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Abstract: In this paper, the weighted multilinear p-adic Hardy operators are introduced, and their sharp
bounds are obtained on the product of p-adic Lebesgue spaces, and the product of p-adic central Morrey
spaces, the product of p-adic Morrey spaces, respectively. Moreover, we establish the boundedness of com-
mutators of the weighted multilinear p-adic Hardy operators on the product of p-adic central Morrey spaces.
However, it’s worth mentioning that these results are di�erent from that on Euclidean spaces due to the
special structure of the p-adic �elds.
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1 Introduction
In recent years, p-adic analysis has gathered a lot of attention by its applications in many aspects of
mathematical physics, such as quantum mechanics, the probability theory and the dynamical systems [1,2].
On the other hand, it plays a crucial role in pseudo-di�erential equations, wavelet theory and harmonic
analysis, etc. (see [3-7,10]).

For a prime number p, letQp be the �eld of p-adic numbers. It is de�ned as the completion of the �eld of
rational numbersQp with respect to the non-Archimedean p-adic norm ∣ ⋅ ∣p. This norm is de�ned as follows:
∣0∣p = 0; if any non-zero rational number x is represented as x = pγ m

n , where γ is an integer and the integers
m, n are indivisible by p, then ∣x∣p = p−γ . It’s not hard to see that the norm satis�es the following properties:

∣xy∣p = ∣x∣p ∣y∣p , ∣x + y∣p ≤ max{∣x∣p , ∣y∣p}.

Moreover, if ∣x∣p ≠ ∣y∣p, then ∣x + y∣p = max{∣x∣p , ∣y∣p}. It is well known that Qp is a typical model of non-
Archimedean local �elds. From the standard p-adic analysis, we know that any non-zero element x ofQp can
be uniquely represented as a canonical form x = pγ(x0 + x1p + x2p + ⋯), where xi ∈ {0, 1, . . . , p − 1} and
x0 ≠ 0, we then have ∣x∣p = p−γ . Let Zp = {x ∈ Qp ∶ ∣x∣p ≤ 1} be the class of all p-adic integrals in Qp and
denote Z∗p = Zp/{0}.

The space Qn
p consists of elements x = (x1, x2, . . . , xn), where xi ∈ Qp, i = 1, 2, . . . , n. The p-adic norm

onQn
p is

∣x∣p ∶= max
1≤i≤n

{∣xi ∣p}, x ∈ Qn
p .

Ronghui Liu: College of Mathematics and System Sciences, Xinjiang University, 830046, Urumqi, China,
E-mail: liuronghuimath@126.com
*Corresponding Author: Jiang Zhou: College of Mathematics and System Sciences, Xinjiang University, 830046, Urumqi,
China, E-mail: zhoujiang@xju.edu.cn

https://doi.org/10.1515/math-2017-0139


1624 | R. Liu, J. Zhou

Denote by Bγ(a) = {x ∈ Qn
p ∶ ∣x − a∣p ≤ pγ}, the ball with center at a ∈ Qn

p and radius pγ , and by
Sγ(a) = {x ∈ Qn

p ∶ ∣x − a∣p = pγ} the sphere with center at a ∈ Qn
p and radius pγ , γ ∈ Z. It is clear that

Sγ(a) = Bγ(a) ∖ Bγ−1(a), and we set Bγ(0) = Bγ and Sγ(0) = Sγ .
Since Qn

p is a locally compact commutative group with respect to addition, it follows from the standard
analysis that there exists a Haar measure dx on Qn

p, which is unique up to a positive constant factor and is
translation invariant, i.e., d(x + a) = dx. We normalize the measure dx such that

∫

B0(0)

dx = ∣B0(0)∣H = 1,

where ∣B∣H denotes the Haar measure of a measure subset B ofQn
p. By simple calculation, we can obtain that

∣Bγ(a)∣H = pγn , ∣Sγ(a)∣H = pγn(1 − p−n).

The classical Hardy operatorH is de�ned by

Hf(x) ∶= 1
x

x

∫

0

f(t)dt, x > 0,

where the function f is a nonnegative integrable function on R+. A celebrated integral inequality, due to
Hardy [8], states that

∥Hf∥Lq(R+) ≤
q

q − 1
∥f∥Lq(R+),

holds for 1 < q < ∞, and the constant factor q
q−1 is the best value and it is the norm of the operatorH, that is,

∥H∥Lq(R+)→Lq(R+) =
q

q − 1
.

N-dimensional Hardy operator was introduced by Christ and Grafakos in [9] as follows:

Hf(x) ∶= 1
Ωn ∣x∣n ∫

∣t∣≤∣x∣

f(t)dt, x ∈ Rn
∖ {0},

whereΩn is the volume of the unit ball inRn. The norm ofH on Lq(Rn
)was evaluated and found to be equal

to that of the classical Hardy operator.
In 2012, Fu et al. [10] de�ned the n-dimensional p-adic Hardy operator as follows:

H
p f(x) ∶= 1

∣B(0, ∣x∣p)∣H ∫

∣t∣p≤∣x∣p

f(t)dt, x ∈ Qn
p ∖ {0},

where f is a nonnegative measurable function on Qn
p, B(0, ∣x∣p) is a ball in Qn

p with center at 0 ∈ Qn
p and

radius ∣x∣p, and they proved the sharp estimate of the p-adic Hardy operator on Lebesgue spaces with power
weights.

