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Abstract: This paper considers the guaranteed cost finite-time boundedness of positive switched nonlinear
systems with D-perturbation and time-varying delay. Firstly, the definition of guaranteed cost finite-time
boundedness is introduced. By using the Lyapunov-Krasovskii functional and average dwell time (ADT)
approach, an output feedback controller is designed and sufficient conditions are obtained to ensure the
corresponding closed-loop systems to be guaranteed cost finite-time boundedness (GCFTB). Such conditions
can be solved by linear programming. Finally, two examples are provided to show the effectiveness of the
proposed method.
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1 Introduction

The switched system, which comprises a set of subsystems and a switched controller that designating the
switching between subsystems, has been studied very well. As a special kind of switched systems, the
positive switched systems, whose output and state are nonnegative whenever the initial condition and input
are nonnegative, have been applied in many practical systems, such as communication networks [1], viral
mutation [2], formation flying [3], and so on. Many remarkable results have been presented, see [4-11] and
references therein.

However, most results mentioned above focus on the Lyapunov asymptotic stability, which reflects the
asymptotic behavior of the system within a sufficiently long (in principle infinite) time interval. In many
practical circumstances, one is more interested in researching what happens in a finite time interval. [12]
firstly defined the definition of finite-time stability (FTS) for linear deterministic systems. Recently, [13] firstly
extended the concept of FTS to positive switched systems and gave some FTS conditions of positive switched
systems. So far, there have been some meaningful results about FTS of positive switched systems, see [14-
18]. In [14], the problem of finite-time L; control for a class of positive switched linear systems with time-
varying delay was considered and the concept of finite-time L; boundedness was also proposed. In [15], the
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problem of finite-time stability analysis and control synthesis of fractional order positive switched systems
was considered. In [16], the finite-time stability problem of discrete switched singular positive systems
was investigated. In [17], the robust finite-time stability and stabilisation of discrete-time switched positive
systems was researched. In [18], the finite-time stability problem of switched positive linear systems was
addressed. But, the above results are involved in positive switched linear systems. For positive switched
nonlinear systems, only [10] considered local asymptotic stability and [19] studied absolute exponential Ly
stability analysis and control synthesis, respectively. Furthermore, there are no results about FTS of positive
switched nonlinear systems, though many papers about FTS of switched nonlinear systems (non-positive)
have been published [20-23]. On the other hand, in most practical systems, researchers desire to design the
control system which is not only finite-time stable but also guarantees an adequate level of performance.
One method to this problem is the so-called guaranteed cost control [24,25]. In [26], the problem of robust
finite-time guaranteed cost control for a class of impulsive switched systems with time-varying delay was
studied. Very recently, [27] and [28] considered the guaranteed cost finite-time control for positive switched
linear systems, [29] studied the guaranteed cost finite-time control for fractional-order positive switched
systems. However, the problem of guaranteed cost finite-time control for positive switched nonlinear systems
is still open, because nonlinear system is more complex than the linear system and there is a lack of effective
methods. These show that the topic addressed in the paper is interesting but full of challenge.

Moreover, there exists a hardware error, such as fluctuation and modeling error, which will lead to
instability of the system and is called D-perturbation. Recently, [30] considered the robust stability of positive
switched linear systems with D- perturbation and time-varying delay. Accordingly, for positive switched non-
linear systems, the effect of D-perturbation must be also taken into account in analyzing and implementing
guaranteed cost finite-time controller scheme.

Motivated by the above discussion, in this paper, we consider the problem of GCFTB for positive switched
nonlinear systems with D-perturbation and time-varying delay. An output feedback controller is designed
and some sufficient conditions are obtained to guarantee that the closed-loop system is GCFTB. The main
contributions lie in two aspects: 1) This system model is more general, so that the systems dealt with
in [2,4,5,7,14,19,27,28,30] can be regarded as especial forms of the system. 2) A new nonlinear Lyapunov-
Krasovskii functional is constructed and the obtained conditions can be easily solved by linear programming.
The remainder of the paper is organized as follows. Section 2 presents the preliminaries and problem
statements. Main results are given in Section 3. In Section 4, two examples are provided. Section 5 concludes
the paper.

