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1 Introduction: The semi-direct product of Virasoro algebra with
the Kac–Moody algebra

This paper is a continuation of the paper [1] wherewe studied bi-Hamiltonian systems associated to the three-
cocycle extension of the algebra of di�eomorphisms on a circle. In this note we show that certain natural
problems (classi�cation of Verma modules, classi�cation of coadjoint orbits, determination of Casimir func-
tions) [2–5] for the central extensions of the Lie algebra Vect(S1) ⋉LG reduce to the equivalent problems for
Virasoro and a�ne Kac–Moody algebras (which are central extensions of Vect(S1) andLG respectively). Let
G be a Lie group and G its Lie algebra. The group Di�(S1) of di�eomorphisms of the circle is included in the
group of automorphisms of the Loop group LG of smooth maps from S1 to G. For any pairs (φ,ψ) ∈ Di�(S1)2

and (g, h) ∈ LG2 the composition law of the group Di�(S1) ⋉ LG is

(φ, a) ⋅ (ψ, b) = (φ ○ ψ, a.b ○ φ−1).

The Lie algebra ofDi�(S1)⋉LG is the semi-direct product Vect(S1)⋉LG of the Lie algebras Vect(S1) andLG.
Let G be a Lie algebra and ⟨., .⟩ a non-degenerated invariant bilinear form. Vect(S1) is the Lie algebra

of vector �elds on the circle and LG the loop algebra (i.e., the Lie algebra of smooth maps from S1 to G),
Vect(S1)C is the Lie algebra over C generated by the elements Ln , n ∈ Z with the relations

[Lm , Ln] = (n −m)Ln+m .

We denote by LGC the Lie algebra over C generated by the elements gn , n ∈ Z, g ∈ G where (λg + µh)n is
identi�ed with λgn + µhn with the relations

[gn , hm] = [g, h]n+m .
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The semi-direct product of Vect(S1) with LG is as a vector space isomorphic to C∞(S1,R) ⊕ C∞(S1,G) [6].
The Lie bracket of SU(G) has the form

[(u, a), (v, b)] = ([., ∂t .].u ⊗ v, va′ − ub′ + [a, b]) ,

for any (u, v) ∈ C∞(S1,R)
2 and any (a, b) ∈ C∞(S1,G)2, where prime denote derivative with respect to a

coordinate on S1. The Lie algebra Vect(S1) ⋉ LG can be extended with a universal central extension SU(G)
by a two-dimensional vector space. Let us denote by J (u) = ∫S1 u. Two independent cocycles are given by

ωVir((u, a), (v, b)) = J (u′′′v), ωK−M((u, a), (v, b)) = J (⟨a′, b⟩).

We denote by (u, a,χ,α) the elements of SU(G) with u ∈ C∞(S1,R), a ∈ C∞(S1,G) and (χ,α) ∈ R2. The
algebra SU(G) can be also represented as the semi-direct product of Virasoro algebra on the a�ne Kac–
Moody algebra. We denote by cVir and cK−M the elements (0, 0, 1, 0) and (0, 0, 0, 1) respectively. If G = R,
then the Lie algebra Vect(S1) ⋉ LR has a universal central extension S̃U(R) by a three-dimensional vector
space. The third independent cocycle is given by

ωsp ((u, a), (v, b)) = J (ub′′ − va′′) .

We denote by (u, a,χ,α, γ, δ) elements of S̃U(R) with u ∈ C∞(S1,R), a ∈ C∞(S1,G), and (χ,α, γ) ∈ R3.
The Lie bracket of S̃U(R) is given by

[(u, a, φ,α, γ), (v, b, ξ, β, δ)] = (uv′ − u′v, [a, b] − ub′ + va′,J (u′′′v),J (⟨a′, b⟩),J (ub′′ − va′′)) .

