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Abstract: In this paper, we present several new and generalized Hermite-Hadamard type inequalities for s-convex

as well as s-concave functions via classical and Riemann-Liouville fractional integrals. As applications, we provide
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1 Introduction

Let I � R be an interval. Then a real-valued function f W I ! R is said to be convex (concave) on I if the

inequality

f Œ�x C .1 � �/y� � .�/�f .x/C .1 � �/f .y/

holds for all x; y 2 I and � 2 Œ0; 1�.

A large number of important properties and inequalities have been established for the class of convex (concave)

functions since the convexity (concavity) was introduced more than a hundred years ago [1-21]. But one of the most

important inequalities for the convex (concave) function is the Hermite-Hadamard inequality [22], which can be

stated as follows:

Theorem 1.1. Let I � R be an interval and f W I ! R be a convex function on I . Then the inequality

f

�
aC b

2

�
�

1

b � a

bZ
a

f .x/dx �
f .a/C f .b/

2
(1)

holds for all a; b 2 I with a < b. Both inequalities given in (1) hold in the reversed direction if f is concave on the

interval I .

Recently, the improvements, generalizations, refinements and applications for the Hermite-Hadamard inequality

have attracted the attention of many researchers [23-41].

Hudzik and Maligranda [42] generalized the convex (concave) function to s-convex (concave) function.
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Let s 2 .0; 1�. Then the function f W Œ0;1/! R is said to be s-convex on the interval Œ0;1/ if the inequality

f Œ�x C .1 � �/y� � �sf .x/C .1 � �/sf .y/ (2)

takes place for all x; y 2 Œ0;1/ and � 2 Œ0; 1�. f is said to be s-concave if inequality (2) is reversed.

We clearly see that the s-convexity (concavity) defined on Œ0;1/ reduces to ordinary convexity (concavity) if

s D 1.

In [43], the authors established the Hermite-Hadamard type inequality for the s-convex (concave) functions as

follows.

Theorem 1.2 ([43]). Let s 2 .0; 1� and f W I � Œ0;1/ ! R be an s-convex function on I . Then the double

inequality

2s�1f

�
aC b

2

�
�

1

b � a

bZ
a

f .x/dx �
f .a/C f .b/

s C 1
(3)

holds for all a; b 2 I with a < b. Both inequalities given in (3) hold in the reversed direction if f is s-concave on

the interval I .

Both of the upper and lower bounds given in (3) for the s-convex (concave) functions were improved by Jagers in

[44].

Hussian et al. [45] provided the Hermite-Hadamard type inequalities for the twice differentiable functions by

using the following Lemma 1.3.

Lemma 1.3 ([45]). Let f W I ı � R ! R be a differentiable mapping on I ı, and a; b 2 I ı with a < b. Then the

identity

f .a/C f .b/

2
�

1

b � a

bZ
a

f .x/dx D
.b � a/2

2

1Z
0

t .1 � t /f 00ŒtaC .1 � t /b�dt

is valid if f 00 2 LŒa; b�, where and in what follows I ı denotes the interior of the interval I .

Theorem 1.4 ([45]). Let s 2 .0; 1�, q > 1, f W I � Œ0;1/ ! R be a twice differentiable mapping on I ı, and

a; b 2 I ı with a < b. Then the inequalityˇ̌̌̌
ˇ̌f .a/C f .b/2

�
1

b � a

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌ � .a � b/2

2 � 6.q�1/=q

�
jf 00.a/jq C jf 00.b/jq

.s C 2/.s C 3/

�1=q
holds if f 00 2 LŒa; b� and jf 00jq is s-convex on Œa; b�.

Theorem 1.5 ([45]). Let s 2 .0; 1�, p; q > 1 with 1=p C 1=q D 1, f W I � Œ0;1/ ! R be a twice differentiable

mapping on I ı, and a; b 2 I ı with a < b. Then the inequalityˇ̌̌̌
ˇ̌f .a/C f .b/2

�
1

b � a

bZ
a

f .x/dx

ˇ̌̌̌
ˇ̌ � 2.s�1�q/=q.b � a/2 ˇ̌̌̌f 00 �aC b2

�ˇ̌̌̌ "
�2.p C 1/

�.2p C 2/

#p
holds if f 00 2 LŒa; b� and jf 00jq is s-convex on Œa; b�, where �.x/ D

R1
0
tx�1e�tdt [46-50] is the classical

gamma function.

In [51], Chu et al. discovered a new identity for the twice differentiable function.

Lemma 1.6 ([51]). Let f W I � R ! R be a differentiable mapping on I ı, and a; b 2 I ı with a < b. Then the

identity

Œ.x � a/2 � .b � x/2�f 0.x/C 2.b � x/f .b/C 2.x � a/f .a/

2.b � a/
�

1

b � a

bZ
a

f .t/dt (4)
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D
.x � a/3

2.b � a/

1Z
0

.1 � t2/f 00ŒtaC .1 � t /x�dt C
.b � x/3

2.b � a/

1Z
0

.1 � t2/f 00Œtb C .1 � t /x�dt

holds for all x 2 Œa; b� if f 00 2 LŒa; b�.

Next, we recall the definition of the fractional integrals [52].

Let 0 � a < b, � > 0 and f 2 LŒa; b�. Then the left-sided and right-sided Riemann-Liouville fractional

integrals J
�

aC
f and J

�

b�
f of order � are defined by

J
�

aC
f .x/ D

1

�.�/

xZ
a

.x � t /��1f .t/dt;

J
�

b�
f .x/ D

1

�.�/

bZ
x

.t � x/��1f .t/dt;

respectively.

We clearly see that J 0
aC
f .x/ D J 0

b�
f .x/ D f .x/. In particular, the fractional integral reduces to the classical

integral if � D 1.

In [53], Set dealt with the fractional Ostrowski inequalities involving the Riemann-Liouville fractional integrals.

