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Abstract: A significant connection between certain second-order differential subordination and subordina-
tion of f'(z) is obtained. This fundamental result is next applied to investigate the convexity of analytic
functions defined in the open unit disk. As a consequence, criteria for convexity of functions defined by
integral operators are determined. Connections are also made to earlier known results.
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1 Introduction

Let H denote the class of analytic functions f defined in the open unitdisk U := {z € C : |z| < 1}. Fora € C
and n a positive integer, let

Hn(a) = {f cH:f(z2) = a+iakzk} ,
k=n
and N
An = {feﬂ{:f(z)=z+ Z akz"},
k=n+1

with A; = A. For 0 < 6§ < 1, denote by €V(8) the subclass of A consisting of convex functions of order 6§

satisfying
Zf"(Z))
Re |1+ = >6, zecU.
( f (2
The class €V := €V(0) is the well-known subclass of convex functions studied widely in geometric function
theory.

An analytic function f is subordinate to an analytic function g in U, written as f < g, if there exists an
analytic self-map w of U with w(0) = 0 satisfying f(z) = g(w(2)), z € U.

In geometric function theory, there has been a great interest among authors in determining the starlike-
ness or convexity of functions based on differential subordination and integral operators, see for example
[1-8]. In particular, Kanas and Owa [9] studied the convexity of functions by investigating connections
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between certain second-order differential subordination and subordination involving expressions of the form
f(2)/z,f (z) and 1 + zf " (2)/f (z). More recently, Supramaniam et al. [10], obtained sufficient conditions to
ensure convexity for analytic functions defined by differential inequalities and integral operators of the form

11
f(2) = W(r, s, z)drds
/]

or triple integral operators of the form

flz) = /1 /1 /1 W(r, s, t, z)drdsdt.
0O 0 O

In this paper, conditions that would imply convexity of positive order for functions satisfying a second-order
and third-order differential subordination are found. As a consequence, conditions on the kernel of certain
integral operators are also obtained to ensure functions defined by these operators are convex. The result
obtained in this paper presents a more general framework and extend the results of Kanas and Owa [9].

The following results will be required in the sequel.

Lemma 1.1 ([9, Lemma 1.4, p. 26]). Let K, L, N, n, m be nonnegative real, fixed numbers, and let
f(z) <1+Kz, g(z) <1+Lz, h(z) <Nz, zcU.
Then
nf(z) +ng(z) < n+mn+ MK+ nl)z (n
and
nf(z) + mh(z) < n + (K + nN)z.

Lemma 1.2 ([11, Theorem 3.1b, p. 71]). Let h be convex in U, with h(0) = a,y/= 0 and Rey = 0. If p € Hu(a)
and

p(2) + # < h(2),

then
p(2) < q(z) < h(2),

where

z
4 v/n)-1
9@ - Lo [ o™ e
0

nz
The function q is convex and is the best (a, n)-dominant.

Lemma 1.3 ([12, Corollary 1, p. 582]). Let >0, a+2B=0and M > 0. If f € A, and
f(2)

(1- 0()7 +af (z) + Bzf (2) < 1+ Mz,

then ) u
z z
z <1+1+am+ﬁn(n+1)’

and the superordinate function is the best dominant.
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2 Main results

Analogous to the condition in Lemma 1.3, the following result considers the expression f'(z) in a subordina-
tion to obtain a connection with a second-order differential subordination.

Lemma?2.1. Letaz=1, §>0and M > 0. Iff € Ay, and

(1- a)@ +af (2) + Bzf (2) < 1+ Mz, )]
then
fl2) <1+ (n+1)Mz 3)

1+an+Bn(n+1)
Proof. First of all, it is known from Lemma 1.3 that

f(2) Mz

7<1+1+an+,8n(n+1)' “)
Let P(z) = f (). Then (2) can be written as
aP(z) + BzP'(z) + (1 - a)@ <1+ Mz.
Now applying the subordination relation (1) of Lemma 1.1, with n = 1 and 7 = a« — 1, gives
, (n+1)(a +pn)Mz
aP(z)+ BzP(z) < a + Lran+pnn+ 1)’
Lemma 1.2, with y = %, then readily yields
[ (. (n+D)a+p)M
a_1 n+ Da+ )Mt \ (a/(pn)-1
P2) < B nza/Bn) / (1 * all+an+pn(n + 1)]) t dt
0
which implies
, (n+1)Mz
fl@) <1+ 1+an+pBnn+1)
This completes the proof. O

An application of Lemma 1.3 and Lemma 2.1 gives the following sufficient condition for convexity of a function
satisfying a second-order differential subordination.