In this paper we discuss a few questions. Let us mention the main results. First, in Section 2 we consider
Kirillov-Kostant Poisson brackets [7] of the regular dual of the semi-direct product of Virasoro Lie algebra
with the A�ne Kac–Moody Lie algebra. Let us denote by SU(G)′ the subset of SU(G) of elements (u, a, ξ, β)
with non-vanishing β. We denote by ( ̃Vect(S1) ⊕ L̃G)′ the subset of ̃Vect(S1) ⊕ L̃G composed of elements
(u, a, ξ, β) with β ≠ 0. Then introduce two new maps I(u, a, ξ, β) from SU(G)′ to ( ̃Vect(S1) ⊕ L̃G)′, and
Ĩ(u, a, ξ, β, γ) from SU(G) to ̃Vect(S1) ⊕ L̃R. We prove that I(u, a, ξ, β) and Ĩ(u, a, ξ, β, γ) are Poisson
maps. In Section 3 we discuss coadjoint orbits and Casemir functions for SU(G). Let H̃ be a central extension
of a Lie algebra H and H be a Lie group with Lie algebra is H. We �nd explicit form for the the coadjoint
actions of the groups Di�(S1)⋉LG and Di�(S1)⋉LR∗+. As a result we obtain the following new theorem.We
prove that a coadjoint orbit of SU(G) is mapped by I to a coadjoint orbit of ̃Vect(S1) ⊗ L̃G to a coadjoint
orbits of ̃Vect(S1). We prove that the map Ĩ sends the coadjoint orbits of S̃U(G) to coadjoint orbits of
̃Vect(S1) ⊗ L̃G. Previously, we determined Casemir functions on S̃U(G)

′

and S̃U(R). We then prove new
propositions concerning the exlicit form of Casemir functions on S̃U(G)

′

, and in particular on on S̃U(R)
′

.
This paper was partially inspired by the construction of bi-Hamiltonian systems as natural generalization
of the classical Korteweg-de Vries equation. [1, 8–11]. It has been showed in [1], that the dispersive water
waves system equation [9, 10, 12] is a bi–Hamiltonian system related to the semi-direct product of a Kac–
Moody and Virasoro Lie algebras, and the hierarchy for this system was found. In Section 4 some results
of [1] are obtained from another point of view. We prove new proposition for pairwise commuting functions
under certain brackets. In section 5 we discuss properties of the universal enveloping algebra of SU(G). In
subsection 5.1 we consider a decomposition of the enveloping algebra of a semi-direct product. We introduce
thenotion of realizability of the action ofK onH inUωH(H). Thenwe show (Theorem5.1) that the realizability
of the action ofK in UωH(H) leads to the isomorphism

Uω′
K
,ω′
H

(K ⋉H) ≃ UωK−α(K) ⊗ UωH(H).

In subsection 5.2 the case of SUC(G) is considered. In subsection 5.3 we discuss representations of SU(G).
We prove that positive energy representation V of SUC(G)with non-vanishing βId-action of the cocyle cK−M
delivers a pair of commuting representations of Virasoro and a�neKac–Moody Lie algebras. This proposition
determines whether a SUC(G) Verma module is a sub-module of another Verma module of SUC(G). We also
prove a proposition regarding a linear form over h with non-vanishing λ(cK−M). In this paper we present
proofs for corresponding theorems and lemmas.
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2 The Kirillov-Kostant structure of SU(G)
Now we consider Kirillov-Kostant Poisson brackets of the regular dual of the semi-direct product of Virasoro
Lie algebra with the A�ne Kac–Moody Lie algebra. Let K be a Lie algebra with a non-degenerated bilinear
form ⟨., .⟩. A function f ∶ K → R is called regular at x ∈ K if there exists an element∇f(x) such that

f(x + εa) = f(x) + ε⟨∇f(x), a⟩ + o(ε),

for any a ∈ K. For two regular functions f ,g ∶ K Ð→ R, we de�ne the Kirillov-Kostant structure as a Poisson
structure onK with

{f , g} (x) = ⟨x, [∇f(x),∇g(x)]⟩.

Then for any e ∈ G, the second Poisson structure {f , g}e (x) compatible with the Kirillov-Kostant Poisson
structure is de�ned by

{f , g}e (x) = ⟨e, [∇f(x),∇g(x)]⟩.

A non-degenerated bilinear form on SU(G) and ̃Vect(S1) ⊕ L̃G is de�ned by

⟨(u1, a1, β1, ξ1), (u2, a2, β2, ξ2)⟩ = ∫
S1

u1u2 + ∫
S1

⟨a1, a2⟩ + ξ1ξ2 + β1β2.

