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Abstract: In this paper, we present several new and generalized Hermite-Hadamard type inequalities for s-convex
as well as s-concave functions via classical and Riemann-Liouville fractional integrals. As applications, we provide
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1 Introduction

Let I/ € R be an interval. Then a real-valued function f : I — R is said to be convex (concave) on I if the
inequality

fAx+ A=yl = A (x) + A =1 f(y)

holds forall x,y € I and A € [0, 1].

A large number of important properties and inequalities have been established for the class of convex (concave)
functions since the convexity (concavity) was introduced more than a hundred years ago [1-21]. But one of the most
important inequalities for the convex (concave) function is the Hermite-Hadamard inequality [22], which can be
stated as follows:

Theorem 1.1. Let / € R beaninterval and f : I — R be a convex function on 7. Then the inequality

b
b b
f(a+ )fﬁ/‘f(x)dxfw (1)

2

holds for all ¢, b € I with a < b. Both inequalities given in (1) hold in the reversed direction if f is concave on the
interval I.

Recently, the improvements, generalizations, refinements and applications for the Hermite-Hadamard inequality
have attracted the attention of many researchers [23-41].
Hudzik and Maligranda [42] generalized the convex (concave) function to s-convex (concave) function.
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Let s € (0, 1]. Then the function f : [0, 00) — R is said to be s-convex on the interval [0, co) if the inequality
fx+ A=)yl =27 f(x) + (1 =1 f(») 2

takes place for all x, y € [0,00) and A € [0, 1]. f is said to be s-concave if inequality (2) is reversed.

We clearly see that the s-convexity (concavity) defined on [0, co) reduces to ordinary convexity (concavity) if
s = 1.

In [43], the authors established the Hermite-Hadamard type inequality for the s-convex (concave) functions as
follows.

Theorem 1.2 ([43]). Lets € (0,1]and f : I < [0,00) — R be an s-convex function on /. Then the double

inequality
Y. fi@) + 1(6)
21 (50) = 52 ff(x)d )+ ®

holds for all a,b € I with a < b. Both inequalities given in (3) hold in the reversed direction if f is s-concave on
the interval 1.

Both of the upper and lower bounds given in (3) for the s-convex (concave) functions were improved by Jagers in
[44].

Hussian et al. [45] provided the Hermite-Hadamard type inequalities for the twice differentiable functions by
using the following Lemma 1.3.

Lemma 1.3 ([45]). Let f : I° € R — R be a differentiable mapping on 7°, and a,b € I° with a < b. Then the
identity

f(a) ; fb) /f( Ydx = )2 /;(1 —0)f"ta + (1 —)b)d1

isvalid if " € Lla, b], where and in what follows 7° denotes the interior of the interval 7.

Theorem 1.4 ([45]). Lets € (0,1],¢ > 1, f : I € [0,00) — R be a twice differentiable mapping on 7°, and
a,b € I° with a < b. Then the inequality

f@+ fo)
2

. _f(a—by [If”(a)l"+|f”(b)|"]”"

b
1
h—a /f(x)dx = 2x6@—D/a (s +2)(s +3)

holds if f”” € L[a,b]and | f”'|9 is s-convex on [a, b].

Theorem 1.5 ([45]). Lets € (0,1], p,g > 1with1/p+1/q =1, f : I C[0,00) — R be a twice differentiable
mapping on 1°, and a,b € I° with a < b. Then the inequality
2 p
nfa+b\||T2(p+1)
2 rp+2)

holds if /7 € L[a,b] and | f”’|¢ is s-convex on [a, b], where T'(x) = f(‘)”tx—le—tdt [46-50] is the classical
gamma function.

fl@)+ )
2

< z(s—l—q)/q(b _ a)2

b
1
- /f(x)dx

In [51], Chu et al. discovered a new identity for the twice differentiable function.

Lemma 1.6 ([51]). Let /' : I € R — R be a differentiable mapping on 7°, and a,b € I° with a < b. Then the
identity

b
[(x —a)> = (b —x)°]f'(x) + 2(b — x) f(b) + 2(x —a) f () 1
- /f(z)dt

2(b —a) @
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—a)3
2(b

/(1 —12) f"[ta + (1 —t)x]dt + /(1 —12) f"[th + (1 —t)x]dt

2(b
holds for all x € [a, ] if f” € La, b].

