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Abstract: Consider the first-order linear differential equation with several retarded arguments

X0+ pelOx(1i(8) = 0, ¢ to,

k=1
where the functions py, 7x € C([to,o), R"), 7, (t) < t for t > to and lim.., T (t) = oo, foreveryk =1,2,...,n.
Oscillation conditions which essentially improve known results in the literature are established. An example
illustrating the results is given.
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1 Introduction

This paper is concerned with the oscillation of the first order differential equation with several delays of the
form
n
X+ peOx(m(®) =0,  t=to, @)
k=1

where py, T € C([to, o0), [0, =0)), such that 7, (t) < t and }Lf?fk(f) =00, k=1,2,...,n

Let Ty € [to, 00), T(t) = min{7,(t) : k = 1,...,n} and 7(_)(t) = inf{7(s) : s > t}. By a solution of Eq. (1)
we understand a function x € C([to, o), R) continuously differentiable on [r(_,(To), o) which satisfies (1)
fort > T(_l)(To). Such a solution is called oscillatory if it has arbitrarily large zeros, and otherwise it is called
nonoscillatory.

We assume throughout this work that there exist t; > to, a family of nondecreasing continuous functions
{gx(0)};.; and a nondecreasing continuous function g(¢) such that

T zg®)<gl®)st, t=2t;, k=1,2,...,n.

To simplify the notations, we denote by A(¢) the smaller root of the equation e®* = A, ¢ > 0 and

(@) - 1‘5‘V;‘2£‘§2, 0<fs .
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Next, we mention some known oscillation criteria for Eq. (1).
In the case that the arguments 7,(t) are monotone the following sufficient oscillation conditions have
been established. In 1978, Ladde [1] and in 1982 Ladas and Stavroulakis [2] obtained the sufficient oscillatory

criterion
t

lim inf /
t>oo

Tmax(t) k=

n

pu()ds > <,
1

where Tmax(t) = {nlax{rk(t)}.
<K<n
In 1984, Hunt and Yorke [3] established the condition

n
. 1
hfgglf ;pk(t)(t - 1,(8) > =

where (t — 14(t)) < 1o, forsome 79 >0, 1 < k< n.

Also, in 1984, Fukagai and Kusano [4] established the following result.

Assume that there is a continuous nondecreasing function t"(t) such that 7, (t) s T () s tfort = to, 1 < k <
n. If

t n
.. 1
ll{g:onf/ E pi(s)ds > - )

k=1
()

then all solutions of Eq.(1) oscillate. If, on the other hand, there exists a continuous nondecreasing function t«(t)

such that T+(t) < T, (t) for t = to, 1 < k < n, limys., T+(t) = oo and for all sufficiently large ¢,

t

. 1
/ > _pils)ds < -,
T+(t) k=1

then Eq.(1) has a non-oscillatory solution.
In 2003, Grammatikopoulos, Koplatadze and Stavroulakis [5] improved the above results as follows:
Assume that the functions 1) are nondecreasing for allk € {1, ..., n},

/|pi(t) —p,-(t)| dt < +oo, i,j=1,...,n,
0

and

t
li?})inf / pi(s)ds >0, k=1,...,n.

71 (6)

If
n ¢ 1
liminf =
Z im in / pi(s)ds | > =
k=1 (0
then all solutions of Eq. (1) oscillate.
In the case of non-monotone arguments we mention the following known oscillation results. In 2015

Infante, Koplatadze and Stavroulakis [6] obtained the following sufficient oscillation conditions:

Sl

t>oo

n n & U o n ]
lim sup H H/pi(s)exp</2pk(u)exp( / ZP@(V)dV)le)ds >%,
j=1

g () k1 nw 1 i
and -
n n t gi(t) n n 1
limsup [limsu / i(s)ex / (Algr) — ©)pr(w)du | ds >, 3)
msup |lim sup 111 g pi(s)exp | ; 1) - €)pi i
TilS

gj(t)
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where
qx = lirtginf / pr(s)ds >0, k=1,2,..,n.

