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Abstract: The main purpose of this paper is to prove that the boundedness of the commutator M; » generated by
the Littlewood-Paley operator M and RBMO(u) function on non-homogeneous metric measure spaces satisfying
the upper doubling and the geometrically doubling conditions. Under the assumption that the kernel of M satisfies
a certain Hormander-type condition, the authors prove that M: », is bounded on Lebesgue spaces L? (1) for 1 <
p < o0, bounded from the space L log L (i) to the weak Lebesgue spaceL !> (11), and is bounded from the atomic
Hardy spaces H ! (i) to the weak Lebesgue spaces L1 ().
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1 Introduction

In 1958, Stein [1] firstly introduced and studied Littlewood-Paley g -functions on R”. After that, many authors paid
much attention to study the properties of the Littlewood-Paley g -functions on various function spaces, for example,
see [2-7]. With deeper research, the boundedness of Littlewood-Paley operators and their commutators under the
cases of non-doubling measures is also widely discussed (see [8-14]).

To solve the unity of the homogeneous type spaces and the metric spaces endowed with measures satisfying
the polynomial growth condition, in 2010, Hytonen [15] introduced a new class of metric measure space satisfying
the so-called geometrically doubling and the upper doubling conditions (see Definitions 1.1 and 1.3, respectively),
which is now called non-homogeneous metric measure space. So, it is interesting to generalize and improve the
known results to the non-homogeneous metric measure spaces, see [16-24].

In this paper, (X, d, ) stands for a non-homogeneous metric measure space in the sense of Hyténen in [15]. In
this setting, we will discuss the boundedness of commutators of Littlewood-Paley gy -functions on (X, d, ().

Before stating the main results, we firstly recall some definitions and remarks. The following notion of the
geometrically doubling condition was originally introduced by Coifman and Weiss in [25].

Definition 1.1 ([25]). A metric space (X, d) is said to be geometrically doubling, if there exists some Ny € N such
that, for any ball B(x,r) C X, there is a finite ball covering {B(x;, 5)}; of B(x, r) such that the cardinality of this
covering is at most Ng.
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Remark 1.2. Let (X,d) be a metric space. Hytonen in [15] showed the following statements are mutually
equivalent:

(1) (X,d) is geometrically doubling.

(2) For any € € (0, 1) and ball B(x,r) C X, there exists a finite ball covering { B(x;,€r)}; of B(x,r) such that the
cardinality of this covering is at most Noe —"*. Here and in what follows, No is as Definition 1.1 and n := log, No.
(3) For every € € (0, 1), any ball B(x,r) C X can contain at most Noe " centers {x; }; of disjoint balls with radius
€r.

(4) There exists M € N such that any ball B(x,r) C X can contain at most M centers {x;}; of disjoint balls

{B(xi, DML,
Now, we recall the definition of upper doubling conditions given in [15].

Definition 1.3 ([15]). A metric measure space (X, d, ) is said to be upper doubling, if | is Borel measure on X
and there exist a dominating function A : X x (0,00) — (0, 00) and a positive constant C), such that, for each
x € X,r — A(x,r) is non-decreasing and, for all x € X and r € (0, 00),

(B(x.r)) < A(x,r) < CRA(x, g). )

Hytonen et al. proved in [16] that there exists another dominating function X such that 1 <A, Ci < C, and, for all
x,y € X withd(x,y) <r,
Alx,r) < C5A(p, 7). 2)

Based on this, from now on, we always assume that the dominating function A as in (1) satisfies (2).
The following coefficient K g, s which introduced [15] by Hytonen is analogous to Tolsa’s number in [8,9].
Given any two balls B C S, set

Kp.s =1+ du(y), 3

1
/ Alcp.d(x,cB))
2S\B

where cp represents the center of the ball B.

Hytonen [15] gave the definition of (c, 8)-doubling, that is, a ball B C X is called (o, §)-doubling if u(aB) <
Bu(B) for a, B > 1. At the same time, Hytonen proved that if a metric measure space (X, d, i) is upper doubling
and 8 > Ciogza =: a", then for every ball B C X, there exists some j € Z such that o/ B is (a, B)-doubling.
In addition, let (X, d) be geometrically doubling, B > o' with n = log, No and p Borel measure on X which is
finite on bounded sets. Hytonen also showed that for u-a.e x € X, there exist arbitrarily small («, f)-doubling balls
centered at x. Furthermore, the radius of there balls may be chosen to be form a7 r for j € N and any preassigned
number r € (0, 00). Throughout this paper, for any « € (1, c0) and ball B, the smallest (¢, By )-doubling ball of the
form o/ B with j € N is denoted by BY, where

Bo = a3 MV 4307 4 30V @)

For convenience, we always assume « = 6 in this paper and denote B® simply by B.
Now we recall the notion of RBMO() from [15].

