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Abstract: Some new error bounds for the linear complementarity problems are obtained when the involved matrices
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1 Introduction

Given a real matrix M = [m;;] € R™*" and ¢ € R", the linear complementarity problem LCP (M, g) is to find a
vector x € R satisfying

(Mx~|—q)Tx=0, Mx +q >0, x>0,

or to prove that no such vector x exists. The LCP (M, q) has many applications such as finding Nash equilibrium
point of a bimatrix game, the network equilibrium problems and the free boundary problems for journal bearing etc,
see [1-3].

As is known, the LCP (M, g) has a unique solution for any vector ¢ € R" if and only if M is a P-matrix [2].
Here, a matrix M is called a P-matrix if all its principal minors are positive [4].

For the LCP (M, q), one of the interesting problems is to estimate

max_ ||(/ =D 4+ DM)™ ||,
del0,1]n

which can be used to bound the error || x — x™||oo [5], that is

s ="l < max (7 =D+ DM) ™ foollr()loe.

where x™* is the solution of the LCP(M, q), r(x) = min{x,Mx + q}, D = diag(d;) with 0 < d; < 1, and
the min operator r(x) denotes the componentwise minimum of two vectors. If the matrix M for the LCP (M, q)
satisfies certain structures, various bounds for 4 n[](?)i ] (I = D + DM)™ |00 can be derived, see [6-13].
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Definition 1.1 ([4]). A real matrix A = [a;;] € R"*" is called a B-matrix if foranyi,j € N ={1,2,--- ,n},

> aix > 0. i(z aik)>aijs J#i.

keN keN

Definition 1.2 ([14]). A complex matrix A = [a;;] € C"™" is called a weakly chained diagonally dominant
(wedd) matrix if A is diagonally dominant, i.e.,
n
aj; 2 ri(A) = Z laij|, Vi €N,
J=1,%#i
and for each i € J(A), there is a sequence of nonzero elements of A of the form a;;,,a; iy, ,a;i, ; with j €
J(A)={i € N :a;; >ri(A)} #0.

Definition 1.3 ([13]). A real matrix M = [m;;] € R"™" is called a weakly chained diagonally dominant (wcdd)
B-matrix if it can be written in form M = BT +C with Bt a wedd matrix whose diagonal entries are all positive.

When M is a B-matrix as a subclass of P-matrices, Garcia-Esnaola er al. [9] provided an upper bound for

max ||(/ — D + DM) 7} |eo.
de<[0,1]"

Theorem 1.4 ([9]). Let M = [m;;] € R"™™" be a B-matrix with the form

M =BT +C,
where
mi —1’1+ “'mln—"f’_
B+ — [b”] = s
mp1 _rr_z‘_ o Mpn —V,j_
and rl.+ = max{0,m;;|j # i}. Then
max_ (I = D+ DM) Voo < —— 1 ()
delo, 1] <= min{p, 1}’
where B = min{B;} and B; = bi; — ) |bij|.
ieN i

As shown in [12], the bound (1) will be inaccurate when the matrix M has very small value of

min {biz‘ = 2 1bijl
ieN l;él

max_ ||(/ — D + DM)™!||oc when M is a B-matrix.
de[0,1]"

, see [12, 13]. To improve the bound (1), Li et al. [12] gave the following bound for

Theorem 1.5 ([12]). Let M = [m;;] € R™" be a B-matrix with the form M = Bt + C, where BT = [b;;] is
defined as in Theorem 1.4. Then

i—1 n

I1 1+Bl_ Do Ibxl | )
J k

iz miniBi. 1} j =j+1

n

I—D+DM) s <
g max I +DM) oo < )

n—1

— n n
where i = bii = 3> bijlli(BT), l(B¥) = max §|bi,~| P> .lbiﬂ}and
J=i+1 =i=n J=k.#i

i—1 n

I 1+ L Yo bl | =1ifi=1

j=1 J k=j+1
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Recently, Li er al. [13] gave the following bound for rr[lax (I =D+ DM)~!| oo when M isa wedd B-matrix.