Notations. The representation A > 0 (> 0, < 0, < 0) means that a;; > 0 (> 0, < 0, < 0), which is also applying
toavector. A > B (A > B) means that A — B > 0 (A - B > 0). R} is the n-dimensional non-negative (positive)
vector space. R™" denotes the space of n x n matrices with real entries. 1, represents the n-dimensional
vector [1,..., 1]T. I represents the n-dimensional identity matric. AT denotes the transpose of matrix A. 1-
norm | x| is defined by |x| = ¥}_; |xk|- Matrices are assumed to have compatible dimensions for calculating
if their dimensions are not explicitly stated.

2 Preliminaries and problem statements

Consider the following positive switched nonlinear systems with D-perturbation and time-varying delay:

X(t) = DlAg(t)f(X(f)) + DzAdg(t)f(X(t - d(t))) + D;Gg(t)u(t) + D4Bg(t)W(t)
y(t) = Conf(x(1)) €y
X(8) = (8,0 € [-1,0]

where x(t) € R" is the system state, u(t) € R™ and y(t) € R® represent the control input and output. o(t) :
[0,00) - N = {1, 2,--, N} is the system switching signal, where N is the number of subsystems; Vp € N,
Ap, Agp, Bp, Cp and Gy, are constant matrices with suitable dimensions, d(t) > 0 denotes time-varying delay,
which satisfies d(t) < h < 1, h is a known positive constants. ¢ (6) is the initial condition on [., 0], f(x) =
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(fi(x1), f2(X2)s ., fa(xn))T € R", perturbations D; e [D,,D1], D> € [D,,D,], D3 € [D;,D3] and Dy €
[D,, D4] forie NwithDy >D, >0,D, > D, >0, D3 > D; > 0and D4 > D, > 0, where matrices D,, D1, D,, D,
D,, Ds, D,, D, are all diagonal, w(t) € Rlis the exogenous disturbance and is defined as

T
34>0:fuw(t)udtsg )
0

with a known scalar ¢ > 0.
Assumption 2.1. The nonlinear function f(x) lies in sector fields satisfying

mix? < fi(x;)x; < max? 3
forx;eRandi=1,2,...,n,where0 < my <m,,and f;(0) = 0.

Remark 2.2. The system model (1) is a more general form. Especially, if my = my = 1 (it means f;(x;) = x;)
and D1 = D, = D3 = Dy = I, then the system (1) is transformed to positive switched linear systems, such as [2,
4,5,714,27,28]; If m1 = my = 1, u(t) = 0 and w(t) = 0, then the system (1) is turned into the model in [30]; If
D1 = D, = D3 = Dy, = I, then the system (1) is converted into the model in [19].

Next, we will give some definitions and lemmas for the following positive switched nonlinear systems.

x(t) = D1Ageyf (x(t)) + D2Ago () f(x(t = d(t))) + DsB,ryw(t)
y(t) = Conf(x(t)) (4)
x(0) = (0),0 €[, 0]

Definition 2.3 ([4]). System (4) is said to be positive if for any switching signals o(t), any initial conditions
©(0) = 0, 0 € [-+, 0], and any disturbance input w(t) > 0, the corresponding trajectory satisfies x(t) > 0 and
y(t) = Oforallt> 0.

Definition 2.4 ([4]). A is called a Metzler matrix if the off-diagonal entries of matrix A are non-negative.

Definition 2.5 ([19]). For any switching signal o(t) and any t, > t; > 0O, let N,(t1, t2) denote the switching
numbers, over the interval [t1, t,). For given t,, > 0 and no > 0, if the inequality

Ng(tl,tz)§n0+% (5)
holds, then t,, is called an average dwell time, and ny is called a chatting bounding. Generally, we choose ng = 0.

Definition 2.6 ([14] Finite-Time Stability (FTS). For a given time Ty and two vectors < > p > 0, positive switched
nonlinear system (4) is said to be FTS with respect to (s, p, Tf, o(t)), if

sup_,<t<ox (t)s<1=x"(t)p<1,Vte[O, T¢]. (6)

If the above condition is satisfied for any switching signals o(t), system (4) is said to be uniformly FTS with
respect to(s, p, T).

Definition 2.7 ([14] Finite-Time Boundedness (FIB)). For a given constant Tf and two vectors ¢ > p > 0,
positive switched nonlinear system (4) is said to be FTB with respect to(s, p, T, ¢, o(t)), where w(t) satisfies
Q) if

sup_.<t<ox” (t)s <1 = x"(t)p < 1, Vt e [0, Tf]. ()

Lemma 2.8 ([4]). A matrix A € R™" is a Metzler matrix if and only if there exists a positive constant o such that
A+ ol > 0.
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Lemma 2.9 ([14]). System (4) is positive if and only if Ap, Vp € N are Metzler matrices and Vp € N, Ag, > 0,
By, >0, Cp > 0and Gp = 0.