Definition 1.4 ([15]). Let v > 1. A function f € L. (1) is claimed to be in the space RBMO(1) if there exist a

loc

positive constant C and, for any ball B C X, a number fp such that
1

5 Bf () = faldute) < € )

and, for any two balls B and R such that B C R,

| /B — frl < CKB.R. (6)

The infimum of the constants C satisfying (5) and (6) is defined to be the RBMO(u) norm of f and denoted by
Il lIRBMO(10)-
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Next, we recall the definition of the Littlewood-Paley g -function given in [17].

Definition 1.5 ([17]). Let K(x, y) be a locally integrable function on (X x X)\ {(x,x) : x € X}. Assume that there
exists a non-negative constant C such that, for all x, y € X with x # y,

d(x,y)
K= Coriayy i

and, forall y, y' € X,

d
[|K(x, ¥) = Ky + 1K (yx) — K (Y, x)q d(’ff’;)) < ®)
d(x.9)=2d(y.y") '
The Littlewood-Paley g -function 9t} is defined by
2 1
* — du(y)de |
ME(f)(x) 1= [ I (t e y)) [ ko sGawue MMI} )

X' %x(0,00) d(y.,z)<t

where x € X, X x (0,00) = {(y,¢): y € X,t > 0}and k > 1.
Let b € RBMO(u) and K(x, y) satisfy (7) and (8). The commutator of Littlewood-Paley g7 -function zm: » 18
formally defined by

M, (f)(x) = [ // (z+dt(xy)>

X x(0,00)

X

L[ Keabw - belEMme (10)

d(y.z)<t

% du(yde ]’
Ay, )t

The following notion of the atomic Hardy space is from [16].

Definition 1.6 (16). Ler p € (1,00) and p € (1, 00]. A function b € LIOC(M) is called a (p, 1), -atomic block, if
(1) there exists a ball B such that supp(b) C B;

(2) [ b)) = O;
(3) forany i € {1, 2}, there exists a function a; supported on a ball B; C B and t; € C such that

b = 1101 + 1202

and
1 _ _
laillrwy < w(pB)1? ' K5 5. (11)

Moreover, let |b|H1 P = |t1] + |z2|.

Definition 1.7 ([16]). Let p € (1, 00]. A function f € L' (u) is said to belong to the atomic Hardy space Hdlﬂ;p (),
if there exist (p, 1) -atomic blocks {b; }72 | such that f = Z b; in LY () and Z 1bil

i=1
of fin Haﬂ;p (n) is defined by

L2 < o0. The norm

o
I g7y = inf{ > Ibi |H;[,;D(M)§’

i=1

where the infimum is taken overall the possible decompositions of f as above.

According to [14], the definition of the Hormander-type condition on (X, d, ) is defined by:

dpu(x)
d(x,y)

sup Z f '[IK(x,y)—K(x,y’)l+|K(y,x)—K(y’,x)|} <C, (12

d(v/ v)<t 1_16Zr<d(x y)<6itly
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which is slightly stronger (8).
Our main results in this paper are formulated as follows.

Theorem 1.8. Let b € RBMO(w), K(x, y) satisfy (7) and (12) and im:b(f) be as in (10). Suppose that ;. is
bounded on L? (). Then sm;’b (f) is bounded on L? (1) for 1 < p < oo, that is, there exists a constant C > 0,
such that for all functions f with bounded support, one has

199t 5 (e = Cliblrsmouo If 2w

Theorem 1.9. Let b € RBMO(n), K(x,y) satisfy (7) and (12) and My , (f) be as in (10). Suppose that M is
bounded on L?(j1). Then there is a positive constant C, such that for all functions f with bounded support,

|/ ()]

t

p({x € X0 e, (f)(x) > 1}) < CCD(Hb”RBMO(M))/CD< )du(y),
X

where @y (1) = tlog*(2 + t) fora > 1.