Next, we recall the definition of the fractional integrals [52].
Let0 <a < b,n > 0and f € Lla,b]. Then the left-sided and right-sided Riemann-Liouville fractional
integrals J . f and J" f of order n are defined by

| i _
IS = s / (x =" flodr,

b
J7fx) = / (t —x)" f(yds,

1
I'(n)
X
respectively.

We clearly see that J +f()c) = Jg_ f(x) = f(x). In particular, the fractional integral reduces to the classical
integral if n = 1.

In [53], Set dealt with the fractional Ostrowski inequalities involving the Riemann-Liouville fractional integrals.
More results and applications for the fractional derivatives and integrals can be found in the literature [54-66].
Sarikaya et al. [67] and Ozdemir et al. [68] established the Hermite-Hadamard type inequalities for the Riemann-
Liouville fractional integrals as follows.

Theorem 1.7 ([67]). Letn > 0,0 <a < b, f : [a,b] — (0, c0) be a positive real-valued function with ' € L[a, b].
Then the double inequality

fa+b T'(n+1) f(a) + f(b)
f ( ) ) < 206 —a)y [J;’+f(b)+J}f_f(a)] =< Y (%)

holds if f is convex on [a, b].
Theorem 1.8 ([68]). Letn > 0, f : I < [0,00) — R be a differentiable mappingon 7°,and a,b € I° witha < b.
Then the inequality

(x—a)fl@+b-x)"f(b) T+
b—a b—a

(- f@+ J"+f(b))’

n((x =)™+ (b —x)") | £ (x)]
s+Dn+s+ Db —a)
( 1 T+ DI(s + 1)) (x =)™ f(@)]+ (b =) 1 B)|
s+ 1 'n+s+3) b—a
is valid for all x € [a,b]if f’ € L(a,b) and | /| is s-convex on [a, b].

Remark 1.9. We clearly see that inequality (5) reduces to inequality (1) if n = 1.

The following identity for the twice differentiable function, which was discovered by Chu et al. [51], will be used in
the next section.

Lemma 1.10 ([51]). Letn > 0, f : I € R — R be a twice differentiable mapping on 7°, and a,b € I° with
a < b. Then the identity

[ =)™ = (b =)™ ] /() + (1 + D SB)b = x) + (n+ D f(@)(x —a)

b—a ©)
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(x — a)”"'2

1
—_ (1 —t”+1>f”[za + (1 —1)x]dt
(n+ Db —a) "

b
1

(b —x)"12

—_ (l—z”+‘)f//[tb+(1 —t)x]dt
(n+ 1D —a) J

holds for all x € [a.b] if /" € L(a.b).

The main purpose of this paper is to establish several new Hermite-Hadamard type inequalities for s-convex (con-
cave) functions via the classical and Riemann-Liouville fractional integrals, and provide the error estimatimations
for the trapezoidal formula.

2 Hermite-Hadamard type inequalities for s-convex functions via
classical integrals

Theorem 2.1. Lets € (0,1], f : I < [0,00) — R be a twice differentiable function on 7°, and a,b € I° with
a < b. Then the inequality

b
[(x —a)? = (b= x)°1f"(x) + 2/ () (b — x) + 2f (@) (x —a) 1
2(b —a) b—ua / J®dt

a

()

- (x—a)? [
=20 —a) [(s+ (s +3)
(b —a)? . s+2)(s+3)—2
20 —a [(s e+ O G643
holds for all x € [a, b] if | f”| is s-convex on [a,b] and f” € Lla, b].

