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Abstract: A new eigenvalue localization set for tensors is given and proved to be tighter than those presented by
Qi (J. Symbolic Comput., 2005, 40, 1302-1324) and Li et al. (Numer. Linear Algebra Appl., 2014, 21, 39-50). As
an application, a weaker checkable sufficient condition for the positive (semi-)definiteness of an even-order real
symmetric tensor is obtained. Meanwhile, an S-type E-eigenvalue localization set for tensors is given and proved to
be tighter than that presented by Wang et al. (Discrete Cont. Dyn.-B, 2017, 22(1), 187-198). As an application, an S-
type upper bound for the Z-spectral radius of weakly symmetric nonnegative tensors is obtained. Finally, numerical
examples are given to verify the theoretical results.
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1 Introduction

For a positive integer n, n > 2, N denotes the set {1,2,--- ,n}. C (R) denotes the set of all complex (real) numbers.
We call A = (a,...;,,,) a complex (real) tensor of order m dimension n, denoted by A € Cclm.nl(Rlm.nly if

ajy iy, € (C(]R),
where i; € N for j = 1,2,--- ,m. A tensor of order m dimension 7 is called the unit tensor, denoted by Z, if its
entries are §;,...;,, fori1, -+ ,im € N, where
L, ifiy = =ip,
Sil“'im =

0, otherwise.
A is called nonnegative if a;,...;,, > 0. A = (@j,.i,,) € RU771 s called symmetric [1] if

Aiy iy

= Ag(iyipy)s YT € Iy,

where I1,, is the permutation group of m indices. A = (a;,...i,,) € RU7-7] s called weakly symmetric [2] if the
associated homogeneous polynomial

m _ e )
Ax™ = E Ajyevipg Xiy = Xipg
i1, im€N

satisfies VAx" = mAx™~!. It is shown in [2] that a symmetric tensor is necessarily weakly symmetric, but the
converse is not true in general.
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To an n-vector x = (x1,x2 -+, xn)T, real or complex, we define the n-vector:
m—1
Ax = E Ajijrei,yXiz ** Xipy
P20 im€N l<i<n
and
m—1 m—1
x[ ]:(Xl' )1§i§n~

Definition 1.1 ([1, 3]). Let A = (aj,..i,,) € CU". A pair (A,x) € C x (C"\{0}) is called an eigenvalue-
eigenvector (or simply eigenpair) of A if
Ax™m=1 = ptm=1,

(A, x) is called an H -eigenpair if both of them are real.

Definition 1.2 ([1, 3]). Let A = (a;,...i,,) € RU-11 A pair (A, x) € C x (C*\{0}) is called an E-eigenpair of A if
Ax" V= Ax and xTx = 1.

(A, x) is called an Z -eigenpair if both of them are real.

We define the Z-spectrum of A, denoted Z(.A) to be the set of all Z-eigenvalues of A. Assume Z(A) # 0, then the
Z-spectral radius [2] of A, denoted o(A), is defined as

0(A) 1= sup{|A| : & € Z(A)L.

It is shown in [1] that a real even-order symmetric tensor A = (aj,...;,,) is positive definite if and only if all of its
H -eigenvalues (Z-eigenvalues) are positive. However, when m and n are very large, it is not easy to compute all
H -eigenvalues (Z-eigenvalues) of .A. Then we can try to give a set in the complex which includes all H -eigenvalues
(Z-eigenvalues) of A. If this set is in the right-half complex plane, then we can conclude that all H -eigenvalues
(Z-eigenvalues) are positive, consequently, A is positive definite; for details, see [1, 4-7].

There are other applications of (E-)eigenvalue inclusion sets, for example we can use them to obtain the lower
and upper bounds for the H -eigenvalues (Z-spectral radius) of (nonnegative) tensors and the minimum eigenvalue
of M-tensors; for details, see [8—-19].

