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Abstract: The main purpose of this paper is to prove that the boundedness of the commutator M�
�;b

generated by
the Littlewood-Paley operator M�� and RBMO.�/ function on non-homogeneous metric measure spaces satisfying
the upper doubling and the geometrically doubling conditions. Under the assumption that the kernel of M�� satisfies
a certain Hörmander-type condition, the authors prove that M�

�;b
is bounded on Lebesgue spaces Lp.�/ for 1 <

p <1, bounded from the space L logL.�/ to the weak Lebesgue spaceL1;1.�/, and is bounded from the atomic
Hardy spaces H1.�/ to the weak Lebesgue spaces L1;1.�/.
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1 Introduction

In 1958, Stein [1] firstly introduced and studied Littlewood-Paley g�� -functions on Rn. After that, many authors paid
much attention to study the properties of the Littlewood-Paley g�� -functions on various function spaces, for example,
see [2-7]. With deeper research, the boundedness of Littlewood-Paley operators and their commutators under the
cases of non-doubling measures is also widely discussed (see [8-14]).

To solve the unity of the homogeneous type spaces and the metric spaces endowed with measures satisfying
the polynomial growth condition, in 2010, Hytönen [15] introduced a new class of metric measure space satisfying
the so-called geometrically doubling and the upper doubling conditions (see Definitions 1.1 and 1.3, respectively),
which is now called non-homogeneous metric measure space. So, it is interesting to generalize and improve the
known results to the non-homogeneous metric measure spaces, see [16-24].

In this paper, .X ; d; �/ stands for a non-homogeneous metric measure space in the sense of Hytönen in [15]. In
this setting, we will discuss the boundedness of commutators of Littlewood-Paley g�� -functions on .X ; d; �/.

Before stating the main results, we firstly recall some definitions and remarks. The following notion of the
geometrically doubling condition was originally introduced by Coifman and Weiss in [25].

Definition 1.1 ([25]). A metric space .X ; d / is said to be geometrically doubling, if there exists some N0 2 N such
that, for any ball B.x; r/ � X , there is a finite ball covering fB.xi ; r2 /gi of B.x; r/ such that the cardinality of this
covering is at most N0:
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Remark 1.2. Let .X ; d / be a metric space. Hytönen in [15] showed the following statements are mutually
equivalent:
(1) .X ; d / is geometrically doubling.
(2) For any � 2 .0; 1/ and ball B.x; r/ � X , there exists a finite ball covering fB.xi ; �r/gi of B.x; r/ such that the
cardinality of this covering is at most N0��n. Here and in what follows, N0 is as Definition 1.1 and n WD log2N0:
(3) For every � 2 .0; 1/, any ball B.x; r/ � X can contain at mostN0��n centers fxi gi of disjoint balls with radius
�r:

(4) There exists M 2 N such that any ball B.x; r/ � X can contain at most M centers fxi gi of disjoint balls
fB.xi ;

r
4
/gM
iD1

.

Now, we recall the definition of upper doubling conditions given in [15].

Definition 1.3 ([15]). A metric measure space .X ; d; �/ is said to be upper doubling, if � is Borel measure on X
and there exist a dominating function � W X � .0;1/ ! .0;1/ and a positive constant C� such that, for each
x 2 X ; r ! �.x; r/ is non-decreasing and, for all x 2 X and r 2 .0;1/,

�.B.x; r// � �.x; r/ � C��.x;
r

2
/: (1)

Hytönen et al. proved in [16] that there exists another dominating function Q� such that Q� � �, C Q� � C� and, for all
x; y 2 X with d.x; y/ � r ,

Q�.x; r/ � C Q�
Q�.y; r/: (2)

Based on this, from now on, we always assume that the dominating function � as in (1) satisfies (2).
The following coefficient KB;S which introduced [15] by Hytönen is analogous to Tolsa’s number in [8,9].
Given any two balls B � S , set

KB;S WD 1C

Z
2SnB

1

�.cB ; d.x; cB//
d�.y/; (3)

where cB represents the center of the ball B .
Hytönen [15] gave the definition of .˛; ˇ/-doubling, that is, a ball B � X is called .˛; ˇ/-doubling if �.˛B/ �

ˇ�.B/ for ˛; ˇ > 1. At the same time, Hytönen proved that if a metric measure space .X ; d; �/ is upper doubling
and ˇ > C

log2 ˛
�

DW ˛� , then for every ball B � X , there exists some j 2 ZC such that ˛jB is .˛; ˇ/-doubling.
In addition, let .X ; d / be geometrically doubling, ˇ > ˛n with n D log2N0 and � Borel measure on X which is
finite on bounded sets. Hytönen also showed that for �-a.e x 2 X , there exist arbitrarily small .˛; ˇ/-doubling balls
centered at x. Furthermore, the radius of there balls may be chosen to be form ˛�j r for j 2 N and any preassigned
number r 2 .0;1/. Throughout this paper, for any ˛ 2 .1;1/ and ball B , the smallest .˛; ˇ˛/-doubling ball of the
form ˛jB with j 2 N is denoted by QB˛ , where

ˇ˛ WD ˛
3.maxfn;�g/

C 30n C 30� : (4)

For convenience, we always assume ˛ D 6 in this paper and denote eB6 simply by eB:
Now we recall the notion of RBMO.�/ from [15].

Definition 1.4 ([15]). Let � > 1. A function f 2 L1loc.�/ is claimed to be in the space RBMO.�/ if there exist a
positive constant C and, for any ball B � X , a number fB such that

1

�.�B/

Z
B

jf .x/ � fB jd�.x/ � C (5)

and, for any two balls B and R such that B � R,

jfB � fRj � CKB;R: (6)

The infimum of the constants C satisfying (5) and (6) is defined to be the RBMO.�/ norm of f and denoted by
kf kRBMO.�/.
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Next, we recall the definition of the Littlewood-Paley g�� -function given in [17].