We denote by SU(G)′ the subset of SU(G) of elements (u, a, ξ, β)with non-vanishing β. Let u′ = u− ∥a∥
2

2β We
denote by ( ̃Vect(S1)⊕L̃G)′ the subset of ̃Vect(S1)⊕L̃G composed of elements (u, a, ξ, β)with β ≠ 0. Let us
introduce a new map I(u, a, ξ, β) = (u′, a, ξ, β) from SU(G)′ to ( ̃Vect(S1) ⊕ L̃G)′. Then for non-vanishing
β, let us introduce another newmap Ĩ(u, a, ξ, β, γ) = (u′ − γ

β a
′, a, ξ − γ2

β , β) from SU(G) to ̃Vect(S1)⊕ L̃R.
Here we give a proof for the following new theorem:

Theorem 2.1. I and Ĩ are Poisson maps.

Proof. For any regular function f(u, a, ξ, β) from ̃Vect(S1) ⊕ L̃G to R let us de�ne a regular function f̂ from
SU(G)

′ to R by f̂(u, a, ξ, β) = f (u′, a, ξ, β). For f(u, a, ξ, β) a function on SU(G) or ( ̃Vect(S1) ⊕ L̃G), let
us denote by fu the function of the variables a and β that we get when we �x u and ξ. Let us denote fa the
function of the variables u and ξ that we get when we �x a and β. With the previous notations, one has for
β ≠ 0 for the bracket {., .}U = {., .}SU(G)

{f , ĝ}U(u, a, ξ, β) = [{fu , gu}U + {fu , ga}U + {fa , gu}U + {fa , ga}U] (u, a, ξ, β),

and for the bracket {., .}VLG = {., .} ̃Vect(S1)⊕L̃G we have

{f , g}VLG(u, a, ξ, β) = {fu , gu}VLG + {fa , ga}VLG .

Then the map π1 from SU(G) onto ̃Vect(S1) which sends (u, a, ξ, β) onto (u′, ξ) is a Poisson morphism.
The map π2 from SU(G) onto L̃G which sends (u, a, ξ, β) to (a, β) is a Poisson morphism. For any regular
function f on ̃Vect(S1) and any regular function g on L̃G we have

{π
∗

1 f , π∗2 g}U = 0.

Indeed, for i = 1, 2, (δa −
a
β δu) fi(û, ξ) = 0. We have:

{f1(û, ξ), f2(û, ξ)}Uξ,β(u, a, ξ, β) = J ([ξ(δf1,u(û), ξ)xxx δf2,u(û, ξ) + 2(δf1,u(û, ξ))x δf2,u(û, ξ) u
+δf1,u(û, ξ) ux δf2,u(û, ξ) − β−1(δf1,u(û, ξ)x) ∥ a ∥2 δf2,u(û, ξ)
− ⟨(δf1,u(û)a/β, ξ)x , δf2,u(û, ξ)⟩ + β−1⟨(δf1,u(û)a, ξ)x , δf2,u(û, ξ)a⟩]).

This gives

{f1(û, ξ), f2(û, ξ)}Uξ,β(u, a) = J (ξ [(δf1,u(û, ξ))xxxδf2,u(û, ξ)
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+2(δf1,u(û, ξ))xδf2,u(û, ξ)(û, ξ) + δf1,u(û, ξ)(û)xδf2,u(û, ξ)]),

and
{f1(û, ξ), f2(û, ξ)}Uξ,β(u, a) = {f1, f2}Virξ (û, ξ).

Let gi(a, β), i = 1, 2 be two regular functions on the a�ne Kac–Moody algebra. One notes that δg1,u = δg2,u =
0. Therefore,

{g1, g2}Uξ,β(u, a) = βJ (⟨dx(δg1,a(a, β)), δg2,a(a, β)⟩ + ⟨[a, δg1,a(a, β)], δg2,a(a, β)⟩).

Then,
{g1, g2}U(u, a, ξ, β) = {f , g}L̃G(a, β).

