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1 Introduction: The semi-direct product of Virasoro algebra with
the Kac—Moody algebra

This paper is a continuation of the paper [1] where we studied bi-Hamiltonian systems associated to the three-
cocycle extension of the algebra of diffeomorphisms on a circle. In this note we show that certain natural
problems (classification of Verma modules, classification of coadjoint orbits, determination of Casimir func-
tions) [2-5] for the central extensions of the Lie algebra Vect(S') x £G reduce to the equivalent problems for
Virasoro and affine Kac-Moody algebras (which are central extensions of Vect(S') and LG respectively). Let
G be a Lie group and G its Lie algebra. The group Diff (S') of diffeomorphisms of the circle is included in the
group of automorphisms of the Loop group LG of smooth maps from S* to G. For any pairs (¢, ¢) € Diff (S*)?
and (g, h) e LG* the composition law of the group Diff (S*) x £G is

(¢,@)- (¥, b) = (¢ov,abog™).

The Lie algebra of Diff (S*) x LG is the semi-direct product Vect(S')x LG of the Lie algebras Vect(S') and £G.

Let G be a Lie algebra and (., .) a non-degenerated invariant bilinear form. Vect(S') is the Lie algebra
of vector fields on the circle and £G the loop algebra (i.e., the Lie algebra of smooth maps from S'to §),
Vect(S')c is the Lie algebra over C generated by the elements Ly, n € Z with the relations

[Lm, Ln] = (n - m)LrH_m.

We denote by LG the Lie algebra over C generated by the elements gn, n € Z,g € G where (\g + ph)y is
identified with A\gn + ph, with the relations

(gn> hm] = (&, h]n+m.
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The semi-direct product of Vect(S') with LG is as a vector space isomorphic to C*(S*,R) ® C*(S*, G) [6].
The Lie bracket of SU/(G) has the form

[(u,a), (v,b)] = ([.,0r.]u®v,va' —ub" +[a, b]),

for any (u,v) € C*(S',R)? and any (a, b) € C*(S', G)?, where prime denote derivative with respect to a
coordinate on S'. The Lie algebra Vect(S') x £G can be extended with a universal central extension Si/(G)
by a two-dimensional vector space. Let us denote by 7 (u) = [, u. Two independent cocycles are given by

wrir((u, @), (v, b)) =T ("),  wr-m((u, @), (v,b)) =T ((d’, b)).

We denote by (u, a, x, a) the elements of SU/(G) with u € C(S',R),a € C*(S',G) and (x, @) € R*. The
algebra SU(G) can be also represented as the semi-direct product of Virasoro algebra on the affine Kac-
Moody algebra. We denote by cy;, and cg_y the elements (0,0, 1,0) and (0, 0, 0, 1) respectively. If G = R,
then the Lie algebra Vect(S') x £R has a universal central extension S/(R) by a three-dimensional vector
space. The third independent cocycle is given by

wsp ((u,a), (v, b)) =T (ub” -va").

We denote by (u, a, x, a, 7, §) elements of SU/(R) with u € C*(S!,R), a € C(S',G), and (x, o, 7) € R.
The Lie bracket of SI/(R) is given by

[(u,a,¢,0,7), (v,b,&,8,8)] = (w' -u'v,[a,b] —ub" +va', 7 (u""v), T({d’, b)), T (ub” —va")).