In 1984, Carton-Lebrun and Fosset [11] de�ned the weighted Hardy average operatorHϕ by

Hϕ(f)(x) ∶=
1

∫

0

f(tx)ϕ(t)dt, x ∈ Rn ,

where ϕ ∶ [0, 1] → [0,∞) is a function, and showed the boundedness of Hϕ on Lebesgue and BMO(Rn
)

spaces. Evidently the operatorHϕ deeply depends on the nonnegative function ϕ. For example, when n = 1
and ϕ(x) = 1 for x ∈ [0, 1], the operatorHϕ is just reduced to the classical Hardy operator.

In 2006, Rim and Lee [13] de�ned the weighted p-adic Hardy operatorHp
ϕ by

H
p
ϕ(f)(x) ∶= ∫

Z∗p

f(tx)ϕ(t)dt, x ∈ Qn
p ,

where ϕ is a nonnegative function de�ned on Z∗p , and gave the characterization of function ϕ for whichHp
ϕ

is bounded on Lq(Qn
p), 1 ≤ q ≤ ∞, they also obtained the corresponding operator norm.

Morrey [12] introduced the Lq,λ(Rn
) spaces to study the local behavior of solutions to secondorder elliptic

partial di�erential equations. The p-adic Morrey space is de�ned as follows.
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De�nition 1.1 ([13]). Let 1 ≤ q < ∞ and λ ≥ −1/q. The p-adic Morrey space Lq,λ(Qn
p) is de�ned by

L
q,λ

(Qn
p) = {f ∈ Lqloc(Q

n
p) ∶ ∥f∥Lq,λ(Qn

p) < ∞},

where
∥f∥Lq,λ(Qn

p) ∶= sup
a∈Qn

p ,γ∈Z
(

1
∣Bγ(a)∣1+λq ∫Bγ(a)

∣f(x)∣q)
1/q

< ∞.

Remark 1.2. It is clear that Lq,−1/q(Qn
p) = Lq(Qn

p), Lq,0(Qn
p) = L∞(Qn

p).

In 2017, Wu and Fu [14] proved su�cient and necessary conditions of weighted functions, for which the
weighted p-adic Hardy operators are bounded on p-adic central Morrey spaces.

The p-adic central Morrey space is de�ned as follows.

De�nition 1.3. Let λ ∈ R and 1 < q < ∞ . The p-adic central Morrey space Bq,λ
(Qn

p) is de�ned by

∥f∥Bq,λ(Qn
p) ∶= sup

γ∈Z
(

1
∣Bγ ∣1+λq ∫

Bγ

∣f(x)∣q)
1/q

< ∞,

where Bγ = Bγ(0). It is clear that Bq,− 1
q (Qn

p) = Lq(Qn
p), when λ < −1/q, the space Bq,λ

(Qn
p) reduces to {0},

therefore, we can only consider the case λ ≥ −1/q. If 1 ≤ q1 ≤ q2 < ∞, by Hölder’s inequality

Bq2 ,λ(Qn
p) ⊂ Bq1 ,λ1(Qn

p)

for λ ∈ R.

De�nition 1.4 ([10]). Let 1 ≤ q < ∞. A function f ∈ Lqloc(Q
n
p) is said to be CMOq

(Qn
p), if

∥f∥CMOq(Qn
p) ∶= sup

γ∈Z
(

1
∣Bγ(0)∣H ∫

Bγ(0)

∣f(x) − fBγ(0)∣
qdx)

1/q
,

where
fBγ(0) =

1
∣Bγ(0)∣H ∫

Bγ(0)

f(x)dx.

The study ofmultilinear averaging operators is traced to themultilinear singular integral operator theory [15],
and motivated not only the generalization of the theory of linear ones but also their natural appearance in
analysis. For amore complete account onmultilinear opeartors, we refer to [16-19] and the references therein.

In this paper, we consider themultilinear version of weighted p-adic Hardy operators in the p-adic �elds.
Firstly, we introduce the weighted multilinear p-adic Hardy operators as follows.

De�nition 1.5. Let m ∈ N, x ∈ Qn
p, andϕ be a nonnegative integrable function onZ∗p×Z∗p×⋯×Z∗p . Theweighted

multilinear p-adic Hardy operatorHp
ϕ,m is de�ned as

H
p
ϕ,m(f⃗)(x) = ∫

(Z∗p )m

m
∏
i=1

fi(tix)ϕ(⃗t)dt⃗,

where f⃗ ∶= (f1, . . . , fm), t⃗ ∶= (t1, . . . , tm), dt⃗ ∶= dt1⋯dtm, and fi (i = 1, . . . ,m) are measurable functions on
Qn

p. When m = 1,Hp
ϕ,m is reduced to the weighted p-adic Hardy operatorsHp

ϕ.

The outline of the paper is as follows. In Section 2, we furnish sharp estimate of weighted multilinear p-adic
Hardy operator on the product of p-adic Lebesgue spaces, and then the result is extended to the product of
p-adic central Morrey spaces, the product of p-adic Morrey spaces, respectively. In Section 3, we present the
boundedness of commutators of the weighted multilinear p-adic Hardy operators.
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2 Sharp estimates of weighted multilinear p-adic Hardy operator
We begin with the following sharp boundedness ofHp

ϕ,m on the product of p-adic Lebesgue spaces.