(s+2)(s+3)—2
s+ (s +2)(s+3)

/(@] +

If”(X)I}

If”(x)l]

Proof. It follows from (4) and the triangular inequality together with the s-convexity of | /| that

b
[(x —a)? — (b —x)]f(x) + 2f(b)(b — x) + 2f(a)(x —a) 1
20 —a) _b—a/f(t)dt

- x)?
2(b a)

—a)?
2(b a)

/(1 —12) | f(ta + (1 —t)x)|dt + /(1 —12) | f" b+ (1 —1)x)|dt

(x_a)3 4 NS £
_2(b— )/(l_t 1 £ @) + (1 =0)*| f"(x)]] dt

(b—x)°

T

/ (=) [P 1f7B)] + (1 —0* ()] de

_(x—a)3[ (s +2)(s+3)—2
T2(b—a) | (s+ D(s+3) (s+ D(s+2)(s +3)
(b—a)3|: 2 (s+2)(s+3)-2

o-olotnery” O Grnsra613)

@) + |f”(x)|]

If”(X)I] . O
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Corollary 2.2. Under the assumptions of Theorem 2.1, one has

@+ 1) _ / o ©
< [(s+1)(s+3)(|f @177 G+ 5 ( ! )H
(b_a)z 1 (S +2)(S +3)_2 1 V4
=73 [(s+ DG +3) 2S(s+1)(s+2)(s+3)}(|f @1 +1/7@)D-

Proof. Let x = (a + b)/2, then the first inequality of (8) follows easily from (7). While the second inequality of (8)
can be derived from the s-convexity of | /”|. O

Remark 2.3. Lets = 1, then the second inequality of (8) becomes

b
fla) + f(b) 1
- /f(t)dl

2
: < O @I+ 1B,

Theorem 2.4. Lets € (0,1], p,g > lwith1/p+1/g =1, f : I C[0,00) — R be atwice differentiable mapping
onI° anda,b € I° witha < b. Then the inequality

b
[(x —a)> = (b —x)°1f (xz)(z_Zj;gb)(b —x)+2f(@)(x—a) . i . / Fydr ©)
- ( r/2rp + 1))1“’ x =@ 1S @I + £+ 6= [ f B + 1 ()]
=\ 2r(p +3/2) 2(s + D14 (b —a)
holds for each x € [a,b] if f”/ € L[a,b] and | f”|9 is s-convex on [a, b].
Proof. From (4) together with the triangular and Holder inequalities we clearly see that
b
2 21 £/
[(x—a) = (b —=x)°]f (xz)(;rff;gb)(b—x) +2f(@)(x—a) bia /f(l)dt (10)
s 1/p 1 1/q
< g’zb_ a)° (/(1 )”dt) (/ |7 (ta + (1= 1)x)| dt)
0
5 /P, 1/q
;b(b_x) (/(1 Z)sz) (f|f”(zb+(1—r)x)y" dt)
0
Making use of the s-convexity of | /”/|¢, we get
1 1
[1r7aa+a-ofta < [@1r@i+ a0l a= OO
0 0
! ! ”7(h)|4 1” q
[lrra+a-nof?a < [@iror +a -0l wpeya= OO )
0
Note that
‘ v r(1/2)C(p + H\/?
) _ P
(/ (= )pd’) - ( 2T (p +3/2) ) | =
0

Therefore, inequality (9) follows easily from the (10)-(13). O
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Corollary 2.5. Under the assumptions of Theorem 2.4, we have

(b—a)? (TA/QT(p+1)\"?
- 16(s+1)l/"( 2I'(p +3/2) )

X{('f”(a)lqwL ”(a;b)q)l/q (If”(b)lq ’f”(a—l—b) )1/‘1}

(b—a?® (TW/DT(p+ D\ 1\ Vel ,
= 16(s+1)1/11( 2T (p + 3/2) ) |:(2s) +(1+25) (|f (@ +1f (b)|)

Proof. Let x = (a + b)/2, then inequality (9) leads to the first inequality of (14) immediately. While the second
inequality of (14) can be derived easily from the s-convexity of | /|4 and the elementary inequality

n n n
Dk +B)7 =D af + D BY
k=1 k=1 k=1
forai, fi.a2. B2, - .an. By >0and0 <o < 1. 0

Remark 2.6. If s = 1, then the second inequality of (14) becomes

f(a)+f(b) /f(t)dz
- (b—a)? (TA/T(p+D\? [ 1\ 3\ /4 . )
32 ( T(p+3/2) ) [(2) +(5) (Lf" @I+ 11" ®)).

