses (Po) and (P,) are satisfied. Then the problem (1)-(2) has at least
one mild solution on C(J, X)) provided that

(28)

p
1-3 ¢

.. c((m+1)r) ,-;1"' 1-q \da-1

liminf r—— ) .

ke r a qM”‘”qﬁHﬁ[OaJ 1-a-q

4 The regularity of solutions

In this section, we discuss the existence of strong solutions for the problem (1)-(2), that is, we shall provide
conditions to allow the differential for mild solutions of the problem (1)-(2). To do this, we need the following
lemma:

Lemma 4.1 ([12]). If X is a reflexive Banach space, then X, is also a reflexive Banach space.

Theorem 4.2. Let X be a reflexive Banach space. If there exists o € (a, 1), such that the hypothesis (Po),
(P )there exists a positive constant L, such that for any t”, t' € ] and x;, yj € Xa,j =0,1,2, -, m,

— ’ m
F(E" X0, X1, w0 Xin) = £ (' yo, v, ooy y) | S L(IE" = €197+ 3 x5 = ¥
j=0

(P4)There exist constants l; > 0,j = 1,2, ---, m, such that forany t’, t' € ],
j

a;(t") - a;(¢)| < Lt =), j=1,2,-,m,
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(Ps)i"l_f_zaM“ (1 + rznj l]‘-)‘/’“) <1,
j=1
hold, then the problem (1)-(2) has a strong solution.

Proof. Let Q be the operator defined in the proof of Theorem 3.1. By the conditions (Po), (P3) and (Ps), one
can use the same argument as in the proof of Theorem 3.1 to deduce that there exists a constant R > 0, such
that Q(Dg) c Dg. For this R, consider the set

D={uecC(,Xa): |ula <R [u(t")—u(t)a <L*|t" —t|%" ", ¢ cJ, |t - | <1} (29)

for some L* large enough. It is clear that D is a convex, closed and nonempty set. We shall prove that Q has
afixed pointon D. Foranyu e Dand t/,t" € J,0 < t” —t' < 1, we have

(Qu)(E") - Q)] | (TW) - T(E)) Y B [ (6~ 5)f (s, x(s))ds]
i=1 0 @

.
+| Of T(s)(f(t" =5, x(t" = 5)) = f(t' = s, x(t' - 5)))‘15“& (30)

vt

+| f T(t"—s)f(s,x(s))dsHa
0
=I1 + I, + I5.

By (8), (30), Lemma 2.1 and the condition (P3), we know that
" A P ti
LTy - 1) Y B [ T(ti-)f (s, x(s))ds]
i=1 o @
- o
|z (r” -ty -pae —a>zc,~BfA“ T(t; - 5)f(s, x(s))ds|
i=1 0

t.
’ ’ p ! 4
<Cor ot =) —“\\ZciBan T(t; - 5)f(s, x(s))ds|
oo (31)
’ b
Ca’—a Z |Ci| ti , ,
e [ M- ) s, x5 ds - (¢ - €)Y
17'21|Ci| 0

@ MarCry, 3 cil{T(a+ (1 + m)R) + |£(0, 0]} ,
< i=1 > (t// _ t/)a —a'
(1-an(1- S leil)
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According to the assumptions (P5) and (P4), Lemma 2.1, (29) and (30), we have

.
Iz:HfT(S)[f(t"—s,x(t"—s))—f(t’—s,x(t'—S))]dsHa
0

:HfA“T(s)(f(t”—s,x(t”-s))—f(t’-s,x(t’-s)))dsH
0

.
gMafs*“nf(t”-s,x(t"—s))-f(t’—s,x(t’-s))uds
0
.
ngafs_“(\t"—t'\a’_a+Hu(t"—s)—u(t'—s)Ha

0 32)
n " 7
+ 3 Jula(t” - 5)) - u(a;(t' - )]« )ds
j=1
t(
SZMQ [ s—oc(‘tn _ t,‘a —a +L*|t” _ tl|a e
0
U * " ’ o' —a
+ > L¥a;(t" - s) - a;(t' - s)| )ds
j=1
1-a7 ’ m 7 ’
Sa - _LMa [|t” _ t/|a - L*(l + z; lja —a)|tu _ t/|a —a].
j=
Using the condition (P5), Lemma 2.1, (30) and (29), we get that
't _
b=| [ AT - s)fs, x(s)as| < MelH@ QW OO v _pperce 53
-
0
Thus, from (30)-(33) we get that
1-a7 m
" / «[a LMa ’_ " o' —
[(Qu)(t") - (Qu)(£)]a < {Ko (e “)]}v — e, (34)
“a =t

where Kj is a constant independent of L*. Since the condition (Ps) implies that

1-aT m ’
|G 1 _Lfa (1 +};l? _O‘) <1,
then )
[(Qu)(t") = (Qu)(t) o < L¥|t" = €/]* 77,
whenever s Ko
T 1-K*

Therefore, Q has a fixed point u which is a mild solution of the problem (1)-(2). By the above calculation, we
see that for this u(-) and the following function

t

F(t) ::/T(t—s)f(s,x(s))ds

0

are Holder continuous. Since the space X, is reflexive by assumption and Lemma 4.1, u(-) is almost every-
where differentiable on (0, a] and u’(-) € L*(J, X). A similar argument shows that F also have this property.
Furthermore, we can obtain that

F(t) = f(t,x(£)) - A / T(t - $)f (s, x(s))ds. (35)
0
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Therefore, by (35) we get for almost all ¢ € J that