Theorem 1.10. Let b € RBMO(w), K(x, y) satisfy (7) and (12) and M , (f) be as in (10). Suppose that IZ is
bounded on L?(i1). Then im;:.b(f) is bounded from H' (1) into L'+°° (), namely, there is a positive constant C,
such that for all f € HY () and t > 0, one has

Pl € X0, (£)00) > 1) = CPblaviogo 2100,

2 Preliminaries

In this section, we shall recall some lemmas used in the proofs of our main theorems. Firstly, we recall some useful
properties of Kp s asin (3) (see [15]).

Lemma 2.1 ([15]). (1) Forall balls B C R C S, it holds true that Kp g < KB s.

(2) For any £ € [1, 00), there exists a positive constant Cg, such that, for all balls B C S withrs < érp,Kp s <
Ce.

(3) For any o € (1, 00), there exists a positive constant Cy,, depending on o, such that, for all balls B,KB,’EQ < Cp.
(4) There exists a positive constant ¢ such that, for all balls B C R C S,Kp.s < Kp . r + cKpr_s. In particular, if
B and R are concentric, then ¢ = 1.

(5) There exists a positive constant ¢ such that, for all balls B C R C S, Kp. g < ¢Kp.s; moreover, if B and R
are concentric, then Kr s < Kp_s.

Now, we recall the following conclusion, which is just [18].

Corollary 2.2 ([18]). If f € RBMO(u), then there exists a positive constant C such that, for any ball B, w €
(1,00) and r € [1,0),
1

1 T
(M(wB) | f(x)— m}(f)|’dp,(x)) < C|lf lreMo()- (13)
B

where above and in what follows, m (f') denotes the mean of f over B, namely,

1
)= ;/ FO)RG).

Moreover, the infimum of the positive constants C satisfying |mp(f)—ms(f)| < CKp.s and (13) is an equivalent
RBMO(u) norm of f.
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Next, we recall some results from [15, 19].

Lemma 2.3 ([15]). (1) Let p € (1,00), r € (1, p) and ¢ € (0,00). The following maximal operators defined,
L (u)andx € X,

loc

respectively, be setting, for all f € L

1

My f(x) = sup( ! / If(y)lrdu(y)) ,
o

O>x w(eQ)

1

N = —_— d
0= D Q/ Ol (y)
and
My f(x) = sup ——— / L D)ldi(y)
SIS o n@0) ) -

are bounded on LP (1) and also bounded from L' (1) into L1-°° ().
(2) Forall f € LY (w), it holds true that | f(x)| < Nf(x) for p-almost every x € X.

loc

The following result is given in [19].

Lemma 2.4 ([19]). Let f € L\ (u) with the extra condition Jr F)dp(x) = 0 if || := pu(X) < oo. Assume

loc

that for some p, 1 < p < oo, inf{1, Nf'} € L?(u). Then we have

INFllLrg < CIME fllLr ),

where M* f(x) := sup ﬁ el f(x) —mg(f)ldu(x) +  sup Wﬁr all f € Ll (n) and
B>x (O.R)EA, '

xe X, and Ax :={(Q,R):x € Q C Rand Q, R are doubling balls}.

Also, we recall the following Calderén-Zygmund decomposition theorem given in [19]. Suppose yo is a fixed positive
constant satisfying that yo > max{C f log2 6, 63"}, where C is as in (1) and » as in Remark 1.2.

Lemma 2.5 ([19]). Let p € [1,00), f € L?(p) and 1 € (0,00)(t > VNL2W o 11(X) < o0). Then

(1) there exists a family of finite overlapping balls {6 B; }; such that { B;}; is pairwise disjoint,

1 Z‘D
_ X)) |Pdu(x) > — forall i, 14
u(623,~)f'f( W7t > o g (14)
B;
: /|f()|”d()<tpf lliandall T € (2, 00)
5 _p N X X — Joralltand all T ,00),
u(©6B;) J =%
TDj
and
| f(x)] <t for p-almost every x € X \ (%J 6B;); 15)
Q) for each i, let S; be a (3 x 62, C2 Ny doupling ball of the family {3 x 6*)X B;}xey, and w; =

x6B; /(O xeBy)- Then there exists a family {¢;}; of functions that for each i, supp(¢;) C S;, ¢; has a constant
k

sign on S; and

/ g1 (x)du(x) = / £ () (), (16)

X 6B;

Z |@i (x)| < yt for p-almost every x € X, 17)

4



1288 —— G.Lu, S. Tao DE GRUYTER OPEN

where y is some positive constant depending only on (X, 1), and there exists a positive constant C, independent of
fit and i, such that, if p = 1, then

il e it (Si) < € / | ()i (1) [dpa (). (18)
X
and if p € (1, 00),

1

( / |<ol(x)|pdu<x>> RSO < [ | @or ()17 dn ). 19)

Finally, we recall the following John-Nirenberg inequality from [15].