Definition 1.5 ([17]). LetK.x; y/ be a locally integrable function on .X �X /n f.x; x/ W x 2 X g. Assume that there
exists a non-negative constant C such that, for all x; y 2 X with x ¤ y,

jK.x; y/j � C
d.x; y/

�.x; d.x; y//
(7)

and, for all y; y0 2 X , Z
d.x;y/�2d.y;y0/

"
jK.x; y/ �K.x; y0/j C jK.y; x/ �K.y0; x/j

#
d�.x/
d.x; y/

� C: (8)

The Littlewood-Paley g�� -function M�� is defined by

M��.f /.x/ WD

" “
X�.0;1/

 
t

t C d.x; y/

!� ˇ̌̌̌
ˇ1t

Z
d.y;z/�t

K.y; z/f .z/d�.z/

ˇ̌̌̌
ˇ
2

d�.y/dt
�.y; t/t

# 1
2

; (9)

where x 2 X ;X � .0;1/ D f.y; t/ W y 2 X ; t > 0g and � > 1.
Let b 2 RBMO.�/ and K.x; y/ satisfy (7) and (8). The commutator of Littlewood-Paley g�� -function M�

�;b
is

formally defined by

M��;b.f /.x/ WD

" “
X�.0;1/

 
t

t C d.x; y/

!�

�

ˇ̌̌̌
ˇ1t

Z
d.y;z/�t

K.y; z/Œb.x/ � b.z/�f .z/d�.z/

ˇ̌̌̌
ˇ
2

d�.y/dt
�.y; t/t

# 1
2

: (10)

The following notion of the atomic Hardy space is from [16].

Definition 1.6 (16). Let � 2 .1;1/ and p 2 .1;1�. A function b 2 L1loc.�/ is called a .p; 1/� -atomic block, if
(1) there exists a ball B such that supp.b/ � B;
(2)

R
X b.x/d�.x/ D 0;

(3) for any i 2 f1; 2g, there exists a function ai supported on a ball Bi � B and �i 2 C such that

b D �1a1 C �2a2

and
kaikLp.�/ � Œ�.�Bi /�

1
p�1K�1Bi ;B : (11)

Moreover, let jbj
H
1;p
atb .�/

WD j�1j C j�2j.

Definition 1.7 ([16]). Let p 2 .1;1�. A function f 2 L1.�/ is said to belong to the atomic Hardy spaceH1;patb .�/,

if there exist .p; 1/� -atomic blocks fbi g1iD1 such that f D
1P
iD1

bi in L1.�/ and
1P
iD1

jbi jH1;p
atb .�/

< 1. The norm

of f in H1;patb .�/ is defined by

kf k
H
1;p
atb .�/

WD inf

(
1X
iD1

jbi jH1;p
atb .�/

)
;

where the infimum is taken overall the possible decompositions of f as above.

According to [14], the definition of the Hörmander-type condition on .X ; d; �/ is defined by:

sup
r>0

d.y0;y/�r

1X
iD1

Z
6ir<d.x;y/�6iC1r

i

"
jK.x; y/ �K.x; y0/j C jK.y; x/ �K.y0; x/j

#
d�.x/
d.x; y/

� C; (12)
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which is slightly stronger (8).
Our main results in this paper are formulated as follows.

Theorem 1.8. Let b 2 RBMO.�/, K.x; y/ satisfy (7) and (12) and M�
�;b
.f / be as in (10). Suppose that M�� is

bounded on L2.�/. Then M�
�;b
.f / is bounded on Lp.�/ for 1 < p < 1, that is, there exists a constant C > 0,

such that for all functions f with bounded support, one has

kM��;b.f /kLp.�/ � CkbkRBMO.�/kf kLp.�/:

Theorem 1.9. Let b 2 RBMO.�/, K.x; y/ satisfy (7) and (12) and M�
�;b
.f / be as in (10). Suppose that M�� is

bounded on L2.�/. Then there is a positive constant C , such that for all functions f with bounded support,

�.fx 2 X W M��;b.f /.x/ > tg/ � Cˆ.kbkRBMO.�//

Z
X

ˆ

 
jf .x/j

t

!
d�.y/;

where ˆ˛.t/ D t log˛.2C t / for ˛ � 1.

Theorem 1.10. Let b 2 RBMO.�/, K.x; y/ satisfy (7) and (12) and M�
�;b
.f / be as in (10). Suppose that M�� is

bounded on L2.�/. Then M�
�;b
.f / is bounded from H1.�/ into L1;1.�/, namely, there is a positive constant C ,

such that for all f 2 H1.�/ and t > 0, one has

�.fx 2 X WM��;b.f /.x/ > tg/ � CkbkRBMO.�/
kf kH1.�/

t
:

2 Preliminaries

In this section, we shall recall some lemmas used in the proofs of our main theorems. Firstly, we recall some useful
properties of KB;S as in (3) (see [15]).

Lemma 2.1 ([15]). .1/ For all balls B � R � S , it holds true that KB;R � KB;S :
.2/ For any � 2 Œ1;1/, there exists a positive constant C� , such that, for all balls B � S with rS � �rB ; KB;S �
C� :

.3/ For any % 2 .1;1/; there exists a positive constant C%, depending on %, such that, for all balls B ,K
B;eB% � C%:

.4/ There exists a positive constant c such that, for all balls B � R � S ,KB;S � KB;R C cKR;S : In particular, if
B and R are concentric, then c D 1.
.5/ There exists a positive constantec such that, for all balls B � R � S , KB;R �ecKB;S ; moreover, if B and R
are concentric, then KR;S � KB;S .