7i(8)

Also, in 2015 Koplatadze [7] derived the following three conditions. The first one takes the form

&ilt) , 1
11msupH H/pi(s)exp <n/ (Hpg(.:”)) Il)k(f)df>ds >1n< Hc(ﬁ))

t>o0
=L g r(s) M1

where k € Nand

lpl(t):()’ l/)l(t) = exp Z / (pr(s)> l/)l 1(S) ’ i:2, 33---)

k=1,
and
Bi =1iItI_l>il’1f /pi(s)ds, i=1,2,...,n.

gi(t)

The second condition is

1
n

t

t>o0 -

g ©® 7i(s) =1

where € ¢ (0, A(p+)), and

n Lo/ W
_ .. 1
0 < p» := hrtr_1>i°nf E / (sz(S)) ds < T

=17 M-l
The third condition is
t gi(t) "
hmsupH 11 [r | (HW(f)) déds| >0,
=1 [ Hlgio n(s) 1
and p- > %.

In 2016, Braverman, Chatzarakis and Stavroulakis [8] obtained the sufficient condition

t

timsup [ 5 pilua (o), Ti0)du > 1,

(o) i=1

where
h(t) = Ilnaxhi(t), and h;(t) = supTti(s), i=1,2,...,n,
<1<h

tossst

t n
a(t, s) = exp {/Zpi(u)du} :
s i=1

t n
ar(t,s) = exp {/Zpi(u)ar(u, Ti(u))du} , reN.
s i=1

and

8i(0) n
lim sup H H / pi(s) exp (n(/\(p'*) -¢) / <Hpe(£)> d«f) > % (1 - Hdﬁz)) ,
-1

(4)

)

(6)

7)
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Also, in 2016 Akca, Chatzarakis and Stavroulakis [9] obtained the sufficient condition

{ n
. 1 +1In(A(a))
timsup [ > pituar i), riw)du > L0, ®)
i=1
h(®)
where
t n 1
O<a:= ligr_l)eicnf / Zp,-(s)ds <5
Tmax(6) 1
2 Main results
To obtain our main results we need the following lemmas:
Lemma 2.1 ([6]). Let x(t) be an eventually positive solution of Eq. (1). Then
..o x(T(t
llrgienf xé(t())) >AMqy), k=1,2,...,n,
where q is defined by (4).
Lemma 2.2 ([10]). Assume that
t
lim inf /P(s)ds =a,
o0
8
and x(t) is an eventually positive solution of the first order delay differential inequality
x (£) + P(t)x(g(t)) <0, t=tq,
where P € C([t1, 00), [0, 0)).If0 < a” < 1, then
.. X(t) *
liminf ——— >c(a).
A E
Theorem 2.3. Assume that t
n
— 1
p = hr[r_l)ionf /Zpk(s)ds, 0<pcs >
go *1
and
t
lim sup (/Q(v)dv+ c(p)ef;w > pi(S)ds) 51, ©)
t>oo
]
where

t
n n t n 8k () —n
QO =33 pi0) [ pulsjeiio PO B reitgs,

k=1 i=1 (6

and € € (0, A(p)). Then all solutions of Eq.(1) are oscillatory.

Proof. Assume the contrary, i.e., there exists a nonoscillatory solution x(t) of (1). Because of the linearity
of (1), we assume that x(t) is eventually positive. Therefore, there exists a sufficiently large t, > t; such that
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x(ti(t)) > 0, forall t > t, k = 1, 2, ..., n. Thus, equation (1) implies that x(t) is nonincreasing for all ¢ > ¢,.
Integrating (1) from 7;(¢) to t, we obtain

n t

X&) = x(T(0) + > / pi(s)x(ti(s))ds = 0. (10)

k=1ri(t)

Also, dividing (1) by x(t) and integrating the resulting equation from 7,(s) to g,(t), we get

2k (D) <—n x(Tp(w)
x(1(s)) = X(gk(t))ef’k(” Ll PG5 d”.

Substituting this into (10),
n

t
(6 <~n x(tp ()
x(t) - x(ri(0) + Y x(gi(0) / pi(s)eli T WS dugs o
k=1

7i(0)

Multiplying the above equation by p;(t), and taking the sum over i, it follows that

t
’ n n n S < .
X (O +x(0) Zp,-(t) * Zx(gk(t)) Zpi(f) / pk(s)effkk(s) Siap) g du go o
o 1 )
The substitution y(t) = elio T PrOdsy(4) reduces this equation to
! - [ @ b1 Pels)ds - / RO )R g,
Y () + 3 y(gi()elno =i S p ) / pu(s)es Shpe P o (a)
k=1 i-1

7i(6)
which in turn, by integrating from g(t) to ¢, leads to

t

y(O) - y(g(0) + /

PONE

n n 14
v n 8xk(V) <—n x(tp (W)
)’(gk(V))ngk”) L PSS E pi(v) /Pk(S)eka“) i PTG G0 gy — .
1