Lemma 2.6 ([15]). For every ¢ > 1, there exists a positive constant C such that, for every b € RBMO(u) and
every ball B,

—C
u({x € B: |b(x) —mg(b)| > t}) < Cu(sB)exp (IIIJIIm:o())
w

From Lemma 2.6, it is easy to prove that there are two positive constants By and B such that, for any ball B and
b € RBMO(p),

M(SB) B1|b|lremo)

(|b<x) m3<b)|) 4u(x) < By,

3 Proofs of Theorems 1.8-1.10

Proof of Theorem 1.8. Let 0 < r < 1, we firstly claim that, for any p € (1,00), b € L°(u) and all bounded
functions f with compact support,

plix € X0 MEE , (1) > 1) < Cr 2161000 17 12000 (20)

Once (20) is established, by the Marcinkiewicz interpolation theorem, it is easy to obtain that

IMEERE , (ML oy < ClIblreMOGo I1Lf 12 (-

By Lemma 2.4, for any p € (1,00), b € L°(u) and all bounded function f with compact support and integral
zero,

1900 5 (N Lrwy = Clbliremow I/ 7o
together with the fact that the bounded function f* with compact support and integral zero is dense in L? (i) (see
[19, Theorem 6.4]), we finish the proof of Theorem 1.8.

Now, we turn to estimate (20). Without loss of generality, let ¢ = 6 as in Lemma 2.3 and ||b||rpmo(n) = 1. For
each fixed ¢ > 0 and bounded function f with compact support and integral zero, applying Lemma 2.5 to f, we see
that f = g + h, where g := fyx\uen, +2_ ¢; andh := } (0; f —¢;) =: 3_h;. By (15) and (17), we easily

4 J J J
get
lgllzooquy = Ct. 2D

On the other hand, applying (17), (19) and Holder inequality, we have

-1 5
lgllrge < ClflLraw +CE 771070 71
J
1 1

< ClfllLrq +Ct' 77 [Z ( f ) (X)Ide(X)) w(sjnf?}
i\g,
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1

< Clf lLrg + Crl‘%r%‘1</ If(X)Ipdu(X))
X

= Cllfllzrw-
Further, for 1 < s < p, by applying the result of the Claim and (21), we deduce
p({x € X 0 MIPNE , (@))(x) > 2C1})
< p(x € X My o[Me(9](x) > Ct}) + pu(fx € X2 gllLoey > Ct})

< Ct™”|| M, 6[m*(g)]”£p(,u)
=Cr~ p”g”Lp(M) Cr~ p”f”Lp(M)

From this, we can write
px € X0 MEEE , (D)(x) > 1})
< pu(fx € X1 CMy [, (W](x) > t})
<ux e X: CMy6[ME(> (b - M= (b))h )] (x) > })

J

+u({x € X CMr6[Z|b(x) mes (b)|9ﬁ*(h )N (x) > })
J
=: Hy + Hp,

where we have used the fact that Mrﬁf(x) < CM; ¢ f(x) (see [20]).
By applying the (L' (1), L'-°°(1))-boundedness of M, for any o > 0, we get

op(ix € X Mye(u)(x) >0}) < C sup tu(ix € X :u(x)| > t}).

>Co

Choosing 1 < p1 < p,by h; := > (fw; — ¢;) and (23), we have
J

Ct! sup rx fII‘Jﬁ*[Z(b meE (b))h]]”LPI(M)

t>Ct

o ng(b mes <b>)fw,||Lp1(m+Ct P =m0 1 Doy

Hy

IA

=<
J
=Hp + H12-
For Hy1. By Holder inequality, (13) and (14), we have
pP—r]
— _ppy ’
e 3 ([ e / 1b() —m (D77 du(x)

J 6B

u\“

sCt""Z( f If(X)I”dM(X)> (@B;)' =7

P

S

12 1-
scz—mz( / If(X)IPdM(X)> (z—f’ / If(x)l"du(X))
6B Bj

J
<Ct”* ||f||£p(,u)-
With a way similar to that used in the proof of D, in [20], it is easy to obtain

Hiz < Cl_p”f”ip(,u_)-

(22)

(23)
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Now, we turn to estimate Hp. By (23) and h; := > (fw; — ¢;), write
J

