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Abstract: In this paper we will show some relations between generalized versions of strong sequences introduced
by Efimov in 1965 and independent families. We also show some inequalities between cardinal invariants associated
with these both notions.
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1 Introduction

The strong sequences method was introduced by Efimov in 1965 [1] as a useful tool for proving some famous
theorems in dyadic spaces, (i.e. continuous images of Cantor cube). Among others Efimov proved that strong
sequences do not exist in the subbase of Cantor cube. The problem of the existence of strong sequences in the
other spaces was raised in 90’s of the last century (see [2] or [3] for more historical details).

The problem of the existence of independent families was raised among others by Fichtenholz and Kantorovitch
[4] and Hausdorff [5]. There was shown that for each cardinal « there exists an independent family of size 2.
Engelking and Kartowicz introduced in [6] a generalization of the definition of this notion by considering partitions
of a given set instead of a pair of sets. However, the name "generalized independent family" was used for the first time
by Hu in [7]. In [8] Elser proved among others that under some assumptions there exists a generalized independent
family (see Corollary 2.6.), using the result obtained by Hu (see Theorem 2.4 in [7]).

The aim of this paper is to show relations between generalized independent families and generalized strong
sequences. There will be also shown relations between cardinal invariants concerning both mentioned notions.

The notation used in the paper is standard for the field and can be found in e. g. [9] and [10].

2 Generalized strong sequences

Let (X, r) be a set with an arbitrary relation r and let « be a cardinal. By P(X) we denote the power set of X, i. e.
the family of all subsets of X. We say that aset A C X has a bound iff there exists b € X such that foralla € A we
have (a, b) € r. (If elements a, b € X have not a bound we say that they are incompatible). We say thataset A C X
is k—directed iff each subset of A of cardinality less than « has a bound.

Definition 2.1. Let (X, r) be a set with a relation r. A sequence (Hgp)gp<a, where Hy C X, is called a k-strong
sequence if:
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1° Hy is k-directed for all § < o
2° Hy U Hy is not k-directed for all ¢ < ¢ < a.

Let B and 7 be cardinals. By B <« 7 we denote: t is strongly B-inaccessible, i. e. < v and a* < T whenever
a< B, A<t
The following theorem is the generalization of Theorem 3 in [3]).

Theorem 2.2 (on k-strong sequences). Let B, k, i, T be cardinals such thatw < 8 < t, u < B, k < t and B, t be
regular. Let X be a set of cardinality t. If there exists a k-strong sequence {Hy C X:a < t} with |Hy| < 2" for
all @ < t, then there exists a k-strong sequence {Ty: o < B} with |Ty| < k forall o < .

Proof. Consider a k-strong sequence {Hy:a < 1} as was done in the theorem. We define families {Py, €
P(X):y < B} with the following properties:
() {ay: y < B} is an increasing subsequence of t;
(ii) P, = {T&, € [Ha, 15| f h(T§V)| =1, forsomeh e€®r,ge?1,§ <yl
(iii) fO,y!;,:Ag(s \ {oy} — [Hay]<’c is a function given by the formula f, »(§) = Tagy,h elrg 6 V1,8 <y,
with the property Tgy, U Hy and T, U T/ are not -directed for a5 < @, < a, where A% = f-!, (T§;) and
|Azs| =t for§ <y, Tg; € Pay.

We proceed by transfinite recursion. Take cg < 7 and Hy,,. (Without the loss of generality we can assume that

Olgh

a0 = 0). By Definition 1 for each « > « there exists T € [Hg,,]<* such that T U Hy is not k-directed. Consider a
function

Joro: T\ {0} — [Hoo]™*
given by the formula fy,(§) = T(fo, where T§0 € [Hg,] =" is such that T(fo U Hy, is not k —directed for any g < «.
Since |Hy,| < 2 we have |[Hg,] =] < (2#)=® = 2#_ Then the function fy, determines a partition of t \ {ao}
into at most 24 < t elements. Since 7 is regular the family

= {Ta € [Hy,) ™" Ifa_ol( )| = t.forsome & < 7}

is non-empty.