%u(t) - %(iciT(t)Bf T(ti—s)f(s,x(s))ds+fT(t—s)f(s,x(s))ds)
i=1 0
- (chT(t)Bf T(t - $)f (s, x(s))ds)
+f(t,x(t))—A/T(t—s)f(s,x(s))ds
0

= —Au(t) +f(t,x(t)).
This shows that u is a strong solution of the problem (1)-(2). This completes the proof. O
5 Example

In this section we apply some of the results established in this paper to the following first order parabolic
partial differential equation with homogeneous Dirichlet boundary condition and nonlocal initial condition

%W(X, t) - aa—;w(x, t) =f(x, t,w(x,t), %w(x, t),w(x,ai(t)), %w(x, ai(t))),
(x,t) e [0, m] x],

w(0,t) =w(m,t)=0, te], (36)

w(x,0) = Z arctan s5w(x, i), xe[0,n],
i=1
where the functions f and a; will be described below.
Set X = L*([0, ], R) with the norm | - ||;-. Then X is reflexive Banach space. Define an operator 4 in
reflexive Banach space X by

2

D(A) = W>*(0,7) n Wg*(0,7), Au= —%u.

From [13] we know that —A generates a strong continuous semigroup T(t) (t > 0), which is compact, analytic
and exponentially stable in X. Furthermore, A has discrete spectrum with eigenvalues x, = n’,n e N,
associated normalized eigenvectors e, (x) = \/g sin(nx). Then the following properties hold:

(@) IfueD(A), then

oo
Z (u, en)e

(b) Foreachu e X,

N\r—-

:\H

In particular, [A~2| = 1. Hence, it follows that HA*1 | <1.
(c) The operator A is given by

uenn

A7 = Z u, en)e
on the space D(A%) ={u(-) X, § n(u, en)en € X}.
n=1

To prove the main result of this section, we need the following lemma.
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Lemma 5.1 ([14]). Ifu € D(A?), then u is absolutely continuous with u’ € X and [ulz = HA% ul|zz.

According to Lemma 5.1, we can define the Banach space X, = (D(A% ), |- |l1)- Then for u € X1, we have
2 2 2

1
Julls = A2 ulr = |u'] .

We assume that the nonlinear function g satisfies the following assumption:
(Ps)The function g : [0,7] x ] x R* — R is continuous and there is a function h ¢ L>(J,R) such that
lg(x,t,¢, & m, p)| < h(t),forteJand ¢, &, n, peR.

ForeachteJandu ¢ X% , we define

a=—, m=1, u(t) =w(,t),

f(tu(t), u(as(t)))(x) = g(x, t,w(x, t), W(X t), w(x, a:(t)), W(X ai(t))),
ci = Zarctan 2—11_2, ti=i,i=1,2,,p.

Thenf:[0,1] x X 1 X X 1= X, and the parabolic partial differential equation with homogeneous Dirichlet
boundary cond1t10n and nonlocal initial conditions (36) can be rewritten into the abstract form of problem

(1)-(2) for m = 1. Since Z lci| < Z arctan T <1, the condition (Py) is satisfied. Below we will verify that
i=1

f satisfies the condition (P,). In fact it follows from assumption (Pg) that

Il
sup [f(¢ u(t), u(ai(t)))| <h(t) and 1;m+infM

lull L <r
2

=0 < +oo.

Therefore, Theorem 3.1 ensures the following existence result.

Theorem 5.2. If the nonlinear function g satisfies the assumption (Pg), then the parabolic partial differential
equation with homogeneous Dirichlet boundary condition and nonlocal initial conditions (36) has at least one
mild solution.

In order to obtain the existence of strong solutions to the parabolic partial differential equation with homoge-
neous Dirichlet boundary condition and nonlocal initial conditions (36), the following assumptions are also
needed.

(P7) Thefunctiong: [0, 7] xJxR* - R is continuous and there is constant L > 0 and o’ € (a, 1) such that
‘g(X, t”; 4.2’ 521 2, PZ) - g(X, t,) (1: 51, mn, Pl)|
<L =177 +1G = Gl + 12 = &l + [n2 = m1 + o2 = pal)s

(Pg) There exist constants I; > O such that

/i

lai (t") —ar ()| < L|t" -], for ', ¢ €].
For each ¢j, ¢j, € X1,j=1,2and t', t" € J, we have
2

IF (", 2, 02) = F(E', b1,91) | 12

s

17 1 a 1 1 a 1
= [ [ (sCat" 0200 6), 50200, ), (7). 5020, €))

0

8060106, 8", 2106 1), vn 06, ), (3, ¢7))) ]
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r " na'-a " ’ 0 7 ) ’
< [/L2(|t — Y + g (x, t )—¢1(X,t)|+|$¢2(X,t )—&¢2(X,t)|
0

a0 ) =10 )]+ | a0t = L, )]) ]
L(VAlt" =177 + 62 = 112 + [ (62 = 1) [

w2 =l + (W2 = 1)1z

L(Valt" = €1 + (62 = 61)' 12

(@2 = 61) 2 + (2 = 1) 12 + | (82 = 1) 12

< 2L(JE" =177 + g2 = dall 1 + w2 =] 1).

IA

IN

Hence (P5) holds with L = 2L. Therefore, it from Theorem 4.2, we have the following result.

Theorem 5.3. If the assumptions (P;) and (Pg) are satisfied, then the parabolic partial differential equation
with homogeneous Dirichlet boundary condition and nonlocal initial conditions (36) has a strong solution
solution provided that 4a1/2LMa(1 +1 _1/2) <1.
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