Theorem 1.6 ([13]). Let M = [m;;] € R™" be a wedd B-matrix with the form M = BT + C, where BT =
[bij] is defined as in Theorem 1.4. Then

i—1

bj
max I—D+ DM)™! = 2l ’ 3
56 I Ve 12 mln{ﬂz,l},l:ll Bj v

" n
where B; = bji — Y |b,,|>0and]_[ b“—llfl—l
J=iH j=1%

Since a B-matrix is a wedd B-matrix [13], thus the bound (3) also holds for B-matrix M.
Now, some notations are given, which will be used later. Given a matrix A = [a;;] € R, let

1 n
u;(A) = | | Z laij|, un(A) =0,
aiji =it1
n

1
lki(A) = WTH Z lag;l,  li(A) = iflkaﬁn {lki(A)}, (A =0,

J=i.#k
L . aki #0
ki (A) = lakkl_j:[%,;ek la; s
0, axi =0

max tkit, 1<i<n-—1
ri<A>={i+lsksn{’“} T

0, i=n
n
> laijl
f =k.,7#i
by (A) = I=RA U p(A) =1,
Kk (A) k+r1ng>ls§n{ | } n(A)
n
laik| + 2 laijlbk(A)
f=k—+1,%i
A) = J , A) = 1.
Pe(4) k;f‘;gn{ i Pt

The rest of this paper is organized as follows: In Section 2, we present some new bounds for 48 max ||(I -

D + DM)™!|loo when M is a wcdd B-matrix. Numerical examples are presented to illustrate the correspondlng
theoretical results in Section 3.

2 Main results

In this section, some new upper bounds of J I‘I[lél)i] (I = D 4+ DM)™"||o for wedd B-matrix M are provided.
€[0,1]"

‘We first list some lemmas which will be used later.

Lemma 2.1 ([15]). Let A = [a;;] € R"*" be a wedd M -matrix with uy (A) px (A) < 1 (Vk € N). Then

n i—1

A7 oo < max{ "

i=1

d pi(A) "“( u; (A)p; (A) )
2 a,~,~<1—u;(A)n(A)>jE[1 ML) | (0

i=1

1 1—[ u;(4)
aii (L= ui(A);(4)) 75 1—u;(A);(A4) ’
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where

i—1 i—1

u;j(4) ( uj(A)p;(A) ) o
_— = 17 1 4+ — | = 17 =
=" N+ =rasm) = v
Lemma 2.2 ([12]). Lety > 0 and n > 0. Then for any a € [0, 1],

1 _ .l
l—a+ya = min{y, 1}

and
_oma _n
l—a+ya vy
Theorem 2.3. Let M = [m;;] € R"*" be a wedd B-matrix with the form M = BT + C, where BT = [b;;] is
defined as in Theorem 1.4. If for eachi € N,

n

Bi = bii — > Ibijli(BT) >0,

J=it1
then
max_||(I =D+ DM)™ Vs
de[0.1]*
" . i1/, 7
< (n—l)maX 27,\ 1_[ (A Z |bjk|)»
= mm{ﬁi,l}j=1 Bj k=j+1
(B* (CAS
IGE s Y PIIC N R @
lmln{ﬁz, 1§ e Bi kSith
where

i—1 n i—1 p+ n
]_[(l > |b,-k|)=1, I1 14 280 Yool =1 ifi=1

J=1\PJ k=j+1 Jj=1 o k=j+1
Proof. Let Mp = I — D 4+ DM . Then
Mp=1-D+DM=1-D+ DB +C)=B} +Cp,

where B$ = I — D 4+ DB™. From Theorem 2 in [13], we know that Bg is a wedd M -matrix with positive
diagonal elements, Cp = DC, and

IMp oo < I+ (BE) ' CoY Moo l(BEH) Moo < (2 = DIBE) ™ oo (5)

By Lemma 2.1, we have

B oo < max | 3 ! "1:[‘ w(EE)
) (1= d; +bizd) (1 = ui (BE)G(BS)) j 2y 1= (BRI (B)

i=1 J—l

’ pi(B}) ot (1 u; (B3)p; (B5) )
+
Z (1 —d; +b;:di) (1 —u; (BN (B])) -H 1—u; (Bt (BY)

i=1 Jj=1

By Lemma 2.2, we can easily get the following results: for each i, j,k € N,

n n

2 |bijldi 2 1bijl
j=it1 _J=itl
I —d; +bijid; = bjj

uj(BY) = =u;(BT), (6)
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biild
W(BT) = max |bicildi
Dl i i<k <n n
I —di +bxxdr — Y |bjldi
J=i+1,%#k
b .
< max | k,f' =1 (B), @)
i+1<k<n
bk — 2 |bkjl
J=itl.#k
n n
‘ %:#_|bij|di _ %:#Jbijl
br(B) = < I = b (BT, 8
i D) k—i—r{lg)i(sn % 1—d; +b;;d; \ — k—i—I{lg)i(sn b;i i ) ®)

n
bikldi + Y |bijldibk(BY)
J=k+1,5%i
1—d; +b;id;

