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1 Introduction

Let n;N 2 N and T > 0 be fixed numbers, � � Rn be a bounded domain with the boundary @�, Q0;T D
� � .0; T /, S0;T D @� � .0; T /. We seek a weak solution u D .u1; : : : ; uN / W Q0;T ! RN of the problem

uk;t C ˛ �
2uk �

nX
iD1

�
aik.x; t/juxi j

p.x/�2uk;xi
�
xi
C�

�
bk.x; t/juj


.x/�2uk
�
C .Nu/k D

D

nX
i;jD1

�
fijk.x; t/

�
xixj
�

nX
iD1

�
fik.x; t/

�
xi
C f0k.x; t/; .x; t/ 2 Q0;T ; k D 1;N ; .1/

ujS0;T D 0; �ujS0;T D 0; ujtD0 D u0.x/: .2/

Here ˛ > 0 is a number,� WD @2

@x21
C
@2

@x22
C: : :C @2

@x2n
is the Laplacian,�2 WD �.�/, juj WD .ju1j2C: : :CjuN j/1=2,

juxi j WD .j
@u1
@xi
j2 C : : :C j@uN

@xi
j/1=2, i D 1; n,

.Nu/k.x; t/ WD .Gu/k.x; t/C .Bu/k.x; t/C �k..Eu/k.x; t//; .x; t/ 2 Q0;T ; .3/

.Gu/k.x; t/ WD gk.x; t/ju.x; t/j
q.x/�2uk.x; t/; .x; t/ 2 Q0;T ; .4/

.Bu/k.x; t/ WD �ˇk.x; t/.uk.x; t//
�; .x; t/ 2 Q0;T ; .5/

.Eu/k.x; t/ WD

Z
�

�k.x; t; y/
�euk.x C y; t/ �euk.x; t/� dy; .x; t/ 2 Q0;T ; .6/

aik ; bk ; gk ; ˇk ; �k ; �k ; fijk ; fik ; f0k ; p; 
; q; u0 are some functions, .uk/� WD maxf�uk ; 0g, and euk is zero
extension of uk from Q0;T into .Rn n�/ � .0; T /, where i; j D 1; n, k D 1;N .

Equation (1) describes, for example, the long-scale evolution of the thin liquid films. The function u.x; t/ is a
height of the liquid films in the point x at the time t , the fourth-order terms describe capillary force of the liquid
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surface tension, and the second-order terms describe the evaporation (condensation) process into the liquid (see [1–
3] for more details). The investigation of the fourth-order degenerate parabolic equations of the thin liquid films
was started in [4] by F. Bernis and A. Friedman (see also [2, 5–8], and the references given there). The Dirichlet
problem for the Cahn–Hilliard equation (1) (N D 1, ˛ > 0, ai1 D g1 D �1 D fij1 D fi1 D f01 D 0,
where i; j D 1; n) was considered in [5] where 
.x/ � 2m, m 2 N, and b1 < 0. The corresponding Neumann
problem was studied in [6]. The Neumann problem for equation (1) (N D 1, ˛ > 0, ai1 > 0, p.x/ � const > 2,
g1 D �1 D fij1 D fi1 D f01 D 0, where i; j D 1; n) was considered in [2] if 
.x/ � 2 and b1 > 0.

The initial-boundary value problems for the parabolic equations with variable exponents of the nonlinearity
and without integral terms in equation were considered for instance in [9–15]. Integral terms (6) arise in many
applications (see [16–18]). The second-order parabolic equations with variable exponents of the nonlinearity and
integral term (6) were considered in [17, 19].

2 Notation and statement of theorem

Let jj � jjB � jj � IBjj be a norm of some Banach space B , BN WD B � : : : �B (N times) be the Cartesian product
of the B , B� be a dual space for B , and h�; �iB be a scalar product between B� and B . We use the notation X 	 Y

if the Banach space X is continuously embedded into Y ; the notation X
_
	 Y means the continuous and dense

embedding; the notation X
K

� Y means the compact embedding.
If w 2 B , z D .z1; : : : ; zN / 2 BN , and v D .v1; : : : ; vN / 2 BN , then we set

hv;wi WD
�
hv1; wiB ; : : : ; hvN ; wiB

�
2 RN ; hv; zi WD

NX
kD1

hvk ; zkiB 2 R; .7/

and jjzIBN jj WD jjz1IBjj C : : :C jjzN IBjj.
Suppose that m; d 2 N, p 2 Œ1;1�, X is the Banach space, Q is a measurable set in Rd , M.Q/ is a set of all

measurable functions v W Q! R (see [20, p. 120]), Lip .Q/ is a set of all Lipschitz-continuous functions v W Q! R
(see [21, p. 29]), Cm.Q/ and C1

0
.Q/ are determined from [22, p. 9], Lp.Q/ is the Lebesgue space (see [22, p. 22,

24]), Wm;p.Q/ and Wm;p

0
.Q/ are Sobolev spaces (see [22, p. 45]), Hm.Q/ WD Wm;2.Q/, Hm

0
.Q/ WD Wm;2

0
.Q/,

C.Œ0; T �IX/ and Cm.Œ0; T �IX/ are determined from [23, p. 147], Lp.0; T IX/ is determined from [23, p. 155],
Wm;p.0; T IX/ is determined from [24, p. 286], Hm.0; T IX/ WD Wm;2.0; T IX/, and

BC.Q/ WD fq 2 L1.Q/ j ess inf
y2Q

q.y/ > 0g:

If q 2 BC.Q/, then by definition, put

q0 WD ess inf
y2Q

q.y/; q0 WD ess sup
y2Q

q.y/; Sq.s/ WD maxfsq0 ; sq
0

g; s � 0; .8/

q0.y/ WD
q.y/

q.y/ � 1
for a.e. y 2 Q

�
note that

1

q.y/
C

1

q0.y/
D 1 and q0 2 BC.Q/

�
; .9/

�q.vIQ/ WD
Z
Q

jv.y/jq.y/ dy; v 2M.Q/: .10/

Assume that q 2 BC.Q/, q0 > 1, and m 2 N. The set

Lq.y/.Q/ WD fv 2M.Q/ j �q.vIQ/ < C1g

is called a generalized Lebesgue space. It is well known that Lq.y/.Q/ is a Banach space which is reflexive and
separable (see [25, p. 599, 600, 604]) with respect to the Luxemburg norm

jjvILq.y/.Q/jj WD inff� > 0 j �q.v=�IQ/ � 1g:
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The set Wm;q.y/.Q/ WD fv 2 Lq.y/.Q/ j D˛v 2 Lq.y/.Q/; j˛j � mg is called a generalized Sobolev space. It
is well known thatWm;q.y/.Q/ is a Banach space which is reflexive and separable (see [25, p. 604]) with respect to
the norm

jjvIWm;q.y/.Q/jj WD
X
j˛j�m

jjD˛vILq.y/.Q/jj: .11/

The closure of C1
0
.Q/ with respect to the norm (11) is called a generalized Sobolev space and is denoted by

W
m;q.y/

0
.Q/.

The generalized Lebesgue space was first introduced in [26]. The properties of the generalized Lebesgue and
Sobolev spaces were widely studied in [25, 27–30].

Let us define the set ‡.�/ � M.�/ as follows. For every p 2 ‡.�/ there exist numbers m 2 N,
s1; s
�
1
; : : : ; sm; s

�
m 2 R, and open sets �1; : : : ; �m � � such that the following conditions hold:

1) �1; : : : ; �m consist of the finite numbers of the components with the Lipschitz boundaries;

2) mes
�
� n

mS
jD1

�j

�
D 0;

3) 1 D s1 < s2 < s�1 < s3 < s
�
2
< : : : < sm�1 < s

�
m�2

< n < sm < s�
m�1

< s�m D C1;
4) for every j 2 f1; : : : ; mg the inequality sj � p.x/ � s�j holds a.e. for x 2 �j ;
5) for every k 2 f1; : : : ; m � 1g the inequality s�

k
< R.sk/ holds, where

R.q/ WD

(
nq
n�q

if 1 � q < n;
arbitrary s > 1 if n � q:

.12/

Note that W 1;q.�/ 	 LR.q/.�/, where q 2 Œ1;C1/ (see [23, p. 47]).
Suppose that �0v WD v, �1v WD �v, �rv WD �.�r�1v/,

