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Abstract: An edge-magic total labeling of an (n, m)-graph G = (V, E) is a one to one map A from V(G) U E(G)
onto the integers {1, 2, ...,n + m} with the property that there exists an integer constant ¢ such that A(x) + A(y) +
A(xy) = cforany xy € E(G). Itis called super edge-magic total labeling if A(V(G)) = {1, 2, ..., n}. Furthermore,
if G has no super edge-magic total labeling, then the minimum number of vertices added to G to have a super edge-
magic total labeling, called super edge-magic deficiency of a graph G, is denoted by us(G) [4]. If such vertices do
not exist, then deficiency of G will be 4-oc0. In this paper we study the super edge-magic total labeling and deficiency
of forests comprising of combs, 2-sided generalized combs and bistar. The evidence provided by these facts supports
the conjecture proposed by Figueroa-Centeno, Ichishima and Muntaner-Bartle [2].
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1 Basic definitions, notations and preliminary results

Let G = (V, E) be a finite, simple, undirected graph having |V(G)| = n and |E(G)| = m, where V(G) and E(G)
denote the vertex set and edge set, respectively. A general orientation for graph theoretic concepts can be seen in [10].
A labeling (or valuation) of a graph is a map that carries graph elements to numbers (usually to positive integers). A
labeling that uses the vertex set only (or the edge set only), is known as vertex labeling (or the edge labeling). If the
domain of the labeling includes all vertices and edges, then such a labeling is called total labeling. Cordial, graceful,
harmonious and anti-magic are few types of labeling. A bijective labeling is called an edge-magic total if it satisfies
the following property, given any edge xy € E(G),

Ax) +A(y) + Alxy) =c. @

for some constant ¢. In other words, an edge-magic total labeling of a graph G is a bijective map A from V(G)UE(G)
onto the integers {1, 2,,...,n + m} satisfying (1). The constant ¢ is known as the magic constant and a graph that
admits an edge-magic total labeling is called an edge-magic total graph. In [8, 9], Kotzig and Rosa have given the
origin of edge-magic total labeling of graphs. Recently, Enomoto et al. [1] brought in the name, super edge-magic
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labeling in the sense of Kotzig and Rosa, with the additional property that the vertices receive the smallest labels. In
[1] they put forward the following conjecture:

Conjecture 1.1 ([1]). “Every tree is super edge-magic total.”

In this paper we are focused on super edge-magic total labeling. A number of classification problems on edge-magic
total graphs have been extensively investigated. For further details see recent survey of graph labelings [6]. Kotzig
and Rosa in [9] show that there exists an edge-magic total graph H for any graph G such that H =~ G U nK; for
some non-negative integer n. This verity provides the base for the concept of edge-magic total deficiency of a graph
G [9], denoted by u(G), which is the minimum non-negative integer n such that G U nK is edge-magic total i.e.,

w(G) =min{n > 0: GUnKis edge-magic total}.

In the same paper Kotzig and Rosa provide an upper bound of the edge-magic deficiency of a graph G having order n,
1
WG) < Fyyo—2—n— En(n —1),

where F,, denotes the n-th Fibonacci number.
The super edge-magic deficiency of a graph G, denoted by s (G) [4], is mathematically expressed as if

M(G) = {n > 0: G UnK; issuper edge-magic graph},
Then

min M(G), if M(G) # 0

we(@ =1 if M(G) = .

Itis easy to see that u(G) < us(G). In [2], Figueroa-Centeno et al. conjectured, “Every forest with two components
has the super edge-magic deficiency at most 1”. Moreover, in the same paper they showed that w5 (P, U K1 ) is 1
ifm =2andnisodd orm = 3 and n # O(mod 3) and 0 otherwise. In [7], S. Javed et al. gave the upper bound of
deficiencies of disjoint union of graphs consisting of comb, generalized comb and star. In this paper, we frequently
use the following two Lemmas.

Lemma 1.2 ([5]). “A graph G with n-vertices and m-edges is super edge-magic total if and only if there exists a
bijection A : V(G) — {1,2,...,n} such that the set S = {A(x) + A(y)|xy € E(G)} consists of m consecutive
integers. In such a case, A extends to a super edge-magic total labeling of G.”