Theorem 2.1. Let 1 < q, qi < ∞, i = 1, . . . ,m and 1
q = 1

q1 + ⋯ + 1
qm . Then H

p
ϕ,m is bounded from Lq1(Qn

p) ×

Lq2(Qn
p) × ⋯ × Lqm(Qn

p) to Lq(Qn
p) if and only if

Am ∶= ∫

(Z∗p )m

m
∏
i=1

∣ti ∣−n/qip ϕ(⃗t)dt⃗ < ∞. (1)

Moreover,
∥H

p
ϕ,m∥Lq1(Qn

p)×Lq2(Qn
p)×⋯×Lqm (Qn

p)→Lq(Qn
p) = Am .

Proof. Without loss of generality, we consider only the situation when m = 2. Actually, a similar procedure
works for all m ∈ N.

Suppose that (1) holds. Using Minkowski’s inequality yields

∥H
p
ϕ,2(f1, f2)∥Lq(Qn

p) = (∫

Qn
p

∣ ∫

(Z∗p )2
f1(t1x)f2(t2x)ϕ(t1, t2)dt1dt2∣

q
dx)

1/q

≤ ∫

(Z∗p )2
(∫

Qn
p

∣f1(t1x)f2(t2x)∣qdx)
1/q
ϕ(t1, t2)dt1dt2.

By Hölder’s inequality with 1
q =

1
q1 +

1
q2 , we see that

∥H
p
ϕ,2(f1, f2)∥Lq(Qn

p) ≤ ∫
(Z∗p )2

2
∏
i=1

(∫

Qn
p

∣fi(tix)∣qidx)
1/qi

ϕ(t1, t2)dt1dt2

≤ (
2
∏
i=1

∥fi∥Lqi (Qn
p)) ∫
(Z∗p )2

(
2
∏
i=1

∣ti ∣−n/qip )ϕ(t1, t2)dt1dt2.

Thus,Hp
ϕ,2 maps the product of p-adic Lebesgue spaces Lq1(Qn

p) × Lq2(Qn
p) to Lq(Qn

p) and

∥H
p
ϕ,2∥Lq1(Qn

p)×Lq2(Qn
p)×→Lq(Qn

p) ≤ A2. (2)

To see the necessity, for any 0 < ε < 1 and ∣ε∣p > 1, we take

f εi (x) =
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

0, ∣xi ∣p < 1,

∣xi ∣
− n

qi
− q2ε

qi
p , ∣xi ∣p ≥ 1.

(3)

An elementary calculation gives that

∥f ε1 ∥q1Lq1(Qn
p)
= ∥f ε2 ∥q2Lq2(Qn

p)
=

1 − p−n

1 − p−εq2
.

Consequently, we have

∥H
p
ϕ,2(f

ε
1 , f ε2 )∥Lq(Qn

p)

= {∫

Qn
p

∣x∣−n−q2εp ( ∫
1
∣x∣p ≤∣t1∣p<1

∫
1
∣x∣p ≤∣t2∣p<1

∣t1∣
− n

q1
− q2ε

q1
p ∣t2∣

− n
q1
−ε

p ϕ(t1, t2)dt1dt2)
q
dx}

1/q

≥ { ∫

∣x∣p≥1

∣x∣−n−q2εp ( ∫
1
∣x∣p ≤∣t1∣p<1

∫
1
∣x∣p ≤∣t2∣p<1

∣t1∣
− n

q1
− q2ε

q1
p ∣t2∣

− n
q1
−ε

p ϕ(t1, t2)dt1dt2)
q
dx}

1/q
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≥ { ∫

∣x∣p≥∣ε∣p

∣x∣−n−q2εp ( ∫
1
∣ε∣p ≤∣t1∣p<1

∫
1
∣ε∣p ≤∣t2∣p<1

∣t1∣
− n

q1
− q2ε

q1
p ∣t2∣

− n
q1
−ε

p ϕ(t1, t2)dt1dt2)
q
dx}

1/q

= ( ∫
1
∣ε∣p ≤∣t1∣p<1

∫
1
∣ε∣p ≤∣t2∣p<1

∣t1∣
− n

q1
− q2ε

q1
p ∣t2∣

− n
q1
−ε

p ϕ(t1, t2)dt1dt2)( ∫

∣x∣p≥∣ε∣p

∣x∣−n−q2εp dx)
1/q

= ( ∫
1
∣ε∣p ≤∣t1∣p<1

∫
1
∣ε∣p ≤∣t2∣p<1

∣t1∣
− n

q1
− q2ε

q1
p ∣t2∣

− n
q1
−ε

p ϕ(t1, t2)dt1dt2)∣ε∣−εq2p

2
∏
i=1

∥f εi ∥Lqi (Qn
p).

Therefore,

∫
1
∣ε∣p ≤∣t1∣p≤1

∫
1
∣ε∣p ≤∣t2∣p≤1

∣t1∣
− n

q1
− q2ε

q1
p ∣t2∣

− n
q1
−ε

p ϕ(t1, t2)dt1dt2 ≤
C

∣ε∣p
εq2 .

Now take ε = p−k, k = 1, 2,⋯. Then ∣ε∣p = pk > 1. Letting k approach to ∞, then ε approaches to 0 and
∣ε∣
εq2
p = p

kq2
pk approaches to 1. Then by Fatou’s Lemma, we obtain

∫

Z∗p

∫

Z∗p

∣t1∣−n1/q1p ∣t2∣−n2/q2p ϕ(t1, t2)dt1dt2 < ∞.

and
∥H

p
ϕ,2∥Lq1(Qn

p)×Lq2(Qn
p)×→Lq(Qn

p) ≥ A2. (4)

Combining (2) and (4) then �nishes the proof.