In 2005, Qi [1] presented the following Gersgorin-type eigenvalue localization set for real symmetric tensors,
which can be easily extended to general tensors [4, 20].

Theorem 1.3 ([1, Theorem 6]). Let A = (a;,...i,,) € Cclm.nl Then
a(A) ST(4) = | Ti(A),

ieEN
where o (A) is the set of all eigenvalues of A and
Ti(A) ={zeC:|z—aii| Sri(A} ri(A = D |aiigeiyl.

3[[2“.[," =0

To get a tighter eigenvalue localization set than I"(A), Li er al. [4] proposed the following Brauer-type eigenvalue
localization set for tensors.

Theorem 1.4 ([4, Theorem 2.1]). Let A = (a;,..i,,) € Cclm.nl Then

s kW= |J K.
I,JEN.jF#i
where .
Kij(A) ={zeC:(z—aj.il—r] (A)lz —aj. ;| <lajj.;lrj(A)}.
= Y ingein] = ri(A) = laij..;.
8,‘,‘2...,'," =0,

8]'1‘2...,',” =0
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To reduce computations, Li ef al. [4] gave an S-type eigenvalue localization set by breaking N into disjoint subsets
S and S, where S is the complement of S in N.

Theorem 1.5 ([4, Theorem 2.2]). Let A = (aj,..i,,) € CV™, S be a nonempty proper subset of N. Then

sHckSH=| U c,@|lUl U x,w

ieS.jeS ieS.jes

In 2017, Wang et al. established the following Z-eigenvalue localization set for a real tensor .4, which is completely
different from eigenvalue localization sets and can be generalized to an E-eigenvalue localization set easily.

Theorem 1.6 ([8, Theorem 3.1]). Let A = (aj,..i,,) € RV, Then
ZA) T = | KA.
ieN
where

Fi(A) ={z € C: |z S Ri(A)} Ri(A) = Y aiigeiy-

i2im€N

The main aim of this paper is to give a new eigenvalue localization set for tensors, which is tighter than those in
Theorems 1.3-1.5, and a new E-eigenvalue localization set for tensors, which is tighter than that in Theorem 1.6.
As applications, a weaker checkable sufficient condition for the positive (semi-)definiteness of an even-order real
symmetric tensor is obtained based on the eigenvalue localization set, and a new upper bound for the Z-spectral
radius of weakly symmetric nonnegative tensors is obtained based on the E-eigenvalue localization set.

2 A new eigenvalue localization set for tensors and its applications

In this section, we propose a new eigenvalue localization set for tensors and establish the comparisons between this
set with those in Theorems 1.3-1.5. As an application of this set, we give a weaker checkable sufficient condition for
the positive (semi-)definiteness of an even-order real symmetric tensor.

Theorem 2.1. Let A = (aj,...i,,) € CV"]. Then

s KW= [\ K,

iIEN jEN,j#i
where
Ki j(A) = {z €C: (|2 =ajmil =1 (A)z —ajj| < laijo;lrs (A)} .
Proof. Let A be an eigenvalue of A with corresponding eigenvector x = (x1.--- ,x,)7 € C*\{0},i.e.,
Ax™m=1 = pxbm=1, ()

Let |x,| = max{|x;| : i € N}. Then, |x,| > 0. From (1), we have

m—1 __ L. X X o ym—1 . .
A—ap.p)x, ' = Z Apiy-wipmXiy *** Xy T apjjXj YV jEN,j#p.
spl'z'“imzo‘

5_/‘i2~-<im=0

Taking modulus in the above equation and using the triangle inequality give

—1 —1

A —apepllapl™™ < D7 Napizeig|Xinl -+ X |+ lapoes | 1™
‘Spiz“'imZO’
8ji2~-im=0
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IA

-1 —1
3o lapigeinllxol™ Tt lapg el ™
pinim=0"
8jinim=0

8

j —1 —1
5 (Dxp" ™0+ lapjllx; M0,

equivalently,

(A = apep| = 1 ()xp ™ < apjjllx; ™" )
If [x;| =0, by |xp| > 0, we have [A —ap...p| — rl{ (A) < 0. Then