H2r� .�/ WD fv 2 H2r .�/ j vj@� D �vj@� D : : : D �
r�1vj@� D 0g; r 2 N: .13/

By definition, put Z WD H2
�
.�/, X WD W 1;p.x/

0
.�/, O WD Lq.x/.�/, H WD L2.�/,

V WD Z \X \O \H; .14/

U.Q0;T / WD fu W .0; T /! VN j D˛u 2 ŒL2.Q0;T /�
N ; j˛j D 2; ux1 ; : : : ; uxn 2 ŒL

p.x/.Q0;T /�
N ;

u 2 ŒLq.x/.Q0;T /�
N
\ ŒL2.Q0;T /�

N
g; .15/

and
W.Q0;T / WD fw 2 U.Q0;T / j wt 2 ŒU.Q0;T /�

�
g:

We will need the following assumptions:
(P): p 2 BC.�/, p0 > 1, and one of the following alternatives holds:

(i) p 2 ‡.�/; (ii) p0 � R.p0/; (iii) p 2 C.�/;
(�): 
 2 BC.�/, 
0 > 1;
(Q): q 2 BC.�/, q0 > 1;
(Z): ˛ > 0, 
0 � 2; s0 WD minf2; p0; q0g, s0 WD maxf2; p0; q0g, r 2 N, and

r � 1
2

max
n
2; 1C n.p0�2/

2p0
; n.q

0�2/

2q0

o
;

(A): aik 2M.Q0;T /, 0 < a0 � aik.x; t/ � a0 < C1 for a.e. .x; t/ 2 Q0;T , where i D 1; n, k D 1;N ;
(B): bk 2M.Q0;T /, jbk.x; t/j � b0 < C1 for a.e. .x; t/ 2 Q0;T , where k D 1;N ;
(G): gk 2M.Q0;T /, 0 < g0 � gk.x; t/ � g0 < C1 for a.e. .x; t/ 2 Q0;T , where k D 1;N ;
(BB): ˇ1; : : : ; ˇN 2 BC.Q0;T /;
(ˆ): �k 2 Lip .R/, j�k.�/j � �0j�j for every � 2 R, where �0 2 Œ0;C1/, k D 1;N ;
(E): �k 2M.Q0;T ��/, j�k.x; t; y/j � �0 < C1 for a.e. .x; t; y/ 2 Q0;T ��, where k D 1;N ;
(F): fijk 2 L2.Q0;T /, fik 2 Lp

0.x/.Q0;T /, f0k 2 Lq
0.x/.Q0;T /, where i; j D 1; n, k D 1;N ;

(U): u0 2 HN .
Let us introduce the following notation. If t 2 .0; T / and if k 2 f1; : : : ; N g, then we set

h.ƒu/k ; wiZ WD

Z
�

˛ �uk.x/�w.x/ dx; u 2 ZN ; w 2 Z; .16/
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h.A.t/u/k ; wiX WD

Z
�

nX
iD1

aik.x; t/juxi .x/j
p.x/�2uk;xi .x/wxi .x/ dx; u 2 XN ; w 2 X; .17/

h.‰.t/u/k ; wiZ WD

Z
�

bk.x; t/ju.x/j

.x/�2uk.x/�w.x/ dx; u 2 ZN ; w 2 Z; .18/

h.K.t/u/k ; wiV WD h.ƒu/k ; wiZ C h.A.t/u/k ; wiX C h.‰.t/u/k ; wiZ; u 2 VN ; w 2 V; .19/

hFk.t/; wiV WD

Z
�

h nX
i;jD1

fijk.x; t/wxixj .x/C

nX
iD1

fik.x; t/wxi .x/Cf0k.x; t/w.x/
i
dx; w 2 V: .20/

Using (16) and (7), we define the operator ƒ W ZN ! ŒZN �� by the rule

ƒu WD
�
.ƒu/1; : : : ; .ƒu/N

�
; hƒu; viZN WD

NX
kD1

h.ƒu/k ; vkiZ; u 2 ZN ; v D .v1; : : : ; vN / 2 Z
N :

Continuing in the same way, we define the operators A.t/ W XN ! ŒXN ��, ‰.t/ W ZN ! ŒZN ��, and K.t/ W
VN ! ŒVN ��, where t 2 Œ0; T �. We write:

F.t/ WD .F1.t/; : : : ; FN .t//; t 2 Œ0; T �;

.Nw/.x; t/ WD ..Nw/1.x; t/; : : : ; .Nw/N .x; t//; .x; t/ 2 Q0;T ;

.N .t/w/.x/ WD .Nw/.x; t/; .x; t/ 2 Q0;T ;

where F1; : : : ; FN are defined in (20), .Nw/1; : : : ; .Nw/N are defined in (3). Clearly,

F.t/ 2 ŒVN ��; N .t/.ON \HN / � ŒON \HN ��; t 2 Œ0; T �:

Likewise we define the operators G.t/ W ON ! ŒON ��, B.t/ W HN ! HN , and E.t/ W HN ! HN , where
t 2 Œ0; T �.

For the sake of convenience we have denoted �.Eu/ D .�1..Eu/1/; : : : ; �N ..Eu/N // and �k.Euk.t// D
�k..Eu/k.t//, k D 1;N . By definition, put

.u; v/� WD

8̂̂<̂
:̂

R
�

u.x/v.x/ dx if u W �! RN ; v W �! R;

R
�

.u.x/; v.x//RN dx if u; v W �! RN ;
.21/

Definition 2.1. A real-valued function u 2 W.Q0;T / \ C.Œ0; T �IHN / is called a weak solution of problem ((1),
(2)) if u satisfies (2) and for every v 2 U.Q0;T / we have

hut ; viU.Q0;T / C

TZ
0

h˝
K.t/u.t/; v.t/

˛
VN
C
�
N .t/u.t/; v.t/

�
�

i
dt D

TZ
0

hF.t/; v.t/iVN dt: .22/

Theorem 2.2. Suppose that conditions (P)-(U) and @� 2 C 2r are satisfied. Then problem ((1), (2)) has a weak
solution.

3 Auxiliary facts

3.1 Properties of generalized Lebesgue and Sobolev spaces

The following Propositions are needed for the sequel.
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Proposition 3.1 (see [31, p. 31]). If q 2 BC.Q/ and q0 > 1, then for every � > 0 there exists a number Yq.�/ > 0
such that for every a; b � 0 and for a.e. y 2 Q the generalized Young inequality

ab � � aq.y/ C Yq.�/ b
q0.y/ .23/

holds. In addition, Yq.�/ depends on q0; q0 and it is independent of y, Y2.�/ D 1
4�

, Y2.12 / D
1
2

,
Yq.C0/ D C1, and Yq.C1/ D 0.

Proposition 3.2. Assume that q 2 BC.Q/ and q0 > 1. Then the following statements are satisfied:
(i) (see [25, p. 600]) if q.y/ � r.y/ � 1 for a.e. y 2 Q, then Lq.y/.Q/ 	 Lr.y/.Q/ and

jjvILr.y/.Q/jj � .1Cmes Q/jjvILq.y/.Q/jj; v 2 Lq.y/.Q/I

(ii) (see [30, p. 431]) for every u 2 Lq.y/.Q/ and v 2 Lq
0.y/.Q/ we get uv 2 L1.Q/ and the following

generalized Hölder inequality is trueZ
Q

ju.y/v.y/j dy � 2 jjuILq.y/.Q/jj � jjvILq
0.y/.Q/jj: .24/

Proposition 3.3 (see [32, p. 168]). Suppose that q 2 BC.Q/, q0 � 1, Sq is defined by (8), and �q is defined by
(10). Then for every v 2M.Q/ the following statements are fulfilled:

(i) jjvILq.y/.Q/jj � S1=q.�q.vIQ// if �q.vIQ/ < C1;
(ii) �q.vIQ/ � Sq.jjvILq.y/.Q/jj/ if jjvILq.y/.Q/jj < C1.