In this paper we discuss a few questions. Let us mention the main results. First, in Section 2 we consider
Kirillov-Kostant Poisson brackets [7] of the regular dual of the semi-direct product of Virasoro Lie algebra
with the Affine Kac—Moody Lie algebra. Let us denote by SU/(G)’ the subset of SU(G) of elements (u, a, &, 3)
with non-vanishing 3. We denote by (Vggf(gl) ® LG)' the subset of VEEE(@) ® LG composed of elements
(u,a, ¢, ) with 8 # 0. Then introduce two new maps Z(u, a, £, 8) from SU(G)' to (Vect(S!) ® £G)', and
T(u, a,§, 3,v) from SU(G) to VEE(_§1) o LR. We prove that Z(u, a, &, 8) and f(u, a, &, 3,v) are Poisson
maps. In Section 3 we discuss coadjoint orbits and Casemir functions for S1/(G). Let  be a central extension
of a Lie algebra # and H be a Lie group with Lie algebra is . We find explicit form for the the coadjoint
actions of the groups Diff (§*) x LG and Diff (S') x LR’. As a result we obtain the following new theorem. We
prove that a coadjoint orbit of SU/(G) is mapped by Z to a coadjoint orbit of Ve’c_t\(_§1) ® LG to a coadjoint
orbits of VEEF(_§1) We prove that the map Z sends the coadjoint orbits of W ) to coadjoint orbits of
VEE(_§1) ® LG. Previously, we determined Casemir functions on W ) and m) We then prove new
propositions concerning the exlicit form of Casemir functions on SU(G ) and in particular on on SU (R)
This paper was partially inspired by the construction of bi-Hamiltonian systems as natural generalization
of the classical Korteweg-de Vries equation. [1, 8-11]. It has been showed in [1], that the dispersive water
waves system equation [9, 10, 12] is a bi—-Hamiltonian system related to the semi-direct product of a Kac—
Moody and Virasoro Lie algebras, and the hierarchy for this system was found. In Section 4 some results
of [1] are obtained from another point of view. We prove new proposition for pairwise commuting functions
under certain brackets. In section 5 we discuss properties of the universal enveloping algebra of SU/(G). In
subsection 5.1 we consider a decomposition of the enveloping algebra of a semi-direct product. We introduce
the notion of realizability of the action of K on H in,,, (). Then we show (Theorem 5.1) that the realizability
of the action of K in U,,,,, (#) leads to the isomorphism

uw;c,w;{ (IC X 7'[) ~ L{w,c,a(lC) ®Z’[WH (7'[)

In subsection 5.2 the case of SUc(G) is considered. In subsection 5.3 we discuss representations of SU(G).
We prove that positive energy representation V of Sl¢ (G) with non-vanishing 8Id-action of the cocyle cx_y
delivers a pair of commuting representations of Virasoro and affine Kac-Moody Lie algebras. This proposition
determines whether a Sic(G) Verma module is a sub-module of another Verma module of St{c(G). We also
prove a proposition regarding a linear form over f with non-vanishing A(ckx-y). In this paper we present
proofs for corresponding theorems and lemmas.
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2 The Kirillov-Kostant structure of SU/(G)

Now we consider Kirillov-Kostant Poisson brackets of the regular dual of the semi-direct product of Virasoro
Lie algebra with the Affine Kac-Moody Lie algebra. Let K be a Lie algebra with a non-degenerated bilinear
form (., .). A function f : £ - R s called regular at x € K if there exists an element Vf(x) such that

fx+ea) =f(x) + (Vf(x), a) + 0(e),

for any a € K. For two regular functions f,g : £ — R, we define the Kirillov-Kostant structure as a Poisson
structure on K with

{f,8} () = (x, [Vf(x), Vg(x)]).

Then for any e ¢ G, the second Poisson structure {f, g}, (x) compatible with the Kirillov-Kostant Poisson
structure is defined by

{f 8}t (x) = (e, [Vf(x), Vg()])-
A non-degenerated bilinear form on St/(G) and Vect(S!) @ LG is defined by
((u1, ai, f1,&1), (U2, az, B2, &2)) = f Uiy + f((h, a) +&1& + P1Ba.

St St

We denote by SU(G)' the subset of SU/(G) of elements (u, a, £, 3) with non-vanishing 3. Letu’ = u - % We

denote by (Vect(S1) ® £G)' the subset of Vect(S') ® £G composed of elements (u, a, ¢, 3) with 3 # 0. Let us
introduce a new map Z(u, a, ¢, 8) = (v, a, &, 8) from SU(G) to (Vect(Sl) @ LG)'. Then for non- vanlshmg
3, let us introduce another new map Z(u, a, ¢, 8,7) = (u Ba a4, €- T, ﬁ) from SU(G) to Vect(S') o LR.
Here we give a proof for the following new theorem:

Theorem 2.1. Z and 7 are Poisson maps.