Definition 2.10 ([21]). Define the cost function of positive switched nonlinear systems (1) as follows:

Ty
]:f[xT(t)R1+uT(t)Rz]dt ®)

0

where R1 > 0 and R, > 0 are two given vectors.

Definition 2.11 ([21]). (GCFTB) For a given time constant Ty and two vectors ¢ > p > 0, consider positive
switched nonlinear systems (1) and cost function (8), if there exist a control law u(t) and a positive scalar J*
such that the closed-loop system is FTB with respect to (s, p, T, ¢, o(t)) and the cost function satisfies ] < J*,
then the closed-loop system is called GCFTB, where J* is a guaranteed cost value and u(t) is a guaranteed cost
finite-time controller.

3 Main results

3.1 Guaranteed cost finite-time boundedness analysis

In this subsection, we will focus on the problem of GCFTB for positive switched nonlinear system (4). Firstly,
we present the following lemma which is essential for our later development.

Lemma 3.1 ([14]). Consider the positive switched nonlinear system (4), for a given time constant Ty and vectors
¢ > p > 0, if there exist a set of positive vectors vp, vp, 9p, p € N and positive constants ¢1, 2, ¢3, ¢4, X and v,
and such that the following inequalities hold:

Wp = diag{yp1, Yp2, - - Ypns Yp1, Ypos -+ - Ypn} <0 ©
G1p < Vp < P25, Up < $36, Up < Pus (10)
¢2bpdurs < y1n A1)

2+ mave™ g3 + myi’ e gy + A < pre (12)

where
Ypr = Moy dirvpr + MaUpr + MatOpr — Apipr
wbr = agp,c_lyup, - (1 - h)Upr
A=max{\p},ren={1,2,...,n}.
peN
apr(agpr, dir, dar, dur) represents the rth column vector of the matrix Ap(Agp,D1,D2,Ds), vp =
[Vp1s Up2seevsvpn)Ts Up = [Up1s Up2sevvsvpn]ts and 9p = [Op1,0p2,s .+ .. s Opn]’s vprs vpr and 9y represent the
rth elements of the vectors vy, v, and 6y, respectively, then under the following ADT scheme

Trlnp Iny

To > TS = max K
ar e {ln(¢1e”\Tf) —In(¢2 + mareMos + mar2ero, +4¢) A

b (13)

the system (4) is FTB with respect to (s, p, T, ¢, o(t)), where 1 > 1 satisfies

Up < g, Up < pug, Up < udq, Vp, q € N. (14)
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Proof. Construct the Lyapunov-Krasovskii functional for the system (4) as follows:

t 0 t
Vo oy (8) = Vooy (6 () = X7 (£ + f M T (x(s))opds + f f M T (x(s5))0pdsdo.  (15)

t-d(t) — t+0

where v, vp and 9p € R}, Vp € N.
Along the trajectory of the system (4), we have

Voo (6) =f7 (x(6))ApDivp + £ (x(t = d(£)) AgpD3vp + ' () ByDivy
t
w2 [ eI ((s))upds + T (x(t))op — (1= AE) MO (x(t - d(6)
t—d(t)
0

0 t
oy f f M T (x(5))0,dsdo + of T (x(£))0p - f e X (¢ +0)9,d0

-t t+0 -
<fT(x(t))ApDivp + f (x(t - d(£))Ad,D3vp + w' (t)BpDivyp 16)
t
2 [ eI (x(s)pds + £ (x(6))p - (1 - e O (x(t - d(£))vp
t-d(t)
t

0 t
o / [ e T (x(5))0pdsdo + of T (X(£))0p - / FT(x(s))0pds.