Bf)= max
Dk ( D) k+1§i§n§

J=k+1.,%i
bii

< max
k+1<i<n

- -+
{|bik| + X |bijlbk(BS)

=k 1.0
bii

= pr(B™). )

< max
k+l<i<n

n
§|bik| + X |bijlbk(BT)

Furthermore, by (6), (7), (8) and (9), we have

1 1
I —d; +bid) (1 —w; (Bt (B) >
( i +biidi)( u; ( D)tl( D)) 1—d; +b;;d; — Z |bi_j|dili(Bg)
J=it1
1
<
=7 .
min{bi; — Y |bij|fi(B+)’1
j=it1
_ (10)
min{ﬁ,‘,l}’
and
S Ibyl
u; (Bf) B jeiyr
I —w;(Bhy (B 3 +
iEpilBp) 1 —dy 4 biidi — Y |bijlditi (B)
J=i+1
n
2 bijl
< _1=nl+l
bii — Y. |bijlti(BT)
J=it1
n

—

= > bl (11)

Bi j=i+1
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From (10) and (11), we obtain

i—1 n

I(BE) oo < max Z ; I1 (l > |b,-k|),

Simin{Bi 1} 5\ By S
B+ (BF)
Pz( ) l_[ P./ (A ) Z 1bjkl . (12)
= min{Bi 1} Bi k=it
Therefore, the result in (4) follows from (5) and (12). -

Since a B-matrix is a wcdd B-matrix, then by Theorem 2.3, we can obtain the following upper bound of

max_ |[(I — D + DM) ™| oo for B-matrix M.
delo.1]”

Corollary 2.4. Let M = [m;;] € R"™*" be a B-matrix with the form M = BT + C, where BT = [b;;] is defined
as in Theorem 1.4. Then

n i—1 n
max (I =D + DM)™ oo < (n — 1) max Z ;A 1_[ (} Z |bjk|),

del0,1]? = min{B;, l}j=1 B; k=41
‘B+ i—1 B n
M]‘[ 14 2B S Il | ¢ (13)
i=1 mln{,Bi,l}j=1 Bi k=j+1

where /§,~ is defined as in Theorem 2.3.
We next give a comparison of the bounds in (3) and (4) as follows.

Theorem 2.5. Let M = [m;;] € R"" be a wedd B-matrix with the form M = Bt + C, where BT = [b;]
is defined as in Theorem 1.4. Let B;, ,3, and ﬂ, be defined as in Theorem 1.5, Theorem 1.6 and Theorem 2.3,
respectively. Then

n i—1 n n . + i—1 ) + n
(% — 1ymax Z,{n(} 3 |bjk|), RGN | FERCICAD R SO

Zominthi 2\ B Symin{Bi 1} Bi k=it
i—1 1 n
- Z [T1t+= > bl
P mln{ﬂ,,l}]_l Pi k=75

i—1

<Z n—1 l—IbU ' (14)

i=1 mln{ﬂlsl}J_] ﬂ]

Proof. Since BT is a wedd matrix with positive diagonal elements, thus p; (B1) < 1(Vi € N), and for any
keN,i+1<k<n,1<i<n-—1,ifbg; #0,then

n
lbril + > |bky]

S R b
Ii(BY) — 13 (BT) = ’|b’kk| - | "2'
lbrxl— 2 bkl
J=i 1%k
n n
> bilUbkx| = bxil— > 1bxjl)
=itk J=iF1,#k
- n
bri|(Ubkxl— > |bkjl)
J=iF1.#k

v
e
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If bg; = 0, then Ix; (BT) > t;;(BT) = 0. Hence, for any i € N, we have