Theorem 2.7. Lets € (0,1], p,qg > 1with1/p+1/g =1, f : I C[0,00) — R be atwice differentiable mapping
onI° and a,b € I° witha < b. Then the inequality

b
[(x —a)* = (b = x)°1f(x) + 2/ () (b — x) + 2f(a)(x —a) 1
20 —a) “b-a / Sy (15)
_ (T + )P G- @[ () [+ -0 (452)
h ( 2I'(p +3/2) ) 21+0U=9/4(p — a)
holds for any x € [a, b] if f” € L[a,b] and | f”'| is s-concave on [a, b].
Proof. It follows from the s-concavity of | /|4 and (3) that
1
[1rea+a-nop <2 [ (22 (19)
0
1 b q
[1r7aba—nop <2t (22 an
0

Therefore, inequality (15) follows from (4), (13), (16) and (17) together with the Holder inequalities

1 1/q

1 I/p
/(1 —t2) f"(ta + (1 —t)x)dt < (/(1 —tz)pdt) ([ |f"(ta + (1-0)x)|? dt) ,
0 0

0



1420 =—— M.A.Khanetal. DE GRUYTER OPEN

1 1/q

1 r
f(l — 12 f"(th + (1 —1)x)dt < (/(1 —tz)pdt) (f |/ (th + (1 —t)x)\" dt) ) O
0 0

0

Corollary 2.8. Under the assumptions of Theorem 2.7, one has

‘f(a) +IB) / v
_29b—a? (T/QT(p+ D7 3a +b y(a+3b
= (o) G5l ()

_20H1/Dsg _qp? (r(l/z)l‘(p + 1))1/” Iz (““’)’
)|

- 32 T'(p+3/2)
Proof. Let x = (a + b)/2, then inequality (15) leads to the first inequality of (18) immediately. While the second
inequality of (18) can be obtained by the s-concavity of | /| due to the fact that | /”/|¢ is s-concave, indeed, the
s-concavity of | /|4 leads to the conclusion that

(18)

(1" @+ A =01 f" G < *1f7 @17 + A =0)*| /B < | f"(ta + (1 =1)b)|7. O

Remark 2.9. Lets = 1, then from the second inequality of (18), we get

b
f@+ e 1 [ 24 —a) (T(1/DT(p + 1)\ ?
‘ _b—a/f(”‘” SRNT; ( T(p +3/2) )

sfa+b
7 (457))

Theorem 2.10. Lets € (0,1],¢ > 1, f : I C[0,00) — R be a twice differentiable mapping on 7°,and a,b € I°
with a < b. Then the inequality

2

b
[(x —a)> = (b= x)°Lf"(x) + 2/ (B) (b — x) + 2f (@) (x —a) 1
20 —a) —b_a/f(t)dt 19
— ” Va
3" - 0 [y 1 @1 + GHRR 101]
- 3(b—a)
1/q
()"0 9 [wrrwrl/ O + R @]
+ 306 —a)
holds for any x € [a,b] if f”/ € L[a,b]and | f”|9 is s-convex on [a, b].
Proof. It follows from (4) and the power-mean inequality that
b
[(x —a)* = (b = x)°1f (x) + 2/ () (b = x) + 2f(a)(x —a) 1
200 —a) “b-a / S (20)

G -a’
~2(b—-a)

1
/(1 —12)|f" (ta+ (1 —1)x)|dt

—x)?

+2(b a)

/(1 — )| f" @b + (1 —1)x)|dt
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; 1-1/q 1 1/a
(x —a) (/(1 - tz)dt) (/(1 — )| (ta+ (1 - t)x)lqdf)
0

DE GRUYTER OPEN

T
5 (] 1-1/qa , 4 1/q
+;b(b__x;) (0/(1 - tz)dt) (0/(1 — )| f" @b+ (1 —t)x)|‘1dt)
From the s-convexity of | /|4 on [a, b] we get
1
/(1 — )| f"(ta+ (1 —t)x)|?dt (21)
0

1
=< /(1 =) [C1f @1+ (1 =0)°| /" (0)|] di

(S + 2)(5 + 3) -2 |f//(x)|q

2 17
=si6: 0 T S he 0613

and |
/(1 — )| f"(th + (1 —t)x)|dt (22)

1
< f (A=) [P £ B+ (1 —0)°| £ ()[9] de

(0]

7 +2)(s+3)—-2 7
O+ S S

TG+ DG +2)