Proposition 3.4. Suppose that p 2 BC.�/ and p0 > 1. Then the following statements hold:
(i) (see Theorem 3.10 [25, p. 610] and Theorem 2.7 [30, p. 443]) if either p 2 ‡.�/ or p 2 C.�/, then

jjvIW
1;p.x/

0
.�/jj D

nX
iD1

jjvxi IL
p.x/.�/jj

is a equivalent norm of W 1;p.x/

0
.�/;

(ii) (see Lemma 5 [13, p. 48] and Theorem 3.1 [27, p. 76]) if ux1 ; : : : ; uxn 2 L
p.x/.�/ and either p 2 ‡.�/

or p0 � R.p0/ (see (12)), then u 2 Lp.x/.�/ and the generalized Poincaré inequality

jjuILp.x/.�/jj � C1

� nX
iD1

jjuxi IL
p.x/.�/jj C jjuIL1.�/jj

�
;

holds, where C1 > 0 is independent of u;
(iii) (see Lemma 2 [13, p. 46] and Theorem 3.2 [27, p. 77])

Lp
0

.0; T ILp.x/.�//
_
	 Lp.x/.Q0;T /

_
	 Lp0.0; T ILp.x/.�//: .25/

3.2 Auxiliary functional spaces

Let L.X; Y / be a space of bounded linear operators from X into Y (see [33, p. 32]), .�; �/H be the Cartesian product
in the Hilbert space H , and H2r

�
.�/ is defined in (13), where r 2 N. It is easy to verify that H2r

�
.�/ is the Hilbert

space such that
H2r� .�/ 	 H2r .�/; H2r� .�/

_
	 L2.�/

_
	 ŒH2r� .�/��: .26/

If @� � C 1, then the following integration by parts formula is trueZ
�

v �ru dx D

Z
�

u�rv dx; u; v 2 H2r� .�/: .27/
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Note that for every r 2 N the space H2r
�
.�/ is reflexive.

Let fwj gj2N be a set of all eigenfunctions of the problem

��wj D �jw
j in �; wj j@� D 0; j 2 N: .28/

Here f�j gj2N � RC is the set of the corresponding eigenvalues. Suppose that fwj gj2N is an orthonormal set in
L2.�/. It is easy to verify that solutions to problem (28) satisfy the equalities

.�1/r�rw D �rw; wj@� D �wj@� D : : : D �
r�1wj@� D 0: .29/

The following propositions are needed for the sequel.

Proposition 3.5 (see Theorem 8 [34, p. 230]). If @� � C 2r , then the set fwj gj2N of all eigenfunction of the
problem (28) is a basis for the space H2r

�
.�/.

Proposition 3.6 (see Lemma 3 [34, p. 229]). If @� � C 2r , then there exists a constant C2 > 0 such that for all
v 2 H2r

�
.�/ we obtain

jjvIH2r .�/jj � C2jj�
rvIL2.�/jj: .30/

Define
Wr WD ŒH

2r
� .�/�N ; W�r WD ŒWr �

�; .31/

where r is determined from condition (Z). We consider the space VN (see (14) ) with respect to the norm

jjvIVN jj WD jj�vIHN jj C

nX
iD1

jjvxi I ŒL
p.x/.�/�N jj C jjvION jj C jjvIHN jj:

Since r satisfies (Z) and (14) holds, it is easy to verify that

Wr

_
	 VN

_
	 HN Š ŒHN ��

_
	 ŒVN ��

_
	 W�r : .32/

The following Lemma is needed for the sequel.

Lemma 3.7. L1.0; T IHN / \ C.Œ0; T �I ŒVN ��/ D C.Œ0; T �IHN /.

The proof is omitted (see for comparison Lemma 8.1 [35, p. 307]).
We consider the space U.Q0;T / (see (15) ) with respect to the norm

jjuIU.Q0;T /jj WD

nX
i;jD1

jjuxixj I ŒL
2.Q0;T /�

N
jj C

nX
iD1

jjuxi I ŒL
p.x/.Q0;T /�

N
jj

C jjuI ŒLq.x/.Q0;T /�
N
jj C jjuI ŒL2.Q0;T /�

N
jj:

It is easy to verify that the spaceU.Q0;T / is reflexive. Taking into account the embedding of type (25) and inequality
(30), we obtain

Ls
0

.0; T IVN /
_
	 U.Q0;T /

_
	 Ls0.0; T IVN /; .33/

where s0 and s0 are determined from condition (Z). Whence,

L
s0
s0�1 .0; T I ŒVN ��/

_
	 ŒU.Q0;T /�

�
_
	 L

s0

s0�1 .0; T I ŒVN ��/: .34/

Similarly, using (32) we obtain

Ls
0

.0; T IWr /
_
	 U.Q0;T /

_
	 ŒL2.Q0;T /�

N
_
	 ŒU.Q0;T /�

�
_
	 L

s0

s0�1 .0; T IW�r /: .35/

Hence an arbitrary element of the spaces ŒU.Q0;T /�� or U.Q0;T / belongs to D�..0; T /I ŒVN ��/. Therefore,
we have distributional derivative of u 2 U.Q0;T / � D�..0; T /I ŒVN ��/. Together with (34), we conclude

that an arbitrary element w 2 ŒU.Q0;T /�� belongs to L
s0

s0�1 .0; T I ŒVN ��/. Thus, if u 2 U.Q0;T / belongs to
Ls

0
.0; T IVN /, then hw; uiU.Q0;T / D

R T
0
hw.t/; v.t/iVN dt . In particular, this equality is true if u 2 C.Œ0; T �IVN /.
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Lemma 3.8. Suppose that conditions (P) and (Q) are satisfied, u 2 U.Q0;T /, fw�g�2N is a basis for the space V .
Then for every " > 0 there exist a number m 2 N and functions f'�kg

m; N
�D1;kD1

� C1.Œ0; T �/ such that jju �

 mIU.Q0;T /jj < ", where  m D . m1; : : : ;  mN / and  mk.x; t/ D
mP
�D1

'�k.t/w
�.x/, .x; t/ 2 Q0;T , k D

1;N .

The proof is omitted (see for comparison [36, p. 5] and [13, 27]).

3.3 Projection operator

Let H be the Hilbert space and V be the reflexive separable Banach space such that

V
_
	 H Š H�

_
	 V�: .36/

Notice that if g 2 V� and g 2 H, then
hg; viV D .g; v/H; v 2 V: .37/

Suppose fwj gj2N is a orthonormal basis for the space H, m 2 N is a fixed number, M is a set of all linear
combinations of the elements from fw1; : : : ; wmg, M? is a orthogonal complements of M (see [37, p. 476]). Then
(see [37, p. 526]) M is a closed subset of H and H DM˚M?.

Define an unique orthogonal projection Pm W H!M by the rule (see [37, p. 527])

Pmh WD

mX
jD1

.h; wj /Hw
j ; h 2 H: .38/

This is a linear self-adjoint continuous operator (see Theorem 7.3.6 [37, p. 515]) such that

jjPmhjjH � jjhjjH; h 2 H: .39/

If fwj gj2N � V , then let us define an operator bPm W V ! V (not necessarily self-adjoint) by the rulebPmv WD Pmv for every v 2 V: .40/

We shall find a conjugate operator bP �m W V� ! V�. Take elements v 2 V , z 2 V�. Then

hz; PmviV D
D
z;

mX
jD1

.v; wj /Hw
j
E
V
D

mX
jD1

.v; wj /Hhz; w
j
iV D

�
v;

mX
jD1

hz; wj iV w
j
�
H
:

Since v;w1; : : : ; wm 2 V , (37) yields that�
v;

mX
jD1

hz; wj iV w
j
�
H
D

� mX
jD1

hz; wj iV w
j ; v

�
H
D

D mX
jD1

hz; wj iV w
j ; v

E
V
:

Thus, hz; PmviV D hbP �mz; viV , where

bP �mz D mX
jD1

hz; wj iV w
j ; z 2 V�: .41/

In addition, (41) implies that bP �m.V�/ � V .

Lemma 3.9. Assume that fwj gj2N is a orthonormal basis for the space H such that fwj gj2N � V , m
1
; : : : ;  mm 2

R are some numbers, and F 2 V�. Then zm D
mP
sD1

 ms w
s 2 V satisfies8̂̂<̂

:̂
hzm; w1iV D hF;w

1iV ;
:::

hzm; wmiV D hF;w
miV ;

.42/
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iff the following equality holds
zm D bP �mF in V�: .43/

Proof. Clearly, (43) implies (42). We shall prove that (42) implies (43). Take v 2 V . There exist numbers

˛m
1
; : : : ; ˛mm 2 R such that Pmv D bPmv D mP

�D1

˛m�w
�. Multiplying both sides of �-th equality of (42) by

˛m� and summing the obtained equalities, we get hzm;bPmviV D hF;bPmviV : Hence, hbP �mzm; viV D hbP �mF ; viV
for every v 2 V . Thus, bP �mzm D bP �mF in V�: .44/

Taking into account (37), the inclusions zm; w1; : : : ; wm 2 V , and the orthonormality condition for fwj gj2N � H,
from (41) we obtain

bP �mzm D mX
jD1

hzm; wj iV w
j
D

mX
jD1

� mX
sD1

 ms w
s ; wj

�
H
wj D

mX
s;jD1

 ms .w
s ; wj /Hw

j
D

mX
sD1

 ms w
s
D zm:

Therefore, (42) yields (43).