Next for n < B we define Pg,+1. By previous steps for n < B we have constructed Py, = {T(f" €
[Han]<K:|fa;}h(T§n)| = 7, forsomeh € %7, g € "1,§ < n}. For each T, € Pg, let A5 = fa;}h(Tfn).
For each such a set Agn consider a function

Jan+1.g: Aﬁ,, \ {an + 1} = [Hy,y+1]17"

given by the formula fy, 41.¢(§) = a +1 for Tg 41 € [He,] = such that T(f +1 U Hg and T(f 1 U Té’; are
not k-directed whenever g < oy < . Since |Han+1| < 2" we have |[Han+1]<"| < (2H)<k = 2“ the function
Ja,+1.¢ determines a partition of Agn \ {&y + 1} into at most 2# < 7 elements. Since 7 is regular the family
Po,+1 =TS +1 € [Hoy+117: | fi) 41 o (T +1)| = 7, for some g"¢ € "t 11}
is non-empty and fulfills (ii)-(iii).
Now we assume that 7 is limit and for all § < 7 the families Py; = (T, € [Has]™*: |f (T ) =
7, forsome h € *1, g € Sr.4 < ¢} fulfilling (ii)-(iii) have been defined. We set

Boy ={() U T5,: T € Pas}

s<ngedr

and
, =T € Ba,: T # 0}.

Obviously | B/, o = 2K By previous steps we have | f . h( ;)| = T and A = (To’;’;) for all T, € Py and

Otgh
het 7,8 € r,A<8<r.Let

= {h e u|f, (T = o).
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Take A, = UhEFus AL, . Consider a function
Sorn: Ay \ tet}y — [B, ]

given by the formula fy, (§) = Tgn such that T(fn U Hy and T(fn u Tal;lg are not k-directed for all 1 € Fy;, a5 <
oy < . Then the family P, = {T§, € [Ba,]=%:| f'(T4,)| =  for some & < } fulfills (if)-(iii).
Thus we have constructed at least one k-strong sequence of the form

o

{Tgy €Py,y<p.ge’t).

Suppose now that at least one of defined above x-strong sequences has length { > §. Each set T(fy determines a set
Agy C 7 of cardinality 7, i. e. there is defined a function fy,, ¢ asin (iii). Let v = sup{| Py, |: ¥ < {}. Then there
would exist v& > 1 pairwise disjoint sets Agy of cardinality . A contradiction. O

Corollary 2.3. Let B8, k, T be cardinals such that w < < 1, k < T and B, T be regular. Let X be a set of cardinality
t. Then either X contains a k-directed subset of cardinality T or there exists a family of cardinality  consisting of
subsets of [X1=* with the property: for each A, B € [X]<¥ the set AU B is not k-directed.

Proof. Without the loss of generality we can assume that X C 7. Suppose that each «-directed subset of X has
cardinality less than t. We will construct a k-strong sequence { Hy:« < 7} via transfinite recursion.

Assume that for o < 7 the k-strong sequence {H, C X \ U, <, Hy:n < o} has been defined. Since | H;| < t
then |, <o Hnl| < t and 7 is regular we have | X \ |J,)<,, Hn| = 7. Now we will construct Hy.

Let & be successor. Let Hy C X \ |, <, Hy be a maximal k—directed set.

Let o be limit. Let x = min(X \ | J, <o, Hp)- Let Hy = U, <, Hn U {x}.

Let H, be the next element of the «-strong sequence. By Theorem 2.2 there exists a k-strong sequence {Ty: @ <
B} such that | Ty, | < « forall @ < B.If Ty, are not pairwise disjoint then we take the family consisting of sets 7, such
that 7 = To and T, = To \ Ug<q T for o - successor and 7¢, = sup({Jg<q Tp) for o - limit. This completes
the proof. O

The next corollary follows immediately from Corollary 2.3.

Corollary 2.4. Let B8, k, T be cardinals such that w < < 1, k < T and B, T be regular. Let X be a set of cardinality
t. Then either X contains a k-directed subset of cardinality T or there exists a subset of X of cardinality B consisting
of pairwise incompatible elements.

The next result in this paragraph will be the special case of previous ones for (P(X), C).