0<4(BY) <L:(B) <1. (15)
By (15), foreachi € N,
- n n ~
Bi=bii— Y |billi(BT) <bii— > I|bixlti(BT) =B, (16)
k=i+1 k=i+1
then by (16), for eachi € N,
1 1
~ < —— , 17
min{B;,1}  min{B;, 1}
andfor j =1,2,...,n—1,
1 < 1 <
T+ Y bl =1+—=— Y |bjl. (18)
J k=j+1 J k=j+1
From (17) and (18), we have
n 1 i—1 1 n
(n—l)max 27,\ l_[ (A Z |bjk|>,
i=1 mln{ﬁivl}j=1 Bj k=j+1
i —1 n
((BF) * /(BT)
p_liA 1_[ 1+ p]Ai Z D)kl
i=1 mln{ﬁivl}j=1 B k=j+1
n n—1 i—1 1 n
D | —1T]1+= > bul|]- (19)
i=1 mll’l{ﬂl’,l}j=l /gj k=j+1
Otherwise, note that
5 n _ n
Bi=bii— Y Ibijl.  Bi=bii— Y I|bijlli(B),
J=i+1 J=i+1
and lk(Bi';) < Ix(BT) < 1. Hence, foreach i € N, ,3,- < B;,and
1 1
LI (20)
min{Bf;, 1}  min{B;, 1}
In the meantime, for j = 1,2,...,n —1,
1 & - 1 Z b;j
I+ = Y bl st+= > Ibul==|8+ Y Ibul] ==~ @1
S k=j+1 T k=j+1 B k=j+1 B
From (20) and (21), we obtain
n i—1 n n i—1
n—1 1 n—1 bji
i=1 mln{:Bivl}j=1 :Bj k=j+1 i=1 mzn{ﬂi,l}j=l IBj
The result in (14) follows from (19) and (22). O

Adopting the same procedure as in the proof of Theorem 2.4 in [9], we can provide the following new bound for the
constant 8, (M) when M is a P-matrix, where

M)= ma I—D+DM) 'D|,,
Bp(M) de[O,l]n”( + ) I

D =diag(d;) with0 <d; <1 (i € N), and | e, is the matrix norm induced by the vector norm for p > 1. The
constant is used to measure the sensitivity of the solution of the P-matrix linear complementarity problem [1] .
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Theorem 2.6. Let M = [m;;] € R"*" be a wedd B-matrix with the form M = BT + C, where BT = [b;;] is
defined as in Theorem 1.4. Then

n i—1 n
Boo(M) < (1 — 1) max Z,ﬁl‘l(}_ 3 |b,-k|),

oymin{Bi 1y 2\ By S
“ pi(BT) Pj(B+) -
= bixl] ¢ (23)
lmm{ﬁl,l},l:[] Bi k§+1 '

where /§,~ > 0 is defined as in Theorem 2.3.

Corollary 2.7. Let M = [m;;] € R"*" be a B-matrix with the form M = BT + C, where BT = [b;;] is defined
as in Theorem 1.4. Then

i—1 n

Boo(M) < (n — 1) max Zl]—[<l > |b,-k|),

Simin{Bi 1} o\ By xS
pi(BT) L Pi(BY) .
_ |kl . 24)
1 mzn{,Bl, 1} ,1:[1 Bj k§+1 ’

3 Numerical examples

In this section, we present numerical examples to illustrate the advantages of our derived results.

Example 3.1. Consider the family of B-matrices in [12]:

1.5 05 0405

—0.1 1.7 0.70.6
k )

08 —0.1757 1.80.7

0 0.7 0818

My =

where k > 1. Then My = B,j_ + Ck, where

1 0 —0.1 0
gt _ | 08 1 0 —0.1
K71 0 —01.-4--08 1 —0.1
k1 . .

0.8 —0.1 0o 1

By Theorem 1.4, we have

max_[|(1 — D + DMy) oo < 30(k + 1) — 400, if k — 4oc.
de[0,1]4

By Theorem 1.5, we get

max ||(I =D + DMi) oo < 15.2675.
de[0,1]4

By Corollary 1 of [13], we have

i—1

3 b
max ||(I =D + DMi) Yoo < S JJ/
del0,1]4 < l; mln{,B,,l}jl:[1 ,BJ

~ 15.2675.

By Corollary 2.4, we have

max_ |[(I — D + DMy)™ oo < 9.6467.
de€[0,1]4



986 —— D.Sun, F Wang DE GRUYTER OPEN

Example 3.2. Consider the wedd B-matrix in [13]:

1.5 02 0405
—0.1 1.5 050.1

M =
0.5 —0.11.50.1
0.4 0.4 0.81.8
Thus M = BT + C, where
1 -03-0.1 0
Bt — —-06 1 0 —-04

0 06 1 —-04
—0.4-04 0 1

By Theorem 1.6, we get

max ||[(I =D + DM) ™Yoo < 41.1111.
de[0,1]4

By Theorem 2.3, we obtain

max ||(I — D + DM)™ Yo < 21.6667.
de[0,1]4

This example shows that the bound in Theorem 2.3 is sharper than that in Theorem 1.6.
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