In the sequel, we only consider the case H D L2.�/, V D H2r
�
.�/ (see (13) ), and fwj gj2N is determined from

problem (28). Then (38) implies that (see (21) )

.Pmu/.x/ D

mX
jD1

.u;wj /�w
j .x/; x 2 �; u W �! R: .45/

This operator Pm W L2.�/ ! L2.�/ is a linear self-adjoint continuous projection operator such that
jjPmjjL.L2.�/;L2.�// D 1:

To prove that bPm belongs to L.H2r
�
.�/;H2r

�
.�//, we take v 2 H2r

�
.�/. Then �rbPmv 2 L2.�/ and

Corollary 6.2.10 [38, p. 171] implies that there exists a function h 2 L2.�/ such that jjhjjL2.�/ D 1 and
.h;�rbPmv/L2.�/ D jj�rbPmvjjL2.�/. By (45), (40), (29), and (27) we obtain

jjbPmvjjH2r
� .�/

D jj�rbPmvjjL2.�/ D .h;�rbPmv/L2.�/ D �h;�r mX
jD1

.v; wj /�w
j
�
�

D

�
h;

mX
jD1

.v; wj /��
rwj

�
�
D

�
h;

mX
jD1

.v; wj /� .�1/
r�rjw

j
�
�
D

�
h;

mX
jD1

.v; .�1/r�rjw
j /�w

j
�
�

D

�
h;

mX
jD1

.v;�rwj /�w
j
�
�
D

mX
jD1

.v;�rwj /�.h; w
j /� D

�
v;

mX
jD1

.h; wj /��
rwj

�
�

D .v;�rbPmh/� D .�rv;bPmh/� D .�rv; Pmh/�:
Using Cauchy-Bunyakowski-Schwarz’s inequality and estimating (39) with H D L2.�/, we show that
j.�rv; Pmh/�j � jj�

rvjjL2.�/jjPmhjjL2.�/ � jj�
rvjjL2.�/jjhjjL2.�/. Therefore,

jjbPmvjjH2r
� .�/

� jjvjj
H2r
� .�/

; v 2 H2r� .�/: .46/

Suppose now that f 2 Ls.0; T IH/, s > 1. If Pm W H !M is determined from (38), then Pmf .t/ 2 H for every
t 2 Œ0; T �,

Pmf .t/ D

mX
jD1

.f .t/; wj /Hw
j ; .47/

and from (39) we get
R T
0
jPmf .t/j

s
H dt �

R T
0
jf .t/jsH dt , i.e.

jjPmf IL
s.0; T IH/jj � jjf ILs.0; T IH/jj; f 2 Ls.0; T IH/: .48/

Finally assume that bPm W V ! V is determined from (40), H D L2.�/, and V D H2r
�
.�/. Taking into account

(46) and (48), we have that

jjbPmuILs.0; T IH2r� .�//jj � jjuILs.0; T IH2r� .�//jj; u 2 Ls.0; T IH2r� .�//; s � 1: .49/

Clearly, we can prove (38)-(49) if we replace L2.�/;H2r
�
.�/ by ŒL2.�/�N ; ŒH2r

�
.�/�N respectively.
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3.4 Differentiability of the nonlinear expressions

Take a function � 2M.�/ and by definition, put

 �.x/.s/ WD

(
s�.x/ if s > 0;
0 if s � 0;

x 2 �: .50/

Similarly to Theorem A.1 [39, p. 47], we obtain that if v 2 W 1;p.0; T ILp.�// (1 � p � 1), then
vC WD maxfu; 0g 2 W 1;p.0; T ILp.�// and .vC/t De�.v/vt almost everywhere in Q0;T , where

e�.s/ WD ( 1 if s > 0;
0 if s � 0:

.51/

The function v� WD maxf�u; 0g has a similar property.
The following Propositions are needed for the sequel.

Proposition 3.10. (see Theorem 2 [24, p. 286]). If X is a Banach space and 1 � p � 1, then
W 1;p.0; T IX/ 	 C.Œ0; T �IX/ and the following integration by parts formula holds:

�Z
s

ut .t/ dt D u.�/ � u.s/; 0 � s < � � T; u 2 W 1;p.0; T IX/: .52/

Proposition 3.11. (the Aubin theorem, see [40] and [41, p. 393]). If s; h > 1 are fixed numbers, W;L;B are the

Banach spaces, and W
K

� L 	 B, then

fu 2 Ls.0; T IW/ j ut 2 L
h.0; T IB/g

K

� Ls.0; T IL/ \ C.Œ0; T �IB/:

Lemma 3.12. Suppose that � � Rn is a bounded C 0;1-domain. Then the integration by parts formulaZ
Qs;�

wt z dxdt D

Z
�t

w z dx

ˇ̌̌̌tD�
tDs

�

Z
Qs;�

w zt dxdt; 0 � s < � � T; .53/

holds if one of the following alternatives hold:
(i) w 2 Lq.x/.Q0;T /, where q 2 BC.�/ and q0 > 1, wt 2 L1.Q0;T /, z 2 L1.Q0;T /, zt 2 Lq

0.x/.Q0;T /;
(ii) w;wt 2 L1.Q0;T /, z; zt 2 L1.Q0;T /.

Proof. (i). Take W WD fw 2 Lq.x/.Q0;T / j wt 2 L1.Q0;T /g; Z WD fz 2 L1.Q0;T / j zt 2 Lq
0.x/.Q0;T /g: If

' 2 C 1.Œ0; T �/ and z 2 Z, then 'z 2 W 1;1.0; T IL
q0

q0�1 .�//. Using (52) with u D '.t/z.x; t/, we get

�Z
s

't .t/z.x; t/ dt D '.�/z.x; �/ � '.s/z.x; s/ �

�Z
s

'.t/zt .x; t/ dt; x 2 �: .54/

Take a function v 2 C 1.�/. By (54), we obtain thatZ
Qs;�

'tv z dxdt D

Z
�t

'v z dx

ˇ̌̌̌tD�
tDs

�

Z
Qs;�

'v zt dxdt: .55/

Clearly, C 1.Œ0; T �IC 1.�//
_
	 W

_
	 W 1;1.0; T IL1.�//. Then the setn mX

iD1

'i .t/vi .x/

ˇ̌̌̌
m 2 N; '1; : : : ; 'm 2 C

1.Œ0; T �/; v1; : : : ; vm 2 C
1.�/

o
is dense in W and (55) yields (53).

We shall omit the proof of (ii) because it is analogous to the previous one.
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Lemma 3.13. Suppose that � 2 BC.Q/, p; q 2 BC.Q/, p0; q0 > 1, p.y/ � �.y/ and q.y/ � p.y/
�.y/

for a.e.
y 2 Q, and  �.y/ is determined from (50) if we replace �.x/ by �.y/. Then for every u 2 Lp.y/.Q/ we have that

 �.y/.u/ 2 L
p.y/
�.y/ .Q/,

�p=� . �.y/.u/IQ/ � �p.uIQ/; .56/

jj �.y/.u/IL
q.y/.Q/jj � C3S�=p

�
�p.uIQ/

�
; .57/

where C3 > 0 is independent of u.

Proof. Clearly, p.y/
�.y/

� 1 for a.e. y 2 Q, j �.y/.u/j
p.y/
�.y/ D juCjp.y/ � jujp.y/ 2 L1.Q/. Then by [42, p. 297],

we obtain  �.y/.u/ 2 L
p.y/
�.y/ .Q/. Moreover, (56) and

jj �.y/.u/IL
q.y/.Q/jj � C4jj �.y/.u/IL

p.y/
�.y/ .Q/jj � C4S�=p

�
�p=� . �.y/.u/IQ/

�
hold. This inequality and (56) imply (57).