Note that .
/(1 —t2)dt = = (23)
0
Therefore, inequality (19) follows from (20)-(23). O
Corollary 2.11. Under the assumptions of Theorem 2.10, one has
lf(a) 10 / o 1)
()"0 -ap 2 , (+2E+3) =2 |, (at+b)[]"
= 24 [(s+1)(s+3)|f @[ + ( 2 ) }
/a2 _ q~1/a
(2) (b a) [ 2 |f//(b)|q + (S + 2)(S + 3) V4 (a —;b) ]

(s+ D@ +3)

(%)l/q (b—a)? 2 G+6s+3)-2 77, %
= [(s+1)(s+3) 25(S+1)(S+2)(s+3)] (/" @]+ ®)

) G-a?[ +s+H-2 1V, )
’ 24 |:2S(S+1)(S+2)(s+3)] (/" @]+ ®))-
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Proof. Let x = (a + b)/2, then the first inequality of (24) can be obtained from inequality (19) immediately. While
the second inequality of (24) follows from the s-convexity of | /”/|¢ and the inequality

n n n
Yk +B)° <> ag+ Y BY
k=1 k=1 k=1
foray, Br.a2. B2, - .an. By > 0and0 <o < 1. O

Remark 2.12. If s = 1, the inequality (24) leads to

3\l/a b—a)? 1/q 1/q

b
f(@) + f(b) 1
l 5 —b_a/f(t)dz

3 Hermite-Hadamard type inequalities for fractional integrals

Theorem 3.1. Lets € (0,1],n > 0, f : I C [0,00) — R be a twice differentiable mapping on 7°, and a,b € I°
with a < b. Then the inequality

b
[ =)™ = (b= ™0 + 1+ DB =) + 1+ DS @ —a) 1 [ rwa
(1+ Db —a) b—a

1 I'(n+2)I'(s + 1)) |f”(x)|}

(25)

< (x —a)"t? |: n+1 _
T+l -a) | s+ D +n+2) s+ 1 F(n+s+3)
(b —x)"*2 n+1 ” I T+ + DY, .,
TaTD0e—a) [(s+ De+n+a OF (s+1 T +s+3) )'f (x)l].
holds for all x € [a,b] if f” € L{a,b] and | f”| is s-convex on [a, b].

@) + (

Proof. It follows from (6) and the triangle inequality together with the s-convexity of | /”| that

b
[(x =)’ = =)™ )+ + DB =)+ 1+ Df@x—a) 1 /f(t)dt
1+ Db —a) b—a
()c—a)”"'2

T E—— _n+1 7 _
S(n+1)(b_a)0 (1 1" )If (ta + (1 —t)x)|dt

1
(b_x)ﬂ+2 ( +1 7"
T (1= )|f (th + (1 — t)x)|dt
n+ 1D —a) J
1
(x_a)ﬁ+2 ( +1 1 Vi
= [ (1= @]+ A= 0% |0l
(n+ 1) —a) "
(b — x)nt2

1
Gt (1 —zn+1) (51 £" ()] + (1 —1)*| £/ (x)|]dr
(+ D -a) )

T+ -a) s+ D +n+2) +1 C(n+s+3)

(b—x)n+2 n+1 . 1 F('}+2)F(S+]) .
+(n+1)(b—a)[(s+1)(s+n+2)|f (b)|+(s+l_ Tts+3) )'f <x>l]~ O

_q)ynt2
_ x—a)” [ n+1 |f//(a)|+(s1 _F(n+2)1‘(s+l))|f~(x)|]
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Remark 3.2. Let » = 1 in Theorem 3.1, then we get inequality (7) given in Theorem 2.1.