(1A = apepl =15 (ADIA = ajej| <0 < lapj.jlrj (A,
which implies that A € K, ; (A) € K™ (A). Otherwise, |x;| > 0. Similarly, from (1), we can obtain
A —aj.jllxi "7 < rp(A)lxp ™ 3

Multiplying (2) with (3) and noting that |[x, |~ !|x;|""~! > 0, we have

(A = dpep| = 1 (DA = ajcj| < lapj..;|r; (A),

then A € K, j(A) € K™(A). From the arbitrariness of j, we have A € (  Kp.;(A). Furthermore, A €
JEN.jF#p
U N K. O

i€EN jEN,j#i
Next, a comparison theorem is given for Theorems 1.3-1.5 and Theorem 2.1.
Theorem 2.2. Let A = (a;,...i,,) € Clm-1 S be a nonempty proper subset of N. Then
K(A) € K5(A) € K(A) € T(A).
Proof. Let S be the complement of S in N. According to Theorem 2.3 in [4], K5 (A4) € K(A) € T'(A). Hence, we

only prove K™ (A) C K5 (A). Let z € K™ (A), then there exists ip € N, such that z € K;, ; (A),Y j € N, j # io.
Ifip € S, then for any j € S, wehave z € U Kiy.j (A) QICS(.A).Iin IS S,thenforanyj € S, we have
ipeS.jeSs
ze U Kij(A) € K5(A). The conclusion follows. O
ioeS.jes
Remark 2.3. Theorem 2.2 shows that this set in Theorem 2.1 is tighter than those in Theorem 1.3, Theorem 1.4 and
Theorem 1.5, that is, K" (A) can capture all eigenvalues of A more precisely than T'(A), K(A) and K5 (A).

As shown in [1, 4-7], an eigenvalue localization set can provide a checkable sufficient condition for the positive
(semi-)definiteness of tensors. As an application of Theorem 2.1, we give a checkable sufficient condition for the
positive (semi-)definiteness of tensors.

Theorem 2.4. Let A = (a;,...;,,) € RV be an even-order symmetric tensor with ay.., > 0 for allk € N. If
VieNdjeN,j#i

(a,:..,- — rij (A))a,, > |a,-_,-..._,- |rj (A),

then A is positive definite.

Proof. Let A be an H-eigenvalue of A. By Theorem 2.1, we have A € K™ (A), that is, there is iop € N, for any
J €N, j #io,
(1A = @iguio) = 1 (D)A = @) j | < laig I (A).
Suppose that A < 0. Then for ig € N, 3 jo, such that a;,...;, > 0,a,...j, > 0, and
(1A = @igumio) = 1O (A)IA = @y ol = (@igmio — 170 (Ao jo > i jorm jol o (A).

This is a contradiction. Hence, A > 0, and A is positive definite. The conclusion follows. O
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Similar to the proof of Theorem 2.4, the following sufficient condition is easily obtained.

Theorem 2.5. Let A = (a;,..i,,) € RI™-11 pe an even-order symmetric tensor with ay..,. > 0 forallk € N. If
VieN3IjeN,j#Ii

(a,‘...i — rl'-/ (.A))aj...j > |a,~j...j |rj (.A),
then A is positive semi-definite.

Remark 2.6. When n = 2, Theorem 2.4 is the same as Theorem 4.1 and Theorem 4.2 in [4]. When n > 3, it is easy
to see that the conditions of Theorem 2.4 for determining the positive definiteness of tensors are weaker than those
in Theorem 4.1 and Theorem 4.2 in [4].