Lemma 3.14. Suppose that p 2 BC.�/, p0 > 1, � 2M.� � R/, for a.e. x 2 � the function
R 3 � 7! �.x; �/ 2 R is continuously differentiable, and there exists a number M > 0 such that

j�.x; �/ � �.x; �/j �M j� � �j; j��.x; �/j �M .58/

for a.e. x 2 � and for every �; �; � 2 R. If u; ut 2 Lp.x/.Q0;T /, then �.x; u/;
�
�.x; u/

�
t
2 Lp.x/.Q0;T / and�

�.x; u/
�
t
D ��.x; u/ ut : .59/

Proof. Since u; ut 2 Lp.x/.Q0;T /, there exists a sequence fumgm2N � C 1.Q0;T / such that um �!
m!1

u and

umt �!
m!1

ut strongly in Lp.x/.Q0;T / and almost everywhere in Q0;T . Clearly,

�
�.x; um.x; t//

�
t
D lim
h!0

�.x; um.x; t C h// � �.x; um.x; t//

um.x; t C h/ � um.x; t/

um.x; t C h/ � um.x; t/

h
D ��.x; u

m.x; t// umt .x; t/;

where .x; t/ 2 Q0;T , m 2 N. In addition, j�.x; um/ � �.x; u/j � M jum � uj. Hence, �.x; um/ �!
m!1

�.x; u/

strongly in Lp.x/.Q0;T / and so �.x; u/ 2 Lp.x/.Q0;T /.
Clearly, ��.x; um/umt � ��.x; u/ut D Am C Bm, where

Am D ��.x; u
m/.umt � ut /; Bm D .��.x; u

m/ � ��.x; u//ut :

On the other hand, jAmjp.x/ � Mp.x/jumt � ut j
p.x/ �!

m!1
0 in L1.Q0;T /. Then Am �!

m!1
0 in Lp.x/.Q0;T /.

Moreover, jBmjp.x/ � .2M jut j/p.x/ 2 L1.Q0;T /, Bm �!
m!1

0 almost everywhere in Q0;T , and Bm �!
m!1

0 in

Lp.x/.Q0;T /. Therefore, ��.x; um/umt �!
m!1

��.x; u/ut in Lp.x/.Q0;T / and so ��.x; u/ut 2 Lp.x/.Q0;T /.

Finally let us prove (59). Take a function ' 2 C1
0
.Q0;T /. Then (59) holds becauseZ

Q0;T

��.x; u/ut ' dxdt D lim
m!1

Z
Q0;T

��.x; u
m/umt ' dxdt D lim

m!1

Z
Q0;T

�
�.x; um/

�
t
' dxdt

D � lim
m!1

Z
Q0;T

�.x; um/ 't dxdt D �

Z
Q0;T

�.x; u/ 't dxdt:

Notice that Lemma 3.14 generalizes the results of Lemma 3 [43, p. 18], where the case �.x; u/ D �.u/ was
considered.

Corollary 3.15. Suppose that �1 < a < b < C1 and one of the following alternatives holds: (i) I D Œa; b�;
(ii) I D Œa;C1/; (iii) I D .�1; b�. Assume also that p 2 BC.�/, p0 > 1, � 2M.� � I /, a.e. for x 2 � the
function I 3 � 7! �.x; �/ 2 R is continuously differentiable, and there exists a number M > 0 such that a.e. or
x 2 � and for every �; �; � 2 I , (58) holds. If u; ut 2 Lp.x/.Q0;T / and u.x; t/ 2 I a.e. for .x; t/ 2 Q0;T , then
�.x; u/;

�
�.x; u/

�
t
2 Lp.x/.Q0;T / and (59) holds.
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Proof. For the sake of convenience, only the case I D .�1; b� is considered (see for comparison [44, p. 98]). Let
us extend � outside I as follows

‚.x; �/ WD

8<: �.x; �/ if � � b;

��.x; b/� C �.x; b/ � ��.x; b/b if � > b;
x 2 �:

Then ‚ satisfies the conditions of Lemma 3.14 and ‚.x; u.x; t// D �.x; u.x; t// for a.e. .x; t/ 2 Q0;T . This
completes the proof.

Lemma 3.16. Suppose that p 2 BC.�/, p0 > 1, � 2M.��R/, for a.e. x 2 � the function R 3 � 7! �.x; �/ 2 R
is continuous and the function R n f�1; : : : ; �N g 3 � 7! �.x; �/ 2 R is differentiable, and (58) holds for a.e. x 2 �,
where �; � 2 R, � 2 R n f�1; : : : ; �N g. If u; ut 2 Lp.x/.Q0;T /, then �.x; u/;

�
�.x; u/

�
t
2 Lp.x/.Q0;T / and (59)

holds.

Proof. For the sake of convenience, only the case N D 1 and �1 D 0 is considered (see for comparison [44, p.
100]). It is easy to verify that

�.x; u/ WD �.x; uC/C �.x;�u�/ � �.x; 0/: .60/

Since u; ut 2 Lp.x/.Q0;T / � Lp0.Q0;T /, we have that .u˙/t 2 Lp0.Q0;T / and .u˙/t D ˙e�.u/ut , wheree� is
determined from (51). Then by Corollary 3.15, we obtain the formulas of type (59) for every term in (60). Therefore,
(59) holds. By (58) and (59), we get

�
�.x; u/

�
t
2 Lp.x/.Q0;T /.

Lemma 3.17. Suppose that ˇ 2 BC.�/,  ˇ.x/ is determined from (50) if we replace � by ˇ, and

�k.s/ WD

8̂̂<̂
:̂
1 if s >

1

k
;

0 if s �
1

k
;

k 2 N: .61/

If u 2 C 1.Q0;T / and v; vt 2 L1.Q0;T /, then

lim
k!C1

Z
Q0;T

�k.u/ ˇ.x/ ˇ.x/�1.u/ut v dxdt D

Z
�t

 ˇ.x/.u/ v dx

ˇ̌̌̌tDT
tD0

�

Z
Q0;T

 ˇ.x/.u/ vt dxdt: .62/

Proof. By definition, set

 ˇ.x/;k.s/ WD

8̂̂̂̂
<̂̂
ˆ̂̂̂:
kˇ.x/ if s � k;

sˇ.x/ if
1

k
< s < k;

1

kˇ.x/
if s �

1

k
;

e�ˇ.x/;k.s/ WD
8̂̂<̂
:̂
ˇ.x/ sˇ.x/�1 if

1

k
< s < k;

0 if s �
1

k
and s � k;

k 2 N, k � 2, x 2 �. Clearly,  ˇ.x/;k.s/ �!
k!1

 ˇ.x/.s/, where s 2 R, x 2 �. In addition, for k 2 N (k � 2)

and x 2 � the function s 7!  ˇ.x/;k.s/ has the Lipschitz property in R and it is not differentiable only in the point
s D 1

k
and s D k. Moreover, @

@s
 ˇ.x/;k.s/ De�ˇ.x/;k.s/ if s 6D 1

k
and s 6D k. Whence, by Lemma 3.16, we obtain�

 ˇ.x/;k.u/
�
t
De�ˇ.x/;k.u/ut almost everywhere in Q0;T : .63/

Thus,  ˇ.x/;k.u/;
�
 ˇ.x/;k.u/

�
t
2 L1.Q0;T /. Using case (ii) of Lemma 3.12 with z D  ˇ.x/;k.u/ and w D v,

we get (53), i.e.Z
Q0;T

�
 ˇ.x/;k.u/

�
t
v dxdt D

Z
�

 ˇ.x/;k.u/ v dx

ˇ̌̌̌tDT
tD0

�

Z
Q0;T

 ˇ.x/;k.u/ vt dxdt: .64/



870 O. Buhrii, N. Buhrii

Let M WD max
.x;t/2Q0;T

ju.x; t/j, k0 2 N, k0 � maxf2;M g. Since juj �M � k0 � k, from (63) we have

�
 ˇ.x/;k.u/

�
t
De�ˇ.x/;k.u/ut D �k.u/ ˇ.x/ ˇ.x/�1.u/ut ;

where k � k0. By j ˇ.x/;k.u.x; t//j � Mˇ.x/ 8 .x; t/ 2 Q0;T and Lebesgue’s Dominate Convergence Theorem
(see [33, p. 90]), we obtain

lim
k!C1

Z
�t

 ˇ.x/;k.u/ v dx D

Z
�t

 ˇ.x/.u/ v dx if t D 0 and t D T;

lim
k!C1

Z
Q0;T

 ˇ.x/;k.u/ vt dxdt D

Z
Q0;T

 ˇ.x/.u/ vt dxdt:

Therefore, (62) follows from (64).

Theorem 3.18. Suppose that � 2 BC.�/, �0 > 1, and the function  �.x/ is determined from (50). Then the
following statements are satisfied:
1) if u 2 C 1.Q0;T /, then  �.x/.u/;

�
 �.x/.u/

�
t
2 L1.Q0;T / and�

 �.x/.u/
�
t
D �.x/ �.x/�1.u/ ut I .65/

2) if u; ut 2 Lp.x/.Q0;T /, where p 2 L1
C
.�/ and p.x/ � �.x/ for a.e. x 2 �, then

 �.x/.u/;
�
 �.x/.u/

�
t
2 L

p.x/
�.x/ .Q0;T /, equality (65) is true, and the estimate

�p=�

��
 �.x/.u/

�
t
IQ0;T

�
� C5S1=� 0

�
�p.uIQ0;T /

�
S1=�

�
�p.ut IQ0;T /

�
.66/

holds, where C5 > 0 is independent of u.