We have:

{f(û, ξ), g(a, β)}U = J (⟨(δfu(û)x a, ξ), δg, a(a, β)⟩
−βdx(δfu(û, ξ)a), δga(a, β)⟩ + [a, δfua], δga⟩).

The sum of the �rst two terms is equal to 0. The last term isJ (δfu⟨[a, a], δga⟩), and is equal to zero. One can
proceed similarly for Ĩ.

3 Coadjoint orbits Casimir functions and for SU(G)
Let H̃ be a central extension of a Lie algebraH, and H be a Lie group with Lie algebra isH. Then H acts on
H̃
⋆ by the coadjoint action along coadjoint orbits.

Proposition 3.1. The coadjoint actions of the groups Di�(S1) ⋉ LG and Di�(S1) ⋉ LR∗+ are given by

Ad∗(φ, g)−1(u, a, ξ, β) = ((u ○ φ)φ
′2
+ ξS(φ) + ⟨g−1g′, a⟩φ

′2

+
1
2
β ∥ g−1g′ ∥2, φ′Ad(g−1)a ○ φ + βg−1g′, ξ, β) ,

((u ○ φ)φ
′2
+ ξS(φ) + ⟨ g′g−1, a⟩φ

′2
+
1
2
β(g′g−1)2 + γg′′g−1,

φ
′Ad(g−1)a ○ φ + βg−1g′ − γg′′g−1, ξ, β, γ).

The classi�cation of coadjoint orbits of Vect(S1)⋉LG can be known from the classi�cation of coadjoint orbits
of the Virasoro and a�ne Kac-moody algebra. Here we obtain the following new

Theorem 3.2. A coadjoint orbit of SU(G) is mapped by I to a coadjoint orbit of ̃Vect(S1)⊗ L̃G to a coadjoint
orbits of ̃Vect(S1).

In other words, this means that if β1 ≠ 0, the elements (u1, a1, ξ1, β1) and (u1, a1, ξ2, β2) are in the same
coadjoint orbit if and only if: ξ1 = ξ2, β1 = β2, (a1, β1) and (a2, β2) are on the same coadjoint orbit of L̃G,
(u1 − ∥a1∥2β1 ), ξ1) and (u2 − ∥a2∥2β2 ), ξ2) are elements of the same coadjoint orbit of ̃Vect(S1).

Proof. For any φ ∈ Di�(S1), there exists h ∈ LG such that

hah−1 + β ∂h(x)
∂x

.h−1 = a ○ φ.φ′.

By direct computation we check that

I(Ad∗(φ, g)(u, a, ξ, β) = (Ad∗(φ, g.h)I(u, a, ξ, β).

This implies Theorem 3.2.
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Proposition 3.3. The map Ĩ sends the coadjoint orbits of S̃U(G) to coadjoint orbits of ̃Vect(S1) ⊗ L̃G.

In other words, this means that if β1 ≠ 0 the elements (u1, a1, ξ1, β1, γ1) and (u1, a1, ξ2, β2, γ2) are in the
same coadjoint orbit if and only if γ1 = γ2, ξ1 = ξ2, β1 = β2, (a1, β1) and (a2, β2) are on the same coadjoint
orbit of L̃G, (u1 − a21

2β , ξ1 −
γ2
1
β1

) and (u2 − a22
2β , ξ2 −

γ2
2
β2

) are elements of the same coadjoint orbit of ̃Vect(S1). In
a particular case, if β1 = β2 = 0, then:

Proposition 3.4. If the elements (u1, a1, ξ1, β1, γ1) and (u1, a1, ξ2, β2γ2) are in the same coadjoint orbit then
γ1 = γ2, (a21 + γ1a′1, γ1) and (a22 + γ2a′2, γ2) are in the same coadjoint orbit of the Virasoro Lie algebra.

Proof. We have: Ad(φ, g)(a21 + γ1a′1) = (a21 + γ1a′1) ○ φ + γ1S(φ).