Hy < Ci7' sup tu(fx € X ) [b—m (0)|ME(hj)(x) > Ct})
>C% 7 Bj
< 1Y [ 100 — g I () () )
J x
=Y [ b — g ) ()
7 x\6S;
Y [ 1660 = meg B ()
7 65,
city] / 1b(x) = m - (B)IME(f))(X)da(¥)
’ seB,
Y[ ) - mg BN )d(x)
/ 6S;\¢6B,

=: Ho1 + Ho2 + Hz3 + Hoa.
An argument similar to that used in the proof of Eq in [17, Theorem 1.10] shows that
Ha1 < Ct= ' hjllpiuy. Haa < ColhjllL1 (),

which, together with the fact that ||| 1,y < Ct' 7P f 117 5 (,)» thus, Hat + Haa < Ct7 2| 117 5,0y
For H». By Holder inequality, the L# (u)-boundedness of 9y, (13) and (19), we have

Hoo = G Y [ 160~ mgs ()19 0 a0

7 65,
1Z|m )= O [ M) @anto)
6S;
CI_IZIIW:(W)HLP(M)[( / |b<x)—mg§;<b>|1”du<x>) +u(6S/)l’}
J 6S;

_ 1
< Ct™Y i lLrGom(6S) 7
=t 3 [ 1eau)
7 6B;
= Cl_p”f”[plp(u)-

Similar to the estimate of the H»», we conclude

H23§C1_12( / |b(x)—m@;<b)|l’/du<x)) 19262 (o)) o

6
568,

- €
Ct=' Yy w6 B) Y | fojllLrw
J

= [ @I = oI g,
7 6B;
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Combining the estimates for Ho1, Hz2, Ho3 and Hp4, we get

Hy < Ct_p”f”ip(u)’
which, together with H; and (22), imply (20) and hence complete the proof of Theorem 1.8. O

Next, we come to prove Theorem 1.9. In order to do this, we need the following claim.

Claim. Let K(x, y) satisfy (7) and (12), s € (1,00), po € (1,00) and b € L (). If M is bounded on L?(w),
then there exists a positive constant C such that, for all f € L°°(u) N L?P°(u) and for all x € X,

MR (1) < CLlIblrBMOG Ms.6[ D (1) + [1BllrBMOG) I f | o0 (100 }- 24)

Proof. Without loss generality, we may assume ||b||rgmo() = 1. Let B be an arbitrary ball and S be a doubling
ball with B C §, denote

hp = mp[M([b— mpO)f A6 p)]
and

hs = msE(D —ms B A e )]

To prove (24), it only needs to prove

1
1£(6B) / D0, (N0 = hpldp(y) < CMs [ENHIE) + 1 £ | 2oy 25)
B

and
lhg —hs| < CKp ¢{M;.6[ME()IE) + [ Lo} (26)

To prove (25), for a fixed ball, x € B and f € L°°(u), we decompose f as

T = TxegW) + faangg () = 1) + 200).

Thus, we write

1
(6B) / D 5 ()G) = hldp(y)
B

1b(y) = m g (D) (S)) + ME([b —m ()] f1)(y)

= 4(6B)
B

+([b —m 5 (D) f2)(¥) — hp |du(y)

= M(6B)f|b(y)—mé(b)lmi(f)(y)du(y)+ (63)/9ﬁ*([b m ()] f1)()du(y)

T / D~ m 5 5)] o)) — ()

=:E1 +E» +E3.

For E1, by Holder inequality and (13), we have

M(éB)(flb(y) mg(D)[* du(y)) (/[im*(f)(y)] du(y))

E;

1

( o / RO du(y))

=

(wm [ 16 =mgerr du(y))
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< CMy o[ ()](x).

Applying Holder inequality, the L2 (j1)-boundedness of 90t and (13), we can conclude

1

, < U;((’g;]f ( / [0 (b — m g(b)]fl)(Y)]sz()’))z
[M((‘:})B]) ( / Ib(y) —m g(b)lzlf(y)lzdu(y))l
B
< Cl Al [M(B)]i[ﬁ;)x ¢B)2 (M(Z 5 / |b(y) —m?;?;(b)lzdu(y))1
FCU f e 2 (B)f([é‘;)g Ll g5 (0) = mp®)]
< Cllfllzoow-

Where we use the fact that |m 5 (b) — m6~B(b)| < CKg B <C.
3 .
For Eas, it follows that

E; =

u(63)/m* ((b=mz®]2)(») —hpldu(y)

_ / (b — m 5 (B)] £2) (7) —

5 / M (b — m 5 (b)) 2) () () [ ()

(B)

=

“(63)m3 Bflfm,c([b —m (0] f2)(y) =M ([b —m g ()] f2)(X)dp(x)dpe(y).