Next, we extend the result in Theorem 2.1 to the product of p-adic central Morrey spaces.

Theorem 2.2. Let 1 < q < qi < ∞, 1
q =

1
q1 +⋯ + 1

qm , λ = λ1 +⋯ + λm and −1/qi ≤ λi < 0, i = 1, . . . ,m.
(i) If

Ãm ∶= ∫

(Z∗p )m

m
∏
i=1

∣ti ∣nλi
p ϕ(⃗t)dt⃗ < ∞. (5)

Then,Hp
ϕ,m is bounded from Bq1 ,λ1(Qn

p)×Bq2 ,λ2(Qn
p)×⋯×Bqm ,λm(Qn

p) to Bq,λ
(Qn

p)with its operator norm not
more that Ãm.

(ii) Assume that λ1q1 = ⋯ = λmqm. In the case the condition (5) is also necessary for the boundedness of
H

p
ϕ,m: Bq1 ,λ1(Qn

p) × Bq2 ,λ2(Qn
p) × ⋯ × Bqm ,λm(Qn

p) → Bq,λ
(Qn

p). Moreover,

∥H
p
ϕ,m∥Bq1 ,λ1(Qn

p)×Bq2 ,λ2(Qn
p)×⋯×Bqm ,λm (Qn

p)→Bq,λ(Qn
p)
= Ãm .

Proof. By similarity, we only give the proof in the case m = 2.
When −1/qi = λi, i = 1, 2, then Theorem 2.2 is just Theorem 2.1.
Next we consider the case that −1/qi < λi < 0, i = 1, 2. Let γ ∈ Z, tiBγ = B(0, ∣ti ∣ppγ) and Ã2 < ∞. Since

1/q = 1/q1 +1/q2, by Minkowski’s inequality and Hölder’s inequality, we see that, for all balls B = B(0, pγ),

(
1

∣Bγ ∣H1+λq
∫

Bγ

∣H
p
ϕ,2(f⃗)(x)∣

qdx)
1/q

≤ ∫

(Z∗p )2
(

1
∣Bγ ∣H1+λq

∫

Bγ

∣
2
∏
i=1

fi(tix)∣qdx)
1/q
ϕ(⃗t)dt⃗

≤ ∫

(Z∗p )2

2
∏
i=1

(
1

∣Bγ ∣H1+λiqi ∫
Bγ

∣fi(tix)∣qidx)
1/qi

ϕ(⃗t)dt⃗

= ∫

(Z∗p )2
∣t1∣nλ1

p ∣t2∣nλ2
p

2
∏
i=1

(
1

∣tiBγ ∣H1+λiqi ∫
tiBγ

∣fi(x)∣qidx)
1/qi

ϕ(⃗t)dt⃗
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≤ ∥f1∥Bq1 ,λ1 (Q
n
p)∥f2∥Bq2 ,λ2 (Q

n
p) ∫
(Z∗p )2

∣t1∣nλ1
p ∣t2∣nλ2

p ϕ(⃗t)dt⃗.

This means that
∥H

p
ϕ,2∥Bq1 ,λ1(Qn

p)×Bq2 ,λ2(Qn
p)→Bq,λ(Qn

p)
≤ Ã2. (6)

For the necessity when λ1q1 = λ2q2, let f1(x) = ∣x∣nλ1
p and f2(x) = ∣x∣nλ2

p for all x ∈ Qn
p/{0}, and f1(0) =

f2(0) ∶= 0. Then for any B = B(0, pγ), we have

(
1

∣Bγ ∣H1+λiqi ∫
Bγ

∣fi(x)∣qidx)
1/qi

= (p−nγ(1+λiqi)
γ

∑
k=−∞

∫

Sk

pnkλiqidx)
1/qi

= ((1 − p−n)p−nγ(1+λiqi)
γ

∑
k=−∞

pnk(1+λiqi))
1/qi

= (
1 − p−n

1 − p−n(1+λiqi)
)
1/qi

,

where the series converge due to λi > −1/qi. Then fi ∈ Bqi ,λi(Qn
p). Since λ = λ1 + λ2 and −1/qi ≤ λi < 0,

1 < q < qi < ∞, i = 1, 2, we have

(
1

∣Bγ ∣H1+λq
∫

Bγ

∣H
p
ϕ,2(f⃗)(x)∣

qdx)
1/q

= (
1

∣Bγ ∣H1+λq
∫

Bγ

∣x∣nλqp dx)
1/q
∫

(Z∗p )2
∣t1∣nλ1

p ∣t2∣nλ2
p ϕ(⃗t)dt⃗

= (
1 − p−n

1 − p−n(1+λq)
)
1/q
∫

(Z∗p )2
∣t1∣nλ1

p ∣t2∣nλ2
p ϕ(⃗t)dt⃗

= ∥f1∥Bq1 ,λ1 (Q
n
p)∥f2∥Bq2 ,λ2 (Q

n
p)

(1 − p−n(1+λ1q1))1/q1(1 − p−n(1+λ2q2))1/q2

(1 − p−n(1+λq))1/q

× ∫

(Z∗p )2
∣t1∣nλ1

p ∣t2∣nλ2
p ϕ(⃗t)dt⃗

= ∥f1∥Bq1 ,λ1 (Q
n
p)∥f2∥Bq2 ,λ2 (Q

n
p) ∫
(Z∗p )2

∣t1∣nλ1
p ∣t2∣nλ2

p ϕ(⃗t)dt⃗,

since λ1q1 = λ2q2. Then,
Ã2 ≤ ∥H

p
ϕ,2∥Bq1 ,λ1(Qn

p)×Bq2 ,λ2(Qn
p)→Bq,λ(Qn

p)
< ∞. (7)

Combining (6) and (7) then concludes the proof. This �nishes the proof of the Theorem 2.2.
We remark that Theorem 2.2 when m = 1 goes back to [14] Theorem 2.3.