—L t+6 t=d(t)
From (3), (10), (11), (15) and (16), we have

Vg(t)(t) - )\pVo(t)(t) SXT(t)(mzA;DU/p - )\pl/p + Maup + m2L19p)

X o )
+f (x(t = d(t))(AgpD2 = (1 = h)uvp) +~[w(t)|
Substituting (9) into (17) yields
Vo) (£) = Ao Voo () =7 w(t)]| <O (18)
Integrating both sides of (18) during the period [ty, t) for t € [t, t;.1) leads to
t
Voo () € @DV, (6) + [ X | (5)] ds. (19)

ti

On the other hand, from (14) and (15), one can easily obtain

Vot (t) < 1oty Vorer) () (20)
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Let N be the switching number of o(t) over [0, Tf), and denote t1, ---, t; as the switching instants over the

interval [0, Tf). From (19), we have

t
Voo (t) <e @Ry () +7/ w9 |y (s) | ds
te

t
(i€ @OV (6) +4 f eI (s)|ds
ti

o () (E=tk) |:e)‘a(tk_1) (te—ti1) 1%

()€ o(tr) (tk-1)

ty t
vy [ @I (s)|ds] +7 [ o T (s)]ds <
ti—1 te

t; ty

<i"e Vo) (0) + My [ XD ()]ds + Ny [ D W (s)]ds
0 ty

t
+...+7[e’\(t_s)|\wT(s)Hds
te
t
<"V, 0y(0) + f e @0 1wl (5) | ds
0

t
<€ V(0 (0) + i [ € |w(s) ds
0

<M (V09 (0) +7€).

From (10) and (15), we have
Voo (1) 2 dr1x' (£)p.

Vo (0)(0) < ¢2x™ (0)s + 1™ ¢3 Supo{fT(X(G)k} +i2eM gy _Sl.lepo{fT(X(9))§}

—1<0<

< (¢ + mye™ s + mzbze’\Lm) suepo{(xT(@))c} )

< (¢ + maveNgs + myleMgs)

From (21)-(23), we obtain
Inp
xT(t)p < ée(’vﬁﬂ"((ﬁz + myeMps + myte Mo, + AC).

Substituting (13) into (24), one has
xT(t)p < 1.

According to Definition 2.7, we conclude that the system (4) is FTB with respect to (s, p, T, ¢, o(t)).

(1)

(22)

(23)

(24)

(25)
O

Remark 3.2. For positive switched nonlinear system (4), a new nonlinear Lyapunov-Krasovskii functional (15)

is constructed, which plays an important role in the proof procedure.

The following theorem gives sufficient conditions of guaranteed cost finite-time boundedness for system (4)

with ADT.

Theorem 3.3. Consider the positive switched nonlinear system (4), for a given time constant Ty and vectors
¢ > p>0andR1 > 0, if there exist a set of positive vectors vy, vp, ¥p, p € N and positive constants ¢1, ¢, ¢3,

¢4, A and ~y, and such that the following inequalities hold:

Wp = diag{wplwaZy .. -'l/]pn, 1/’;,1, 1/]1’72’ .o -¢1’m} < 0

(26)
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$1p < Vp < 25, Up < 36, Up < Pus @7)
¢2b;ra4r§ <v1n (28)
b2+ Mae™ s + myeM gy + A < pre N (29)

where
wpr = mza;,c_ilrypr + MaVpr + mzmw - )\pl/pr + er
Upr = Ay darvpr = (1= ) vpr
A=max{N\p},ren={1,2,...,n}.

peN

apr(@gpr, dir, dar, dur) represents the rth column vector of the matrix Ay (Aap, D1, D>, D4), Ry denotes the rth
element of the vector R1, vp = [Vp1, Vp2s«--» z/pn]T, Up = [Up1s Up2seses vpn]T, and 9p = [9p1,p2,s .-+, ﬁpn]T,
vpr, Upr and Yy represent the rth elements of the vectors vy, vy and 0y, respectively, then under the following
ADT scheme

To>Ta = max{ln(qﬁle'”f)—ln(qﬁz+rZILZl:\"¢>3+mzbze>\”¢4+'y()’ Sk (30)
the system (4) is GCFTB with respect to (s, p, Tf, ¢, o(t) ), where p > 1 satisfies
Vp < prg, Up < pvg, Op < pdq, Vp, q € N. (31)
and the guaranteed cost value of system (4) is given by
J = [ xT(s)Rids < J* = e (¢ + mareM s + maite gy +40C). (32

Proof. Adding x” (t)R; to both sides of (17), we get

V(o) (£) = Ao Vi (oy (£) + XT(£)R1 < xT(¢) (m2A) D1vp — Apvp + Mavp + M2ty + R1)

it 33
LT (x(t - d(6)) (AL, D — (1~ hyup) +|w(D)| 3
Substituting (26) into (33) yields
V(o) (£) = Ap Vo (ey (£) + X" (£)Ry = v|w(t)]| <O (B4)
It implies
Voy () = Ap V(e (8) = v|w(t)| <O (35)