Proof. For any regular function f(u, a, ¢, 3) from Vejc_t\(_S’ De LG to R let us define a regular function f from
SUG) toRby f(u,a,¢, 8) = f (v, a,&, B). For f(u, a, ¢, B) a function on SU(G) or (Vect(S!) ® LG), let
us denote by f,, the function of the variables a and 3 that we get when we fix u and &. Let us denote f, the
function of the variables u and £ that we get when we fix a and 3. With the previous notations, one has for
3 + 0 for the bracket {., .}V = {., .} 549

{f;?}U(u,a,éyﬁ):[{fu,gu}U+{fu;ga}U+{fa,gu}U+{fa,ga}U:I(u’ayfyﬂ),
and for the bracket {.,.}V*9 = {,, }Ve“(sl)@ﬁg we have

(f.8)"9(u,a,¢,8) = {fu, gu} "9 + {far ga} 9.

Then the map 71 from SU(G) onto Vect(S!) which sends (u, a, &, 8) onto (u’, ¢) is a Poisson morphism.
The map ; from SU(G) onto LG which sends (u,a,é&, B) to (a, B) is a Poisson morphism. For any regular
function f on Vect(S!) and any regular function g on LG we have

{W;f’ 71-;g}U =0.
Indeed, fori=1, 2, (6,, )ﬁ(u ¢) = 0. We have:
{fl(a’g)’fZ(a’ 5)}2{,8(”’0’ & ﬁ) = J([&((Sfl,u(ﬁ),ﬁ)xu 6f2,u(ﬁ’€) + 2(6f1,u(ﬁ’£))x 6f2,u(ﬁ’€) u

+0f1u(W, €) Ux 8f2,u(W, €) = B (8f1u(T, €)x) || a |I? 6f2,u(T, €)
~ ((Sfru(@)a[B, )5, 6f2u(T €)) + 57 ((5f1u(D), €)x, 0o (T, €)a) ]).

This gives
(1@, €), (W@, €)}¢ s (u, a) = T(E[(Ofru(T, €))oxxdf2,u(T, €)
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+2(0f1,u(W, €))x0f2,u(W, §) (U, §) + 6f1,u(W, ) (W)x0f2,u(W, )],

and
{f1(T,€), (W, )} s(w, a) = {f1, L} (T, €).

Letgi(a, B8),1 = 1, 2 be two regular functions on the affine Kac-Moody algebra. One notes that 6g1,, = dg2,u =
0. Therefore,

{81,823 5(w, @) = BT ((dx(581.a(a, B)), 82.a(a, B)) + ([a; 081.a(a, B)], 082.0(a, B)))-

Then, __
(81,82} (u,a,¢,8) = {f, g} (a, B).
We have:

{f(@,€),8(a,8)} = T((fu(@)x a,€), 68, a(a, B))
_ﬁdx(éfll(ﬁ’ f)a)’ 6ga(a’ ﬂ)) + [(1, 6fua:|’ 5ga))-

The sum of the first two terms is equal to 0. The last term is .7 (6fu([a, a], 6ga)), and is equal to zero. One can
proceed similarly for Z. O

3 Coadjoint orbits Casimir functions and for SU/(G)

Let H be a central extension of a Lie algebra £, and H be a Lie group with Lie algebra is 7. Then H acts on
H* by the coadjoint action along coadjoint orbits.

Proposition 3.1. The coadjoint actions of the groups Diff (S*) x LG and Diff (S*) x LR} are given by

Ad"(6,8) " (u, 0,6, ) = ((uop)o” + €8(0) + (g7'¢,a)g”

-1 _r

¥ fﬂ Fardk ¢’Ad(g‘1)ao¢+ﬁg‘1g’,5,5),

((uoo)g? +¢S(o) + (g'g ", a)? +f,6’(gg "2 yg'g !
¢'Ad(g " Yaop+Bg g —18"g ,w,w).

The classification of coadjoint orbits of Vect(S')x £G can be known from the classification of coadjoint orbits
of the Virasoro and affine Kac-moody algebra. Here we obtain the following new

Theorem 3.2. A coadjoint orbit of SU(G) is mapped by T to a coadjoint orbit of Vect(S') ® LG to a coadjoint
orbits of Vect(S?).