Previously, we determined Casemir functions on S̃U(G)
′

and S̃U(R). We gave the following proposition:

Proposition 3.5. Let CVir, CK−M CA be Casimir functions for Virasoro, a�ne Kac–Moody, and the Heisenberg
Lie algebrasA correspondingly. Let SPU(G), S̃PU(R) be Poisson submanifolds of SU(G) and S̃U(R) de�ned
by ξ = 0. Then the functions CVir(u′, ξ), c(u, a, β, ξ) = CK−M(a, β), and ∫S1 ∣u

′
∣
1/2, are Casimir functions on

S̃U(G)
′

. In particular, the functions cA(u, a, β, ξ) = CA(a, β), CVir(u′ − γ2

β a
′, ξ), and ∫S1 ∣u

′
−
γ2

β a
′
∣
1/2, are

Casimir functions on S̃U(R)
′

.

4 Bi-hamiltonian dispersive water waves systems associated
to SU(G)

It has been showed in [1], that the dispersive water waves system equation [9, 10, 12] is a bi–Hamiltonian
system related to the semi-direct product of a Kac–Moody and Virasoro Lie algebras, and the hierarchy for
this system was found. In this section some results of [1] are obtained from another point of view. We obtain
new

Proposition 4.1. The functions{φ1 (A(u + B da
dx + C)) ∣λ ∈ R} commute pairwise for the Sugawara{., .}′Sug and

e-braket {., .}e with e = (1, 0, 0, 2, 0), and A = (ξ − γ
β−2λ)

−2
, B = −

γ
β−2λ , C = −

∥a∥2
2β−4λ − λ. ◻

The function λ↦ φ1 (A(u + B da
dx + C)) has an asymptotic development. The coe�cients of this development

form a hierarchy. The �rst term of this development is ∫S1 u, and the second one is ∫S1(u
2
+ γu+ ∥ a ∥2).

A linear combination of these two terms gives the Hamiltonian of equations H(u, a) = ∫S1(u
2
+ ∥ a ∥2).

Let {φi , i ∈ I} be a set of Casimir functions and e ∈ G. De�ne xχ = x − χe, for some χ ∈ R.

Lemma 4.2. For any (i, j) ∈ I2 and any (λ, µ) ∈ R2 we have {φi(xλ), φj(xµ)} = {φi(xλ), φj(xµ)}e = 0.

Lemma 4.3. Suppose φi(xλ) can be expanded in terms of inverse powers of λ with some extra function f(λ),
and modes Fi,k(x), i.e.,

φi(xλ) = f(λ)∑
k∈R

λ
−kFi,k(x),

then {Fi,k+1, f}e = {Fi,k , f}0. We can choose e so that the Hamiltonian H(x) = 1
2 ⟨x, x⟩ commute with these

functions.

Lemma 4.4. If an element e ∈ G satis�es two conditions: (i) ad∗(e)e = 0; (ii) for any u ∈ G, ad∗(u)e belongs
to the tangent space to the coadjoint orbit of u (i.e., for any u ∈ G there exists v ∈ G such that ad∗(u)e =

ad∗(v)u). then the functions φ(a − λe) commute with the Hamiltonian of the geodesics H(a) = 1
2 ∥ a ∥

2 with
respect to the brackets {., .}0 and {., .}e.
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5 The universal enveloping algebra of SU(G)
WhenH = ∑k∈ZHk has a structure of graded algebra, its universal enveloping algebra UH is also naturally
endowed with a structure of a graded Lie algebra. Indeed, the weight of a product h1, . . . , hn ∈ UH of
homogeneous elements is de�ned to be the sum of the weights of the elements hi, i = 1, . . . , n. The universal
enveloping algebraUH admits a �ltrationUH = ∪

∞

i=0Fk where Fk is the vector space generatedby theproducts
of at most k elements of H. The generalized enveloping algebra is the algebra of the elements of the form
∑k≤n uk where uk is an element of weight k of UH. The product of two such elements is de�ned by:

∑
k=−≤n

uk . ∑
k≤m

vk = ∑
k∈Z

wk ,

where wk = ∑i∈Z ui .vki which is a �nite sum. Let ω1, . . . ,ωn be two-cocycles on the Lie algebraH, let H̃ be the
central extension associated with and let e1, . . . , en be the central elements associated with these cocycles.