The above condition is often easier to use than the original one. The following lemma was found first in [1].
Lemma 1.3 ([1]). “If a graph G with n vertices and m edges is super edge-magic total then m < 2n — 3

Definition 1.4. A comb is a graph derived from the path P, : uy,u»,...,u,, n > 3, by adding n — 1 new edges
u;j+w;; 1 <i <n—1and this is denoted by Cb,.

Definition 1.5. A two-sided generalized comb, denoted by Cb2 ,,, consists of the vertex set,
V(Chy ) = {ui i1 <P <n 1< j <m}Ufug mp}
and the edge set,

E(Cbﬁ’m):{ui.jui,j_,_l; 1<i<n, 1<j fm—l}U{ui’%ui_H’%;Ogi <n-—1},

i.e, Cb2 ,, is deduced from n paths P; m : wi 1. uio.. .. . Uimiti jui j+1 € E(CbZ )1 <i < n;l <
J =m—1and n > 2 of length m — 1, where m is odd , by adding one new vertex u,, m1 and n new edges

. . 2 _ _ - - .
Uj mpit; gy m s 0<i=<n-1.0Cbj,, forn =m = 5isshownin Fig.1.
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Fig. 1. Cb2 g
U1 0 Uz‘l. U3‘1. Uaa ° Us1 °
U:2 Uz Us2 Us2 Us2
UO.S. Uz U2z Us3 Uz Us3
UL, Uos Us4 Uss Usa
Uss, Uzs U3,5. Uss ® Us,s.
The graph obtained by Cb,zl,m by deleting the set of vertices {u; ;;1 <i <n, ’”T“ < j < m} and their adjacent
edges is referred to as generalized comb, denoted by Cb,, (1,1, ...,1). The labeling of Cb,(I,1,...,[) is discussed
N—— N— —
. n—times n—times
in [7].

Definition 1.6. A bistar on n vertices, denoted by BS(p,q); p.q = 1, p + ¢ + 2 = n, is obtained from two stars
K1.p and K1 4 by joining their central vertices by an edge.

In this paper we formulate the super edge-magic total labeling of two sided generalized comb. Moreover, we
determine an upper bound for super edge-magic total deficiency of forests containing comb, bistar and 2-sided
generalized comb.

2 Super edge-magic deficiencies of forests of combs and bistar

In this section, we will provide precise value for super edge-magic deficiency of some specific number of copies
of the comb Cb,,, we will also give an upper bound for super edge-magic deficiency for disjoint union of bistar
BS(k, k) and Cb,, with some restrictions on the parameters k£ and 7.

Theorem 2.1. For n-odd, n > 3, m-even and m = 2(mod 4), the graph G = mCb,, is super edge magic total.

Proof. Consider the graph G =~ mCb,,. Then |V(G)| = m(2n — 1) and | E(G)| = m(2n — 2), where
VG)=f{uf:1<i<n l<k<miufwfi1<j<n-11<k<m}

and
EG)={uful i1<i<n—11<k<miU{uf w1<i<n—11<k<m}
Define a labeling f : V(G) — {1,2,...,m(2n — 1)} as follows:
3m—4k+6 . 3m42
SRR L R+ 1 <k < RS

I ;
fwy_y) =
sm—ik+6 : 3m4+6 <k<m
For1 <k <7, k-odd
M ;i =0(mod 2)
fp) = |
mm—1)—k + 14+ %L i =1(mod 2)
% ; j = 0(mod 2)
UHES
mn—k-l—l‘i‘w;jE 1(mod 2)
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For2 <k <™ _1, k-even

2
mQI=D+2k41) L i = 0(mod 2)
fuf) = 4
m(n—l)—k‘i‘l"'%;iz 1(mod 2)
m@j+DE20k+1) . j = 0(mod 2)
ff) = .
mn—k—i—l—i—w;j = 1(mod 2)
For % +1 <k <m, k-even
m(2n+2i—45)+2(k+1) ;1 =0(mod 2)
fap) = _
mEnAI=D k41 ;i = 1(mod?2)
m(2n+2j—43)+2(k+1) V= O(mod 2), j # n—1
fwhy = .
mEIE)) g1 ;) = 1(mod 2)
For % +2 <k <m—1, k-odd
w ;i =0(mod 2)
S =

MGz k4 1;i=1(mod2)

mntJ—DIREL - i = O(mod 2), j #n—1

fwf) = .
%_k+1;jzl(mod2)

1 2mnz9m 42 } that

The labeling f gives the following set of consecutive integers { #7246 dmn—m+10 "
O

appears as the weights of the edges in the graph.
Theorem 2.2. For n,m-even, n > 4and m = 2(mod 4), us(mCbhy) < 5.