From lemma 3.1, we conclude the system (4) is FTB. Next, we will give the guaranteed cost value of system
(@).
Denoting v (t) = v|w(t)| - x"(t)R; and integrating both sides of (34) from [ty, t), for t € [t;, ti,1) it
gives rise to
Voo (1) < eV, (8) + [ e v (s)ds. 36)

where A = max{)\,}.
peN
Similarly to the proof process of (21), for any ¢ € [0, Tf], we can obtain
Voo (t) < N0 @Dy 00(0) + [ M) ¢ (s)ds. 37)
From (37), we can get
L Ne@ &0 AT ()R, ds < pNe0 @D A (1 (0) + 7 [ pNo0 DM |y (s) | ds (38)

Multiplying both sides of (38) by pN-© (%0 Jeads to

Jo uNe@ @D XN (5)Ryds < €M1V, 9)(0) + [y N7 OV |w(s) | ds (39)
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Noting that N, (0,s) < Tif and T, > I”T”, we obtain that 0 < N, ((0,s) < Tif < lﬁ—z, that is e <

;[N c0(%5) < 1, Then (39) can be turned into

fot e*)\se)\(tfs)XT(s)Rlds < fot qu,,(,) (O,S)e)\(tfs)XT(s)Rlds

_ (40)
<M1V, (0)(0) +7 [y I |w(s)|ds
Let t = Ty, then multiplying both sides of (40) by e T leads to
JLe™5xT(s)Rids < V(o) (0) + [ e |w(s)|ds @)
T,
< Vo(0)(0) +7 fo ! [w(s)|ds
Substituting (2) into (41) yields
Jo €T xT(s)Ruds < V,0)(0) +~C. (42)
which can be rewritten as
Jo x"(5)R1ds < €T (V5 0y (0) +7C). (43)
Substituting (23) into (43), the guaranteed cost value of system (4) is given by
J= fOTf xT(s)Rids < J* = 2T (¢g + myre™ 3 + myi2e™M gy +40). (44)

Therefore, according to Definition 2.11, we can conclude that the system (4) is GCGTB. Thus, the proof is
completed. O

Remark 3.4. From D, ¢ [D,,D1], D, € [D,,D,] and D4 ¢ [D,, D4), which means D1Ap € [D,Ap, D14p],
D>Agp € [DyAap, D2Agy] and D4By € [D, By, DyBy), the obtained results in Theorem 3.3 should be extended to
positive switched nonlinear systems with interval uncertainties.

3.2 Guaranteed cost finite-time controller design

In this subsection, we are concerned with the guaranteed cost finite-time controller design of positive
switched nonlinear system (1). Under the controller u(t) = K, y(t) the corresponding closed-loop system
is given by

{X(t) = (DIAa(t) + D3Gg(t)KJ(t) Cg(t) )f(X(t)) + DzAdU(t)f(X(t - d(t))) + D4Bg(t)W(t) (45)

x(0) = ¢(0),0 €[, 0]
By Lemma 2.8, to guarantee the positivity of system (45), D1Ap + D3GpKpCp should be Metzler matrices,

Vp € N. The following Theorem 3.5 gives some sufficient conditions to guarantee that closed-loop system (45)
is GCFTB.

Theorem 3.5 ([14]). Consider the positive switched nonlinear system (45), for a given time constant T, vectors
¢>p>0,Ry >0andR; > 0, if there exist a set of positive vectors vy, vp, 9p, p € N and positive constants ¢1,
02, &3, ¢4, X and v, such that (27)-(29) and the following inequalities hold:

D,Ap + D;G,KpCp and D1Ap + D3GpKy,Cp are Metzler matrices, Kp > 0. (46)