In other words, this means that if 3; # 0, the elements (u1, a1, &1, $1) and (ui, ai, &, B2) are in the same
coadjoint orbit if and only if: & = &, 81 = B2, (a1, $1) and (aa, B2) are on the same coadjoint orbit of £G,
(ug - ””1” 1), €1) and (u2 - ||a2 [ ), &2) are elements of the same coadjoint orbit of Vect(SY).

Proof. Forany ¢ € Diff (S'), there exists h € LG such that

hah™* Bah( )

=ao.g.
By direct computation we check that

Z(Ad"(¢,8)(u,a,¢,B) = (Ad* (6, 8-h)Z(u, a,¢, B).

This implies Theorem 3.2. O
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Proposition 3.3. The map 7 sends the coadjoint orbits of SU(G) to coadjoint orbits of Vect(S') ® LG.

In other words, this means that if 51 # O the elements (u1, a1, &1, 81,v1) and (u1, ai, &, B2, 2) are in the
same coadjoint orbit if and only if v; = 72, &1 = &, 1 = B2, (a1, 81) and (az, B2) are on the same coadjoint
orbit of ZG, (ug - %, & - g—f) and (u; - %, & - g—g) are elements of the same coadjoint orbit of VE&TS’l). In
a particular case, if 51 = 3, = 0, then:

Proposition 3.4. Ifthe elements (u1, a1, &1, 51, 71) and (u1, ai, &2, B27y2) are in the same coadjoint orbit then
y1 =72, (@} + v1a}, 1) and (a3 + v2ah, v2) are in the same coadjoint orbit of the Virasoro Lie algebra.

Proof. We have: Ad(¢,g)(a? +y1a}) = (aj + v1a}) o ¢ + 11S(¢). O

Previously, we determined Casemir functions on su(g)' and SU(R). We gave the following proposition:

Proposition 3.5. Let Cy;,, Cx_y C.a be Casimir functions for Virasoro, affine Kac—Moody, and the Heisenberg
Lie algebras A correspondingly. Let SpU(G), SpUU(R) be Poisson submanifolds of SU(G) and SU(R) defined
by ¢ = 0. Then the functions Cyi,(u', €), c(u, a, 3,€) = Cx_u(a, B), and f51 |u'\1/2, are Casimir functions on
Su(g)'. In particular, the functions c4(u, a, 8,€¢) = Ca(a, B), Cyir(u’ - %Za’, €), and [ |u’' - %Za’|1/2, are
Casimir functions on SU (R)’.

4 Bi-hamiltonian dispersive water waves systems associated
to SU(G)

It has been showed in [1], that the dispersive water waves system equation [9, 10, 12] is a bi—-Hamiltonian
system related to the semi-direct product of a Kac-Moody and Virasoro Lie algebras, and the hierarchy for
this system was found. In this section some results of [1] are obtained from another point of view. We obtain
new

Proposition 4.1. The functions {¢1 (A(u + B4 + C)) |\ € R} commute pairwise for the Sugawara {., .}, and

-2
e-braket {., .}, withe = (1,0,0,2,0),and A = (5 - ﬁ) ,B= _ﬂ_vu’ C= —zﬂg“_”:/\ -\ O

The function A — ¢, (A(u + B% +C )) has an asymptotic development. The coefficients of this development
form a hierarchy. The first term of this development is [, u, and the second one is [, u? +yu+ | a |?).
A linear combination of these two terms gives the Hamiltonian of equations H(u, a) = [, W+ || a|?).

Let {¢;,1 € I} be a set of Casimir functions and e € G. Define x,, = x — xe, for some x € R.

Lemma 4.2. Forany (i,j) € I” and any (), i1) € R* we have {¢i(x)), 6j(x.)} = {6:1(x2), ¢j(Xu) e = O.

Lemma 4.3. Suppose ¢;(x)) can be expanded in terms of inverse powers of \ with some extra function f(\),
and modes F; i (x), i.e.,
6i00) = F(0) ¥ A Fir(x),
keR
then {Fi :1,f}e = {Fix.f}o. We can choose e so that the Hamiltonian H(x) = 1(x, x) commute with these
functions.