Proof. Consider the graph G = mCb, U (%§)Ky. Then |[V(G)| = 2mn — % and |E(G)| = m(2n — 2), where
V(G) = V(mCby) U{z;; 1 <1 < Z}and E(G) = E(mCby).
Define a labeling g : V(G) — {1,2,...,2mn — 3} as follows:

3m—4k+6 . m 3m+2
3modkt6 . m 4| <f < 3mt2

guk) =

’

5m—4k+6 . 3m+6
1 T <k=<m

For 1 §k§%,
gy = fufyviz1<i<n

gwh) = fwHvji1<j<n-1,

where the labeling f is defined in Theorem 2.1. For % 41 < k < m, k-gven

m(2n+2i—45)+2(k+1) i =0(mod 2), i 75 n

gf) = .
mEIED _f 41 si=1(mod2)
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m@nt2/=HF2KFN) ;= 0(mod 2)
gwf) =

m@ndJ+D k4] 1(mod 2)

v
For % +2 <k <m—1, k-odd

mn+i—2)+k+1 .
2

)

~.

=0(mod?2),i #n
guf) = .
mEIED | 41;i = 1(mod 2)

m(n+j—21)+k+1 ; ] EO(mUd 2)

gwk) = .
mnEI+D g4y = 1(mod 2)

The labeling g constitutes the following set of edge weights {422=7+6 dmn—m+10

ey

12 -9 2
mn4 m+ } 0

In the next Theorem we will compute an upper bound for the edge-magic deficiency of a forest consisting of bistar
BS(k,k)and comb Cb,,.

Theorem 2.3. For k > 2, consider the graph G =~ BS(k,k) U Cb;,. Then
1. The graph G is super edge-magic total for n > k + 2 and k-odd.
2. us(G) <1forn >k + 3 and k-even.

Proof. Consider the graph G =~ BS(k, k) U Cb,,. We have
VG)={u;:1<i<njU{w; :1<j<n—-1}U{z1,22}U{z; ;1 1 <i <2,1 <t <k}

and E(G) = {z1z1.4,22z2¢ : 1 <t <k}U{ujujy1 11 <i <n—1}U{u;jpqw; : 1 <i <n—-1}U{z122},
which give |V(G)| = 2(n + k) + 1 and E(G) =2(n + k) — 1.

1. Define a labeling f : V(G) — {1,2,...,|V(G)|} in the following way:
fz)=n+k+1

fz2)=k+2
fei)=t+1;1<t<k
fGau)=n+k+t+1;1<t<k

k+i+1 2<i<k+1,i =0(mod?2)
fwj)=13k+i k+3<i<n,i =00mod?2)
n+2k+i+1;1<i<n,i=1(mod?2)
k+j+2 12<j<k-—1,j =0@mod?2)
Fwy) = k+j+1 i k+3<j<n-1,j=00(mod?2)
4 n+2k+j+2;1<j<n-1,j=1(mod?2)
1 1 =k+1

The set of edge weights formed under the labeling f consists of the following consecutive integers {n + k +
3n+k+4,....3(n+k)+ 1}
2. Consider the graph H =~ G U K, where V(K1) = {u}.
Define a labeling g : V(H) — {1,2,...,2(n + k + 1)} as follows:
gu) =2
giz1)=n+k+2
gz2) =k +3
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glzi) =t+2;1 <t <k
gzar)=n+k+t+2;1<t <k

k+i+2 12<i<k+2,i =0(mod?2)
guj)=3k+i+1 k+4<i<n,i =0@mod?2)
n+2k+i+2;1<i<n,i=1(mod?2)
k+j+3 2<j<n—1j=0mod2), ) #k+2
gw;)=3n+2k+j+3;1<j<n—-1,j=1(mod?2)
1 s =k+2

The labeling g gives the following set of consecutive integers {n + k +5,n +k +6,...,3(n + k + 1)} asthe
edge weights. O

3 Super edge-magic total labeling of two-sided comb

Theorem 3.1. Forn > 2, m > 3 and m-odd, the graph G =~ Cbﬁ’m is super edge-magic total.
Proof. Consider the graph G =~ Cbﬁ’m. Then |V(G)| = mn + 1 and |E(G)| = mn, where
V(G)=A{u; j;1<i<n, 1<j Sm}U{uomTH}

and
EG)={u; ju; j+1;1<i<n, 1<j Sm_l}u{“i,%“iﬂ,’%” 0<i<n-—1}.