Next, we give sharp estimate of weighted multilinear p-adic Hardy operator on the product of p-adic Morrey
spaces.

Theorem 2.3. Let 1 < q < qi < ∞, 1
q =

1
q1 +⋯ + 1

qm , λ = λ1 +⋯ + λm and −1/qi < λi < 0, i = 1, . . . ,m.
(i) If

Bm ∶= ∫

(Z∗p )m

m
∏
i=1

∣ti ∣nλi
p ϕ(⃗t)dt⃗ < ∞. (8)

Then, Hp
ϕ,m is bounded from Lq1 ,λ1(Qn

p) × L
q2 ,λ2(Qn

p) × ⋯ × L
qm ,λm(Qn

p) to Lq,λ(Qn
p) with its operator norm

not more that Bm.
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(ii) Assume that λ1q1 = ⋯ = λmqm. In the case the condition (8) is also necessary for the boundedness of
H

p
ϕ,m: Lq1 ,λ1(Qn

p) × L
q2 ,λ2(Qn

p) × ⋯ × L
qm ,λm(Qn

p) → L
q,λ

(Qn
p). Moreover,

∥H
p
ϕ,m∥Lq1 ,λ1(Qn

p)×Lq2 ,λ2(Qn
p)×⋯×Lqm ,λm (Qn

p)→Lq,λ(Qn
p)
= Bm .

Proof. By similarity, we only give the proof in the case m = 2. Suppose B2 < ∞. Since 1/q = 1/q1 + 1/q2, by
Minkowski’s inequality and Hölder’s inequality, we see that

(
1

∣Bγ(a)∣H1+λq
∫

Bγ(a)

∣H
p
ϕ,2(f⃗)(x)∣

qdx)
1/q

≤ ∫

(Z∗p )2
(

1
∣Bγ(a)∣H1+λq

∫

Bγ(a)

∣
2
∏
i=1

fi(tix)∣qdx)
1/q
ϕ(⃗t)dt⃗

≤ ∫

(Z∗p )2

2
∏
i=1

(
1

∣Bγ(a)∣H1+λiqi ∫
Bγ(a)

∣fi(tix)∣qidx)
1/qi

ϕ(⃗t)dt⃗

= ∫

(Z∗p )2
∣t1∣nλ1

p ∣t2∣nλ2
p

2
∏
i=1

(
1

∣tiBγ(a)∣H1+λiqi ∫
tiBγ(a)

∣fi(x)∣qidx)
1/qi

ϕ(⃗t)dt⃗

≤ ∥f1∥Lq1 ,λ1 (Q
n
p)∥f2∥Lq2 ,λ2 (Q

n
p) ∫
(Z∗p )2

∣t1∣nλ1
p ∣t2∣nλ2

p ϕ(⃗t)dt⃗.

This means that
∥H

p
ϕ,2∥Lq1 ,λ1(Qn

p)×Lq2 ,λ2(Qn
p)→Bq,λ(Qn

p)
≤ B2. (9)

For the necessity when λ1q1 = λ2q2, let f1(x) = ∣x∣nλ1
p and f2(x) = ∣x∣nλ2

p for all x ∈ Qn
p/{0}, and f1(0) =

f2(0) ∶= 0. Then for any B = B(a, pγ), we need to show that fi ∈ Lqi ,λi(Qn
p). Considering the following two

cases.

(I) If ∣a∣p > pγ and x ∈ Bγ(a), then ∣x∣p = max{∣x − a∣p , ∣a∣p} > pγ . Since−1/qi ≤ λi < 0, we have

1
∣Bγ(a)∣H1+λiqi ∫

Bγ(a)

∣x∣nλiqi
p dx

<
1

∣Bγ(a)∣H1+λiqi ∫
Bγ(a)

pγnλiqidx = 1.

(II) If ∣a∣p ≤ pγ and x ∈ Bγ(a), then ∣x∣p = max{∣x− a∣p , ∣a∣p} ≤ pγ . Therefore, x ∈ Bγ(a). Recall that two balls
inQn

p are either disjoint or one is contained in the other [20]. So we have Bγ(a) = Bγ , thus

1
∣Bγ(a)∣H1+λiqi ∫

Bγ(a)

∣x∣nλiqi
p dx

=
1

∣Bγ ∣H1+λiqi ∫
Bγ

∣x∣nλiqi
p dx

=
1 − p−n

1 − p−n(1+λiqi)
.

From the previous discussion, we can see that fi ∈ Lqi ,λi(Qn
p). By the similar estimates to the method of

Theorem 2.2, we have
B2 ≤ ∥H

p
ϕ,2∥Lq1 ,λ1(Qn

p)×Lq2 ,λ2(Qn
p)→Lq,λ(Qn

p)
< ∞. (10)

Combining (9) and (10) then yields the desired result.