Proof. First let us prove Case 1. Take a function u 2 C 1.Q0;T /. If v; vt 2 C.Q0;T /, �k is determined from (61),
and k 2 N, then j�k.u/ �.x/ �.x/�1.u/ut vj � C6, where C6 > 0 is independent of k; x; t . Hence, Lebesgue’s
Dominate Convergence Theorem (see [33, p. 90]) yields that

lim
k!C1

Z
Q0;T

�k.u/ �.x/ �.x/�1.u/ut v dxdt D

Z
Q0;T

�.x/ �.x/�1.u/ut v dxdt:

Using (62) with ˇ D � > 1, we obtainZ
Q0;T

�.x/ �.x/�1.u/ut v dxdt D

Z
�t

 �.x/.u/ v dx

ˇ̌̌̌tDT
tD0

�

Z
Q0;T

 �.x/.u/ vt dxdt: .67/

Taking in (67) the function v 2 C1
0
.Q0;T /, we getZ

Q0;T

�.x/ �.x/�1.u/ut v dxdt D �

Z
Q0;T

 �.x/.u/ vt dxdt

(notice that �  �.x/�1.u/ut 2 L1.Q0;T / because �0 > 1). Therefore, (65) holds.
Since �0 > 1, from (50) we have  �.x/ 2 L1.Q0;T / and from (65) we have

�
 �.x/.u/

�
t
2 L1.Q0;T /.

Now let us prove Case 2. Suppose u 2 U , where U WD fu 2 Lp.x/.Q0;T / j ut 2 Lp.x/.Q0;T /g.
Clearly, C 1.Œ0; T �IC 1.�//

_
	 W 1;p0.0; T ILp.x/.�//

_
	 U

_
	 W 1;p0.0; T ILp.x/.�//. Then there exists a

sequence fumgm2N � C 1.Q0;T / such that um �!
m!1

u and umt �!
m!1

ut strongly in Lp.x/.Q0;T /, um �!
m!1

u

in C.Œ0; T �ILp.x/.�//.
Assume that v; vt 2 C.Q0;T /. By (67), for every m 2 N we obtainZ

Q0;T

�.x/ �.x/�1.u
m/umt v dxdt D

Z
�

 �.x/.u
m/ v dx

ˇ̌̌̌tDT
tD0

�

Z
Q0;T

 �.x/.u
m/ vt dxdt: .68/



Integro-differential systems with variable exponents of nonlinearity 871

Since 1 < �.x/ � p.x/, we get p.x/
�.x/�1

> 1 for a.e. x 2 �. Therefore,

 �.x/�1.u
m/ �!

m!1
 �.x/�1.u/ strongly in L

p.x/
�.x/�1 .Q0;T /:

Clearly, ŒL
p.x/
�.x/�1 .Q0;T /�

� Š L
p.x/

p.x/�.�.x/�1/ .Q0;T /. Since p.x/ � .�.x/ � 1/C 1, we have that
p.x/ � p.x/

p.x/�.�.x/�1/
for a.e. x 2 �. Therefore,

umt �!
m!1

ut strongly in L
p.x/

p.x/�.�.x/�1/ .Q0;T /:

By Lemma 5.2 [23, p. 19], we obtainZ
Q0;T

�.x/ �.x/�1.u
m/umt v dxdt �!

m!1

Z
Q0;T

�.x/ �.x/�1.u/ut v dxdt .69/

and �  �.x/�1.u/ut 2 L1.Q0;T /. It is easy to verify that

 �.x/.u
m.t// �!

m!1
 �.x/.u.t// strongly in L

p.x/
�.x/ .�/ for t D 0 and t D T; .70/

 �.x/.u
m/ �!

m!1
 �.x/.u/ strongly in L

p.x/
�.x/ .Q0;T /: .71/

Letting m!1 in (68) and using (69)-(71), we get (67) and (65).

By Lemma 3.13, we get  �.x/.u/ 2 L
p.x/
�.x/ .Q0;T /. By (65) and generalized Young’s inequality, we obtainˇ̌�

 �.x/.u/
�
t

ˇ̌p.x/
�.x/ � �.x/

p.x/
�.x/ juj

p.x/
� 0.x/ jut j

p.x/
�.x/ � C7.juj

p.x/
C jut j

p.x// 2 L1.Q0;T /:

Thus,
�
 �.x/.u/

�
t
2 L

p.x/
�.x/ .Q0;T /.

By (65) and the generalized Hölder’s inequality, we obtain thatZ
Q0;T

ˇ̌̌�
 �.x/.u/

�
t

ˇ̌̌p.x/
�.x/

dxdt � C8jj juj
p.x/
� 0.x/ IL�

0.x/.Q0;T /jj � jj jut j
p.x/
�.x/ IL�.x/.Q0;T /jj

� C9S1=� 0
� Z
Q0;T

jujp.x/ dxdt
�
S1=�

� Z
Q0;T

jut j
p.x/ dxdt

�
:

This implies (66) and completes the proof of Theorem 3.18.

Note that the case �.x/ � � 2 .0; 1� is considered in [45].

Theorem 3.19. Suppose that r 2 BC.�/. Then the following statements are satisfied:
1) If r0 > 1, then the equality �

jujr.x/
�
t
D r.x/jujr.x/�2uut .72/

is true if one of the following alternatives holds:
(i) u 2 C 1.Q0;T / (here we have jujr.x/;

�
jujr.x/

�
t
2 L1.Q0;T /);

(ii) u; ut 2 Lp.x/.Q0;T / and p.x/ � r.x/ for a.e. x 2 � (here we have jujr.x/;
�
jujr.x/

�
t
2 L

p.x/
r.x/ .Q0;T /).

2) If r0 > 2, then the equality �
jujr.x/�2u

�
t
D .r.x/ � 1/jujr.x/�2ut .73/

is true if one of the following alternatives hold:
(i) u 2 C 1.Q0;T / (here we have jujr.x/�2u;

�
jujr.x/�2u

�
t
2 L1.Q0;T /);

(ii) u; ut 2 Lp.x/.Q0;T / and p.x/ � r.x/�1 for a.e. x 2 � (here jujr.x/�2u;
�
jujr.x/�2u

�
t
2L

p.x/
r.x/�1 .Q0;T /).

Proof. Suppose that r.x/�2 is determined from (50) if we replace � by r�2. Then the proof follows from Theorem
3.18 since

jsjr.x/D r.x/.s/C r.x/.�s/; jsj
r.x/�2sD r.x/�1.s/� r.x/�1.�s/; x 2 �; s 2 R:
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3.5 Cauchy’s problem for system of ordinary differential equations

Take Q D .0; T / � R`, where ` 2 N. In this section, we seek a weak solution ' W Œ0; T �! R` of the problem

'0.t/C L.t; '.t// DM.t/; t 2 Œ0; T �; '.0/ D '0; .74/

where M W Œ0; T � ! R`, L W Q ! R` are some functions (for the sake of convenience we have assumed that
L.t; 0/ D 0 for every t 2 Œ0; T �) and '0 D .'0

1
; : : : ; '0

`
/ 2 R`.

The following Definitions are needed for the sequel.

Definition 3.20. A real-valued function ' 2 W 1;1.0; T IRk/ is called a weak solution of problem (74) if u satisfies
the initial value condition and satisfies the equation almost everywhere.

Definition 3.21. We shall say that a function L W Q! R` satisfies the Carathéodory condition if for every � 2 R`

the function .0; T / 3 t 7! L.t; �/ 2 R` is measurable and if for a.e. t 2 .0; T / the function R` 3 � 7! L.t; �/ 2 R`

is continuous.

Definition 3.22 (see [46, p. 241]). We shall say that a function L W Q ! R` satisfies the Lp-Carathéodory
condition if L satisfies the Carathéodory condition and for every R > 0 there exists a function hR 2 Lp.0; T /
such that

jL.t; �/j � hR.t/ .75/

a.e. for t 2 .0; T / and for every � 2 DR WD fy 2 R` j jyj � Rg.