A family A C P(X) is closed under taking x - intersections i.e. for all A’ C A such that |A’| < k we have
(A’ € A. Letk, T be cardinals with ¥ < 7. A family of sets A C P(X), with | A| > , is called a k-vaulted family
iff for each subfamily B C A of cardinality less than x we have (B # 0.

Theorem 2.5. Let B, k, T be cardinals such that o < B K 1, k < T and B, T be regular. Let X be a topological
space of cardinality . Let A C P(X) be a family of sets with | A| = t closed under taking k-intersections. Then A
contains a k-vaulted family of cardinality T or A contains a subfamily of cardinality 8 which consists of pairwise
disjoint sets.

Proof. Let A = {A,:y < t} be a family as is required in the theorem. Define a partial ordered set P = {y <
7: A, € A} with the following relation.
(v.B)er & Ay C Ag.

If y, B are incompatible, then A, N Ag = @. By Corollary 2.4 the proof is complete. O



1280 =— J. Jureczko DE GRUYTER OPEN

3 Generalized independent families

In [7] the following definition was introduced

Definition 3.1 ([7]). LetZ = {{Io’?: B < Aq}:a < T} be a family of partitions of an infinite set S with each Ay > 2
and let k, A, 0 be cardinals. If for any J € [t]<¢ and for any f € yejrq the intersection ﬂ{laf(a):a € J} has
cardinality at least k, then T is called a (0, k)-generalized independent family on S. Moreover, if Ao, = A for all
o < 1, then T is called a (8, k, A)-generalized independent family on S.

Notice that an independent family considered in [6] is (w, 1, |S|)-independent family on a set S. Moreover in [8]
and [7] there are shown some results concerning cardinality of generalized independent families. In Theorem 3.2 we
show the relation between the existence of generalized independent families and k-strong sequences.

Let A C P(X). Then

¢(A) = sup{|B|: B is a subfamily of pairwise disjoint sets of .4}.

Theorem 3.2. Let B, k, T be cardinals such that v < B < 1, k < T and B, t be regular. Let X be a topological
space of cardinality t. Let A C P(X) be a family of cardinality t closed under taking k-intersections and such that
c(A) < B. Then there exists a (k, 1)-generalized independent family of cardinality t.

Proof. Consider a family Part = {P%:|P%| = Ay, < &} of all partitions of 7. Since Ao < 7 forall @ < &,
|Part| > t. By Theorem 2.5 there exists a «-vaulted family A C Part of cardinality t. We will construct a
(«, 1)-generalized independent family via transfinite recursion.

Assume that for < 7 the (k, 1)—generalized independent family Z = {P¥ € A\{PY:y < a}:a < n} hasbeen
defined. Clearly, Z has the property that for any J € [7]<¥ and f € I1yes Ay the intersection ﬂ{I({'(O‘): aeJ}is
non-empty, where 1@ is a f(a)-element of the partition P¥. Since n < t and |A| = 7, A\ {P%: a0 < n} # 0.
Hence we can continue our construction. Let

IT={I:1= ﬂ{ldf(a):a € J) for some J € [n]~¥ and some f € yesry}.

Observe that | JZ = 1. If not, then there exists § € t \ |JZ. It would mean that there is no J € [5]=* and
f € Mygejry such that § € ﬂ{I({(a):a € J}. Then 6 ¢ P% for some P* € Z. A contradiction because
P% e Part.

Let  be a successor. Let P € A\ {P%:a < n} be a partition with the property that for all / € Z there exists
I, € P"suchthat I C I,. Foraset J € [t]<¥ and f € TyecsAq choose {Idf(a):ot € J}. Since the family A is
i-vaulted, {1 @ :a € J} # 0.

If n is the limit, then we take P" = (", ,, P*.

Thus the (k, 1)—generalized independent family { P¥ = {I(‘f: B < Aq}:a < 7} has been defined. O

In [6] it is proved the result related to the density of product of topological spaces (Theorem 8) using the theorem on
the existence of independent families (Theorem 3). Following [8], we give the definition of x-box product.