We remark that Theorem 2.3 when m = 1 goes back to [14] Theorem 2.1.
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3 Boundedness of commutators of the weighted multilinear p-adic
Hardy operators

Now we introduce the de�nition for the multilinear version of the commutator of the weighted p-adic Hardy
operators. Let m ≥ 2, and ϕ be a nonnegative integrable function on Z∗p ×Z∗p ×⋯×Z∗p , and bi (i = 1, . . . ,m)

be locally integral functions onQn
p. We de�ne

H
p,b⃗
ϕ,m ∶= ∫

(Z∗p )m
(

m
∏
i=1

fi(tix))(
m
∏
i=1

(bi(x) − bi(tix)))ϕ(⃗t)dt⃗, x ∈ Qn
p .

Then we have the following multilinear result.

Theorem 3.1. Let1 < q < qi < ∞,1 < ρ < ∞,−1/qi < λi < 0, i = 1, . . . ,m, such that 1
q =

1
q1 +⋯+

1
qm +

1
ρ1
+⋯+ 1

ρm
,

λ = λ1 +⋯ + λm. If

B̃m ∶= ∫

(Z∗p )m

m
∏
i=1

∣ti ∣nλi
p ϕ(⃗t)(

m
∏
i=1

logp
1

∣ti ∣p
)dt⃗ < ∞.

ThenHp,b⃗
ϕ,m is bounded from Bq1 ,λ1(Qn

p)×Bq2 ,λ2(Qn
p)×⋯×Bqm ,λm(Qn

p) to Bq,λ
(Qn

p) for all b⃗ = (b1, b2, . . . , bm) ∈
CMOρ1(Qn

p) × CMOρ2(Qn
p) × ⋯ × CMOρm(Qn

p).

Proof. By similarity, we only consider the case that m = 2, that is, we assume B̃2 < ∞ and just need to show
that

∥H
p,b⃗
ϕ,2(f⃗)∥Bq,λ(Qn

p) ≤ CB̃2∥f1∥Bq1 ,λ1(Qn
p)
∥f2∥Bq2 ,λ2(Qn

p)
,

where b⃗ = (b1, b2) ∈ CMOρ1(Qn
p) × CMOρ2(Qn

p). By Minkowski’s inequality we have

(
1

∣Bγ ∣H ∫Bγ
∣H

p,b⃗
ϕ,2(f⃗)(x)∣

qdx)
1/q

≤ (
1

∣Bγ ∣H ∫Bγ
(∫

Z∗p

∫

Z∗p

2
∏
i=1

∣fi(tix)∣
2
∏
i=1

∣bi(x) − bi(tix)∣ϕ(t1, t2)dt1dt2)
q
dx)

1/q

≤ ∫

Z∗p

∫

Z∗p

(
1

∣Bγ ∣H ∫Bγ
(

2
∏
i=1

∣fi(tix)∣
2
∏
i=1

∣bi(x) − bi(tix)∣)
q
dx)

1/q
ϕ(t1, t2)dt1dt2

∶= I1 + I2 + I3 + I4 + I5 + I6,

where

I1 = ∫
Z∗p

∫

Z∗p

(
1

∣Bγ ∣H ∫Bγ
(

2
∏
i=1

∣fi(tix)∣
2
∏
i=1

∣bi(x) − bi,Bγ ∣)
q
dx)

1/q
ϕ(t1, t2)dt1dt2,

I2 = ∫
Z∗p

∫

Z∗p

(
1

∣Bγ ∣H ∫Bγ
(

2
∏
i=1

∣fi(tix)∣
2
∏
i=1

∣bi(tix) − bi,tiBγ ∣)
q
dx)

1/q
ϕ(t1, t2)dt1dt2,

I3 = ∫
Z∗p

∫

Z∗p

(
1

∣Bγ ∣H ∫Bγ
(

2
∏
i=1

∣fi(tix)∣
2
∏
i=1

∣bi,Bγ − bi,tiBγ ∣)
q
dx)

1/q
ϕ(t1, t2)dt1dt2,

I4 = ∫
Z∗p

∫

Z∗p

(
1

∣Bγ ∣H ∫Bγ
(

2
∏
i=1

∣fi(tix)∣ ∑
D(i,j)

∣bi(x) − bi,Bγ ∣∣bj,Bγ − bj,tjBγ ∣)
q
dx)

1/q
ϕ(t1, t2)dt1dt2,

I5 = ∫
Z∗p

∫

Z∗p

(
1

∣Bγ ∣H ∫Bγ
(

2
∏
i=1

∣fi(tix)∣ ∑
D(i,j)

∣bi(x) − bi,Bγ ∣∣bj(tjx) − bj,tjBγ ∣)
q
dx)

1/q
ϕ(t1, t2)dt1dt2,
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I6 = ∫
Z∗p

∫

Z∗p

(
1

∣Bγ ∣H ∫Bγ
(

2
∏
i=1

∣fi(tix)∣ ∑
D(i,j)

∣bi,Bγ − bi,tiBγ ∣∣bj(tjx) − bj,tjBγ ∣)
q
dx)

1/q
ϕ(t1, t2)dt1dt2,

and
D(i, j) ∶= {(i, j) ∶ (1, 2), (2, 1)}, bi,Bγ =

1
∣Bγ ∣H ∫Bγ

bi , i = 1, 2.