Now, we recall the following conclusion, which is just [18].

Corollary 2.2 ([18]). If f 2 RBMO.�/, then there exists a positive constant C such that, for any ball B , $ 2
.1;1/ and r 2 Œ1;1/,  

1

�.$B/

Z
B

jf .x/ �meB.f /jrd�.x/

! 1
r

� Ckf kRBMO.—/; (13)

where above and in what follows, meB.f / denotes the mean of f over eB , namely,

meB.f / WD 1

�.eB/
Z
eB f .y/d�.y/:

Moreover, the infimum of the positive constants C satisfying jmB.f /�mS .f /j � CKB;S and (13) is an equivalent
RBMO.�/ norm of f .
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Next, we recall some results from [15, 19].

Lemma 2.3 ([15]). .1/ Let p 2 .1;1/, r 2 .1; p/ and � 2 .0;1/. The following maximal operators defined,
respectively, be setting, for all f 2 L1loc.�/ and x 2 X ,

Mr;�f .x/ WD sup
Q3x

 
1

�.�Q/

Z
Q

jf .y/jrd�.y/

! 1
r

;

Nf .x/ WD sup
Q3x;Qdoubling

1

�.Q/

Z
Q

jf .y/jd�.y/

and

M�f .x/ WD sup
Q3x

1

�.�Q/

Z
Q

jf .y/jd�.y/

are bounded on Lp.�/ and also bounded from L1.�/ into L1;1.�/.
.2/ For all f 2 L1loc.�/, it holds true that jf .x/j � Nf .x/ for �-almost every x 2 X .

The following result is given in [19].

Lemma 2.4 ([19]). Let f 2 L1loc.�/ with the extra condition
R
X f .x/d�.x/ D 0 if k�k WD �.X / < 1. Assume

that for some p, 1 < p <1, inff1;Nf g 2 Lp.�/. Then we have

kNf kLp.�/ � CkM
]f kLp.�/;

where M ]f .x/ WD sup
B3x

1
�.6B/

R
B
jf .x/ �m QB.f /jd�.x/C sup

.Q;R/2�x

jmQ.f /�mR.f /j

KQ;R
for all f 2 L1loc.�/ and

x 2 X , and �x WD f.Q;R/ W x 2 Q � R and Q;R are doubling ballsg.

Also, we recall the following Calderón-Zygmund decomposition theorem given in [19]. Suppose 
0 is a fixed positive
constant satisfying that 
0 > maxfC 3 log2 6

�
; 63ng, where C� is as in (1) and n as in Remark 1.2.

Lemma 2.5 ([19]). Let p 2 Œ1;1/, f 2 Lp.�/ and t 2 .0;1/.t > 
0kf kLp.�/
�.X / when �.X / <1/. Then

.1/ there exists a family of finite overlapping balls f6Bi gi such that fBi gi is pairwise disjoint,

1

�.62Bi /

Z
Bi

jf .x/jpd�.x/ >
tp


0
for all i; (14)

1

�.62�Bi /

Z
�Bi

jf .x/jpd�.x/ �
tp


0
for all i and all � 2 .2;1/;

and
jf .x/j � t for �-almost every x 2 X n .[

i
6Bi /I (15)

.2/ for each i , let Si be a .3 � 62; C log2.3�6
2/C1

�
/-doubling ball of the family f.3 � 62/kBi gk2N, and !i D

�6Bi =.
P
k

�6Bk /. Then there exists a family f'i gi of functions that for each i , supp.'i / � Si , 'i has a constant

sign on Si and Z
X

'i .x/d�.x/ D
Z
6Bi

f .x/!i .x/d�.x/; (16)

X
i

j'i .x/j � 
 t for �-almost every x 2 X ; (17)
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where 
 is some positive constant depending only on .X ; �/, and there exists a positive constant C , independent of
f; t and i , such that, if p D 1, then

k'ikL1.�/�.Si / � C

Z
X

jf .x/!i .x/jd�.x/; (18)

and if p 2 .1;1/,  Z
Si

j'i .x/j
pd�.x/

! 1
p

Œ�.Si /�
1
p0 �

C

tp�1

Z
X

jf .x/!i .x/j
pd�.x/: (19)

Finally, we recall the following John-Nirenberg inequality from [15].

Lemma 2.6 ([15]). For every & > 1, there exists a positive constant C such that, for every b 2 RBMO.�/ and
every ball B ,

�.fx 2 B W jb.x/ �m QB.b/j > tg/ � C�.&B/ exp

 
�Ct

kbkRBMO.�/

!
:

From Lemma 2.6, it is easy to prove that there are two positive constants B1 and B2 such that, for any ball B and
b 2 RBMO.�/,

1

�.&B/

Z
B

exp

 
jb.x/ �m QB.b/j

B1kbkRBMO.�/

!
d�.x/ � B2:

3 Proofs of Theorems 1.8–1.10

Proof of Theorem 1:8. Let 0 < r < 1, we firstly claim that, for any p 2 .1;1/, b 2 L1.�/ and all bounded
functions f with compact support,

�.fx 2 X W M ]
r ŒM

�
�;b.f /�.x/ > tg/ � Ct

�p
kbk

p

RBMO.�/kf k
p

Lp.�/
: (20)

Once (20) is established, by the Marcinkiewicz interpolation theorem, it is easy to obtain that

kM ]
r ŒM

�
�;b.f /�kLp.�/ � CkbkRBMO.�/kf kLp.�/:

By Lemma 2.4, for any p 2 .1;1/, b 2 L1.�/ and all bounded function f with compact support and integral
zero,

kM��;b.f /kLp.�/ � CkbkRBMO.�/kf kLp.�/;

together with the fact that the bounded function f with compact support and integral zero is dense in Lp.�/ (see
[19, Theorem 6.4]), we finish the proof of Theorem 1.8.