The modi�ed generalized enveloping algebra UHω1 ,...,ωn is de�ned to be the quotient of the generalized
enveloping algebra of H̃ by the ideal generated by the elements {e1 − 1, . . . , en − 1}. We denote again by 1
the neutral element of UGλ . The algebra UHω1 ,...,ωn is by construction a graded algebra and a �ltered algebra.
We denote by Fn, n ∈ N its �ltration. Let us recall shortly the main properties of the modi�ed generalized
enveloping algebra. Let V is be a module over H̃ such that for any v ∈ V, there exists n0 ∈ Z such that for any
n > n0 and any h ∈ H̃n we have h.v = 0. Such modules are called representations of positive energy, and ei
acts on V by λi Id. Then V is a module over UHω1 ,...,ωn . Such modules are named modules of positive energy.
The anticommutator provides a structure of Lie algebra on UHω1 ,...,ωn . For this bracket F1 is a Lie sub-algebra
isomorphic to the central extension ofH by the cocycle ω = ∑

n
i=1 ωi. We denote by i be the natural inclusion

of H̃ into UGω given by this identi�cation.

5.1 Decomposition of the enveloping algebra of a semi-direct product

In some very particular cases, the modi�ed generalized enveloping algebra of a semi-direct product K ⋉ H

of two Lie algebras is isomorphic to the tensor product of some modi�ed generalized enveloping algebras of
K and of H. Let H̃ be the central extension of H with the two-cocycle ωH. Denote by ⋅ the action of the Lie
algebraK on the Lie algebra H̃. Let us introduce the semi-direct productK ⋉ H̃ which is a central extension
ofK ⋉H by a two-cocycle ω′

H
with

ω
′

H((0, h1), (0, h2)) = ωH(h1, h2).

A two-cocycle ωK onK de�nes also a two-cocycle ω′
K

by

ω
′

K((g1, h1), (g2, h2)) = ωK(g1, g2),

of K ⋉ H. Let I be the natural inclusion of H̃ into UωH(H) and J be the natural inclusion of H̃ into
Uω′

K
,ω′
H

(K ⋉H).
We call the action of K on H realizable in UωH(H) when there exists a map F ∶ K → UωH(H) and a

two-cocycle α onK such that for any pair (g1, g2) inK2

F ([g1, g2]) = [F(g1), F(g2)] + α(g1, g2)1,

and the map F satis�es the compatibility condition, i.e., for any g ∈ K and h ∈ H̃ with the anti–commutator
[F(g), I(h)] = I(g ⋅ h), of the algebra UωH(H).

Theorem 5.1. If the action ofK is realizable in UωH(H) then

Uω′
K
,ω′
H

(K ⋉H) ≃ UωK−α(K) ⊗ UωH(H).
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Proof. Let Ug = {ĝ∣g ∈ K} with be the unitary subalgebra of Uω′
K
,ω′
H

(K ⋉H) generated by the elements
ĝ = g − F(g), and Uj = {j(h), h ∈ H̃} be the unitary subalgebra of Uω′

K
,ω′
H

(K ⋉H). For any (g, h) this implies
that the generators of Ug and Uj commute, i.e., [ĝ, j(h)] = 0. The subalgebras Ug and Uj therefore commute.
The subalgebra Ug is isomorphic to UωK−α(K). Let us check that the generators {ĝ∣g ∈ K} of this algebra
satisfy the relations of the generators of UωK−α(K):

[ĝ1, ĝ2] = [g1, g2] + ωK(g1, g2)1 + [F(g1), F(g2)] − [F(g1), g2] − [g1, F(g2)].

Since F(g1) is an element of Uj and since the algebras Ug and Uj commute [F(g1), g2] = [F(g1), F(g2)] and
[g1, F(g2)] = [F(g1), F(g2)]. Therefore:

[ĝ1, ĝ2] = [g1, g2] + ωK(g1, g2)1 − [F(g1), F(g2)],

and �nally
[ĝ1, ĝ2] = [g1, g2] − F([g1, g2]) + (ωK(g1, g2) − α(g1, g2))1.

The subalgebra Uj is obviously isomorphic to UωH(H). The generalized modi�ed enveloping algebra
Uω′

K
+ω′

H

(K ⋉H) is therefore isomorphic to the tensor product over C of UωK−α(K) with UωH(H).