Corollary 3.3. Under the assumptions of Theorem 3.1, we have

(b—a)"_l f@)+ f) Th+1) [ a+f(“+b) +JIf (“b)” (26)

2 2 b—a 2

- (b—ayrt! [(n+1)(|f”(a)|+|f”(b)|)+2( I TG+Dr(n+2) ‘f//(aer)m
T 2mt2(n+ 1) +DEs+n+1 s+1 L(s+n+3)

- (b—a)"" (S @]+ 1/ (b)) [ n+1 +21_s( I TG+ I)F(n+2))]
- 21+2(n + 1) s+D+n+1) s+1 C(s+n+3) '

Proof. Let x = (a + b)/2, then inequality (25) leads to the first inequality of (26). While the second inequality of
(26) can be derived from the s-convexity of | f”/|. O

Remark 3.4. Lets = 1, then the second inequality of (26) leads to

(b;a)”_l f(a)—;f(b) ~ rg;jal) [ a+f(a+b) fan s (a-;b)]'

0 —a)"™ (| [ @)+ |/ (b)) |:7) +1 2I(n+2) + li|
- 2n+3(n + 1) n+2 T(n+4 '

Theorem 3.5. Letn > 0,5 € (0,1], p,g > lwithl/p+1/g =1, M =T+ p)I'(1/(n+ 1))/[((n + DI (1 +
p+1/(n+1)], f:1 C[0,00) — R be atwice differentiable mapping on 7°,and a, b € I° witha < b. Then the
inequality

b
[(x =)' = (b =)™ £/ ) + (+ DS BB —x) + (14 1) f(@)(x —a) 1 :
1+ (b —a) “bh-a /f(’)d’ @7)
Bl A O T W I o G o i (VA ) G VA ©9 150 RS
- (n+ D(s + Db ~a)
holds for all x € [a,b] if f” € L[a,b] and | f”|? is s-convex on [a, b].
Proof. It follows from (6) and the Holder inequality together with the s-convexity of | /|4 that
b
[(x =)' = (b =)™ /') + (+ DS BB —x) + (1 + 1) f(@)(x —a) 1
0+ D0 —a) “b-a /f(’)dt (28)
s 1 1/p 1 1/q
a)n r]-l—l ” _ q
< (77+ I De=a (O/ —1 t) (0/ | (ta + (1 —1)x)| dt)
s 1 1/p 1 1/q
- x)" +1 Vi q
+(77+1)(b—a) (0/ - ’) (0/|f (b + (1= 1)) dr) :
and inequalities (11) and (12) hold.
Note that . .
[(1 —t”+1)pdt - #/ul/(""'l)_l(l —w)Pdu = M. (29)
0 0

Therefore, inequality (27) follows from (11), (12), (28) and (29). O
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Remark 3.6. Let n = 1, then Theorem 3.5 leads to Theorem 2.4.

Let x = (a+b)/2, then the following Corollary 3.7 can be obtained from (27) and the s-convexity of | /|4 together
with the inequality

n n n

Dk +B0)7 =D ol + > B

k=1 k=1 k=1
foray, B1.02,B2,+ ,an,Bn =0and0 <o < 1.

Corollary 3.7. Under the assumptions of Theorem 3.5, we have the inequality as follows:

(b—a)"_l fl@+ ) Th+1 [J:J (a +b) IS (“ “’)]’ (30)

2 2 b—a 2 2
q)l/Q}

b—a)tTtipml/p PN 1/q ,
52”1207[2 D(s +1t/e {('f”(“)'” i (%) ) +(lf”(b)|q+ f”(a; )

b =@y @I+ GM P [ 1\ 1\
= Ra NG DT () +(5) |

Remark 3.8. Lets = 1, then the second inequality of (30) leads to

(b—a)”—l f@+fb) T+ [J:+f(a+b)+J:_f(a+b)]‘

2 2 b—a 2 2

= an+2+1/4(p + 1) 2 2

b= (@l + )M ? [(1)”‘1 N (3)1/?
Theorem 3.9. Letn > 0,5 € (0,1], p.g > lwith1/p+1/g =1, M =T+ p)I'(1/(n+ 1))/[(n + DI'(1 +
p+1/(n+ 1)), f:1 C[0,00) — R be atwice differentiable mapping on 7°,and a, b € I° witha < b. Then the
inequality

b
[(x =)™ — (b —x)"""f () + 1+ DSB)b—x)+ 1+ D f(@)(x—a) 1
0+ )b —a) _b—a/f([)d[ (31)
s () om0 ()],
- (n+ D20=9/4 (b — a)
holds for all x € [a,b] if f” € L{a,b]and | f”|? is s-concave on [a, b].
Proof. Theorem 3.9 follows easily from (16), (17), (28) and (29). O

Remark 3.10. Let n = 1, then Theorem 3.9 becomes Theorem 2.7.