To show that G is super edge-magic total, we will define a labeling f : V(G) — {1,2,...,mn + 1} as follows:
For 21 -odd,

ftg mp) = "
For j = 1(mod 2),
Hif1 < j < 2
Sy j) =
IE3§f A3 < j < m,
mU_L)47+3 ifi = 1(mod 2) and j = 1(mod 2)

for3<i<mnandl<j <m;
mioj 4 ifi = 0(mod 2)and j = 0(mod 2)
Flus 1) = 4 . for2<i<mnand2<j <m-—1;
ST ey mE=DHEI%2 if i = 1(mod 2) and j = O(mod 2)

forl <i<mand2<j<m-—1;
[me) 4 im—j+3 ifi = 0(mod 2) and j = 1(mod 2)

for2<i<mnandl1<j <m.

The set of edge weights given by the labeling f consists of the following mn consecutive integers {[“5*] +
3,[48] +4,..., 7327 4 2},
For 221 _even,

2
m+3
flug mpn) = "2
For j = 0(mod 2), .
§ if2<j=mzl

Sl j) =

IE2ifmdS < <m— 1
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Sui )=

The set of edge weights formed under the labeling f is {| | 4 3, [ | 4+ 4. ..., L3’£’”J + 2}

4 Super edge-magic deficiency of copies of two-sided comb

Theorem 4.1. For n-even, n > 2, m-odd and m > 3, the graph G = 2Cb2 ,,

Deficiency of forests

mij+3 ifi = 0(mod 2)and j = 1(mod 2)
for2<i<nandl <j <m;
m=1)tj+2 ifi = 1(mod 2) and j = O(mod 2)

for3<i<nand2<j <m-—1;
|mn | mE=DEIE3 i = (mod 2) and j = 1(mod 2)

forl <i<nandl <j <m;
|| 4 mizjtd ifj = O(mod 2) and j = O(mod 2)

for2<i<nand2<j; <m-—1.

Proof. Define the graph G =~ 2Cb,21,m in the following way:

V(G) ={u U,l<l<n 1<j<m, 1<k<2}U{u m;rl;lfk§2}

and

E(G) =

k
U {ui my1 U
> 2

1“,] f(j+1,1<l<n I<j<m-1,1<k <2}

H_LMTH,Oflfn—l,lfku}.

Then |V(G)| =2(mn + 1) and |E(G)| = 2mn.

For 221 _even,

Forl <k <2,

For j = 0(mod 2),

Sy ) =20mn+1)

Sl ) = (504 =1+

(ke -1+ 4 if2<j <m0l

fuk ;) =

@l ;)= Mk + 1) 4 2U=D+/43 ifi = 1(mod 2)and j = 1(mod 2)
foril<i<n—-1,1<j<m
and (i, j,k) # (1,1, 1);
m (k1) 4 M4 ifi = 0(mod2)and j = 0(mod 2)
for2<i<npnand2<;j<m-1.
The set of edge weights of G, formed by the labeling defined by 1, is {mn + 4,mn + 5, ...
For -1 -odd,
f(”%,l) =1
Forl <k <2,
k m+1
PO ) = Tl + )+ k + = —
2 4

Dk = ) P

(e k- + A2 < j<m— L

for2<i<nandl<j <m;

(M0 4 1) (k — 1) + mU=DEIF2 it = [(mod 2) and j = 0(mod 2)
for3<i<n—land2<j<m-—1;

ifi =0(mod2)and j = 1(mod 2)

— 1437

is super edge-magic total.