More results and applications for the fractional derivatives and integrals can be found in the literature [54-66].

Sarikaya et al. [67] and Özdemir et al. [68] established the Hermite-Hadamard type inequalities for the Riemann-

Liouville fractional integrals as follows.

Theorem 1.7 ([67]). Let � > 0, 0 � a < b, f W Œa; b�! .0;1/ be a positive real-valued function with f 2 LŒa; b�.

Then the double inequality

f

�
aC b

2

�
<
�.�C 1/

2.b � a/�

h
J
�

aC
f .b/C J

�

b�
f .a/

i
�
f .a/C f .b/

2
(5)

holds if f is convex on Œa; b�.

Theorem 1.8 ([68]). Let � > 0, f W I � Œ0;1/! R be a differentiable mapping on I ı, and a; b 2 I ı with a < b.

Then the inequality ˇ̌̌̌
.x � a/�f .a/C .b � x/�f .b/

b � a
�
�.�C 1/

b � a

�
J �x�f .a/C J

�

xC
f .b/

�ˇ̌̌̌

�
�
�
.x � a/�C1 C .b � x/�C1

�
jf 0.x/j

.s C 1/.�C s C 1/.b � a/

C

�
1

s C 1
�
�.�C 1/�.s C 1/

�.�C s C 3/

�
.x � a/�C1jf 0.a/j C .b � x/�C1jf 0.b/j

b � a

is valid for all x 2 Œa; b� if f 0 2 L.a; b/ and jf 0j is s-convex on Œa; b�.

Remark 1.9. We clearly see that inequality (5) reduces to inequality (1) if � D 1.

The following identity for the twice differentiable function, which was discovered by Chu et al. [51], will be used in

the next section.

Lemma 1.10 ([51]). Let � > 0, f W I � R ! R be a twice differentiable mapping on I ı, and a; b 2 I ı with

a < b. Then the identity�
.x � a/�C1 � .b � x/�C1

�
f 0.x/C .�C 1/f .b/.b � x/C .�C 1/f .a/.x � a/

b � a
(6)



Some new inequalities of Hermite-Hadamard type for s-convex functions 1417

D
1

b � a

bZ
a

f .t/dt C
.x � a/�C2

.�C 1/.b � a/

1Z
0

�
1 � t�C1

�
f 00ŒtaC .1 � t /x�dt

C
.b � x/�C2

.�C 1/.b � a/

1Z
0

�
1 � t�C1

�
f 00Œtb C .1 � t /x�dt

holds for all x 2 Œa; b� if f 00 2 L.a; b/.

The main purpose of this paper is to establish several new Hermite-Hadamard type inequalities for s-convex (con-

cave) functions via the classical and Riemann-Liouville fractional integrals, and provide the error estimatimations

for the trapezoidal formula.

2 Hermite-Hadamard type inequalities for s-convex functions via

classical integrals

Theorem 2.1. Let s 2 .0; 1�, f W I � Œ0;1/ ! R be a twice differentiable function on I ı, and a; b 2 I ı with

a < b. Then the inequalityˇ̌̌̌
ˇ̌ Œ.x � a/2 � .b � x/2�f 0.x/C 2f .b/.b � x/C 2f .a/.x � a/2.b � a/

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (7)

�
.x � a/3

2.b � a/

�
2

.s C 1/.s C 3/
jf 00.a/j C

.s C 2/.s C 3/ � 2

.s C 1/.s C 2/.s C 3/
jf 00.x/j

�
C
.b � a/3

2.b � a/

�
2

.s C 1/.s C 3/
jf 00.b/j C

.s C 2/.s C 3/ � 2

.s C 1/.s C 2/.s C 3/
jf 00.x/j

�
holds for all x 2 Œa; b� if jf 00j is s-convex on Œa; b� and f 00 2 LŒa; b�.

Proof. It follows from (4) and the triangular inequality together with the s-convexity of jf 00j thatˇ̌̌̌
ˇ̌ Œ.x � a/2 � .b � x/2�f 0.x/C 2f .b/.b � x/C 2f .a/.x � a/2.b � a/

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌

�
.x � a/3

2.b � a/

1Z
0

.1 � t2/
ˇ̌
f 00.taC .1 � t /x/

ˇ̌
dt C

.b � x/3

2.b � a/

1Z
0

.1 � t2/
ˇ̌
f 00.tb C .1 � t /x/

ˇ̌
dt

�
.x � a/3

2.b � a/

1Z
0

.1 � t2/
�
tsjf 00.a/j C .1 � t /sjf 00.x/j

�
dt

C
.b � x/3

2.b � a/

1Z
0

.1 � t2/
�
tsjf 00.b/j C .1 � t /sjf 00.x/j

�
dt

D
.x � a/3

2.b � a/

�
2

.s C 1/.s C 3/
jf 00.a/j C

.s C 2/.s C 3/ � 2

.s C 1/.s C 2/.s C 3/
jf 00.x/j

�
C
.b � a/3

2.b � a/

�
2

.s C 1/.s C 3/
jf 00.b/j C

.s C 2/.s C 3/ � 2

.s C 1/.s C 2/.s C 3/
jf 00.x/j

�
:
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Corollary 2.2. Under the assumptions of Theorem 2.1, one hasˇ̌̌̌
ˇ̌f .a/C f .b/2

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (8)

�
.b � a/2

8

�
1

.s C 1/.s C 3/
.jf 00.a/j C jf 00.b/j/C

.s C 2/.s C 3/ � 2

.s C 1/.s C 2/.s C 3/

ˇ̌̌̌
f 00

�
aC b

2

�ˇ̌̌̌�
�
.b � a/2

8

�
1

.s C 1/.s C 3/
C

.s C 2/.s C 3/ � 2

2s.s C 1/.s C 2/.s C 3/

�
.jf 00.a/j C jf 00.b/j/:

Proof. Let x D .aC b/=2, then the first inequality of (8) follows easily from (7). While the second inequality of (8)

can be derived from the s-convexity of jf 00j.