Letting x = (a + b)/2 and making use of the s-concavity of | /|, then inequality (31) leads to Corollary 3.11
immediately.

Corollary 3.11. Under the assumptions of Theorem 3.9, one has

—1
(b—a)” fl@+fb) Th+1 [J:+f(a+b)+J}:,f(a+b)]‘ 32

2 2 b—a 2 2
2TV —art M o 3a+b\|, I a+3b
- 21+2(n + 1) 4 4

- 2lste+D=1/a @ _ gyntlpl/p ) a+b .

- 212(n 4 1) 2
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Remark 3.12. Lets = 1 in the second inequality of (32), then we get

(b—a)n—l fl@+fb) Th+1) [ a+f(a+b)+Jgif (a—l—b)]’

2 2 b—a 2
sf(a+Db
5 .
Theorem 3.13. Letn > 0,5 € (0,1],¢ > 1, f : I € [0,00) — R be a twice differentiable mapping on 7°, and
a,b € I° witha < b. Then the inequality

(b _a)n-HMl/p
<
2+ (n + 1)

b
[(x =)™ = —0)" /() + (1 + DSB)b —x) + (1 + 1) f(@)(x —a) 1
1+ (b —a) “b-a /f(t)d’ (33)
_ a2 [ + (o - SRR (n r2)
- n+2)b—a) n+1
O[S + (o - ) ] (1:2)"
(n+2)(b—a)
holds for all x € [a,b] if f” € L{a,b] and | f”|4 is s-convex on [a, b].
Proof. By use of (6) and the power-mean inequality, we have
b
[(x =)'t = (b =)™ f' ) + (+ DS BB —x) + (1 + 1) f(@)(x —a) 1
0+ Db —a) “h-a /f(’)d’ (34)

(x — a)”+2

1
_ _n+1 ” _
= (D —a) J (1 1" )If (ta + (1 — 1)x)|dt

(b — x)1+2
(n+ 1 —a) J

1 I=1/a ,
(x —a)™t2 ( n+1 ) ( +1 " )
< — —t dt — " |f (ta+ (1 —1)x)|dt
n+ )b —a) 0/ of
) - 1-1/q , 4 1/q
+Mﬁ (/ (1 —t”‘H)dI) (/ (1 —t’7+1) |f7(th + (1 —t)x)|th)
0

0

1
(1 - z"+1) L£”(th + (1 — t)x)|dt

1/q

It follows from the s-convexity of | /”/| on [a, b] that

(n+ DI @)]? ( 1 Fs+ DI +2)

SGADGrn+) s+l Tetnt3) )'f (I (39)

1
/ t"+1 | f"(ta + (1 —1)x)|9dt <
0

1

_n+1 7”7 _ q
0/(1 ‘ )|f (th+ (1 =) |7dr = (T S

Note that

(n+ DS B ( I Te+Drn+2)

1 q
s+ 1 T(s+7+3) )If (x)[%. (36)

1
/(1 —t"'H)dt _atl @7
0

Therefore, Theorem 3.13 follows from (34)-(37). O
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Remark 3.14. Let n = 1, then Theorem 3.13 becomes Theorem 2.10.
Let x = (a + b)/2, then from (33) and the s-convexity of | /”/|¢ we get Corollary 3.15 immediately.

Corollary 3.15. Under the assumptions of Theorem 3.13, one has

(b;a)”‘1 f(a) er f) F;n:ral) [J5+f (a ﬂ;b) LI f (“ ;b)}’ (38)
< ;,i’;(“,jf;) (Z . f)”q [Mnf“(a)rf My ‘f” (“ ;b) q]w
ey (70n) P (+1)

: z(f+_2<an) n++21> (Z : T)l/q [M;/q 2 (fj)”q} (" @I +11" @)D,

where M\ = (n+ 1)/[s+ D(s+n+2)]and M =1/(s+1)—T(s+ DI'(n+2)/T(s + n+3).