Theorem 2.2. Leta>1,8>0and0 < § < 1. Further, let 0 < M < M, g ,, where

B -6)[1+an+Bn(n+1)]

Ma,B,n = . (5)
(n+1) (\/(tx +Bn)2+a?+a-BA - 6)|)
Iff € An and satisfies the differential subordination
1- a)]@ +af (2) + Bzf (2) < 1+ Mz, (6)

then f € CV(6).
Proof. Suppose that for M < M, g , given in (5), the subordination (6) holds. Let

zf " (2)

Q) =1+ HON
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Then (6) can be written as

f@la-B+paeN+ - <14 uz,
Similarly as in the proof of Lemma 2.1, an application of Lemma 1.1 by incorporating (4) yields

(n+1)(a+pn)

Mz.
1+an+pnn+1)

f@la-p+pQ)] < a+

Recall that a function f is convex of order §, if Re{Q(z)} > 6 for z € U. Assume, on the contrary, that there
exists zg € U, such that Re {Q(zo)} = 6. Then Q(zp) = 6 + ix, for some real number x. Hence, a contradiction
of the assumption is obtained, if

(n +1)(a + pn)M
1+an+ﬁn(n+1)

‘f (zo)la— B+ B8 + ix)] -

or equivalently

(n+1)(a +pn)M

a-B+p6+ix) - [1 +an + fn(n+ 1]|f (zo0)|

f(o)

In view of the fact that

a-B+B(6+ix)- >|la-B+B6-aRe

e e
f'(z0) fzo)|’

it suffices to prove
(n+1)(a+ )M

[1+an+pn(n+1)]|f (Zo)|

A computation shows that (7) is equivalent to

@

1
a-B+pB6- aRef(ZO)’.

(n+1)%(a+Bn)*M?>  a*(Imf (zo))?

[Lran+ pnin+ DE ~ [f @) |(a - B+ BO)f (z0) - a*. 8)

Taking into account (3), it follows that

(n+1)%(a+pn>M> o (IITlf/(Zo))2
[1+an+Bn(n+1))2 If'(z0))2
_(n+ 1)%(a + pn)>M? s a*(n+1)°>M?
"[T+an+Bn(n+1)12  [1+an+Bn(n+1))2

)

and
(n+1)M
1+an+pnn+1)

[ﬁ(l &) la-p+ps| ( )T < (@ B+ BO)F (z0) - . (10)

For (8) to hold true, using (9) and (10), it is enough to prove

(n +1)*(a + pn)>M? . a*(n+ 1)’ M?
[1+an+Bn(n+1)]2 [1+an+Bn(n+1)]?
2
< B8 ol (s gty )|

1+an+pBn(n+1)

which implies

(n+1)* [2aB(n+1-6) + p2(n* - (1 - 6)*) + a?
[1+an+Bn(n+1)]?
2/3(1 6)(n+ 1)|a- B+ B

1+an+pn(n+1)

MZ

M-p*(1-6)*<0. (12)

Inequality (11) is fullfilled for M < M, g ,,, where M, g , is given by (5). This completes the proof. O
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Remark 2.3.
When n = 1 and § = 0, various known results are easily obtained as special cases. For instance, the result [9,
Theorem 2.2] is easily deduced from Lemma 2.1, while [9, Theorem 2.3] follows from Theorem 2.2.

The next result gives a convexity criteria for a function defined by a double integral operator associated with
Theorem 2.2.

Theorem2.4. leta>1,8>0,0<8<1landge H.If
B -8)[1+an+Bn(n+1)]

lg(2)| < ,
(n+1) (\/(a +Bn)2 +az+|a-p(1- 6)|)
then
Zn+1 /1/1 141 141
flz)=z+ glrsz)rus" M vdrds
0 0

is in CV(6) where u > 0 and v > O satisfy u +v = a + B and pv = B.