Uy = diag{up1, Yp2, - - - Vpns Bp1s Bpas - - Upn} <O (47)
where
1/)pr = mza;rduupr + Mavpr + m2m9p, - )\pupr + Ry +fp,
Q/Jbr = agprdzﬂ/pr - (1 - h)Upr
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A=max{\p},ren={1,2,...,n}.
peN

fr=m C;K;(G;Dg,vp +R2), for(R1r) represents the rth element of vector fp(R1), apr(Qapr, dir, c_in) represents
the rth column vector of the matrix Ap(Agp, D1, D2). vp = [vp1, vp2, ..., vpn]"s vp = [Up1, Up2,s+ .. vpn]’, and
Op = [Op1, Ip2s -+ »Opn]’, vpr, vpr and Uy, represent the rth elements of the vectors vy, vy and 6y, respectively,
u > 1 satisfies (31), then under the following ADT scheme (5), the resulting closed-loop system (45) is GCFTB
with respect to (s, p, Ts, ¢, o(t)) and the guaranteed cost value of system (45) is given by

J = [ IXT ()R + T (x(5))CL ) KT 1y R2]ds

48
< ]* _ eZATf(qbz 4 mzLeN,QSB + mzbze)\['d)z, +’7€)- ( )

Proof. From Lemma 2.8 and (46), D;Ap + D;GpKpCp < D1Ap + D3G,KpCp < D1Ap + D3GpK,Cp are held,
for each p € N. It means that D1A, + D3GpK,C, is Metzler matrice. According to Lemma 2.9, the system
(45) is positive. Replacing D1 A, in (26) with D14, + D3GpKpCp and letting f, = mzch;(Gngvp + R2),
similar to Theorem 3.3, we easily obtain that the resulting closed-loop system (45) is GCFTB with respect to
(s, p» Tr, ¢, o(t)) and the guaranteed cost value is given by (48).

The proof is completed. O

Remark 3.6. In Theorem 3.5, the gain matrix K, > O, Vp € N is used. Naturally, when K, < 0, we only replace
(46) by the following condition

D,Ap + D3GpK,Cp and D1Ap + D;G,K, Cp are Metzler matrices, K < 0. (49)

Following the proof line of Theorem 3.5, we can also conclude that the closed-loop system (45) is GCFTB with
respect to (s, p, T, ¢, o(t)).

Next, an algorithm is presented to obtain the feedback gain matrices K, p € N.

Algorithm 3.7. Step 1. By adjusting the parameters X\, and solving (27)-(29), (31) and (47) via linear program-
ming, positive vectors vp, vp , 9p and fp can be obtained.

Step 2. Substituting vy and f, into f, = myCp K, (GpD3vp + R2), K can be obtained.

Step 3. If the gain K, satisfy (46) or (49), then Ky, are admissible. Otherwise, return to Step 1.

4 Numerical example

Example 4.1. Consider the positive switched nonlinear systems (1) with the parameters as follows:

b _[o10 _[o12 0 ], _[os 0] 5 [010
17l o017 | 0 0150”72 | 001" | 0 08}

b _[010 _[o12 0 ], _Jos 0] 5 [010
Sl oo01|” | 0 015”7 ool | 008

[w]l

]l

-4 1 [0.1 0.2 0.2 [0.3 0.4
A = ,Agy = ,B; = ,G1 = ,Ci=[0.30.2],
' [2 —3] “17 0.3 0.2] ! [0.3] 7o 0.5] 1=[0.30.2]
-5 2 [0.2 0.3 0.1 0.2 0.1
A; = JAp = ,B; = ,Gy = ,C;=[0.10.3],
2 [ 1 —4] 2" 1o.1 0.2] 2 [0.2] 7 loa 0.3] 2=[0.103]

[0.1 0.2 0.1] 2
R; = Ry = ,p= o= ,
! _0.3] ? [0.1] P [0.2_ * [3]

Letd(t) =0.1+0.1cos(t), thenwe get . = 0.2, h = 0.1. fi(x;(t)) = x;(¢t) + x,»x(iz()tzp we obtainm; = 1, my = 2.

Choosing v = 1, A = 0.1, u = 1.1, w(t) = 0.1e %% c0s(0.3t), ¢ = 0.02. Solving the inequalities in Theorem
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3.5by linear programming, we have

1.3524 0.3122 0.0054
v = , U1 = ) 191 = )
1.1139 0.2298 0.0034

1.2452 0.3104 0.0057
V) = , U2 = ) 192 = s
1.1757 0.2506 0.0031

f o[04 0.2688
Y71 0.2245 |77 7| 0.2924 |

By fy = myCy Ky, (GyD3vp + R2), we obtain

K, - 0.2202 K, = 0.3766 ’
0.2133 0.5817

It is easy to confirm that (46) is satisfied. Then, according to (30), we get T, = 1.4.