,3(mn + 1)},
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For j = 1(mod 2),
mn(k+21)+j—l +kifl < ] < m—1.

k 2
Sy ;)= _
mn(k+é)+]+1 + k if m;-S <j<m.

mn (g — 1) 4 MU=DFIF2 it = |(mod 2) and j = 0(mod 2)
forl<i<n—-land2<j<m-—1;

mn (g — ) + M43 ifi = 0(mod2)and j = 1(mod 2)
for2<i<n1<j<m

faf )= and (i, j.k) # (n.1.2);

mutkADFim=J |} 41 ifi =0(nod 2)and j = 0(mod 2)
for2<i<mnand2<j <m-—1,

mukt DFmG=DTI+L 4k ifj = 1(mod 2) and j = 1(mod 2)
for3<i<n—landl<j <m.

The labeling f gives the following set of edge weights {mn + 3,mn + 4,...,3mn + 2}. O

Theorem 4.2. For n,m-odd, n > 3 and m > 3, the graph G =~ 2Cbﬁ,m has the super edge-magic deficiency at
most 1.

Proof. Consider the graph H =~ G U K, where V(K;) = {z}. To show that H is super edge-magic total, define
the labeling g : V(H) — {1,2,...,2mn + 3} as follows:
For 2L -even,

3mn +5
gz = 2
g(u{’l) =mn+1
gz ) =1
Forl <k <2,

k _ 2mn(k + 1)+ 6k +m+1
80ty mpr) = 4

For j = 0(mod 2),

2 )

mnk£DE3kEI=1 ) < j < =L

g(”]f,j) = )
mn(k+1)—21—3k-|—j—|—1 if mil—3 <j<m-—1.

tmnt DO=DEmE=DEI L if j = 1(mod 2) and j = 1(mod 2)
forl <i <mandl1<j <m,
(. j.k)# A, 1,1) and (i, j, k) # (n,m,2);
A IR Db =/ 42 if i = 0(mod 2) and j = 0(mod 2)
g(uf,j): for2<i<n—-12<j<m-—1,
mutet D)3k tim—J+2 if i = 0(mod 2) and j = 1(mod 2)
for2<i<n—land1<j <m;
matkt DbmU=D+3K+I+1 if j = [ (mod 2) and j = 0(mod 2)
for3<i<mpnand2<j<m-—1.

The set of edge weights produced by the labeling g consists of the following set of 2mn consecutive integers
{mn+4,mn+5,...,3(mn+ 1)}
For =1 -odd,

g(”},z) =2mn+3
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Forl <k <2,

_ (mn+3)(k—1)+m+5

k
80ig mp1) 2 4

For j = 1(mod 2),

mn(k—1)43k+/;—2 ; . m—1.
> ifl<j< 5

g(ullc,) =

k—1 3k+J H 3 .
mn( 2)+ +7 o jf m;’ <j<m.

tmnt)k=D=jtmitd jf; = O(mod 2) and j = O(mod 2)
for2<i<n—-land2<j<m-—1;

mnk=Dtmi=D+3K+] if; = I(mod 2) and j = 1(mod 2)
for3<i<mn,1<j<m,

g(u{-ij) = m"(k+l)+m(é_l)+k+j+3 ifi = 1(mod 2) and j = 0(mod 2)
forl<i<nand2<j<m-—1
and (i, j, k) # (1,2, 1);

mulet ) bmi—jthktd ifi = 0(mod 2)and j = 1(mod 2)
for2<i<n-—landl<j <m.

The set of edge weights under the labeling g is {mn + 6, mn + 7,...,3mn + 5}. O

Concluding remarks

In [3], Figueroa-Centeno et al. discovers that if a graph is super edge-magic, then an odd number of copies of the
graph is also super edge-magic. In this paper, we extend this concept for an even number of copies of comb, so the
result in [3] significantly generalizes our results. It is also shown that the two-sided generalized comb, denoted by

Ch2

n,m

is super edge-magic total. Moreover we have found upper bounds for the super edge-magic deficiency of

forests mCb,,, Cb, U BS(k, k) and 2Cb,21.m for different values of the parameters k, m and n. In this context we
formulate some open problems:

Let n-odd, n > 3 and m > 3. Determine the exact value of the super edge-magic deficiency of 2Ch,215m.
Forky,k> > 2,k # ko and n > 3, find an upper bound of the super edge-magic deficiency of BS(k,k2) U
Cbhy,.

Forn > 3 and m = 0(mod 4). Calculate the upper bound of the super edge-magic deficiency of mCb,,.

Acknowledgement: We are thankful to the referees for their useful discussions and remarks on our manuscript.
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