Remark 2.3. Let s D 1, then the second inequality of (8) becomesˇ̌̌̌
ˇ̌f .a/C f .b/2

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ � .b � a/2

24
.jf 00.a/j C jf 00.b/j/:

Theorem 2.4. Let s 2 .0; 1�, p; q > 1 with 1=pC 1=q D 1, f W I � Œ0;1/! R be a twice differentiable mapping

on I ı, and a; b 2 I ı with a < b. Then the inequalityˇ̌̌̌
ˇ̌ Œ.x � a/2 � .b � x/2�f 0.x/C 2f .b/.b � x/C 2f .a/.x � a/2.b � a/

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (9)

�

�
�.1=2/�.p C 1/

2�.p C 3=2/

�1=p
.x � a/3 Œjf 00.a/jq C jf 00.x/jq �

1=q
C .b � x/3 Œjf 00.b/jq C jf 00.x/jq �

1=q

2.s C 1/1=q.b � a/

holds for each x 2 Œa; b� if f 00 2 LŒa; b� and jf 00jq is s-convex on Œa; b�.

Proof. From (4) together with the triangular and Hölder inequalities we clearly see thatˇ̌̌̌
ˇ̌ Œ.x � a/2 � .b � x/2�f 0.x/C 2f .b/.b � x/C 2f .a/.x � a/2.b � a/

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (10)

�
.x � a/3

2.b � a/

0@ 1Z
0

.1 � t2/pdt

1A1=p 0@ 1Z
0

ˇ̌
f 00.taC .1 � t /x/

ˇ̌q
dt

1A1=q

C
.b � x/3

2.b � a/

0@ 1Z
0

.1 � t2/pdt

1A1=p 0@ 1Z
0

ˇ̌
f 00.tb C .1 � t /x/

ˇ̌q
dt

1A1=q :
Making use of the s-convexity of jf 00jq , we get

1Z
0

ˇ̌
f 00.taC .1 � t /x/

ˇ̌q
dt �

1Z
0

�
tsjf 00.a/jq C .1 � t /sjf 00.x/jq

�
dt D

jf 00.a/jq C jf 00.x/jq

s C 1
; (11)

1Z
0

ˇ̌
f 00.tb C .1 � t /x/

ˇ̌q
dt �

1Z
0

�
tsjf 00.b/jq C .1 � t /sjf 00.x/jq

�
dt D

jf 00.b/jq C jf 00.x/jq

s C 1
: (12)

Note that 0@ 1Z
0

.1 � t2/pdt

1A1=p D ��.1=2/�.p C 1/
2�.p C 3=2/

�1=p
: (13)

Therefore, inequality (9) follows easily from the (10)-(13).
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Corollary 2.5. Under the assumptions of Theorem 2.4, we haveˇ̌̌̌
ˇ̌f .a/C f .b/2

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (14)

�
.b � a/2

16.s C 1/1=q

�
�.1=2/�.p C 1/

2�.p C 3=2/

�1=p
�

"�
jf 00.a/jq C

ˇ̌̌̌
f 00

�
aC b

2

�ˇ̌̌̌q�1=q
C

�
jf 00.b/jq C

ˇ̌̌̌
f 00

�
aC b

2

�ˇ̌̌̌q�1=q#

�
.b � a/2

16.s C 1/1=q

�
�.1=2/�.p C 1/

2�.p C 3=2/

�1=p "�
1

2s

�1=q
C

�
1C

1

2s

�1=q# �
jf 00.a/j C jf 00.b/j

�
:

Proof. Let x D .a C b/=2, then inequality (9) leads to the first inequality of (14) immediately. While the second

inequality of (14) can be derived easily from the s-convexity of jf 00jq and the elementary inequality

nX
kD1

.˛k C ˇk/
�
�

nX
kD1

˛�k C

nX
kD1

ˇ�k

for ˛1; ˇ1; ˛2; ˇ2; � � � ; ˛n; ˇn � 0 and 0 � � � 1.

Remark 2.6. If s D 1, then the second inequality of (14) becomesˇ̌̌̌
ˇ̌f .a/C f .b/2

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌

�
.b � a/2

32

�
�.1=2/�.p C 1/

�.p C 3=2/

�1=p "�
1

2

�1=q
C

�
3

2

�1=q# �
jf 00.a/j C jf 00.b/j

�
:

Theorem 2.7. Let s 2 .0; 1�, p; q > 1 with 1=pC1=q D 1, f W I � Œ0;1/! R be a twice differentiable mapping

on I ı, and a; b 2 I ı with a < b. Then the inequalityˇ̌̌̌
ˇ̌ Œ.x � a/2 � .b � x/2�f 0.x/C 2f .b/.b � x/C 2f .a/.x � a/2.b � a/

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (15)

�

�
�.1=2/�.p C 1/

2�.p C 3=2/

�1=p .x � a/3 ˇ̌̌f 00 �xCa
2

�ˇ̌̌
C .b � x/3

ˇ̌̌
f 00

�
xCb
2

�ˇ̌̌
21C.1�s/=q.b � a/

holds for any x 2 Œa; b� if f 00 2 LŒa; b� and jf 00jq is s-concave on Œa; b�.