The simulation results are shown in Figs. 1-3, where the initial conditions of system (1) are x(0) =
[0.2,0.1]7, which meet the condition x” (t)p < 1. The state trajectory of the closed-loop system is shown in
Fig. 1. The switching signal o(t) is depicted in Fig. 2. Fig. 3 plots the evolution of x(t)p, which implies that the
corresponding closed-loop system is GCFTB with respect to (s, p, Ty, {, o(t)), and the cost value J* = 20.8,
which can be obtained by (48).

Fig. 1. State trajectories of closed-loop system (2).

0.25 T T T T T T T T T

0.2

0.15

0.1

0.05

time (s)

Example 4.2. In [30], a price dynamic model described by positive switched linear systems was presented.
But, in fact, the demand and supply functions are nonlinear. So, it is more suitable to describe the price dynamic
model by positive switched nonlinear systems. Consider the parameters as follows:

p,-[07 0] p _[080] [o60]
0 1.4 0 1.0 0 1.0
_Jo9 0] . [roo0], [10
D - ,D, = Ds = ,
! [0 1.6] 2 [0 1.1] ’ [01.2]

0.2 0.5 0.02 0.02 0.3 0.4
A= Ag = ,G1 = ,C1=[0.30.2],
! [0.4 —3.5] a [0.04 0.10] ! [0.1 0.5] 1=[030.2]
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Fig. 2. Switching signal of system (1) with ADT.

2 T T T T T T T T T

05F .

Fig. 3. The evolution of xT(¢)p of system (1).

0.045 T T T T T T T T T

0.04

0.035
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0.025

0.02
0.015
0.01 1
0.005 - .
0 1 Il Il 1 L 1 1 L 1
0 1 2 3 4 5 6 7 8 9 10
time(s)
330 0.20.3 0.20.1
A = Ag = ,G; = ,C2=[0.10.3],
2 [ 0.8 0.2] @ [0.1 0.2] 2 [0.1 0.3] 2= ]

0.1 0.2 0.1 2
R = ’R = ’ = ’ = ’
' [0.3] ? [0.1] P [0.2] ° [3]

Let d(t) = 0.1 + 0.1sin’t, thenwe get . = 0.2, h = 0.1. f;(x;(t)) = x;(t) + x:((it()?v we obtain my = 1,my = 2.

Choosing v = 1, A = 0.1, p = 1.1. Solving the inequalities in Theorem 3.5 by linear programming, we have

[0.1517] [1.7248] [0.7634]
v = , U1 = ’7-91 = )

1.1850 0.7710 0.0248

0.8870 2.0427 0.4074
v = » V2 = ’ 192 = 5
0.0456 2.0002 0.0043

£ 1.2769 £, _[03383
' 10.6995 |** " | 2.0012 |
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By f, = myCrKy (G Dsvp + Ry), we obtain

K, - 0.6543 K = 0.4652 ’
0.5724 0.3874

It is easy to confirm that (46) is satisfied. Then, according to (30), we get T, = 1.2.

The simulation results are shown in Figs. 4-6, where the initial conditions of system (1) are x(0) =
[0.2,0.1]7, which meet the condition x” (t)p < 1. The state trajectory of the closed-loop system is shown in
Fig. 4. The switching signal o(t) is depicted in Fig. 5. Fig. 6 plots the evolution of x(t)p, which implies that the
corresponding closed-loop system is GCFTB with respect to (s, p, Tf, {, o(t)), and the cost value J* = 12.6,
which can be obtained by (48).

Fig. 4. State trajectories of closed-loop system (2).
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Fig. 5. Switching signal of system (1) with ADT.
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Fig. 6. The evolution of xT () p of system (1).

0.08 - 1

0.03 - i

0.02 - u

5 Conclusions

In this paper, we have considered the issue of guaranteed cost finite-time control for positive switched
nonlinear systems with D-perturbation and time-varying delay. Based on the ADT approach, an output
feedback controller is constructed to guarantee that the closed-loop system is GCFTB. Finally, two examples
are given to illustrate the effectiveness of the proposed method.

It is worth noting that there are some interesting yet challenging issues like mode-dependent average
dwell time approach (which is more applicable and less conservative than ADT), asynchronously switching
approach and cyclic switching approach. So, how to apply these approaches to positive switched nonlinear
systems is our further work.
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