Proposition 3.23 (Gronwall-Bellman’s Lemma [47, p. 25]). Suppose that A;B 2 L1.0; T / and
y 2 C.Œ0; T �/ are nonnegative functions. If for every � 2 Œ0; T � we have

y.�/ � C C

�Z
0

h
A.t/y.t/C B.t/

i
dt; .76/

where C is a nonnegative number, then the following inequality is true

y.�/ �
�
C C

�Z
0

B.t/ e
�
tR
0

A.s/ ds

dt
�
e

�R
0

A.t/ dt

; � 2 Œ0; T �: .77/

We will need the following Theorem.

Theorem 3.24 (Carathéodory-LaSalle’s Theorem). Suppose that p � 2, function L W Q ! R` satisfies Lp-
Carathéodory condition, M 2 Lp.0; T IR`/, and '0 2 R`. If there exists a nonnegative functions ˛; ˇ 2 L1.0; T /
such that for every � 2 R` and for a.e. t 2 Œ0; T � the inequality

.L.t; �/; �/R` � �˛.t/j�j
2
� ˇ.t/ .78/

holds, then problem (74) has a global weak solution ' 2 W 1;p.0; T IR`/.

Proof. We modify the method employed in the proof of Theorem 3 [48, p. 240]. According to the Carathéodory
Theorem [49, p. 17], we have a local weak solution ' 2 W 1;p.0; bIR`/ (b 2 .0; T �) to the Cauchy problem (74)
such that for every � 2 Œ0; b� the equality

'.�/ D '0 C

�Z
0

M.t/ dt �

�Z
0

L.t; '.t// dt .79/

holds. If b D T , then Theorem 3.24 is proved. If b < T , then we take '1 WD '.b/ and consider the equation from
(74) with new initial value condition '.b/ D '1. Using the Carathéodory Theorem and (79), we extend solution
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to problem (74) into Œb; b1�, where b1 � T etc. Thus, similarly to [50, p. 22-24], we have one of the following
possibility:

1) solution to problem (74) can be extended into Œ0; T �;
2) there exists a weak solution to problem (74) which is defined on right maximal interval of

existence Œ0; b/, where b � T .
We shall prove that Case 2 is impossible. Assume the converse. Then for every � 2 .0; b/ this local weak solution '
belongs to W 1;p.0; � IR`/. Define

R WD
n�
j'0j2 C

TZ
0

h
2ˇ.t/C jM.t/j2

i
dt
�
e

TR
0

Œ2˛.t/C1� dto1=2
; .80/

where ˛ and ˇ are determined from (78). SinceL satisfies theLp-Carathéodory condition andR is determined from
(80), there exists a function hR 2 Lp.0; T / such that for a.e. t 2 .0; T / and for every � 2 DR WD fy 2 R` j jyj �
Rg inequality (75) holds.

Taking into account (see (78) ) the following inequalities

.L.t; '.t//; '.t//R` � �˛.t/j'.t/j
2
� ˇ.t/; .M.t/; '.t//R` � jM.t/j � j'.t/j �

1

2
jM.t/j2 C

1

2
j'.t/j2;

from (74) we get

.'0.t/; '.t//R` � ˛.t/j'.t/j
2
� ˇ.t/ �

1

2
jM.t/j2 C

1

2
j'.t/j2; t 2 Œ0; b/:

Hence,
�Z
0

.'0.t/; '.t//R` dt �

�Z
0

h�
˛.t/C

1

2

�
j'.t/j2 C ˇ.t/C

1

2
jM.t/j2

i
dt; � 2 .0; b/: .81/

Since ' 2 W 1;p.0; � IR`/ and p � 2, we obtain

j'j2 2 W 1;
p
2 .0; �/; .j'.t/j2/0 D 2.'0.t/; '.t//R` ; t 2 .0; �/;

(see Case 1.ii of Theorem 3.19). Hence Proposition 3.10 implies that
�Z
0

.'0.t/; '.t//R` dt D
1

2
j'.�/j2 �

1

2
j'.0/j2:

Whence (81) has a form (76), where C D j'0j2,

y.t/ D j'.t/j2; A.t/ D 2˛.t/C 1; B.t/ D 2ˇ.t/C jM.t/j2; t 2 .0; �/:

Therefore, from (77) we get

y.�/ �
�
C C

�Z
0

B.t/ e
�
tR
0

A.s/ ds

dt
�
e

�R
0

A.t/ dt

�

�
C C

�Z
0

B.t/ dt
�
e

�R
0

A.t/ dt

� R2;

where R is determined from (80). Thus j'.�/j � R, � 2 .0; b/, i.e. the point '.t/ belongs to DR, where t 2 .0; b/.
By (75), we have that jL.t; '.t//j � hR.t/, where t 2 .0; b/. Therefore, (79) yields that

j'.t2/ � '.t1/j D
ˇ̌̌ t2Z
t1

L.t; '.t// dt
ˇ̌̌
�

ˇ̌̌ t2Z
t1

hR.t/ dt
ˇ̌̌

�!
t1;t2!b�0

0:

Finally we have an existence of the finite limit lim
t!b�0

'.t/. Then solution to problem (74) can be extended to Œ0; b�

by the rule '.b/ WD lim
t!b�0

'.t/ <1. This contradiction completes the proof Theorem 3.24.

If L is slowly continuous with respect to the ', then Theorem 3.24 follows from Theorem 3 [48, p. 240]. If M � 0
and L is continuous, then Theorem 3.24 coincides with Lemma 4 [51, p. 67].
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3.6 Some integral expressions

The following lemmas will be needed in the sequel.

Lemma 3.25 (see for comparison Lemma 2.3 [31, p. 26]). Suppose that condition (Q) is satisfied, g 2 L1.Q0;T /,

z 2 Lq.x/.�/, m 2 N, � D .�1; : : : ; �m/ 2 Rm, w1; : : : ; wm 2 Lq.x/.�/, and w.x; �/ D
mP
lD1

�lw
l .x/. Then the

function

I.t; �/ WD

Z
�

g.x; t/jw.x; �/jq.x/�2w.x; �/z.x/ dx; t 2 .0; T /; � 2 Rm; .82/

satisfies the L1-Carathéodory condition.

Proof. Step 1. The Fubini Theorem [33, p. 91] yields that I.�; �/ 2 L1.0; T /. Then the function
Œ0; T � 3 t 7! I.t; �/ 2 R is measurable.

Step 2. We prove that the function R 3 �1 7! I.t; �1; : : : ; �m/ 2 R is continuous at the point �0
1
2 R. Take

� D .�1; �2; : : : ; �m/, �0 D .�01 ; �2; : : : ; �m/, where j� � �0j � 1.
By Theorem 2.1 [52, p. 2], we get

j j�1j
q.x/�2�1 � j�2j

q.x/�2�2j � C10.j�1j C j�2j/
q.x/�1�ˇ.x/

j�1 � �2j
ˇ.x/; .83/

where 0 < ˇ.x/ � minf1; q.x/ � 1g, �1; �2 2 R, C10 > 0 is independent of �1; �2; x. Hence,

jI.t; �/ � I.t; �0/j D
ˇ̌̌Z
�

g
�
jw.x; �/jq.x/�2w.x; �/ � jw.x; �0/jq.x/�2w.x; �0/

�
z dx

ˇ̌̌

� C11

Z
�

�
jw.x; �/j C jw.x; �0/j

�q.x/�1�ˇ.x/
jw.x; �/ � w.x; �0/jˇ.x/jzj dx D C11.I1 C I2/; .84/

where
I1 D

Z
�1

h.x; �; �0/ dx; I2 D

Z
�2

h.x; �; �0/ dx;

�1 D fx 2 � j q.x/ � 2g, �2 D fx 2 � j q.x/ > 2g, and

h.x; �; �0/ D
�
jw.x; �/j C jw.x; �0/j

�q.x/�1�ˇ.x/
jw.x; �/ � w.x; �0/jˇ.x/jz.x/j; x 2 �:

By taking ˇ.x/ D q.x/ � 1, where x 2 �1, we obtain

I1 D

Z
�1

jw.x; �/ � w.x; �0/jq.x/�1jz.x/j dx D

Z
�1

j�1 � �
0
1 j
q.x/�1

jw1.x/jq.x/�1jz.x/j dx

� j�1 � �
0
1 j
q0�1

Z
�1

jw1.x/jq.x/�1jz.x/j dx D C12j�1 � �
0
1 j
q0�1 �!