5.2 The case of SUC(G)
LetG bea simple complexLie algebra and Cϕ its dual Coxeter number. Introduce the{K1, . . . , Kn}abasis ofG,
and the dual basis {K∗1 , . . . , K∗n}with respect to theKilling form ⟨., .⟩.We apply Theorem5.1 forK = Vect(S1),
H = LG, ωK = ξωVir, and ωH = βωK−M. In this case, ω′

H
= βωK−M. For η = β + Cϕ ≠ 0, the Sugawara

construction, delivers a map F ∶ Vect(S1)C → UωG(LGC) de�ned by

(β + η)F(Ln) = K ⋅ K∗,

where
K ⋅ K∗ = ∑

i∈Z, j=1,...,n
∶ (Kj)i(K∗j )n−i ∶,

(here dots denote the normal ordering), i.e., the action of Vect(S1) is realizable in UβωK−M(LG), with α =

βωVir/12η. Thus we obtain

Proposition 5.2. If η ≠ 0, then UξωVir ,βωK−M(SUCG) ≃ UβωK−M(Vect(S
1
)C(ξ−α)) ⊗ U(LG).

The Lie algebra VectC(S1) acts on the Heisenberg algebra by

Ln .am = man+m + δn,−mm2cK−M .

In this case, on has ω′
H
= βωH + γωsp. The map F ∶ Vect(S1)C → ̃SUC(C) de�ned by

βF(Ln) =
1
2∑i∈Z

∶ aian−i ∶ +γan ,

for a cocycle α̂ = (α + γ2β−1)ωVir. For S̃UC(C) we obtain

Proposition 5.3. For β ≠ 0, we have

UξωVir ,βωK−M ,γωsp(
̃SUC(C)) ≃ UθωVir(Vect(S

1
)C) ⊗ UωK−M(LG),

with θ = ξ − γ2/β − 1/12.
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5.3 Representations of SU(G)
Proposition 5.4. A positive energy representation V of SUC(G) with non-vanishing βId-action of the cocyle
cK−M brings about a pair of commuting representations of Virasoro and a�ne Kac–Moody Lie algebras.

This proposition determines whether a SUC(G) Verma module is a sub-module of another Verma module
of SUC(G). Let h be a Cartan algebra of G with a basis {h1, . . . , hk}. The Lie subalgebra k of SUC(G) is
generated by the elements {cVir , cK−M , u0, (h1)0, . . . , (hk)0}. A Verma module Vλ(SUC(G)) of SUC(G) is
associated to any linear form λ ∈ h∗. Verma modules VVir

ν , VK−M
µ , are associated to linear forms ν, µ over

the spaces generated by cVir and u0, cK−M and {(h1)0, . . . , (hk)0} correspondingly. For any λ ∈ k∗, the
Verma module Vλ(SUC(G)) is a positive energy representation. Thus, Vλ(SUC(G)) is Virasoro and a�ne
Kac–Moody algebra module. The generator e of Vλ(SUC(G)) brings about a Verma module VVir

ν for Virasoro
algebra. It generates also a Verma module VVir

ν for the a�ne Kac–Moody algebra. The linear form ν satis�es
ν(u0)e = λ(u0 − F(u0))e, i.e.,

(u0 − (β + η)
−1K ⋅ K∗e = ν(u0)e.

Suppose the action of a Casimir element of G is given by acts by D(λ)Id for D(λ) ∈ C. We then have

(u0 − (β + η)
−1K ⋅ K∗.e = (u0 − (β + η)

−1
∑

j=1...n
∶ (Kj)0(K∗j )0 ∶).e,

(λ(u0)− D(λ)
2η )e. This implies ν(u0) = λ(u0)− D(λ)

2η . The other values of µ and ν can be computed by the same
method.

Proposition 5.5. Let λ be a linear form over h with non-vanishing λ(cK−M). Then

Vλ(SUC(G)) ≃ VVir
ν ⊗ VK−M

C µ,

where µ(ei) = λ(ei), i = 1, . . . , n, de�nes µ, µ(cK−M) = λ(cK−M), and ν(cVir) = λ(cVir) − β
12η de�nes ν,

ν(u0) = λ(u0) − D(λ)
2η .
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