Now, we turn to estimate (20). Without loss of generality, let � D 6 as in Lemma 2.3 and kbkRBMO.�/ D 1. For
each fixed t > 0 and bounded function f with compact support and integral zero, applying Lemma 2.5 to f , we see
that f D g C h, where g WD f�Xn[

j
6Bj C

P
j

'j and h WD
P
j

.!jf � 'j / DW
P
j

hj . By (15) and (17), we easily

get
kgkL1.�/ � Ct: (21)

On the other hand, applying (17), (19) and Hölder inequality, we have

kgkLp.�/ � Ckf kLp.�/ C Ct
1� 1p k

X
j

'j k
1
p

L1.�/

� Ckf kLp.�/ C Ct
1� 1p

"X
j

 Z
Sj

j'j .x/j
pd�.x/

! 1
p

Œ�.Sj /�
1
p0

# 1
p
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� Ckf kLp.�/ C Ct
1� 1p t

1
p�1

 Z
X

jf .x/jpd�.x/

! 1
p

� Ckf kLp.�/:

Further, for 1 < s < p, by applying the result of the Claim and (21), we deduce

�.fx 2 X W M ]
r ŒM

�
�;b.g/�.x/ > 2C tg/

� �.fx 2 X W Ms;6ŒM��.g/�.x/ > C tg/C �.fx 2 X W kgkL1.�/ > Ctg/

� Ct�pkMs;6ŒM
�
�.g/�k

p

Lp.�/

� Ct�pkgk
p

Lp.�/
� Ct�pkf k

p

Lp.�/
: (22)

From this, we can write

�.fx 2 X W M ]
r ŒM

�
�;b.h/�.x/ > tg/

� �.fx 2 X W CMr;6ŒM��;b.h/�.x/ > tg/

� �.fx 2 X W CMr;6ŒM��.
X
j

.b �me6Bj .b//hj /�.x/ >
t

2
g/

C�.fx 2 X W CMr;6Œ
X
j

jb.x/ �me6Bj .b/jM
�
�.hj /�.x/ >

t

2
g/

DW H1 C H2;

where we have used the fact that M ]
r f .x/ � CMr;6f .x/ (see [20]).

By applying the .L1.�/; L1;1.�//-boundedness of M�, for any � > 0, we get

��.fx 2 X W Mr;6.u/.x/ > �g/ � C sup
�>C�

��.fx 2 X W ju.x/j > �g/: (23)

Choosing 1 < p1 < p, by hj WD
P
j

.f!j � 'j / and (23), we have

H1 � Ct�1 sup
�>Ct

� �
1

�p1
kM�� Œ

X
j

.b �me6Bj .b//hj �k
p1
Lp1 .�/

� Ct�p1k
X
j

.b �me6Bj .b//f!j k
p1
Lp1 .�/

C Ct�p1k
X
j

.b �me6Bj .b//'j k
p1
Lp1 .�/

DW H11 C H12:

For H11. By Hölder inequality, (13) and (14), we have

H11 � Ct�p1
X
j

 Z
6Bj

jf .x/jpd�.x/

!p1
p
 Z
6Bj

jb.x/ �me6Bj .b/j
pp1
p�p1 d�.x/

!p�p1
p

� Ct�p1
X
j

 Z
6Bj

jf .x/jpd�.x/

!p1
p

Œ�.62Bj /�
1�

p1
p

� Ct�p1
X
j

 Z
6Bj

jf .x/jpd�.x/

!p1
p
 
t�p

Z
Bj

jf .x/jpd�.x/

!1�p1p
� Ct�pkf k

p

Lp.�/
:

With a way similar to that used in the proof of D12 in [20], it is easy to obtain

H12 � Ct�pkf k
p

Lp.�/
:
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Now, we turn to estimate H2. By (23) and hj WD
P
j

.f!j � 'j /, write

H2 � Ct�1 sup
�>C t

2

��.fx 2 X W
X
j

jb �me6Bj .b/jM
�
�.hj /.x/ > C�g/

� Ct�1
X
j

Z
X

jb.x/ �me6Bj .b/jM
�
�.hj /.x/d�.x/

� Ct�1
X
j

Z
Xn6Sj

jb.x/ �me6Bj .b/jM
�
�.hj /.x/d�.x/

CCt�1
X
j

Z
6Sj

jb.x/ �me6Bj .b/jM
�
�.'j /.x/d�.x/

CCt�1
X
j

Z
6
56Bj

jb.x/ �me6Bj .b/jM
�
�.f!j /.x/d�.x/

CCt�1
X
j

Z
6Sj n

6
56Bj

jb.x/ �me6Bj .b/jM
�
�.f!j /.x/d�.x/

DW H21 C H22 C H23 C H24:

An argument similar to that used in the proof of E1 in [17, Theorem 1.10] shows that

H21 � Ct�1khj kL1.�/; H24 � Ct�1khj kL1.�/;

which, together with the fact that khj kL1.�/ � Ct
1�pkf k

p

Lp.�/
, thus, H21 C H24 � Ct�pkf k

p

Lp.�/
.