Proof. It follows from the s-concavity of jf 00jq and (3) that

1Z
0

jf 00.taC .1 � t /x/jq � 2s�1
ˇ̌̌̌
f 00

�
x C a

2

�ˇ̌̌̌q
; (16)

1Z
0

jf 00.tb C .1 � t /x/jq � 2s�1
ˇ̌̌̌
f 00

�
x C b

2

�ˇ̌̌̌q
: (17)

Therefore, inequality (15) follows from (4), (13), (16) and (17) together with the Hölder inequalities

1Z
0

.1 � t2/f 00.taC .1 � t /x/dt �

0@ 1Z
0

.1 � t2/pdt

1A1=p 0@ 1Z
0

ˇ̌
f 00.taC .1 � t /x/

ˇ̌q
dt

1A1=q ;



1420 M.A. Khan et al.

1Z
0

.1 � t2/f 00.tb C .1 � t /x/dt �

0@ 1Z
0

.1 � t2/pdt

1A1=p 0@ 1Z
0

ˇ̌
f 00.tb C .1 � t /x/

ˇ̌q
dt

1A1=q :
Corollary 2.8. Under the assumptions of Theorem 2.7, one hasˇ̌̌̌

ˇ̌f .a/C f .b/2
�

1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (18)

�
2s=q.b � a/2

32

�
�.1=2/�.p C 1/

�.p C 3=2/

�1=p �ˇ̌̌̌
f 00

�
3aC b

4

�ˇ̌̌̌
C

ˇ̌̌̌
f 00

�
aC 3b

4

�ˇ̌̌̌�
�
2.1C1=q/s.b � a/2

32

�
�.1=2/�.p C 1/

�.p C 3=2/

�1=p ˇ̌̌̌
f 00

�
aC b

2

�ˇ̌̌̌
:

Proof. Let x D .a C b/=2, then inequality (15) leads to the first inequality of (18) immediately. While the second

inequality of (18) can be obtained by the s-concavity of jf 00j due to the fact that jf 00jq is s-concave, indeed, the

s-concavity of jf 00jq leads to the conclusion that�
tsjf 00.a/j C .1 � t /sjf 00.b/j

�q
� tsjf 00.a/jq C .1 � t /sjf 00.b/jq � jf 00.taC .1 � t /b/jq :

Remark 2.9. Let s D 1, then from the second inequality of (18), we getˇ̌̌̌
ˇ̌f .a/C f .b/2

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ � 21=q.b � a/2

16

�
�.1=2/�.p C 1/

�.p C 3=2/

�1=p ˇ̌̌̌
f 00

�
aC b

2

�ˇ̌̌̌
:

Theorem 2.10. Let s 2 .0; 1�, q > 1, f W I � Œ0;1/! R be a twice differentiable mapping on I ı, and a; b 2 I ı

with a < b. Then the inequalityˇ̌̌̌
ˇ̌ Œ.x � a/2 � .b � x/2�f 0.x/C 2f .b/.b � x/C 2f .a/.x � a/2.b � a/

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (19)

�

�
3
2

�1=q
.x � a/3

h
2

.sC1/.sC3/
jf 00.a/jq C .sC2/.sC3/�2

.sC1/.sC2/.sC3/
jf 00.x/jq

i1=q
3.b � a/

C

�
3
2

�1=q
.b � x/3

h
2

.sC1/.sC3/
jf 00.b/jq C .sC2/.sC3/�2

.sC1/.sC2/.sC3/
jf 00.x/jq

i1=q
3.b � a/

holds for any x 2 Œa; b� if f 00 2 LŒa; b� and jf 00jq is s-convex on Œa; b�.

Proof. It follows from (4) and the power-mean inequality thatˇ̌̌̌
ˇ̌ Œ.x � a/2 � .b � x/2�f 0.x/C 2f .b/.b � x/C 2f .a/.x � a/2.b � a/

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (20)

�
.x � a/3

2.b � a/

1Z
0

.1 � t2/jf 00.taC .1 � t /x/jdt

C
.b � x/3

2.b � a/

1Z
0

.1 � t2/jf 00.tb C .1 � t /x/jdt
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�
.x � a/3

2.b � a/

0@ 1Z
0

.1 � t2/dt

1A1�1=q 0@ 1Z
0

.1 � t2/jf 00.taC .1 � t /x/jqdt

1A1=q

C
.b � x/3

2.b � a/

0@ 1Z
0

.1 � t2/dt

1A1�1=q 0@ 1Z
0

.1 � t2/jf 00.tb C .1 � t /x/jqdt

1A1=q :
From the s-convexity of jf 00jq on Œa; b� we get

1Z
0

.1 � t2/jf 00.taC .1 � t /x/jqdt (21)

�

1Z
0

.1 � t2/
�
tsjf 00.a/jq C .1 � t /sjf 00.x/jq

�
dt

D
2

.s C 1/.s C 2/
jf 00.a/jq C

.s C 2/.s C 3/ � 2

.s C 1/.s C 2/.s C 3/
jf 00.x/jq

and
1Z
0

.1 � t2/jf 00.tb C .1 � t /x/jqdt (22)

�

1Z
0

.1 � t2/
�
tsjf 00.b/jq C .1 � t /sjf 00.x/jq

�
dt

D
2

.s C 1/.s C 2/
jf 00.b/jq C

.s C 2/.s C 3/ � 2

.s C 1/.s C 2/.s C 3/
jf 00.x/jq :

Note that
1Z
0

.1 � t2/dt D
2

3
: (23)

Therefore, inequality (19) follows from (20)-(23).