=1 7i(v)

Hence, the nonincreasing nature of y(t) implies that

ron v n n r k) x(rpw)
y(8) - y(g(t) + y(g(t)) / 3 el ZEarOE S () / pr(s)elio PTG o gy <0, (12)

gl K1 =1 7i(v)

for all t > t; and some t5 > ¢,.
On the other hand, using the nonincreasing nature of x(t), equation (1) implies that

x (8) + x(g(0) zn:pk(t) <0, forallt=>ts. (13)
k=1

Therefore, from [11, Lemma 2.1.2], we obtain lim inf;.. X(g%)) 2 A(p). Thus, for sufficiently small € > 0, we have

x(
x(t,(0) | x(g(8)
x(®) — x(d)

for some t;4 > t3. This together with (12) implies that

>Ap)-€, forallt=t,,1<l<n, (14)

! n n p ) <—n
y() - y(g(®) + y(g(t) / Y ela X POEN" L () / pils)e PO Sl R P g gy < o

gty K1 =1 7i(v)
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forall t > ts5, where t5 > t4. That is

gx(v)

/Zefgk v) i1 pe(s)ds Zpl(v) / P (s)e(}l (p)-¢€) ka(SJ e 1Pl(u)duds dve<1- )/(t) (15)
= YO

gt 7i(v)

forall ¢ = t5. Also, in view of Lemma 2.2, for sufficiently small €* > 0 and some t¢ > t5, inequality (13) leads to

x(t)

>clp)-€", forallt>tq.
<)~ ® ¢

Therefore,

& x(t) ef () 2aiz Pi(s)ds
y(g(®)  x(g(6)

> (c(p) - e*) eleo 2 PiS)s - forall t > t.

Combining this inequality with (15), it follows that

t
/ Qv)dv<1- (C(p) - e”) elsto Thpis - forall ¢ > tq.
80
Then

lim sup / Q(v)dv + C(p)e'/;“) ok pils)ds <1+¢ lim sup e_/;“) pDH Pi(s)ds. (16)
t>o0 t>oo
®

Notice that, by integrating (13) from g(¢) to t and using the nonincreasing nature of x(t), we obtain

t

- x(t)
Zpk(s)ds <1- XGO) <1, forallt=ts.
go *1
Now, letting € - 0 in (16), we arrive at a contradiction with (9). The proof is complete. O

Remark 2.4. Theorem 2.3 is proved using the core idea of the proof of [12, Theorem 2.1] which is given for
Equation (1) when n = 1. However, Theorem 2.3 produces a new oscillation criterion even for equations with
only one non-monotone delay.

Using Lemma 2.1 instead of [11, Lemma 2.1.2], similar reasoning as in the proof of Theorem 2.3 implies the
following result:

Theorem 2.5. Assume that

t
lim sup ( / Qi(V)dv + c(p)elsv zzllms)ds) .1,
t>oo
g

where

nn O <n
Q.(t) = Z Zpi(t) / pk(s)e gk () 2ajer iV, /Ti"(s[) Zz=1(/1(qz)—ez)pz(u)duds,

k=1 i=1 (0

qe is defined by (4), p is defined as in Theorem 2.3 and €, € (0, A(q,)). Then all solutions of Equation (1) oscillate.

Theorem 2.6. Assume that

EIEN

n n ¢

limsup | ] H/Rk(s)ds H" ;:(ﬁk) her Jeo i s | %
t>oo =1 kzlg]_(t)
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where By is defined by (5) with 0 < By < < and

i) = el S0 S ) / pila)e P o i gy,

=1 7i(s)

p is defined as in Theorem 2.3 and € € (0, A(p)). Then all solutions of Equation (1) oscillate.

Proof. Let x(t) be a nonoscillatory solution of (1). As usual, we assume that x(t) is an eventually positive
solution. Substituting (14) into (11), we obtain

t

0]
y O+ Zy (g(B))elaun 5 PSS ZP ) / pi(s)e®? Sl T P g 0,

i=1 ()

forall t > t, and some t, > t; where € € (0, A(p)) and y(t) = el i pe)ds

using the nonincreasing nature of y(t), we obtain

x(t). Integrating from g;(¢) to t and

y(6) - y(g;(6) + Zy(gk(t)) / Ri(s)ds <0, forallt=ts,

k=1 gi(®

and some t3 > t,. Using the relation between arithmetic and geometric mean, it follows that