Next, an example is given to verify the fact in Remark 2.6.
Example 2.7. Let A = (a;jx;) € R™-31 be a symmetric tensor with elements defined as follows:
arinn = 12.1,a2222 = 4.6,a3333 = 3.6,a1112 = —0.1,a1113 = 0.15,a1122 = 0.2, 41123 = —0.2,

a1133 = 0,a1222 = —0.1,a1223 = 0.3,a1233 = 0.1,a1333 = —0.15,a2223 = 0.1,a2233 = —0.1,a2333 = 0.2.

By computations, we get that

(a1111 — i (A)azsss = 29.7 > 0.5550 = |a1333|r3(A); )
(a2222 — 13 (A))azszzz = 1.0800 > 0.7400 = |a2333|r3(A):; Q)
(a3333 — 3 (A)ari11 = 0.6050 > 0.6000 = |az111|r1(A); (6)

(a3333 — r3(A))azrzan = 0 < 0.45 = |az222]r2(A). (7

Let S = {1,2},S = {3}. Because (7) holds, we can not use Theorem 4.1 and Theorem 4.2 in [4] to determine the
positiveness of A under this division. But from (4)-(6) and Theorem 2.4, we can determine that A is positive definite.
In fact, all the H -eigenvalues of A are 2.9074, 3.1633, 3.7705, 4.6282 and 12.4216. By Theorem 5 in [1], A is
positive definite.

3 A new E-eigenvalue localization set for tensors and its
applications

In this section, we give an S-type E-eigenvalue localization set for tensors, and establish the comparison between
this set with that in Theorem 1.6. For simplification, we first denote some notations. Given a nonempty proper subset
S of N, let

AN = {(i2,i3,-++ ,im) s eachi; € N for j =2,--- ,m},

AS = {(i2,i3,-++ ,im):eachi; €S for j =2, ,m},
and then e
AS = AN\AS.
This implies that for a tensor A = (a;,...;,,) € RI".7] e have that fori € S,
S AS
Ri(A) = > |aitgein = RN (A) + RN (A),
2, 0imeN

where _
S S
R (W)= Y iigeinl R A= D aiigeinl-

(i2,.im)EAS (i2.+ im)EAS
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Theorem 3.1. Let A = (a;,...i,,) € RU™-11 S be g nonempty proper subset of N, S be the complement of S in N.
Then

cec’W= U «,@0|lUl U 2f,w].
ieS.jeS ieS.jeS
where o g (A) is the set of all E-eigenvalues of A and
Q7 () = {7 € C: 21021 - RET(A) = Ri(ARE (W)

ij (A) = {z eC:|z|(|z] - RJ-F(A)) <R; (A)ng (A)} :

Proof. Let A be an E-eigenvalue of A with corresponding eigenvector x = (x1,--- ,x,)7 € C"\{0}, i.e.,
Ax™ 1 = dx,||x]]2 = 1. )

Let |x,| = max{|x;| : i € S} and |x,| = max{|x;| : j € S}. Then, at least one of |x,| and |x,| is nonzero. We
next distinguish two cases to prove.
Case 1. Suppose that |x4| > |x,|, then [x4| = max |x;| and 0 < |x4|"*~! < |x4| < 1. From (8), we have
JeEN

AXQ = E AginimXin = " Xipy =+ E AqizimXiz " Xip -

(i2im)EAS (izim)EAS

Taking modulus in the above equation and using the triangle inequality give

-1
Axgl" V< Alxgl = 30 agieinlXisl - xinl + D lagizein i ]+ x|
(i2+im)EAS (inim)EAS
-1 -1
< ) agieinll T YD lagiseinllxel”
(i2+im)EAS (inim)EAS

S _ NS _
= RS (Axp " + R (A)|xg ™,

NS _ S —
(1Al = RE™ (ADlxq ™" < RE” (A)lxcp ™" ©)
If x| = 0, by [x¢| > 0, we have [A| — R2° (A) < 0. Then
NS S
(1A] = R2* (W)IA] < 0 < R (AR, (A).
which implies that A € Qgsq(A) C Q5(A).If |x,| > 0, from (8), we can obtain