Corollary 2.11. Under the assumptions of Theorem 2.10, one hasˇ̌̌̌
ˇ̌f .a/C f .b/2

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (24)

�

�
3
2

�1=q
.b � a/2

24

�
2

.s C 1/.s C 3/
jf 00.a/jq C

.s C 2/.s C 3/ � 2

.s C 1/.s C 2/.s C 3/

ˇ̌̌̌
f 00

�
aC b

2

�ˇ̌̌̌q�1=q
C

�
3
2

�1=q
.b � a/2

24

�
2

.s C 1/.s C 3/
jf 00.b/jq C

.s C 2/.s C 3/ � 2

.s C 1/.s C 2/.s C 3/

ˇ̌̌̌
f 00

�
aC b

2

�ˇ̌̌̌q�1=q
�

�
3
2

�1=q
.b � a/2

24

�
2

.s C 1/.s C 3/
C

.s C 2/.s C 3/ � 2

2s.s C 1/.s C 2/.s C 3/

�1=q �ˇ̌
f 00.a/

ˇ̌
C
ˇ̌
f 00.b/

ˇ̌�
C

�
3
2

�1=q
.b � a/2

24

�
.s C 2/.s C 3/ � 2

2s.s C 1/.s C 2/.s C 3/

�1=q �ˇ̌
f 00.a/

ˇ̌
C
ˇ̌
f 00.b/

ˇ̌�
:
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Proof. Let x D .aC b/=2, then the first inequality of (24) can be obtained from inequality (19) immediately. While

the second inequality of (24) follows from the s-convexity of jf 00jq and the inequality

nX
kD1

.˛k C ˇk/
�
�

nX
kD1

˛�k C

nX
kD1

ˇ�k

for ˛1; ˇ1; ˛2; ˇ2; � � � ; ˛n; ˇn � 0 and 0 � � � 1.

Remark 2.12. If s D 1, the inequality (24) leads toˇ̌̌̌
ˇ̌f .a/C f .b/2

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ � �

3
2

�1=q
.b � a/2

24

"�
11

24

�1=q
C

�
5

24

�1=q# �ˇ̌
f 00.a/

ˇ̌
C
ˇ̌
f 00.b/

ˇ̌�
:

3 Hermite-Hadamard type inequalities for fractional integrals

Theorem 3.1. Let s 2 .0; 1�, � > 0, f W I � Œ0;1/ ! R be a twice differentiable mapping on I ı, and a; b 2 I ı

with a < b. Then the inequalityˇ̌̌̌
ˇ̌ Œ.x � a/�C1 � .b � x/�C1�f 0.x/C .�C 1/f .b/.b � x/C .�C 1/f .a/.x � a/.�C 1/.b � a/

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (25)

�
.x � a/�C2

.�C 1/.b � a/

�
�C 1

.s C 1/.s C �C 2/
jf 00.a/j C

�
1

s C 1
�
�.�C 2/�.s C 1/

�.�C s C 3/

�
jf 00.x/j

�
C

.b � x/�C2

.�C 1/.b � a/

�
�C 1

.s C 1/.s C �C 2/
jf 00.b/j C

�
1

s C 1
�
�.�C 2/�.s C 1/

�.�C s C 3/

�
jf 00.x/j

�
:

holds for all x 2 Œa; b� if f 00 2 LŒa; b� and jf 00j is s-convex on Œa; b�.

Proof. It follows from (6) and the triangle inequality together with the s-convexity of jf 00j thatˇ̌̌̌
ˇ̌ Œ.x � a/�C1 � .b � x/�C1�f 0.x/C .�C 1/f .b/.b � x/C .�C 1/f .a/.x � a/.�C 1/.b � a/

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌

�
.x � a/�C2

.�C 1/.b � a/

1Z
0

�
1 � t�C1

�
jf 00.taC .1 � t /x/jdt

C
.b � x/�C2

.�C 1/.b � a/

1Z
0

�
1 � t�C1

�
jf 00.tb C .1 � t /x/jdt

�
.x � a/�C2

.�C 1/.b � a/

1Z
0

�
1 � t�C1

�
Œtsjf 00.a/j C .1 � t /sjf 00.x/j�dt

C
.b � x/�C2

.�C 1/.b � a/

1Z
0

�
1 � t�C1

�
Œtsjf 00.b/j C .1 � t /sjf 00.x/j�dt

D
.x � a/�C2

.�C 1/.b � a/

�
�C 1

.s C 1/.s C �C 2/
jf 00.a/j C

�
1

s C 1
�
�.�C 2/�.s C 1/

�.�C s C 3/

�
jf 00.x/j

�
C

.b � x/�C2

.�C 1/.b � a/

�
�C 1

.s C 1/.s C �C 2/
jf 00.b/j C

�
1

s C 1
�
�.�C 2/�.s C 1/

�.�C s C 3/

�
jf 00.x/j

�
:
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Remark 3.2. Let � D 1 in Theorem 3.1, then we get inequality (7) given in Theorem 2.1.

Corollary 3.3. Under the assumptions of Theorem 3.1, we haveˇ̌̌̌
ˇ
�
b � a

2

���1
f .a/C f .b/

2
�
�.�C 1/

b � a

�
J
�

aC
f

�
aC b

2

�
C J

�

b�
f

�
aC b

2

��ˇ̌̌̌
ˇ (26)

�
.b � a/�C1

2�C2.�C 1/

�
.�C 1/.jf 00.a/j C jf 00.b/j/

.s C 1/.s C �C 1/
C 2

�
1

s C 1
�
�.s C 1/�.�C 2/

�.s C �C 3/

ˇ̌̌̌
f 00

�
aC b

2

�ˇ̌̌̌��
�
.b � a/�C1.jf 00.a/j C jf 00.b/j/

2�C2.�C 1/

�
�C 1

.s C 1/.s C �C 1/
C 21�s

�
1

s C 1
�
�.s C 1/�.�C 2/

�.s C �C 3/

��
:

Proof. Let x D .a C b/=2, then inequality (25) leads to the first inequality of (26). While the second inequality of

(26) can be derived from the s-convexity of jf 00j.