For H22. By Hölder inequality, the Lp.�/-boundedness of M�� , (13) and (19), we have

H22 � Ct�1
X
j

Z
6Sj

jb.x/ �me6Sj .b/jM
�
�.'j /.x/d�.x/

CCt�1
X
j

jme6Sj .b/ �me6Bj .b/j
Z
6Sj

M��.'j /.x/d�.x/

� Ct�1
X
j

kM��.'j /kLp.�/

" Z
6Si

jb.x/ �me6Sj .b/j
p0d�.x/

! 1
p0

C �.6Sj /
1
p0

#

� Ct�1
X
j

k'j kLp.�/�.6Sj /
1
p0

� Ct�1t1�p
X
j

Z
6Bj

jf .x/jpd�.x/

� Ct�pkf k
p

Lp.�/
:

Similar to the estimate of the H22, we conclude

H23 � Ct�1
X
j

 Z
6
56Bj

jb.x/ �me6Bj .b/j
p0d�.x/

! 1
p0

kM��.f!j /kLp.�/

� Ct�1
X
j

�.62Bj /
1
p0 kf!j kLp.�/

� Ct�p
X
j

Z
6Bj

jf .x/jpd�.x/ � Ct�pkf kp
Lp.�/

:



Commutators of Littlewood-Paley g�� -functions on non-homogeneous metric measure spaces 1291

Combining the estimates for H21, H22, H23 and H24, we get

H2 � Ct�pkf k
p

Lp.�/
;

which, together with H1 and (22), imply (20) and hence complete the proof of Theorem 1.8.

Next, we come to prove Theorem 1.9. In order to do this, we need the following claim.

Claim. Let K.x; y/ satisfy .7/ and .12/, s 2 .1;1/, p0 2 .1;1/ and b 2 L1.�/. If M�� is bounded on L2.�/,
then there exists a positive constant C such that, for all f 2 L1.�/ \ Lp0.�/ and for all x 2 X ,

M ]ŒM�b;�.f /�.x/ � C fkbkRBMO.�/Ms;6ŒM
�
�.f /�.x/C kbkRBMO.�/kf kL1.�/g: (24)

Proof. Without loss generality, we may assume kbkRBMO.�/ D 1. Let B be an arbitrary ball and S be a doubling
ball with B � S , denote

hB WD mB ŒM
�
�.Œb �m QB.b/�f�Xn 65B

/�

and
hS WD mS ŒM

�
�.Œb �mS .b/�f�Xn 65B

/�

To prove (24), it only needs to prove

1

�.6B/

Z
B

jM��;b.f /.y/ � hB jd�.y/ � CMs;6ŒM
�
�.f /�.x/C kf kL1.�/ (25)

and
jhB � hS j � CK

2
B;S fMs;6ŒM

�
�.f /�.x/C kf kL1.�/g: (26)

To prove (25), for a fixed ball, x 2 B and f 2 L1.�/, we decompose f as

f .y/ D f� 6
5B
.y/C f�Xn 65B

.y/ DW f1.y/C f2.y/:

Thus, we write

1

�.6B/

Z
B

jM��;b.f /.y/ � hB jd�.y/

�
1

�.6B/

Z
B

ˇ̌̌̌
ˇjb.y/ �m QB.b/jM��.f /.y/CM��.Œb �m QB.b/�f1/.y/

CM��.Œb �m QB.b/�f2/.y/ � hB

ˇ̌̌̌
ˇd�.y/

�
1

�.6B/

Z
B

jb.y/ �m QB.b/jM
�
�.f /.y/d�.y/C

1

�.6B/

Z
B

M��.Œb �m QB.b/�f1/.y/d�.y/

C
1

�.6B/

Z
B

jM��.Œb �m QB.b/�f2/.y/ � hB jd�.y/

DW E1 C E2 C E3:

For E1, by Hölder inequality and (13), we have

E1 �
1

�.6B/

 Z
B

jb.y/ �m QB.b/j
s0d�.y/

! 1
s0
 Z
B

ŒM��.f /.y/�
sd�.y/

! 1
s

�

 
1

�.6B/

Z
B

jb.y/ �m QB.b/j
s0d�.y/

! 1
s0
 

1

�.6B/

Z
B

ŒM��.f /.y/�
sd�.y/

! 1
s
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� CMs;6ŒM
�
�.f /�.x/:

Applying Hölder inequality, the L2.�/-boundedness of M�� and (13), we can conclude

E2 �
Œ�.B/�

1
2

�.6B/

 Z
B

ŒM��.Œb �m QB.b/�f1/.y/�
2d�.y/

! 1
2

� C
Œ�.B/�

1
2

�.6B/

 Z
6
5B

jb.y/ �m QB.b/j
2
jf .y/j2d�.y/

! 1
2

� Ckf kL1.�/
Œ�.B/�

1
2 Œ�.2 � 6

5
B/�

1
2

�.6B/

 
1

�.2 � 6
5
B/

Z
6
5B

jb.y/ �mf6
5B
.b/j2d�.y/

! 1
2

CCkf kL1.�/
Œ�.B/�

1
2 Œ�.6

5
B/�

1
2

�.6B/
jmf6

5B
.b/ �meB.b/j

� Ckf kL1.�/:

Where we use the fact that jm QB.b/ �mf6
5B
.b/j � CK

B; 65B
� C .

For E3, it follows that

E3 D
1

�.6B/

Z
B

jM��.Œb �m QB.b/�f2/.y/ � hB jd�.y/

D
1

�.6B/

Z
B

jM��.Œb �m QB.b/�f2/.y/ �
1

�.B/

Z
B

M��.Œb �m QB.b/�f2/.x/d�.x/jd�.y/

�
1

�.6B/

1

�.B/

Z
B

Z
B

jM��.Œb �m QB.b/�f2/.y/ �M��.Œb �m QB.b/�f2/.x/jd�.x/d�.y/;