A" < Mol < Y apigei1Xin] -+ X0 | < Rp(A)]xg "' (10)

irimeN
Multiplying (9) with (10) and noting that |x,|”~1|x4|”~! > 0, we have
AS S
(A= RZ (ANIAl < RZ (ARy(A),

which leads to A € Qg,q(.A) C QS (A).
Case II. Suppose that |x,| > |x4], then |x,| = mex}( |xi]and 0 < |xp,|"™~! < |xp| < 1. Similar to (9), we can
XS]

obtain

(Al = RS (A, "1 < RD® ()] (11)
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If [x4| = 0, by [xp| > 0, we have || — RA* (A) < 0. Then
AS N
(1Al = R; (ADIAl < 0 < R (A Ry (A),

which implies that A € Qgsp(.A) C Q5 (A). If |x4| > 0, similar to (10), we have

Allxg "~ < Rg(A)lxp "1 (12)
Multiplying (11) with (12) and noting that |x,|”*~'|x,|”*~! > 0, we have

‘AS 5
(1Al = Ry (A)IAl < Ry (A)Rq (A,

which leads to A € 5 »(A) < QS (A). The conclusion follows from Cases I and II. O

Theorem 3.2. Let A = (a;,..;,,) € RS be a nonempty proper subset of N, S be the complement of S in N.
Then
Q5 (A) C T'(A).

Proof. Let A € Q5 (A). Then

re |J @f,@ore | @A,

ieS.jeS ieS.,jeS
Without loss of generality, suppose that A € ] Q IS ; (A) (we can prove it similarly if A € U QIS 7 (A)).
B ies.jes ieS,jes
Then there are i € S and j € S such that A € QIS] (A),1ie.,
AS s
Al = R (A) = Ri (AR (A), (13)

If R; (A)RJ.AS (A) =0,thenA = 0or |A]| < R]-Ais(A) < R;(A). Hence, A € R;(A)J R, (A). Otherwise, from
(13), we have

AL R=RP W
Ri(A)  RA(A)

Furthermore,
A,
Ri(A) —

or

4] — RA%(4)

——as, =L

R

which implies that A € R; (A) [ R; (A). O

Remark 3.3. From Theorem 3.2, we known that the set Q (A) in Theorem 3.1 localizes all E-eigenvalues of a
tensor A more precisely than the set f‘(A) in Theorem 1.6.

Next, based on Theorem 3.1, we give an S-type upper bound for the Z-spectral radius of a weakly symmetric
nonnegative tensor.

Theorem 3.4. Let A = (a;,..i,,) € RV be a weakly symmetric nonnegative tensor, S be a nonempty proper
subset of N, S be the complement of S in N. Then

0(4) < WS (A) = max | max WS (4), max WS (A)q,
ieS.jes

ieS,jeS
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where
W) = ; { RA(A) + [(RET)? + 4R; (A)R“(A)]é}
S(4) = {RA*(A) + [(RM)2 +4R; (A)RAS(A)] }
Proof. By Lemma 4.4 in [8], o(A) is the largest Z-eigenvalue of .A. From Theorem 3.1, we know that o(A) €
Q5 (A). Then

obe |J @ Woee () «F .
ieS.jeS ieS.jes
We next distinguish two cases to prove.

Case I If o(A) € U QIS]- (A), then there existsi € S, j € S, such that
ies.jes

o(A) (o) = RET (W) = Ri(ARE (A).