For any x, y € B, by (7) and Minkowski inequality, we have
|8 ([b —m 5 (D)] f2)(x) = ME([b —m 5 (B)] f2) (V)]

L0 den) (i)

X% (0,00
/ K 2)b(E) —m 5 (0)] f2(2)du(z)

d(x.z)<t

d d(%,2))?  dp(F)d :
<c / bz - mB(b)Ilfz(Z)l[ Jli [ - ﬁ;] ST Aé(i))ti} e

d(X,z)<t

2
d(x,y) [d(%.2)]?
< Cllf ooy / Ib(z)-’”é(b)'{ f[ [du,sc)] (%, d(E 2)P

xX\¢B d(%.2)=t
2d(X.z)>d(x.z)

2

2 n@d 1P
A%, )3

du@r 12
Xx(x,z)ﬁ] du(@)

2
dx,y) | [, o)
+C f oo / |b(z) —m g (b)| // d(x,fc):| A, d(y,2)?

x\¢B d(E st dix D)<t
(X.z)=d(x.z)

1

du(F)dr |°
x Ax, )13 ] du()
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| Ib(z)—mé“’)'[ il [

X\¢B
1
L du@)dr ?
AGE, D3

=:F; + F> + Fs.

du(z)

For F, we have

Fi < Crallflleqo / 1b(z) — m 5 )]
x\¢B

 du(dr

A%, t)t3

|b(z) —m ()|
d(x,z)

i

d(X.z)

|b(z) —m ()|
d(x,z)

< Crallflimon [

X\¢B

NI
A d(% 7))

< Crallflimon [
X\¢B
1

e
A(x,d(X,z))

[d(y,2)]?
A(y.d(y.2)]?

d(x,y)
d(x, %)

:|2
d(X.z)<t, d(x.X)>t
2d(X,z)=d(x.z)

[d(x,2))

[d(x, 2)]?[A(F, d(%, 2))]?
—d(X,z)2d(X.,z)>d(x,z)

1

2

du(z)

|;d()c z)>d(x.z)

[d(&. o)
A(Z,d(%.2)2

ﬁ)dﬂ(x)i| du(z)

1
AMX,d(X, 2))]?

|:Zd(x z)>d(x.z)

dM(X):| du(z)

[b(z) —m 5(b)| 1
= CrallfllLeew / d(x,z) |:Z m
X8 d(X,z)>d(x,z)
. ) 3
XWM““W} W)
3 LORUIICIRS
= CrallfllLeeqo / d(x,z) |:k2=;) /

B

x\¢

1 NE 1
X)L()"c,d()?,z))dﬂ(x):| AG.d(x,2))

o0
SC|flloeqn » 6%

/

k 6

2k B(z,d(cp.z)\2Kk—1B(z.d(cB.z))

du(z)

1b(z) —m g (b)|

A d(cg, 2y

i ® -

f 1b(z) —m ey (D)ldp(z) +m mlg»(b)l}

k=1 6k S B\6k—15 B

o e—k—1)
<ClfllLoan Y (5.6 16rg)

= 6

= Cllfllzoo -

B
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Next we estimate F». Forany X € X and x € X'\ gB satisfying d(X, x) < t,2d(x,z) < d(x,z) and %d(x,z) <t,
we can conclude

Ib(z) = m 5 (b)| T dGEoP
ey d()L | | Gdcr

d(¥.2)=d(x.z) La(x.z)

- b(z) —m (b)]| [d(%,2)]? 1
< Cra|fllLeow f T Az L / G dG. OB IG.dG)

X\¢B d(X.,z)<d(x.z)
T 2
x( / ﬁ)du(y)} ap(z)
tdx.z)

|b(z) —mp ()| 1

< Crpllflimin [ gt S du)
X\¢B

o0

o |b(z) —m 5(b)]

< Clfllosq Y 6% f ep dien.2) @
k=1 6k S B\Gk—16B

< C|fllLoeu-
With a way similar to that used in the proof of F», it follows that
F3 < C|fllLee(u).

which, together with the estimates of F; and F», it is easy to see that

E3 < Cl|fllLeo )

thus, the proof of (25) is finished.
Now, we estimate (26). For any two balls B C S with x € B and assume N := Np_ s + 1, where S is a
doubling ball. Write

lhg —hs| = |mp[Me (b —mg®d]fxx\¢ )] —msD(b —msB)]f 1\ ¢p)]
< Imp[M([b —m gD franen )] — ms [ (b —ms D) fxx\6v B
+ms (b —ms )] fxx\6n B)] —ms (b —m (B fxx\6n 8]
+mp (b —m (D)) Xen prs )l + Ims [ (b —ms ()] fen g6 p)
=11 +Ih +13 +14.