Lemma 4.4. If an element e ¢ G satisfies two conditions: (i) ad” (e)e = 0; (ii) forany u € G, ad” (u)e belongs
to the tangent space to the coadjoint orbit of u (i.e., for any u € G there exists v € G such that ad”(u)e =
ad* (v)u). then the functions ¢(a — \e) commute with the Hamiltonian of the geodesics H(a) = % | a ||* with
respect to the brackets {., .}o and {., . }e.
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5 The universal enveloping algebra of SU/(G)

When H = ¥,z Hi has a structure of graded algebra, its universal enveloping algebra (/7 is also naturally
endowed with a structure of a graded Lie algebra. Indeed, the weight of a product hi,...,hn, € UH of
homogeneous elements is defined to be the sum of the weights of the elements h;, i = 1, ..., n. The universal
enveloping algebra{H admits a filtration UH = US, F) where F is the vector space generated by the products
of at most k elements of #. The generalized enveloping algebra is the algebra of the elements of the form
Y k<n Uk Where u; is an element of weight k of Z/7{. The product of two such elements is defined by:

DU Y vie= Y wi,

k=—<n k<m keZ
where wy = Y.z U;.vi, which is a finite sum. Let wy, . . . , wn be two-cocycles on the Lie algebra #, let H be the
central extension associated with and let eq, . . ., e, be the central elements associated with these cocycles.

,,,,,

.....

We denote by Fn, n € N its filtration. Let us recall shortly the main properties of the modified generalized
enveloping algebra. Let V is be a module over A such that for any v € V, there exists no € Z such that for any
n > no and any h € H, we have h.v = 0. Such modules are called representations of positive energy, and e;

.....

,,,,, w,- For this bracket F; is a Lie sub-algebra
isomorphic to the central extension of H by the cocycle w = 31 ; w;. We denote by i be the natural inclusion
of H into U given by this identification.

5.1 Decomposition of the enveloping algebra of a semi-direct product

In some very particular cases, the modified generalized enveloping algebra of a semi-direct product K x H
of two Lie algebras is isomorphic to the tensor product of some modified generalized enveloping algebras of
K and of 7. Let H be the central extension of # with the two-cocycle wy. Denote by - the action of the Lie
algebra K on the Lie algebra . Let us introduce the semi-direct product K x  which is a central extension
of K x H by a two-cocycle wj, with

w;{((o, hi1), (0, hz)) = wyy (h1, h2).
A two-cocycle wx on K defines also a two-cocycle wi- by
wic((81, 1), (82, h2)) = wic(81, 82),

of K x #. Let I be the natural inclusion of # into I, () and J be the natural inclusion of # into
u‘*’;c"";{ (/C X 7‘[)

We call the action of K on H realizable in U,,,, () when there exists amap F : K — Uy, (H) and a
two-cocycle a on K such that for any pair (g1, g2) in ic?

F([81,82]) = [F(81),F(g2)] + (81, 82)1,

and the map F satisfies the compatibility condition, i.e., for any g € K and h ¢ H with the anti-commutator
[F(g),I(h)] =I(g-h), of the algebra U,,,, (H).

Theorem 5.1. If the action of K is realizable inU,,,, (1) then

ka,w;{ (IC X 7'[) ~ Llw,c_a(lC) ®Z’IWH (7'[)
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Proof. Let Uy, = {8lg € K} with~be the unitary subalgebra of U4, ., (K x #) generated by the elements
g =8-F(g),andlf; = {j(h), h € }} be the unitary subalgebra of Uy, ., (K x #). Forany (g, h) this implies
that the generators of U, and I4; commute, i.e., [g,j(h)] = 0. The subalgebras U/, and {; therefore commute.
The subalgebra U is isomorphic to U, -« (K). Let us check that the generators {g|g ¢ K} of this algebra
satisfy the relations of the generators of Uy, (K):

(81,82] = [81,82] +wi(81,82)1 + [F(81), F(82)] - [F(81),82] - [81, F(82)].