Remark 3.4. Let s D 1, then the second inequality of (26) leads toˇ̌̌̌
ˇ
�
b � a

2

���1
f .a/C f .b/

2
�
�.�C 1/

b � a

�
J
�

aC
f

�
aC b

2

�
C J

�

b�
f

�
aC b

2

��ˇ̌̌̌
ˇ

�
.b � a/�C1.jf 00.a/j C jf 00.b/j/

2�C3.�C 1/

�
�C 1

�C 2
�
2�.�C 2/

�.�C 4/
C 1

�
:

Theorem 3.5. Let � > 0, s 2 .0; 1�, p; q > 1 with 1=p C 1=q D 1, M D �.1C p/�.1=.�C 1//=Œ.�C 1/�.1C

pC 1=.�C 1//�, f W I � Œ0;1/! R be a twice differentiable mapping on I ı, and a; b 2 I ı with a < b. Then the

inequalityˇ̌̌̌
ˇ̌ Œ.x � a/�C1 � .b � x/�C1�f 0.x/C .�C 1/f .b/.b � x/C .�C 1/f .a/.x � a/.�C 1/.b � a/

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (27)

�
.x � a/�C2 Œjf 00.a/jq C jf 00.x/jq �

1=q
C .b � x/�C2 Œjf 00.b/jq C jf 00.x/jq �

1=q

.�C 1/.s C 1/1=q.b � a/
M 1=p

holds for all x 2 Œa; b� if f 00 2 LŒa; b� and jf 00jq is s-convex on Œa; b�.

Proof. It follows from (6) and the Hölder inequality together with the s-convexity of jf 00jq thatˇ̌̌̌
ˇ̌ Œ.x � a/�C1 � .b � x/�C1�f 0.x/C .�C 1/f .b/.b � x/C .�C 1/f .a/.x � a/.�C 1/.b � a/

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (28)

�
.x � a/�C2

.�C 1/.b � a/

0@ 1Z
0

�
1 � t�C1

�p
dt

1A1=p 0@ 1Z
0

ˇ̌
f 00.taC .1 � t /x/

ˇ̌q
dt

1A1=q

C
.b � x/�C2

.�C 1/.b � a/

0@ 1Z
0

�
1 � t�C1

�p
dt

1A1=p 0@ 1Z
0

ˇ̌
f 00.tb C .1 � t /x/

ˇ̌q
dt

1A1=q ;
and inequalities (11) and (12) hold.

Note that
1Z
0

�
1 � t�C1

�p
dt D

1

�C 1

1Z
0

u1=.�C1/�1.1 � u/pdu DM: (29)

Therefore, inequality (27) follows from (11), (12), (28) and (29).
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Remark 3.6. Let � D 1, then Theorem 3.5 leads to Theorem 2.4.

Let x D .aCb/=2, then the following Corollary 3.7 can be obtained from (27) and the s-convexity of jf 00jq together

with the inequality
nX
kD1

.˛k C ˇk/
�
�

nX
kD1

˛�k C

nX
kD1

ˇ�k

for ˛1; ˇ1; ˛2; ˇ2; � � � ; ˛n; ˇn � 0 and 0 � � � 1.

Corollary 3.7. Under the assumptions of Theorem 3.5, we have the inequality as follows:ˇ̌̌̌
ˇ
�
b � a

2

���1
f .a/C f .b/

2
�
�.�C 1/

b � a

�
J
�

aC
f

�
aC b

2

�
C J

�

b�
f

�
aC b

2

��ˇ̌̌̌
ˇ (30)

�
.b � a/�C1M 1=p

2�C2.�C 1/.s C 1/1=q

"�
jf 00.a/jq C

ˇ̌̌̌
f 00

�
aC b

2

�ˇ̌̌̌q�1=q
C

�
jf 00.b/jq C

ˇ̌̌̌
f 00

�
aC b

2

�ˇ̌̌̌q�1=q#

�
.b � a/�C1.jf 00.a/j C jf 00.b/j/M 1=p

2�C2.�C 1/.s C 1/1=q

"�
1

2s

�1=q
C

�
1C

1

2s

�1=q#
:

Remark 3.8. Let s D 1, then the second inequality of (30) leads toˇ̌̌̌
ˇ
�
b � a

2

���1
f .a/C f .b/

2
�
�.�C 1/

b � a

�
J
�

aC
f

�
aC b

2

�
C J

�

b�
f

�
aC b

2

��ˇ̌̌̌
ˇ

�
.b � a/�C1.jf 00.a/j C jf 00.b/j/M 1=p

2�C2C1=q.�C 1/

"�
1

2

�1=q
C

�
3

2

�1=q#
:

Theorem 3.9. Let � > 0, s 2 .0; 1�, p; q > 1 with 1=p C 1=q D 1, M D �.1C p/�.1=.�C 1//=Œ.�C 1/�.1C

pC 1=.�C 1//�, f W I � Œ0;1/! R be a twice differentiable mapping on I ı, and a; b 2 I ı with a < b. Then the

inequalityˇ̌̌̌
ˇ̌ Œ.x � a/�C1 � .b � x/�C1�f 0.x/C .�C 1/f .b/.b � x/C .�C 1/f .a/.x � a/.�C 1/.b � a/

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (31)

�

.x � a/�C2
ˇ̌̌
f 00

�
xCa
2

�ˇ̌̌
C .b � x/�C2

ˇ̌̌
f 00

�
xCb
2

�ˇ̌̌
.�C 1/2.1�s/=q.b � a/

M 1=p

holds for all x 2 Œa; b� if f 00 2 LŒa; b� and jf 00jq is s-concave on Œa; b�.

Proof. Theorem 3.9 follows easily from (16), (17), (28) and (29).

Remark 3.10. Let � D 1, then Theorem 3.9 becomes Theorem 2.7.

Letting x D .a C b/=2 and making use of the s-concavity of jf 00j, then inequality (31) leads to Corollary 3.11

immediately.