Proof. Let f € Ay satisfy

- af @) pef @) - 1= 250, 1
From Theorem 2.2, it follows that the solution f of the differential equation (12) is convex of order §. Let
_f@
p(@)=——~.
Then (12) simplifies to
Bz’p"(2) + (a + 2B)zp (2) + p(2) = 1 + 2"g(2). (13)
Now let
F(z) = p(z) + vzp'(2). (14)

Then a computation shows that
F(2) + uzF (2) = Bz°p"(2) + (a + 2B)zp (2) + p(2).

Hence (13) simplifies to
F(z) + uzF (z) = 1 + 2"g(2),

which has a solution

1
F(z)=1+ % /g(rz)r"‘“%dr. (15)
0

In view of (14), equation (15) can be written as
1
’ z" n-1+1
p@)+vzp(z)=1+ M /g(rz)r wdr
0

and has a solution

ZYl

1 1
pz)=1+ il //g(rsz)r"'“%s"’“%drds,
0 0

which further implies that
1

1 1
f(2)=z+ Zﬁ //g(rsz)r"'“%s"‘“%drds.
0 0

This completes the proof. O
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An application of Theorem 2.2 yields the following sufficient condition for convexity for function defined in
terms of a third-order differential subordination.

Theorem 2.5. Leta >1,8>0and0 < 6 < 1. Further, let A > 0 and 9 = 0 satisfying
8+/1< > B-y, A=y, (16)

andO<M<M"ﬁyn,Where

A9 91 -6)A+An)[1+an+On(1 -2A) -D)(n+1)]

. . (17)
M 1) (Vi@ 9n( -0 -0+ (@- A2 + (@~ ) - 81~ )1 - A))

Iff € An and satisfies the differential subordination

1-af@

+af (2) + zf (2) + yz*f (2) < 1+ Mz, (18)
then f ¢ CV(6).

Proof. Let

p(z) = (

A brief computation shows that

)f(Z) (

p(2)+Azp'(z) = (1 - a)@ +af (2) + Bzf (2) + y2°f " (2).

> f (@) +9zf (2).

Hence (18) can be written as
p@)+Azp'(2) < 1+ Mz

It follows from Lemma 1.2 that

p(2) <7 /(1 + MO ge 1 4 z,

1 M
1/(?1 ) 1+An

(1=5) %+ (-

By using Theorem 2.2, f € €V(6) for M < Mﬁ Z o where Mﬁ z )0 1S given by (17). This completes the proof. [

which implies
M
T+An”

)f(z)+32f (2)<1+ ——

Corresponding to Theorem 2.5, a sufficient condition for convexity of order 6 for functions defined by a triple
integral operator is obtained in the following result.

Theorem2.6. Leta>1,8>0and0<6<1andgc H.If

91 -6 +An)[1 +an+ (9n(1 -A) - A)(n + 1)]
(n+1) (\/(a TN -2+ (@A) +|(a-A) - 91 - 8)(1 —/\)|) ’

1g(2)] <

where A and 9 are given by (16), then

11 1

n+1 . 1 L

f(Z) =Z+ Zy ///g(rstz)rnfl+xsn—1+;tn71+; drdsdt
0 0 O

is in CV(8) where y > 0 and v > O satisfy v+ u =(a-A)/(1 -A) + Jand pv = §.
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Proof. Let f € A, satisfying

+af (2) + pzf (2) +y2*f () - 1 = 2"g(2). 19)

(- a)]@

By Theorem 2.5, the solution f of the differential equation (19) is a convex function of order 8. Let

p(Z)=<ﬁ>ng) <1 A)f'(2)+t92f"(2)—1-

Then (19) reduces to
p(2) + Azp'(2) = 2"g(2),

which has the solution
1
z" 1+1
p(z) = T/g(rz)r"‘ *idr. (20)
0

By writing ¢(z) = % fol glrzyr” 3 dr, equation (20) becomes

(=) 2 (5=

Comparing this with equation (12) in the proof of Theorem 2.4, the solution f is given by

)f(z)+8zf @) -1-2"¢(2).

n+1

fiz2)=z+ z

1 1
/ / P(stz)s" i "1 dsdt. 1)
0 O

Substituting for ¢(stz) into (21) yields

1 1 1
n+1 1 1 i
f@)=z+ 3 // %/g(rstz)r"’1+I dr| s"VR T dsdt
0 0 0
1 1 1
n+1 1 1
; ///g(rstz)r" Led g1 14 drdsdt.
0O 0 O
This completes the proof. O
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