Then

D=

o) = 3 { R )+ [R5 (02 + R )]

I

o(A) < max {RAS(A) + [(RAT (4% + 4R, (A RS (A)H
ieS,jes 2

Furthermore,

CaseI: Ifo(A) e U QIS ; (A), similar to the proof of Case I, we can obtain
ieS.jes

(S

-
Q(A)<l€glaxsi{ RES () + [(RES (4% + 4R; (A RA (W]

I

The conclusion follows from Cases I and II. O

Theorem 3.5. Let A = (a;,..i,,) € R be a weakly symmetric nonnegative tensor, S be a nonempty proper
subset of N, S be the complement of S in N. Then

WS (A) < max R; (A). (14)
ieN
Proof. Here, we only prove that when W (A) = max \Ilg (A), (14) holds. Similarly, we can also prove that
ieS.j
(14) holds if WS (A) = max lIJl‘Sj (A). Next, we d1v1de two cases to prove.
ieS.jes

CaseI: Foranyi € S, j € S,if R; (A) < R, (A), then
WS (4) =  max {RAS(A) + [(RAT ()% + 4R, (A)RAS(A)F}

RAY (W) +

)+
'+

(A) +

IA
YB
o
kel

AT + [ (RET (4)? + 4R; (A)R,-AS(A)]E}
A% (R2T ()% + 4(RA” (A) + RJAS(A))RJ-AS(A)]Z}

R (A) + [(RJ.TS(A) +2RA (,4))2]7}

R (A) + RAT (4) +2RA® (A)}

= max R; (A)
J
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< R;(A).
= jnéa;\} j (A)
Case Il: Forany i € S, j € S,if R;(A) > R;(A), then 0 < R]-AS (A) < R;i(A) — R]-Ais(.A), and
1
WS (4) =  max {RAS(A) + [(RAS(A))2 +4R; (AR’ (A)]z}

RS () 4 [(RET ()2 + 4R (A)(R; () RFS(A))]E}

IA
J<h=]
)
>

(A) + [ @R () - RJ-AS(A))Z]é}

(A) + 2R; (A) — RJ.TS(A)}

IA
8
o
>

=z

&

The conclusion follows from Cases I and II. O
Remark 3.6. Theorem 3.5 shows that the upper bound in Theorem 3.4 is better than Corollary 4.5 of [9].

Now, we show that the upper bound in Theorem 3.4 is sharper than those in [8§—13] in some cases by the following
example.

Example 3.7. Let A = (a;x) € RB:-31vith entries defined as follows:

0 20 1 05 2 0 2 05
ACG,, =115 1 2 |, AGL2)=]1 0 0 2|, AG:3)=|2 3 25
0 20 2 25 3 1 2 1

It is not difficult to verify that A is a weakly symmetric nonnegative tensor. By computation, we obtain (0(A), x) =
(7.3450, (0.3908, 0.6421, 0.6596)). By Corollary 4.5 of [9] and Theorem 3.3 of [10], we both have

o(A) < 14.

By Theorem 3.5 of [11], we have
o(A) < 13.91809.

By Theorem 4.6 of [8], we have
o(A) <13.9133.

By Theorem 4.7 of [8], we have
o(A) < 13.8167.

By Theorem 4.5 of [8] and Theorem 6 of [12], we both have
o(A) < 13.5000.

By Theorem 2.9 of [13], we have
0(A) <12.9790.

Let S = {1}, S = {2,3}. By Theorem 3.4, we obtain
0(A) < 11.5440,

which shows that the upper bound in Theorem 3.4 is sharper.
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4 Conclusions

In this paper, we give a new eigenvalue localization set X' (A) and prove that K™ (A) is tighter than those in [1] and
[4]. Based on this set, we obtain a weaker checkable sufficient condition to determine the positive (semi-)definiteness
for an even-order real symmetric tensor. Meanwhile, we present an S-type E-eigenvalue localization set 2 (A) and
prove that 5 (A) is tighter than that in [8]. As an application, we obtain an S-type upper bound ¥ (A) for the
Z-spectral radius of weakly symmetric nonnegative tensors, and show that WS (A) is sharper than those in [8—13]
in some cases by a numerical example. Then an interesting problem is how to pick S to make W™ (A) as small as
possible. But this is difficult when # is large. In the future, we will focus on this problem.
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