Corollary 3.11. Under the assumptions of Theorem 3.9, one hasˇ̌̌̌
ˇ
�
b � a

2

���1
f .a/C f .b/

2
�
�.�C 1/

b � a

�
J
�

aC
f

�
aC b

2

�
C J

�

b�
f

�
aC b

2

��ˇ̌̌̌
ˇ (32)

�
2.s�1/=q.b � a/�C1M 1=p

2�C2.�C 1/

�ˇ̌̌̌
f 00

�
3aC b

4

�ˇ̌̌̌
C

ˇ̌̌̌
f 00

�
aC 3b

4

�ˇ̌̌̌�
�
2Œs.qC1/�1�=q.b � a/�C1M 1=p

2�C2.�C 1/

ˇ̌̌̌
f 00

�
aC b

2

�ˇ̌̌̌
:
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Remark 3.12. Let s D 1 in the second inequality of (32), then we getˇ̌̌̌
ˇ
�
b � a

2

���1
f .a/C f .b/

2
�
�.�C 1/

b � a

�
J
�

aC
f

�
aC b

2

�
C J

�

b�
f

�
aC b

2

��ˇ̌̌̌
ˇ

�
.b � a/�C1M 1=p

2�C1.�C 1/

ˇ̌̌̌
f 00

�
aC b

2

�ˇ̌̌̌
:

Theorem 3.13. Let � > 0, s 2 .0; 1�, q > 1, f W I � Œ0;1/ ! R be a twice differentiable mapping on I ı, and

a; b 2 I ı with a < b. Then the inequalityˇ̌̌̌
ˇ̌ Œ.x � a/�C1 � .b � x/�C1�f 0.x/C .�C 1/f .b/.b � x/C .�C 1/f .a/.x � a/.�C 1/.b � a/

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (33)

�

.x � a/�C2
h
.�C1/jf 00.a/jq

.sC1/.sC�C2/
C

�
1
sC1
�
�.sC1/�.�C2/
�.sC�C3/

�
jf 00.x/jq

i1=q
.�C 2/.b � a/

�
�C 2

�C 1

�1=q

C

.b � x/�C2
h
.�C1/jf 00.b/jq

.sC1/.sC�C2/
C

�
1
sC1
�
�.sC1/�.�C2/
�.sC�C3/

�
jf 00.x/jq

i1=q
.�C 2/.b � a/

�
�C 2

�C 1

�1=q
holds for all x 2 Œa; b� if f 00 2 LŒa; b� and jf 00jq is s-convex on Œa; b�.

Proof. By use of (6) and the power-mean inequality, we haveˇ̌̌̌
ˇ̌ Œ.x � a/�C1 � .b � x/�C1�f 0.x/C .�C 1/f .b/.b � x/C .�C 1/f .a/.x � a/.�C 1/.b � a/

�
1

b � a

bZ
a

f .t/dt

ˇ̌̌̌
ˇ̌ (34)

�
.x � a/�C2

.�C 1/.b � a/

1Z
0

�
1 � t�C1

�
jf 00.taC .1 � t /x/jdt

C
.b � x/�C2

.�C 1/.b � a/

1Z
0

�
1 � t�C1

�
jf 00.tb C .1 � t /x/jdt

�
.x � a/�C2

.�C 1/.b � a/

0@ 1Z
0

�
1 � t�C1

�
dt

1A1�1=q 0@ 1Z
0

�
1 � t�C1

�
jf 00.taC .1 � t /x/jqdt

1A1=q

C
.b � x/�C2

.�C 1/.b � a/

0@ 1Z
0

�
1 � t�C1

�
dt

1A1�1=q 0@ 1Z
0

�
1 � t�C1

�
jf 00.tb C .1 � t /x/jqdt

1A1=q :
It follows from the s-convexity of jf 00jq on Œa; b� that

1Z
0

�
1 � t�C1

�
jf 00.taC .1� t /x/jqdt �

.�C 1/jf 00.a/jq

.s C 1/.s C �C 2/
C

�
1

s C 1
�
�.s C 1/�.�C 2/

�.s C �C 3/

�
jf 00.x/jq ; (35)

1Z
0

�
1 � t�C1

�
jf 00.tb C .1� t /x/jqdt �

.�C 1/jf 00.b/jq

.s C 1/.s C �C 2/
C

�
1

s C 1
�
�.s C 1/�.�C 2/

�.s C �C 3/

�
jf 00.x/jq : (36)

Note that
1Z
0

�
1 � t�C1

�
dt D

�C 1

�C 2
: (37)

Therefore, Theorem 3.13 follows from (34)-(37).
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Remark 3.14. Let � D 1, then Theorem 3.13 becomes Theorem 2.10.

Let x D .aC b/=2, then from (33) and the s-convexity of jf 00jq we get Corollary 3.15 immediately.

Corollary 3.15. Under the assumptions of Theorem 3.13, one hasˇ̌̌̌
ˇ
�
b � a

2

���1
f .a/C f .b/

2
�
�.�C 1/

b � a

�
J
�

aC
f

�
aC b

2

�
C J

�

b�
f

�
aC b

2

��ˇ̌̌̌
ˇ (38)

�
.b � a/�C1

2�C2.�C 2/

�
�C 2

�C 1

�1=q �
M1jf

00.a/jq CM2

ˇ̌̌̌
f 00

�
aC b

2

�ˇ̌̌̌q�1=q
C
.b � a/�C1

2�C2.�C 2/

�
�C 2

�C 1

�1=q �
M1jf

00.b/jq CM2

ˇ̌̌̌
f 00

�
aC b

2

�ˇ̌̌̌q�1=q
�

.b � a/�C1

2�C2.�C 2/

�
�C 2

�C 1

�1=q "
M
1=q

1
C 2

�
M2

2s

�1=q#
.jf 00.a/j C jf 00.b/j/;

where M1 D .�C 1/=Œ.s C 1/.s C �C 2/� and M2 D 1=.s C 1/ � �.s C 1/�.�C 2/=�.s C �C 3/.