Let «, j1 be cardinals with 8o < k < w and {X;}; <, be a family of topological spaces. Then [I%_ . Xi denotes
the k-box product which is induced on the full Cartesian product IT; ¢, X; by the canonical base

B = {ﬂ prl-_l(Ui): I € P—, () and U; is open in X, },
iel
where P, (u) :={I C w:|I| < «}.
The next two corollaries follow from Theorem 2.5 and Corollary 2.3 and Theorem 4.3 in [7].

Corollary 3.3. Let 8, k, t be cardinals such that o < <K t, k < t and B, T be regular. Let X be a topological
space of cardinality t. Let A C P(X) be a family of cardinality t closed under taking k-intersections and such
that c(A) < B. Let { Xy o<z be a family of topological spaces such that d(Xy) < Aq for all o < t. Then
d(Ofec(Xa)) = IS|.
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A topological space X is irresolvable if X does not have disjoint dense subsets.
Let A be a cardinal. An ideal Z C P(X) is called A-complete if | J, ., Aq € Zfora < A and Ay € Z.
In [7], one can find the following lemma

Lemma 3.4. Suppose (X, T) is an open-hereditarely irresolvable space and T is a Pg-topology for some regular
cardinal 0. Let N denote the ideal of nowhere dense subsets, and let A be the smallest cardinal such that N is not
A-complete. Then foranyy <yt < Xandn < 0, N is (y") T -complete.

Corollary 3.5. Let B8, «,0, T be cardinals such that o < 8 < t, k < T and 0 < T with B, t, 0 are regular. Let X be
a topological space of cardinality t. Let A C P(X) be a family of cardinality t closed under taking k-intersections
and such that c¢(A) < B. Suppose that T is a family of partitions of a set S with each Ay, < 0. Let N be the ideal
of nowhere dense set of the simple topology induced by T and let A be the smallest cardinal such that T is not A-
complete. Then

1) there is a nonempty open set U of the simple topology such that U with the subspace topology satisfies all
conditions in Lemma 3.4 and the ideal Ty of nowhere dense set of U is A-saturated and

2)2<? = 9.

We finish this paper by showing relations between cardinal invariants associated with both considered notions. Let
k be a cardinal and let X be an infinite set of the cardinality x. Accept the following notations:

S, = sup{e: there exists a k-strong sequence in X of length o}.
i(k,1) = min{a: there is no (k, 1) — generalized independent family on X of length «}.

Theorem 3.6. Let k, T be cardinals such that k < t and t - regular and there exists a regular cardinal B such that
w < B K t. Let X be atopological space of cardinality t. Then 5, < i(x,1).

Proof. Without the loss of generality we can assume that X C 7. Let Z be a maximal («, 1)-generalized independent
family. If |Z| = t and 7 contains a k-vaulted family of cardinality 7 then the theorem is complete. Suppose that each
k-vaulted family has cardinality less than t. (Then by Theorem 2.5 there are only B pairwise disjoint sets in Z for
o < B <K t, B, t-regular). By transfinite recursion we will construct a k-strong sequence {Hy: o < 7}. Assume
that for y < @ < 7 the k-strong sequence {Hy:y < «} such that H,, C X \ |, <, Hy has been defined. Since
[Hy| <7, |Uy<q Hyl < 7 and 7 is regular we have | X \ U, <o, Hy| = 7.

Let & be a sucessor. Hence there exists a maximal k-directed set Hy C X \ J,, -, Hy such that Hy U H), is
not k-directed for all y < «.

If o is limit, then Hy = |J,, ., Hy U {x}, where x = min(X \ J,, ., Hy). Obviously, Hy U H,, is not
k-directed for all y < «. Let H be the next element of the x-strong sequence. The proof is complete. O

The easy consequence of Theorem 3.6 and Theorem 3.2. in [7] is

Corollary 3.7. Let k, T be cardinals such that k < t and t - regular and there exists a regular cardinal B such that
w < B K t. Let X be atopological space of cardinality t. Then the following statements are equivalent:

1) S <i(k, 1)

2) d(l:li" (Xa)) < |X| holds for any family of topological spaces { X }o <5,.» With each d(Xq) < A for some A < 7.
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