1

n n n t
y(g;(t))zn(Hy(gk(t))> 11 / Ri)ds | +y(©, foralltsts.

k=1 kzlg,-(t)

Sl

Taking the product on both sides,

n n n n t
(Hy(g;(t))> >n" <Hy(gk(t))> 11 / R(s)ds | +y(®)", forallt=ts.
k=1 j

j=1

gj(t)
Therefore, 1
t n
n n
y@®" 1
H H Ri(s)ds | + ——3———==<—, forallt=t;. 17)
=1\ k=1 n" [T, v(ge(®) no

Since y(t) = el Xt Pe)dsy(4) then

y(t)n — eZL fgtk([) 22:1 pel(s)ds X(t)n .
[Tr-1 Y(&i(0) [T x(gi(1)
Substituting in (17),
n n ¢ " n ¢ n X(t)n 1
H H Ri(s)ds | + ekt Sy X Pe(5)ds < forallt = t;. (18)
i1\ k1 n" (TTi-y x(gi(6))

On the other hand, the nonincreasing nature of x(t) and (1) imply that
x (t) + pr(Ox(gr() <0, forallt>t;, k=1,2,...,n, (19)

and hence, by Lemma 2.2, it follows that

ITx cht()gk ) Hc(ﬂk) e’, forallt>t,
k=1
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for some t, = t; and sufficiently small €” > 0. This together with (18) leads to

t n
n n n . -
H H Ri(s)ds | + [Tt (B C(ﬁ")ez’n‘=1 S0 Xiape@as o 1€ S o Lt eSS,
i=1 \ k=1 nt nt nt
i1\ ke
gj(t)

forall t = t,. Consequently,

n n
H Ri(s)ds | + [Tier B C(Bk)ezzzl Joyto Tiea pels)ds

lim sup o

n
t>oo . =
=1 k_lgj(t)

*

- 1 € li
_—+ﬁ imsup e

- Zﬁzl fgtk([) 22:1 pe(s)ds . (20)
n t>oo

On the other hand, integrating (1) from g;(t) to t, we get

t

x(8) - x(g (1)) + / SO X(rs)pe(s)ds =0, k=1,2,...,n,

gk(6) =1

Then, using the nonincreasing nature of x(t), we obtain
t n
Zpg(s)ds < % -1, forallt=t;, k=1,2,...,n.
8k(t) =1

But applying Lemma 2.2 to (19), we obtain

lim sup x(gi(®)

+oo, k=1,2,...,n.
t>oo X(t)

ke fg[k([) 320-1 be(s)ds

Therefore, e is bounded. Now, allowing € > 0 in (20), it follows that

1

n n t § n
C n t n
lirgsup H H Ri(s)ds | + Hk%n(m)ezk:l S X pe®ds | _ %
j=1 k=lgi(f)
This contradiction completes the proof. O

The following example shows that Theorem 2.3 can be applied but conditions (2), (3) and (6) fail to apply as
well as (8) when r = 1.

Example 2.7. Consider the first order delay differential equation

x (8) + a(b + sin(t))x (t - g) +a(b + cos(t))x (7(t)) = 0, t=0, (21
_ 04 _
where a = IRETEL b=1.784 and
=)= t- T _ gsin? -1
()=t 5 —osin (300t), o 5o
Clearly
t—g—asf(t)st—g.
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Fig.1

The graph of T (t)
gyl
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Equation (21) has the form (1) with p1(t) = a(b + sin(t)), p2(t) = a(b + cos(t)), 71(t) = t - § and 1,(t) =
t-%- 0'sin?(300t). Therefore, we can choose g1(t) = g-(t) = g(t) = t - % and € = 0.001. Then

/ Zpk(s)ds = abm + 2asin(t).
g ¥

Consequently,
p= hmlnf/Zpk(s)ds—abn 2a ~ 0.2891659465,
g k=1
—p-+/1-2p-p2
clp) = LoP=VIZ20 707 06470619, and A(p) - € ~ 1.577422807.

2
Let I(t) = fgt(t) Q(v)dv + C(P)efg[‘” ELp)ds Then the property that e* > ex for x = 0 leads to

8w ,
I(t) > e /sz(V)/Zpk(s) /Zpé(s)ds*' (Ap)-€ /sz(u)du ds dv
IR () g g(s) 1

+C(p)ef§m Ly pils)ds
Now, using Maple, we get

I(t) = 0.49727 + 0.0029516 sin(t) cos>(t) + 0.27514 sin(t) — 0.23059 cos(t)
—0.015664 cos?(t) - 0.083083 cos(t) sin(t) + 0.0037423 cos>(t)
+O.10144e0.16044sin(t).