Remark 3.16. Let s D 1, then inequality (38) leads toˇ̌̌̌
ˇ
�
b � a

2

���1
f .a/C f .b/

2
�
�.�C 1/

b � a

�
J
�

aC
f

�
aC b

2

�
C J

�

b�
f

�
aC b

2

��ˇ̌̌̌
ˇ

�
.b � a/�C1

2�C2.�C 2/

�
�C 2

�C 1

�1=q "�
�C 1

2�C 6

�1=q
C 2

�
1

4
�
�.�C 2/

2�.�C 4/

�1=q#
.jf 00.a/j C jf 00.b/j/:

4 Applications to trapezoidal formula

Let d be a division a D x0 < x1 < x2 < � � � < xn�1 < xn D b of the interval Œa; b� and consider the quadrature

formula
bZ
a

f .x/dx D T .f; d/CE.f; d/;

where

T .f; d/ D

n�1X
iD0

f .xi /C f .xiC1/

2
.xiC1 � xi /

is the trapezoidal version and E.f; d/ denotes the associated approximation error.

Theorem 4.1. Let s 2 .0; 1�, f W I � Œ0;1/! R be a twice differentiable mapping on I ı, a; b 2 I ı with a < b

and d be a division a D x0 < x1 < x2 < � � � < xn�1 < xn D b of the interval Œa; b�. Then the inequality

jE.f; d/j �

�
1

.s C 1/.s C 3/
C

.s C 2/.s C 3/ � 2

2s.s C 1/.s C 2/.s C 3/

� n�1X
iD0

.xiC1 � xi /
3Œjf 00.xi /j C jf

00.xiC1/j�

8

holds if f 00 2 LŒa; b� and jf 00j is s-convex on Œa; b�.

Proof. Let i 2 f0; 1; 2; � � � ; n � 1g, then applying Corollary 2.2 on the interval Œxi ; xiC1� we getˇ̌̌̌
ˇ̌f .xi /C f .xiC1/2

�
1

xiC1 � xi

xiC1Z
xi

f .x/dx

ˇ̌̌̌
ˇ̌
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�
.xiC1 � xi /

2

8

�
1

.s C 1/.s C 3/
C

.s C 2/.s C 3/ � 2

2s.s C 1/.s C 2/.s C 3/

�
Œjf 00.xi /j C jf

00.xiC1/j�:

Therefore,

jE.f; d/j D

ˇ̌̌̌
ˇ̌ bZ
a

f .x/dx � T .f; d/

ˇ̌̌̌
ˇ̌

D

ˇ̌̌̌
ˇ̌n�1X
iD0

24 xiC1Z
xi

f .x/dx �
f .xi /C f .xiC1/

2
.xiC1 � xi /

35ˇ̌̌̌ˇ̌
�

n�1X
iD0

ˇ̌̌̌
ˇ̌
24 xiC1Z
xi

f .x/dx �
f .xi /C f .xiC1/

2
.xiC1 � xi /

35ˇ̌̌̌ˇ̌
�

�
1

.s C 1/.s C 3/
C

.s C 2/.s C 3/ � 2

2s.s C 1/.s C 2/.s C 3/

�
�

n�1X
iD0

.xiC1 � xi /
3Œjf 00.xi /j C jf

00.xiC1/j�

8
:

Making use of the similar arguments as in Theorem 4.1, we can get Theorems 4.2-4.4 from the Corollaries 2.5, 2.8

and 2.11 immediately.

Theorem 4.2. Let s 2 .0; 1�, p; q > 1 with 1=pC1=q D 1, f W I � Œ0;1/! R be a twice differentiable mapping

on I ı, a; b 2 I ı with a < b and d be a division a D x0 < x1 < x2 < � � � < xn�1 < xn D b of the interval Œa; b�.

Then the inequality

jE.f; d/j �

�
�.1=2/�.p C 1/

2�.p C 3=2/

�1=p "�
1

2s

�1=q
C

�
1C

1

2s

�1=q#

�

n�1X
iD0

.xiC1 � xi /
3Œjf 00.xi /j C jf

00.xiC1/j�

16.s C 1/1=q

holds if f 00 2 LŒa; b� and jf 00jq is s-convex on Œa; b�.

Theorem 4.3. Let s 2 .0; 1�, p; q > 1 with 1=pC1=q D 1, f W I � Œ0;1/! R be a twice differentiable mapping

on I ı, a; b 2 I ı with a < b and d be a division a D x0 < x1 < x2 < � � � < xn�1 < xn D b of the interval Œa; b�.

Then the inequality

jE.f; d/j �
2.qC1/s=q

32

�
�.1=2/�.p C 1/

�.p C 3=2/

�1=p n�1X
iD0

.xiC1 � xi /
3

ˇ̌̌̌
f 00

�
xiC1 C xi

2

�ˇ̌̌̌
holds if f 00 2 LŒa; b� and jf 00jq is s-concave on Œa; b�.

Theorem 4.4. Let s 2 .0; 1�, q > 1, f W I � Œ0;1/! R be a twice differentiable mapping on I ı, a; b 2 I ı with

a < b and d be a division a D x0 < x1 < x2 < � � � < xn�1 < xn D b of the interval Œa; b�. Then the inequality

jE.f; d/j �

�
3

2

�1=q "�
2

.s C 1/.s C 3/
C�.s/

�1=q
C�1=q.s/

#

�

n�1X
iD0

.xiC1 � xi /
3Œjf 00.xi /j C jf

00.xiC1/j�

24

holds if f 00 2 LŒa; b� and jf 00jq is s-convex on Œa; b�, where

�.s/ D
.s C 2/.s C 3/ � 2

2s.s C 1/.s C 2/.s C 3/
:
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5 Conclusion

In the article, we present several new Hermite-Hadamard type inequalities and error estimatimations for the

trapezoidal formula involving the s-convex and s-concave functions for the classical and Riemann-Liouville

fractional integrals.
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[57] Zhu C., Fečkan M., Wang J. R., Fractional integral inequalities for defferentiable convex mappings and applicaions to special

means and a midpoint formula, J. Appl. Math. Stat. Inform., 2012, 8(2), 21–28
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