Since F(g1) is an element of Z4; and since the algebras U, and I/; commute [F(g1), g2] = [F(g1), F(g2)] and
[81,F(82)] = [F(81), F(g2)]. Therefore:

(81,82] = [81,82] +wk(81,82)1 - [F(g1), F(82)],

and finally
[§1s§2] = [g1,g2] —F([g1,g2]) + (W}C(gl,gz) - a(gl’gz))l'

The subalgebra Uf; is obviously isomorphic to U, (#). The generalized modified enveloping algebra
Uey+wr, (K x H) is therefore isomorphic to the tensor product over C of Us, o (K) with Us,,, (H). O

5.2 The case of SU:(G)

Let G be a simple complex Lie algebra and C,, its dual Coxeter number. Introduce the {K1, ..., K} abasisof G,
and the dual basis {K7, ..., K; } with respect to the Killing form (., .). We apply Theorem 5.1 for K = Vect(S"),
H = LG, wx = &wyir, and wy = Bwg_py. In this case, wQ{ = Pwg_m. Forn = g+ C, # 0, the Sugawara
construction, delivers amap F : Vect(S')c — Uu, (LGc) defined by

(B+n)F(Ln) =K-K",

where
K-K*

> (EK)i(K i

(here dots denote the normal ordering), i.e., the action of Vect(S") is realizable in Uz, , (£G), with a =
Bwvir/12n. Thus we obtain

Proposition 5.2. Ifn 0, then Usu,,, gu_y (SUCG) = Upuoy_, (VeCt(S")ce_yy) ®U(LG).
The Lie algebra Vectc(S*) acts on the Heisenberg algebra by
Ln.am = marH.m + 5n)-mm2CK_M.

In this case, on has w}, = fwy + Ywsp. The map F : Vect(S')c - SUc(C) defined by

1
BF(Ln) == :ain_i : +van,
2 ieZ

for a cocycle @ = (o + v* 81 )wyir. For SUc(C) we obtain
Proposition 5.3. For 3 + 0, we have
uwainﬁwK-M,"/wsp (SZ/{C ((C) ) = M9wwr ( VeCt(Sl )C) ® Uus_y (Eg)’

with = ¢ —~*/8 - 1/12.



8 —— A.Zuevsky DE GRUYTER OPEN

5.3 Representations of SU/(G)

Proposition 5.4. A positive energy representation V of SUc(G) with non-vanishing SId-action of the cocyle
cx-um brings about a pair of commuting representations of Virasoro and affine Kac—Moody Lie algebras.

This proposition determines whether a SUc(G) Verma module is a sub-module of another Verma module
of SUc(G). Let h be a Cartan algebra of G with a basis {h1,..., hx}. The Lie subalgebra ¢ of SUc(G) is
generated by the elements {cyir, Ck-m, Uo, (h1)o0, - .., (hx)o}. A Verma module V) (SUc(G)) of SUc(G) is
associated to any linear form A\ € §*. Verma modules V7, fo’M , are associated to linear forms v, u over
the spaces generated by cy;, and uo, cx-y and {(h1)o,..., (hx)o} correspondingly. For any )\ € ¢*, the
Verma module V) (SUc(G)) is a positive energy representation. Thus, V) (SUc(G)) is Virasoro and affine
Kac-Moody algebra module. The generator e of V (Slc(G)) brings about a Verma module V" for Virasoro
algebra. It generates also a Verma module V" for the affine Kac—-Moody algebra. The linear form v satisfies
v(uo)e = M(uo - F(uo))e, i.e.,
(uo - (B+n) 'K-K* e =v(uo)e.

Suppose the action of a Casimir element of G is given by acts by D(\)Id for D()\) € C. We then have

(uo - (B + n)_lK-K*.e =(uo—-(B+ n)_1 > i (Kj)o(Kf o :).e,
j=1l..n

(Muo) - %’y)e. This implies v(uo) = A(uo) - %. The other values of . and v can be computed by the same
method.

Proposition 5.5. Let X be a linear form over by with non-vanishing A(cx_u ). Then
VA(SU(G)) = V" @ VE M,

where u(e;) = Me;), 1 = 1,...,n, defines u, u(cx-m) = A(ckx-m), and v(cyir) = Mcyir) — % defines v,
v(uo) = Muo) - 222
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