Choose T) = 2 + 2nk, then
I(Ty) = 1.0019>1, forallk € N,

which means that

t
lim sup (/Q(v)dv+ C(p)efgt(t) Zilpi(s)ds) s 1.
t>oo
g(t)
That is, condition (9) of Theorem 2.3 is satisfied and therefore all solutions of Eq. (21) oscillate.
We will show, however, that none of the conditions (2), (3), (6), and (8) (with r = 1) is satisfied. Indeed,

notice that
2

t 2 t
/ ZPk(S / pi(s)ds = abm + 2asin(t).

Fo k=1 o ket
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Hence,

L
lim inf / kz;pk(s)ds < abm - 2a ~0.2891659465
() 7

<

@

On the other hand, since h(t) = g(t), p;(t) < a(b + 1) for i = 1, 2, where h(t) is defined by (7), we have

n

gs) , 53

2 2
a(h(s), 7:(s)) = exp / > " pi(u)du | <exp / > pilw)du
s 1 g
< exp / 2a(b + 1)du | = exp(2a(b + 1)0).
-To

Therefore,

t ¢
Zpi(s)al(h(s), 7;(s))ds < / a(b + sin(s) + b + cos(s)) exp (2a(b + 1)o) ds
he =1 -1
t t t
= / 2abds + / asin(s)ds + / acos(s)ds | exp (2a(b + 1)0)
-1 I T
= [abmt + 2asin(t)] exp (2a(b + 1)0) < (abm + 2a)exp (2a(b + 1)0)
< 0.61188.

Since A(p) =~ 1.578422807, then
1 +1n(A(p))
Alp)
Therefore, none of conditions (2) and (8) (with r = 1) is satisfied.
Also, since

>0.92.

t

a(b + sin(s))ds = @ + a(sin(6) - cos(D)),
g(t)
and

t t
/a(b + cos(s))ds < / a(b + cos(s))ds
(6) t-2-0

t-

2 t
<alb+1) / ds + / a(b + cos(s))ds

t-%-0 t-%

=ao(b+1)+ ab%n + a(cos(t) + sin(t)).

Then, q; = % -av2andq; < ’“’T" - av2 + ao(b + 1), where q; is defined by (4), i=1,2. Therefore, A(q1) ~
1.134680932 and A(g;) ~ 1.136881841. Let

1

2 2

t 8i(®) 5 2
L®O=1T 1 / pi(s)exp< / Z(A(qk)—e)pk(u)du> ds| .

=L Flgie 7i(s) K1
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Then

2 2t i) ,
Lo <[ 1] / pi(s) exp (/t(qz) / sz(u)du> ds
Ul A ) ri(s)

- , . %
H / pi(s)exp <2a/1(q2)(1 +b)(t-s+ 0)) ds
L =g

t
/ pi(s) exp <2a)l(q2)(1 +b)(t-s+ a)> ds

n
{(-5-0

—.

~.
[
-

:]N

]
[uN

s
_ ot

2
H / a(b +1)exp <2a}t(q2)(1 +b)(t-s+ 0)) ds

i=1 L
t-3-0

IN

t
+ /pl-(s) exp <2a/1(q2)(1 +b)(t-s+ 0)) ds}

n

~ 0.1363159006 + 0.08561813338sin(t) - 0.00925235722 cos(t)
-0.02983977134 cos*(t) — 0.00652549885 sin(t) cos(t) < 0.23771189 < %

Therefore, lim sup (lim SUP¢seo | 1(t)) < %, which implies that condition (3) is not satisfied.
€>0"
Finally, since

t 2 t o

i/ (ﬁm(s))ldw > %/sz(S)ds

o AN O R

t 2 t )
1 1
<5 / Zp,(s)ds+ 5 ZPI(S)dS
t-Z I=1 -1 g =1
) t ) =7, ,
- 5/2P1(s)ds+5 / sz(s)d5+/2p,(s)ds
(o 1=l t-2-0 L
2 -3
> pils)ds + / a(b +1)ds
-z b1 t-2-0

2
Zpl(s)ds +ao(b + 1),

-1

then

2 Lo/ 7
pl:hggle/ (le(s)> ds

i=1 i(6) =1

< abm-2a+aoc(b+1)<0.2906549 < %.

Therefore, condition (6) fails to apply.
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