Following the proof of E3, it is not difficult to see that

L +1a 2Cl fllLeoqu-

Now, we estimate I», for any y € X, applying Holder inequality, we deduce

1
_ ~Kss N ) ¥ -
=S (S[[m/c(fXX\6NB)(Y)] d,u(y)) ©(S)

< CKp.s M 69 (f)](x).
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where we have used the fact that |ms (b) —m g (b)| < CKps.
Finally, we estimate for I3. For x € B, we have

I3 = |mp[Me([b—mz®d)]fxen p\s )l
< Imp[M (b —m0)]f xen o))l + MM (b —m 5 ()] 165\ 8)]
=: 131 + I35.

With a way similar to that used in the proof of Ej, it follows that

Is2 < C|l fllLoou)-

Meanwhile, following the proof of E3z, we have

2
Iz; < CKg,s”f”LOO(M)'

Combining the estimates for 131, I32, 11, I> and 14, we obtain (26). Thus, we complete the proof of (24). O

Proof of Theorem 1.9. For convenience, we assume ||b||rgmo(n) = 1. For each fixed ¢ > 0 and functions f with
bounded support, applying Lemma 2.5 to | f| with p = 1, and letting B;, S;, ¢; and w; as the same as Lemma 2.5.
We see that f = g + h, where

80 = Frauer) + 3¢ he) = YL/ 0)0; (x) = 9 (0] = Dy (). @7
| J J J

Noticing that [|gll, 1) < CIllfllL1(u)- Applying the L?(i)-boundedness of sm;x in Theorem 1.8 and the fact
that |g(x)| < Ct, it is not difficult to obtain that

pfx € X0 M, (@)(x) > 1)) < Co! / FOd ().
X

From (14), we have M(JU 62B;) < % Il f It (w)> so the proof of Theorem 1.9 is reduced to prove

) <o [L0, (2 N If(ty)l) a6, 08)
X

For each fixed j and x € X'\ Q(62Bj), letb; (x) := b(x) — mg. () and write
J

u({x € X\ UE%B)) : M, (h)(x) > 1
J

My (B)(x) < Y 1B, ()M () (x) + MY b)) (x) :=1(x) + TI(x).

J J

With a way similar to that used in the estimate of H»1, H> and H»3 in Theorem 1.8, we have
IL <

pfx € X\ 5}(6231‘) 2G| > 13)

C
X €X\UEB)): 1) > 1 ) < 1f o (29)

By hj := fw; —¢;, write

= X\ UG B) MY by fo) () > 2D + uld \U62B)) : MY b)) > 2D
. .

J
b(y) —mg || f(¥)] b(y) —mg. |le()]
ECZ/GD( d mlB’ y>du(y)+C[<I>(Z Y mtngoy )du(y)
]Bj

X J
=:1I; +1I>.
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Forall @ > 1, let &y (¢) = tlog®(2 + 1), \Ilé ) = expté. For any s, ¢t > 0, we have the following facts
D(st) = C[P(s) + V()]
and for any s > 0 and #1, t» > 0, we have
Ds(1112) < CP4(11) D5 (22),
For II1, by (14) and Lemma 2.6, we have

[ (1b(y)—mp. (b
m < CZ/ _w(' ) B":Bf( )l) +<I><|f(ty)|31)}du(J/)

7 Bj

I b(y)—mpg. (b
5(12/ exp(| ) BTB"( )|)+q><|f(ty)|31)}du(y)

7 B

C Z/ w(6>B;) + Q(U(ty)'&ﬂdu(y)

T

c LSO
= ISl + ( )d )
! jB/- /

C/ (If(y)l)d .