Choose q < s1 < ∞, q < s2 < ∞ such that 1/s1 = 1/q1+1/ρ1, 1/s2 = 1/q2+1/ρ2. Then by Hölder’s inequality,
we know that

I1 ≤ ∫
Z∗p

∫

Z∗p

2
∏
i=1

(
1

∣Bγ ∣H ∫Bγ
∣fi(tix)∣qidx)

1/qi 2
∏
i=1

(
1

∣Bγ ∣H ∫Bγ
∣bi(x) − bi,Bγ ∣

ρidx)
1/ρi

ϕ(t1, t2)dt1dt2

≤ ∣Bγ ∣λH ∫
Z∗p

∫

Z∗p

2
∏
i=1

∣ti ∣nλi
p

2
∏
i=1

(
1

∣tiBγ ∣1+λiqi
H

∫

tiBγ

∣fi(x)∣qidx)
1/qi

×
2
∏
i=1

(
1

∣Bγ ∣H ∫Bγ
∣bi(x) − bi,Bγ ∣

ρidx)
1/ρi

ϕ(t1, t2)dt1dt2

≤ ∣Bγ ∣λH∥b1∥CMOρ1(Qn
p)∥b1∥CMOρ1(Qn

p)∥f1∥Bq1 ,λ1(Qn
p)
∥f2∥Bq2 ,λ2(Qn

p)

×∫

Z∗p

∫

Z∗p

2
∏
i=1

∣ti ∣nλi
p ϕ(t1, t2)dt1dt2.

Similarly, we obtain

I2 ≤ ∫
Z∗p

∫

Z∗p

2
∏
i=1

(
1

∣Bγ ∣H ∫Bγ
∣fi(tix)∣qidx)

1/qi 2
∏
i=1

(
1

∣Bγ ∣H ∫Bγ
∣bi(tix) − bi,tiBγ ∣

ρidx)
1/ρi

ϕ(t1, t2)dt1dt2

≤ ∣Bγ ∣λH ∫
Z∗p

∫

Z∗p

2
∏
i=1

∣ti ∣nλi
p

2
∏
i=1

(
1

∣tiBγ ∣1+λiqi
H

∫

tiBγ

∣fi(x)∣qidx)
1/qi

×
2
∏
i=1

(
1

∣tiBγ ∣H ∫tiBγ
∣bi(x) − bi,tiBγ ∣

ρidx)
1/ρi

ϕ(t1, t2)dt1dt2

≤ ∣Bγ ∣λH∥b1∥CMOρ1(Qn
p)∥b1∥CMOρ1(Qn

p)∥f1∥Bq1 ,λ1(Qn
p)
∥f2∥Bq2 ,λ2(Qn

p)

×∫

Z∗p

∫

Z∗p

2
∏
i=1

∣ti ∣nλi
p ϕ(t1, t2)dt1dt2.

It follows from 1/q = 1/s1 + 1/s2 that 1 = q/s1 + q/s2. From 1/s1 = 1/q1 + 1/ρ1, 1/s2 = 1/q2 + 1/ρ2 and
Hölder’s inequality, we deduce that

I3 = ∫
Z∗p

∫

Z∗p

(
1

∣Bγ ∣H ∫Bγ
(

2
∏
i=1

∣fi(tix)∣
2
∏
i=1

∣bi,Bγ − bi,tiBγ ∣)
q
dx)

1/q
ϕ(t1, t2)dt1dt2

≤ ∫

Z∗p

∫

Z∗p

2
∏
i=1

(
1

∣Bγ ∣H ∫Bγ
∣fi(tix)∣sidx)

1/si
(

2
∏
i=1

∣bi,Bγ − bi,tiBγ ∣)ϕ(t1, t2)dt1dt2

≤ ∣Bγ ∣λH ∫
Z∗p

∫

Z∗p

2
∏
i=1

∣ti ∣nλi
p

2
∏
i=1

(
1

∣tiBγ ∣1+λiqi
H

∫

tiBγ

∣fi(x)∣qidx)
1/qi

×(
2
∏
i=1

∣bi,Bγ − bi,tiBγ ∣)ϕ(t1, t2)dt1dt2

≤ ∣Bγ ∣λH∥f1∥Bq1 ,λ1(Qn
p)
∥f2∥Bq2 ,λ2(Qn

p)

∞
∑
l=0

∞
∑
k=0

∫

{p−l−1<∣t1∣p≤p−l}
∫

{p−k−1<∣t2∣p≤p−k}

∣t1∣nλ1
p ∣t2∣nλ2

p
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×(
l
∑
j=0

∣b1,p−jBγ − b1,p−j−1Bγ ∣ + ∣b1,p−l−1Bγ − b1,tiBγ ∣)

×(
k
∑
j=0

∣b2,p−jBγ − b2,p−j−1Bγ ∣ + ∣b2,p−k−1Bγ − b2,tiBγ ∣)ϕ(t1, t2)dt1dt2

≤ C∣Bγ ∣λH∥b1∥CMOρ1(Qn
p)∥b1∥CMOρ1(Qn

p)∥f1∥Bq1 ,λ1(Qn
p)
∥f2∥Bq2 ,λ2(Qn

p)

×∫

Z∗p

∫

Z∗p

2
∏
i=1

∣ti ∣nλi
p logp

p
∣t1∣p

logp
p

∣t2∣p
ϕ(t1, t2)dt1dt2,

where we use the fact that

∣b1,Bγ − b1,t1Bγ ∣ =
l
∑
j=0

∣b1,p−jBγ − b1,p−j−1Bγ ∣ + ∣b1,p−l−1Bγ − b1,t1Bγ ∣

≤ C(l + 1)∥b1∥CMOρ1(Qn
p)

≤ C logp
p

∣t1∣p
∥b1∥CMOρ1(Qn

p),

and
∣b2,Bγ − b2,t2Bγ ∣ ≤ C logp

p
∣t2∣p

∥b2∥CMOρ2(Qn
p).