Remark 3.16. Lets = 1, then inequality (38) leads to

b—a\"' f(a)+ f(b) TH+1) a+b a+b
(%) T e (457) o (57

b—a)" 2\ g1\ I T+2\"], ., .
S () () 2 (5t ) T @i+ e

4 Applications to trapezoidal formula

Let d be adivisiona = xg < x1 < x2 < -+ < xp—1 < x, = b of the interval [a, b] and consider the quadrature
formula

b
/ F)dx = T(f.d) + E(f.d).

where .
n—
x;) + f(x;
N UCIENICE T
i=0
is the trapezoidal version and E( f, d) denotes the associated approximation error.

Theorem 4.1. Lets € (0,1], f : I € [0,00) — R be a twice differentiable mapping on I°,a,b € I° witha < b
and d be adivisiona = xg < x; < xp < --- < xp—1 < x, = b of the interval [a, b]. Then the inequality

n—1

1 (s+2)(s+3)—2
s+ 1D(s+3) + 25(s + 1)(s + 2)(s +3)] Z

(i1 — X)L f ")l + 1f 7 (i 1)]]
8

E(f.d)] < [

i=0

holds if /7 € L[a,b] and | f”| is s-convex on [a, b].

Proof. Leti € {0,1,2,---,n — 1}, then applying Corollary 2.2 on the interval [x;, x; +1] we get

S&xi) + fxig1) 1
2 _x,-+1—x,- / S (x)dx

' Xi41
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< (Xi—l—l_xi)2 1 (s +2)(s+3)—2 "o "o
- 8 [(s+1)(s+3) 23(s+1)(s+2)(s+3)i|[|f (o)l + 177 i)l
Therefore,
b
EGal = |[ fwdx-T(a)
= FO0) + i) ]
=2 / f(x)dx — w(ﬂ—l—l - Xj)
i=0 [ Xi i
= i) + i)
=3 || [ reoax- FEREIEED ()
=01l x; .
<_ 1 (s+2)(s+3)—2 :|
L+ DE+3) 25+ D +2)(s+3)

oS Gt =) S Gl 1)l

=0

8

O

Making use of the similar arguments as in Theorem 4.1, we can get Theorems 4.2-4.4 from the Corollaries 2.5, 2.8
and 2.11 immediately.

Theorem 4.2. Lets € (0,1], p,g > 1withl/p+1/g =1, f : I € [0,00) — R be a twice differentiable mapping
on/I° a,be I°witha <bandd beadivisiona = xo < x] <x2 <--- < xy—1 < X, = b of the interval [a, b].

Then the inequality
T(1/2T(p+ D\Y? [/ 1\ 1\
0= (S ) [(2) “(1+5)

n—1
(i1 — X)L f7 )l + 1f 7 (i)
X;} 16(s + 1)174

holds if f/”” € L[a,b]and | f”'|4 is s-convex on [a, b].

Theorem 4.3. Lets € (0,1], p,g > lwith1/p+1/g =1, f : I € [0,00) — R be a twice differentiable mapping
on/® a,be I°witha <bandd beadivisiona = xg < x] <x2 <.+ < xp—1 < x, = b ofthe interval [a, b].

Then the inequality

2@+Ds/a (T(1/2)0(p + 1)) /7" Xig1 + X
E(f.d X w3 i+ i
E(fd)] < = ( Fo 13/ ) l§_0:<xl+1 x) | f (72 )]

holds if f”” € L[a,b] and | f”|4 is s-concave on [a, b].

Theorem 4.4. Lets € (0,1],¢ > 1, f : I € [0,00) — R be a twice differentiable mapping on /°, a,b € I° with
a <bandd beadivisiona = xg < x; <x3 <+ < xp—1 < x, = b of the interval [a, b]. Then the inequality

3 1/q 2 1/q /q
el =(3) [(MMM@)) £ (s)}

n—1

N Z (xj 41 _xi)3[|f”§;i)| + 1 f"(xi+1)I]

i=0
holds if f”” € L[a,b] and | f”|4 is s-convex on [a, b], where

(s+2)(s+3)-2

A = S T e+ 1)
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5 Conclusion

In the article, we present several new Hermite-Hadamard type inequalities and error estimatimations for the
trapezoidal formula involving the s-convex and s-concave functions for the classical and Riemann-Liouville
fractional integrals.
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