For any x; y 2 B , by (7) and Minkowski inequality, we have

jM��.Œb �m QB.b/�f2/.x/ �M��.Œb �m QB.b/�f2/.y/j

�

" “
X�.0;1/

ˇ̌̌̌
ˇ
 

t

t C d.x; Qx/

! �
2

�

 
t

t C d.y; Qx/

! �
2
ˇ̌̌̌
ˇ
2

�

ˇ̌̌̌
ˇ Z
d. Qx;z/�t

K. Qx; z/Œb.z/ �m QB.b/�f2.z/d�.z/

ˇ̌̌̌
ˇ
2

d�. Qx/dt
�. Qx; t/t3

# 1
2

� C

Z
X

jb.z/ �m QB.b/jjf2.z/j

" “
d. Qx;z/�t

"
d.x; y/

d.x; Qx/

#2
Œd. Qx; z/�2

Œ�. Qx; d. Qx; z//�2
d�. Qx/dt
�. Qx; t/t3

# 1
2

d�.z/

� Ckf kL1.�/

Z
Xn 65B

jb.z/ �m QB.b/j

" “
d. Qx;z/�t

2d. Qx;z/>d.x;z/

"
d.x; y/

d.x; Qx/

#2
Œd. Qx; z/�2

Œ�. Qx; d. Qx; z//�2

�
d�. Qx/dt
�. Qx; t/t3

# 1
2

d�.z/

CCkf kL1.�/

Z
Xn 65B

jb.z/ �m QB.b/j

" “
d. Qx;z/�t; d.x; Qx/<t
2d. Qx;z/�d.x;z/

"
d.x; y/

d.x; Qx/

#2
Œd.y; z/�2

Œ�.y; d.y; z//�2

�
d�. Qx/dt
�. Qx; t/t3

# 1
2

d�.z/
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CCkf kL1.�/

Z
Xn 65B

jb.z/ �m QB.b/j

" “
d. Qx;z/�t; d.x; Qx/>t
2d. Qx;z/�d.x;z/

"
d.x; y/

d.x; Qx/

#2
Œd.y; z/�2

Œ�.y; d.y; z//�2

�
d�. Qx/dt
�. Qx; t/t3

# 1
2

d�.z/

DW F1 C F2 C F3:

For F1, we have

F1 � CrBkf kL1.�/

Z
Xn 65B

jb.z/ �m QB.b/j

" 1Z
d. Qx;z/

Z
2d. Qx;z/>d.x;z/

Œd. Qx; z/�2

Œd.x; z/�2Œ�. Qx; d. Qx; z//�2

�
d�. Qx/dt
�. Qx; t/t3

# 1
2

d�.z/

� CrBkf kL1.�/

Z
Xn 65B

jb.z/ �m QB.b/j

d.x; z/

" Z
2d. Qx;z/>d.x;z/

Œd. Qx; z/�2

Œ�. Qx; d. Qx; z//�2

�
1

�. Qx; d. Qx; z//

 1Z
d. Qx;z/

dt
t3

!
d�. Qx/

# 1
2

d�.z/

� CrBkf kL1.�/

Z
Xn 65B

jb.z/ �m QB.b/j

d.x; z/

" Z
2d. Qx;z/>d.x;z/

1

�. Qx; d. Qx; z//�2

�
1

�. Qx; d. Qx; z//
d�. Qx/

# 1
2

d�.z/

� CrBkf kL1.�/

Z
Xn 65B

jb.z/ �m QB.b/j

d.x; z/

" Z
2d. Qx;z/>d.x;z/

1

�. Qx; 1
2
d.x; z//�2

�
1

�. Qx; d. Qx; z//
d�. Qx/

# 1
2

d�.z/

� CrBkf kL1.�/

Z
Xn 65B

jb.z/ �m QB.b/j

d.x; z/

"
1X
kD0

Z
2kB.z;d.cB ;z//n2k�1B.z;d.cB ;z//

�
1

�. Qx; d. Qx; z//
d�. Qx/

# 1
2

1

�.z; d.x; z//
d�.z/

� Ckf kL1.�/

1X
kD1

6�.k�1/
Z

6k 65Bn6
k�1 6

5B

jb.z/ �m QB.b/j

�.cB ; d.cB ; z//
d�.z/

� Ckf kL1.�/

1X
kD1

6�.k�1/

�.cB ; 6k�1
6
5
rB/

" Z
6k 65B

jb.z/ �mA6k 65B
.b/jd�.z/CmA6k 65B

.b/ �m QB.b/j

#
� Ckf kL1.�/:
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Next we estimate F2. For any Qx 2 X and x 2 X n 6
5
B satisfying d. Qx; x/ < t , 2d. Qx; z/ � d.x; z/ and 1

2
d.x; z/ < t ,

we can conclude

F2 � CrBkf kL1.�/

Z
Xn 65B

jb.z/ �m QB.b/j

d.x; z/

" Z
2d. Qx;z/�d.x;z/

1Z
1
2d.x;z/

Œd. Qx; z/�2

Œ�. Qx; d. Qx; z//�2

�
d�. Qx/dt
�. Qx; t/t3

# 1
2

d�.z/

� CrBkf kL1.�/

Z
Xn 65B

jb.z/ �m QB.b/j

d.x; z/

" Z
2d. Qx;z/�d.x;z/

Œd. Qx; z/�2

Œ�. Qx; d. Qx; z//�2
1

�. Qx; d. Qx; z//

�

 1Z
1
2d.x;z/

dt
t3

!
d�.y/

# 1
2

d�.z/

� CrBkf kL1.�/

Z
Xn 65B

jb.z/ �m QB.b/j

�.cB ; d.cB ; z//

1

d.x; z/
d�.z/

� Ckf kL1.�/

1X
kD1

6�.k�1/
Z

6k 65Bn6
k�1 6

5B

jb.z/ �m QB.b/j

�.cB ; d.cB ; z//
d�.z/

� Ckf kL1.�/:

With a way similar to that used in the proof of F2, it follows that

F3 � Ckf kL1.�/;

which, together with the estimates of F1 and F2, it is easy to see that

E3 � Ckf kL1.�/;

thus, the proof of (25) is finished.
Now, we estimate (26). For any two balls B � S with x 2 B and assume N WD NB;S C 1, where S is a

doubling ball. Write

jhB � hS j D jmB ŒM
�
�.Œb �m QB.b/�f�Xn 65B

/� �mS ŒM
�
�.Œb �mS .b/�f�Xn 65B

/�j

� jmB ŒM
�
�.Œb �m QB.b/�f�Xn6NB/� �mS ŒM

�
�.Œb �mS .b/�f�Xn6NB/�j

CjmS ŒM
�
�.Œb �mS .b/�f�Xn6NB/� �mS ŒM

�
�.Œb �m QB.b/�f�Xn6NB/�j

CjmB ŒM
�
�.Œb �m QB.b/�f�6NBn 65B

/�j C jmS ŒM
�
�.Œb �mS .b/�f�6NBn 65B

/�j

DW I1 C I2 C I3 C I4:

Following the proof of E3, it is not difficult to see that

I1 C I4 � Ckf kL1.�/:

Now, we estimate I2, for any y 2 X , applying Hölder inequality, we deduce

I2 �
1

�.S/

Z
S

jmS .b/ �m QB.b/jM
�
�.f�Xn6NB/.y/d�.y/

� C
KB;S

�.S/

 Z
S

ŒM��.f�Xn6NB/.y/�
sd�.y/

! 1
s

�.S/1�
1
s

� CKB;SMs;6ŒM
�
�.f /�.x/;



Commutators of Littlewood-Paley g�� -functions on non-homogeneous metric measure spaces 1295

where we have used the fact that jmS .b/ �m QB.b/j � CKB;S .
Finally, we estimate for I3. For x 2 B , we have

I3 D jmB ŒM��.Œb �m QB.b/�f�6NBn 65B/�j

� jmB ŒM
�
�.Œb �m QB.b/�f�6NBn6B/�j C jmB ŒM

�
�.Œb �m QB.b/�f�6Bn 65B

/�j

DW I31 C I32:

With a way similar to that used in the proof of E2, it follows that

I32 � Ckf kL1.�/:

Meanwhile, following the proof of E3, we have

I31 � CK2B;Skf kL1.�/:

Combining the estimates for I31, I32, I1, I2 and I4, we obtain (26). Thus, we complete the proof of (24).

Proof of Theorem 1:9. For convenience, we assume kbkRBMO.�/ D 1. For each fixed t > 0 and functions f with
bounded support, applying Lemma 2.5 to jf j with p D 1, and letting Bj , Sj , 'j and !j as the same as Lemma 2.5.
We see that f D g C h, where

g.x/ WD f�Xn[
j
.6Bj / C

X
j

'j ; h.x/ WD
X
j

Œf .x/!j .x/ � 'j .x/� WD
X
j

hj .x/: (27)

Noticing that kgkL1.�/ � Ckf kL1.�/. Applying the L2.�/-boundedness of M�
b;�

in Theorem 1.8 and the fact
that jg.x/j � Ct , it is not difficult to obtain that

�.fx 2 X W M��;b.g/.x/ > tg/ � Ct
�1

Z
X

jf .y/jd�.y/:

From (14), we have �.[
j
62Bj / �

C
t
kf kL1.�/, so the proof of Theorem 1.9 is reduced to prove

�

 (
x 2 X n [

j
.62Bj / W M

�
�;b.h/.x/ > t

)!
� C

Z
X

jf .y/j

t
log

 
2C
jf .y/j

t

!
d�.y/: (28)

For each fixed j and x 2 X n [
j
.62Bj /, let bj .x/ WD b.x/ �m QBj .b/ and write

M�b;�.h/.x/ �
X
j

jbj .x/jM
�
�.hj /.x/CM��.

X
j

bjhj /.x/ WD I.x/C II.x/:

With a way similar to that used in the estimate of H21; H22 and H23 in Theorem 1.8, we have

�

 (
x 2 X n [

j
.62Bj / W I.x/ > t

)!
�
C

t
kf kL1.�/: (29)

By hj WD f!j � 'j , write

�.fx 2 X n [
j
.62Bj / W jII.x/j > tg/

� �.fX n [
j
.62Bj / WM

�
�.
X
j

bjf!j /.x/ >
t

2
g/C �.fX n [

j
.62Bj / WM

�
�.
X
j

bj'j /.x/ >
t

2
g/

� C
X
j

Z
Bj

ˆ

 
jb.y/ �m QBj jjf .y/j

t

!
d�.y/C C

Z
X

ˆ

 X
j

jb.y/ �m QBj jj'.y/j

t

!
d�.y/

DW II1 C II2:
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For all ˛ � 1, let ˆ˛.t/ D t log˛.2C t /, ‰ 1
˛
.t/ D exp t

1
˛ . For any s; t > 0, we have the following facts

ˆ.st/ � C Œˆ.s/C‰.t/�;

and for any s > 0 and t1; t2 > 0, we have

ˆs.t1t2/ � Cˆs.t1/ˆs.t2/;

For II1, by (14) and Lemma 2.6, we have

II1 � C
X
j

Z
Bj

"
‰

 
jb.y/ �mBj .b/j

B1

!
Cˆ

 
jf .y/j

t
B1

!#
d�.y/

� C
X
j

Z
Bj

"
exp

 
jb.y/ �mBj .b/j

B1

!
Cˆ

 
jf .y/j

t
B1

!#
d�.y/

� C
X
j

Z
Bj

"
�.62Bj /Cˆ

 
jf .y/j

t
B1

!#
d�.y/

�
C

t

X
j

Z
Bj

jf .y/jd.y/C
Z
X

ˆ

 
jf .y/j

t

!
d�.y/

� C

Z
X

ˆ

 
jf .y/j

t

!
d�.y/:

In order to estimate II2, we assume that ƒ � N is a set of finite index, rj .y/ WD 1
t
j'j .y/j. By applying the convex

property of ˆ, we get

ˆ

 X
j2ƒ

rj .y/jb.y/ �m QBj .b/j

!
� C

X
j2ƒ

rj .y/ˆ.jb.y/ �m QBj .b/j/:

On the other hand, if we take ƒ D N , the above inequality also holds by the property of ˆ. With a way similar to
H12 in the proof of Theorem 1.8, we have

II2 � C
1

t

X
j

k'j kL1.�/

Z
Sj

ˆ.jb.y/ �m QBj .b/j/d�.y/

� C
1

t

X
j

k'j kL1.�/

Z
Sj

jb.y/ �m QBj .b/jŒ1C jb.y/ �m QBj .b/j�d�.y/

� C
1

t

X
j

k'j kL1.�/�.Sj /

� C

Z
X

jf .y/j

t
d�.y/;

which, together with II1 and (29), imply (28), and hence the proof of Theorem 1.9 is finished.

Proof of Theorem 1.10. Without loss generality, we may assume that kbkRBMO.�/ D 1 and � D 2 as in Definition
1.6. It suffices to prove that, for any .1; 1/� -atomic block h,

�.fx 2 X WM��;b.h/.x/ > tg/ � C
jhj
H
1;1
atb .�/

t
: (30)

Assume that supp.h/ � R and h D
2P

jD1

�jaj , where aj is a function supported in Bj � R such that kaj kL1.�/ �

Œ�.4Bj /�
�1K�1

Bj ;R
and j�1j C j�2j � jhjH1;1

atb .�/
. Write

M��;b.h/.x/ � jb.x/ �meR.b/jM��.h/.x/CM��.ŒmeR.b/ � b�h/.x/
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DW J1.x/C J2.x/:

By the .L1.�/; L1;1.�//-boundedness of M�� (see [17]), we have

�.fx 2 X W J2.x/ >
t

2
g/ � C

1

t

Z
R

jb.x/ �meR.b/jjh.x/jd�.x/
� C

j�1j

t

Z
R

jb.x/ �meR.b/jja1.x/jd�.x/
CC
j�2j

t

Z
R

jb.x/ �meR.b/jja2.x/jd�.x/
DW J21 C J22:

Now, we estimate J21, applying Hölder inequality and (13), we have

J21 � C
j�1j

t
ka1kL1.�/

" Z
Bj

jb.x/ �mfBj .b/jd�.x/C jmfBj .b/ �meR.b/j�.Bj /
#

� C
j�1j

t
�.4Bj /

�1K�1Bj ;RKBj ;R�.Bj / � C
j�1j

t
:

Similar to the estimate of J21, it is easy to obtain that

J22 � C
j�2j

t
:

Thus, we can conclude that

�.fx 2 X W J2.x/ >
t

2
g/ � Ct�1.j�1j C j�2j/ � Ct

�1
jhj
H
1;1
atb .�/

: (31)

Now, we turn to estimate J1. Write

�.fx 2 X W J1.x/ >
t

2
g/ � Ct�1

Z
Xn2R

jb.x/ �meR.b/jM��.h/.x/d�.x/
CCt�1

Z
2R

jb.x/ �meR.b/jM��.h/.x/d�.x/
DW J11 C J12

An argument similar to H21 that used Theorem 1.8 and kaj kL1.�/ � Œ�.4Bj /��1K�1Bj ;R, we have

J11 � Ct�1jhjH1;1
atb .�/

:

It remains to estimate J12. Write

J12 � Ct�1
2X

jD1

j�j j

Z
2R

jb.x/ �meR.b/jM��.aj /.x/d�.x/
� Ct�1

2X
jD1

j�j j

Z
2Rn62Bj

jb.x/ �meR.b/jM��.aj /.x/d�.x/
CCt�1

2X
jD1

j�j j

Z
62Bj

jb.x/ �me62Bj .b/jM
�
�.aj /.x/d�.x/

CCt�1
2X

jD1

j�j jjmeR.b/ �me62Bj .b/j
Z

62Bj

M��.aj /.x/d�.x/
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DW U1 C U2 C U3:

With an argument similar to that used in the proof of V11 in [17, Theorem 1.11], it is easy to get

U3 � Ct�1jbjH1
atb.�/

:

For U2, applying Hölder inequality, the L2.�/-boundedness of M�� , (13) and kaj kL1.�/ � Œ�.4Bj /��1K�1Bj ;R,
we have

U2 � Ct�1
2X

jD1

j�j jKBj ;RkM
�
�.aj /kL2.�/�.6

3Bj /
1
2

� Ct�1
2X

jD1

j�jKBj ;Rkaj kL1.�/�.Bj /
1
2�.63Bj /

1
2

� Ct�1jbj
H1

atb.�/
:

By the L2.�/-boundedness of M�� and an argument similar to H24 in Theorem 1.8,

U1 � Ct�1jbjH1
atb.�/

:

Combining the whole estimates as above, we finish the proof of Theorem 1.10.

4 Conclusions

In this work we proved that the commutators M�
�;b

generated by the Littlewood-Paley operators M�� and RBMO.�/
functions were bounded onLp.�/with 1 < p <1, and bounded from the spacesL logL.�/ to the weak Lebesgue
spaces over non-homogeneous metric measure spaces in the sense of Hytönen. Also, we obtained the boundedness
of the commutators M�

�;b
on Hardy spaces.

With the results of the commutators given herein, we shall consider the boundedness of the M�
�;b

on Morrey
spaces and generalized Morrey spaces over non-homogeneous metric measure spaces in the follow-up work.
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