X

IA

IA

IA

In order to estimate II>, we assume that A C N is a set of finite index, r; (y) := %|(p_ ; (»)|- By applying the convex
property of ®, we get

d>< Y be) —mpg, (b)|) <C Y r(MO(bG) —mp, B))).
JeA JEeA

On the other hand, if we take A = N, the above inequality also holds by the property of ®. With a way similar to
Hj5 in the proof of Theorem 1.8, we have

1
M < €1 Yoyl [ @UB0) = m, G))au(y)
j s

<cC- Zn«)] ooy / () —mz, G+ () —m 5, B)]du(y)
SJ

1
=C- D s Lo qon(S))
j

<o [UOlg),

which, together with II; and (29), imply (28), and hence the proof of Theorem 1.9 is finished. O

Proof of Theorem 1.10. Without loss generality, we may assume that ||b||rgmo(u) = 1 and p = 2 as in Definition
1.6. It suffices to prove that, for any (oo, 1) -atomic block #,

Al 10y

Pl € XM, () > 1}) < C—2

(30)

2
Assume that supp(h) C Randh = ) tja;, where a; is a function supported in B; C R such that ||a; || f,co(y) <
Jj=1
[M(4Bj)]_1KEjI,R and |71 + |t2| ~ |h|Halﬂ;oo(m. Write

M p (M (x) = [b(x) — m (D) () (x) + M ([ (b) — blh) (x)



DE GRUYTER OPEN Commutators of Littlewood-Paley g -functions on non-homogeneous metric measure spaces =—— 1297

=:J1(x) + I2(x).

By the (L' (u), L1+°°(w))-boundedness of M (see [17]), we have

plix e X:he) > 1) < cl [ 1b(x) — m(B)| ()| dp(x)

IA

'“' / 1b(x) — ms(B)] a1 ()]da )

+c@ / 1b(x) — ms(B)] a2 () da(x)

=l + Jzz-
Now, we estimate J»1, applying Holder inequality and (13), we have
1]
1 = €= llatlieoqo | [ 160x) = mp7(B)|dpx) + [mp7 (b) — mz(b)|1(B;)

Bj

|1| I1|

p@B;) 'Kzl xKp; ru(Bj) < C—
Similar to the estimate of J»1, it is easy to obtain that
T
Thus, we can conclude that
t _ _
px € X:1o(x) > 39 = 7 (ul + el < € hl e -

Now, we turn to estimate J;. Write

plx € X5 1) > o)

IA

ci! / 1b(x) — mg(b) 90T (1) () dpe (x)
X\2R

! / |b(x) — m(b) |9 () (x)dpe(x)
=Ji1 +J12
An argument similar to Hy; that used Theorem 1.8 and ||a; || oo () < [(4B;)]™ 1KB _r» We have
Jih < C[_1|h|Hul[|;OO(M).
It remains to estimate J15. Write
2
B2 = €Y g1 [ 160 m @) @) (6)da(x)
Jj=1 2R

2
Yl [ 1)~ mg )@t

J=1 " HRr\62B;

2
Y gl [ b0 - m g G @A)

—
/ 62B;

1S fe ) - ma ®1 [ Mila)duc)

=1
7 62B;

(€29
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=:U; + Uz 4+ Us.
With an argument similar to that used in the proof of Vy; in [17, Theorem 1.11], it is easy to get
—1
Us < Ct |b|Halm(M)'

For Uy, applying Holder inequality, the L?(x)-boundedness of M, (13) and ||a; || ooquy < [1(4B;)] ™! K_jl.R,
we have

2
— 1
Uy < Ct™! Z 17 1K, RIME @) 12y (67 B))2
j=1
2 1 1
< Ct7' Y |t K, rllaj | Loouyn(B;)? 11(67 B))?
Jj=1

-1
<Ct |b|Hullb(M).
By the L?(y)-boundedness of % and an argument similar to Hy4 in Theorem 1.8,
-1
U <Ct |b|Hul[b(M)'

Combining the whole estimates as above, we finish the proof of Theorem 1.10. O

4 Conclusions

In this work we proved that the commutators /\/l: ,, generated by the Littlewood-Paley operators M;; and RBMO(j1)
functions were bounded on L? (i) with 1 < p < oo, and bounded from the spaces L log L () to the weak Lebesgue
spaces over non-homogeneous metric measure spaces in the sense of Hytonen. Also, we obtained the boundedness
of the commutators /\/l: ;, on Hardy spaces.

With the results of the commutators given herein, we shall consider the boundedness of the M: ; on Morrey
spaces and generalized Morrey spaces over non-homogeneous metric measure spaces in the follow-up work.
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