We now estimate I4. Similarly, we choose 1 < s < ∞ such that 1/q = 1/q1 +1/q2 +1/s and 1/s = 1/q1 +1/q2.
Using Minkowski’s inequality and Hölder’s inequality yields

I4 = ∫
Z∗p

∫

Z∗p

(
1

∣Bγ ∣H ∫Bγ
(

2
∏
i=1

∣fi(tix)∣ ∑
D(i,j)

∣bi(x) − bi,Bγ ∣∣bj,Bγ − bj,tjBγ ∣)
q
dx)

1/q
ϕ(t1, t2)dt1dt2

≤ ∫

Z∗p

∫

Z∗p

[(
1

∣Bγ ∣H ∫Bγ
((

2
∏
i=1

∣fi(tix)∣)(∣b1(x) − b1,Bγ ∣∣b2,Bγ − b2,t2Bγ ∣))
q
dx)

1/q

+(
1

∣Bγ ∣H ∫Bγ
((

2
∏
i=1

∣fi(tix)∣)(∣b2(x) − b2,Bγ ∣∣b1,Bγ − b1,t1Bγ ∣))
q
dx)

1/q
]ϕ(t1, t2)dt1dt2

≤ ∫

Z∗p

∫

Z∗p

2
∏
i=1

(
1

∣Bγ ∣H ∫Bγ
∣fi(tix)∣qidx)

1/qi
{(

1
∣Bγ ∣H ∫Bγ

∣b1(x) − b1,Bγ ∣
sdx)

1/s

×∣b2,Bγ − b2,t2Bγ ∣ + (∫

Bγ

∣b2(x) − b2,Bγ ∣
sdx)

1/s
∣b1,Bγ − b1,t1Bγ ∣}ϕ(t1, t2)dt1dt2

≤ ∣Bγ ∣λH ∫
Z∗p

∫

Z∗p

2
∏
i=1

∣ti ∣nλi
p

2
∏
i=1

(
1

∣tiBγ ∣1+λiqi
H

∫

tiBγ

∣fi(x)∣qidx)
1/qi

×{(
1

∣Bγ ∣H ∫Bγ
∣b1(x) − b1,Bγ ∣

sdx)
1/s

∣b2,Bγ − b2,t2Bγ ∣

+(∫

Bγ

∣b2(x) − b2,Bγ ∣
sdx)

1/s
∣b1,Bγ − b1,t1Bγ ∣}ϕ(t1, t2)dt1dt2

≤ ∣Bγ ∣λH∥f1∥Bq1 ,λ1(Qn
p)
∥f2∥Bq2 ,λ2(Qn

p) ∫
Z∗p

∫

Z∗p

2
∏
i=1

∣ti ∣nλi
p

×{(
1

∣Bγ ∣H ∫Bγ
∣b1(x) − b1,Bγ ∣

sdx)
1/s

∣b2,Bγ − b2,t2Bγ ∣

+(∫

Bγ

∣b2(x) − b2,Bγ ∣
sdx)

1/s
∣b1,Bγ − b1,t1Bγ ∣}ϕ(t1, t2)dt1dt2
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≤ C∣Bγ ∣λH∥b1∥CMOρ1(Qn
p)∥b1∥CMOρ1(Qn

p)∥f1∥Bq1 ,λ1(Qn
p)
∥f2∥Bq2 ,λ2(Qn

p)

×∫

Z∗p

∫

Z∗p

2
∏
i=1

∣ti ∣nλi
p ϕ(t1, t2)(

2
∏
i=1

logp
p

∣ti ∣p
)dt1dt2.

It is apparent from the estimates of I1, I2, I3 and I4 that

I5 ≤ ∣Bγ ∣λH∥b1∥CMOρ1(Qn
p)∥b1∥CMOρ1(Qn

p)∥f1∥Bq1 ,λ1(Qn
p)
∥f2∥Bq2 ,λ2(Qn

p)

×∫

Z∗p

∫

Z∗p

2
∏
i=1

∣ti ∣nλi
p ϕ(t1, t2)dt1dt2,

and

I6 ≤ ∣Bγ ∣λH∥b1∥CMOρ1(Qn
p)∥b1∥CMOρ1(Qn

p)∥f1∥Bq1 ,λ1(Qn
p)
∥f2∥Bq2 ,λ2(Qn

p)

×∫

Z∗p

∫

Z∗p

2
∏
i=1

∣ti ∣nλi
p ϕ(t1, t2)(

2
∏
i=1

logp
p

∣ti ∣p
)dt1dt2.

Combining the estimates of I1, I2, I3, I4, I5 and I6 gives

(
1

∣Bγ ∣H1+λq
∫

Bγ

∣H
p,b⃗
ϕ,2(f⃗)(x)∣

qdx)
1/q

≤ C∥b1∥CMOρ1(Qn
p)∥b1∥CMOρ1(Qn

p)∥f1∥Bq1 ,λ1(Qn
p)
∥f2∥Bq2 ,λ2(Qn

p)

×∫

Z∗p

∫

Z∗p

2
∏
i=1

∣ti ∣nλi
p ϕ(t1, t2)(

2
∏
i=1

logp
1

∣ti ∣p
)dt1dt2.

This �nishes the proof of Theorem 3.1.
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