�1!�
0
1

0:

By taking ˇ.x/ D 1, where x 2 �2, we obtain

I2 D

Z
�2

�
jw.x; �/j C jw.x; �0/j

�q.x/�2
jw.x; �/ � w.x; �0/j � jz.x/j dx

D j�1 � �
0
1 j

Z
�2

�
jw.x; �/j C jw.x; �0/j

�q.x/�2
jw1.x/j � jz.x/j dx � C13.�

0
1 /j�1 � �

0
1 j �!
�1!�

0
1

0:

Therefore, by (84), we obtain that jI.t; �/�I.t; �0/j �!
�1!�

0
1

0. Continuing in the same way, we see that I is continuous

with respect to �2; : : : ; �m.
Step 3. Taking into account the results of Step 1 and Step 2, we obtain that the function I satisfies the

Carathéodory condition. Since g 2 L1.Q0;T /, the L1-Carathéodory condition holds.
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Lemma 3.26. Suppose that condition (E) is satisfied,

.Eu/.x; t/ WD

Z
�

�.x; t; y/
�eu.x C y; t/ �eu.x; t/� dy; .x; t/ 2 Q0;T ; .85/

where u 2 L1.Q0;T /, eu is the zero extension of u from Q0;T into .Rn n �/ � .0; T /. Then for every s > 1 the
operator E W Ls.Q0;T /! Ls.Q0;T / is linear bounded continuous and

jjEuILs.Q0;� /jj � C14jjuIL
s.Q0;� /jj; u 2 Ls.Q0;T /; � 2 .0; T �; .86/

where C14 > 0 is independent of u and � .

The proof is trivial.

Lemma 3.27. Suppose that � 2 Lip .R/, � 2 L1.Q0;T � �/, z 2 L2.�/, m 2 N, � D .�1; : : : ; �m/ 2 Rm,

w1; : : : ; wm 2 L2.�/, w.x; �/ D
mP
lD1

�lw
l .x/, x 2 �, and the operator E is determined from (85). Then the

function

J.t; �/ WD

Z
�

�
�
.Ew.�; �//.x; t/

�
z.x/ dx; t 2 .0; T /; � 2 Rm; .87/

satisfies the L1-Carathéodory condition.

Proof. Step 1. Lemma 3.26 implies that Ew 2 L2.Q0;T / if � 2 Rm. Hence �.Ew/ 2 L2.Q0;T / � L1.Q0;T /.
The Fubini Theorem [33, p. 91] yields that J.�; �/ 2 L1.0; T /. Then the function Œ0; T � 3 t 7! J.t; �/ 2 R is
measurable.

Step 2. Take a point t 2 .0; T /. We prove that the function R 3 �1 7! I.t; �1; : : : ; �m/ 2 R is continuous at the
point �0

1
2 R. Take � D .�1; �2; : : : ; �m/, �0 D .�01 ; �2; : : : ; �m/. Then

jJ.t; �/ � J.t; �0/j �

Z
�

ˇ̌̌
�
�
.Ew.�; �//.x; t/

�
� �

�
.Ew.�; �0//.x; t/

�ˇ̌̌
� jz.x/j dx

� C15

Z
�

ˇ̌̌
.Ew.�; �//.x; t/ � .Ew.�; �0//.x; t/

ˇ̌̌
� jz.x/j dx

D C15

Z
�

ˇ̌̌Z
�

�.x; t; y/
�
.w.x C y; �/ � w.x; �/ � .w.x C y; �0/ � w.x; �0//

�
dy
ˇ̌̌
� jz.x/j dx

� C16j�1 � �
0
1 j

Z
�

Z
�

h
jw1.x C y/j C w1.x/

i
� jz.x/j dxdy D C17j�1 � �

0
1 j �!
�1!�

0
1

0:

Continuing in the same way, we see that J is continuous with respect to �2; : : : ; �m.
Step 3. Taking into account the results of Step 1 and Step 2, we obtain that the function J satisfies the

Carathéodory condition. Since � 2 L1.Q0;T ��/, the L1-Carathéodory condition holds.

Clearly, the operator ƒ.t/ W ZN ! ŒZN �� (see (16)) is linear, bounded, continuous and monotone. Similarly as in
Theorem 3.4 [53, p. 454], we prove that A.t/ W XN ! ŒXN �� (see (17) ) is bounded, semicontinuous and monotone
if p 2 BC.�/, p0 > 1, and condition (A) is satisfied. The operator G.t/ W ON ! ŒON �� (see (4)) is bounded,
semicontinuous and monotone. Similarly to (86), we get the estimate

jj.Ew/.t/I ŒLs.�/�N jj � C18jjwI ŒL
s.�/�N jj; w 2 ŒLs.�/�N ; t 2 Œ0; T �; .88/

where s > 1 and C18 > 0 is independent of w and t . Using condition (ˆ), we get that the operator ŒLs.Q0;T /�N 3
u 7! �.Eu/ 2 ŒLs.Q0;T /�

N is bounded and continuous.
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Lemma 3.28. Suppose that conditions (�), (B), and (Z) are satisfied, the operator ‰ is determined from (18). Then
‰.t/ W ZN ! ŒZN �� is bounded and semicontinuous. Moreover,

jh‰.t/u; vij � C19S1=
 0
�
S
 .jjuIH

N
jj/
�
jjvIZN jj; u; v 2 ZN ; t 2 .0; T /; .89/

where S1=
 0 and S
 are defined by (8), C19 > 0 is independent of u, v and t .

Proof. Similar to [54, p. 159], we use the generalized Hölder inequality, Proposition 3.3 with q D 
 , and notation
(7). We get the estimate

jh‰.t/u; vij D
ˇ̌̌Z
�

NX
kD1

bk.x; t/juj

.x/�2uk �vk dx

ˇ̌̌
� b0

Z
�

juj
.x/�1j�vj dx

� 2b0jj juj
.x/�1IL

0.x/.�/jj � jj j�vjIL
.x/.�/jj � 2b0S1=
 0

�Z
�

juj.
.x/�1/

0.x/ dx

�
�jj j�vjIL
.x/.�/jj � C20S1=
 0

�
S


�
jjuI ŒL
.x/.�/�N jj

��
� jj�vI ŒL
.x/.�/�N jj:

Since 
0 � 2, we obtain that (89) holds and the operator ‰ is bounded. We omit the proof that ‰ is semicontinuous
(it is similar to the proof of Lemma 3.25).

Let us consider the Banach space V such that V 	 ZN . Let us define the family of operators ‰V .t/ W V ! V� by
the rule

h‰V .t/u; viV WD h‰.t/u; vi; u; v 2 V; t 2 Œ0; T �:

By (89), we obtain

jh‰V .t/u; viV j � C21S1=
 0
�
S
 .jjuIVjj/

�
jjuIVjj; u; v 2 V; t 2 .0; T /; .90/

where C21 > 0 is independent of u, v and t . Then ‰V W V ! V is bounded. We will replace this space V by VN and
Wr . For the sake of convenience we have replaced ‰VN and ‰Wr

by ‰ and we have replaced h�; �iVN and h�; �iWr

by h�; �i. The same notation we need for ƒ.t/, A.t/, and K.t/, t 2 .0; T /. According to the above remarks, we have
that the operator K.t/ (see (19) ) is bounded and semicontinuous from VN into ŒVN �� and is bounded from Wr

into W�r .

Lemma 3.29. Suppose that (�), (Q), (A)-(E), (7), and (21) hold. Assume also that ˛ > 0, p 2 BC.�/, p0 > 1,
fwj gj2N � V , m 2 N, L D .L11; L21; : : : ; Lm1; : : : ; L1N ; L2N ; : : : ; LmN /, where

L�k.t; �/ D h.K.t/z/k ; w�i C ..N .t/z/k ; w�/�; k D 1;N ; � D 1;m; t 2 .0; T /; .91/

� D .�11; �21; : : : ; �m1; : : : ; �1N ; �2N ; : : : ; �mN /, z D .z1; : : : ; zN /, and

zk.x/ D

mX
`D1

�`kw
`.x/; x 2 �; k D 1;N:

Then

.L.t; �/; �/RmN �

Z
�

h˛
2
j�zj2 C a0

nX
iD1

jzxi j
p.x/
C g0jzj

q.x/
� C22jzj

2
i
dx � C23; t 2 .0; T /; .92/

where C22; C23 > 0 are independent of z, � and t .

Proof. Clearly,

.L.t; �/; �/RmN D hK.t/z; zi C .N .t/z; z/� D
NX
kD1

Z
�

h
˛j�zk j

2
C

nX
iD1

aik.t/jzxi j
p.x/�2

jzk;xi j
2
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Cbk.t/jzj

.x/�2zk�zk C gk.t/jzj

q.x/�2
jzk j

2
C ˇk.t/j.zk/

�
j
2
i
dx C .�.Ez.t//; z/�: .93/

Taking into account (A), (G), and (BB), we obtain

NX
kD1

h
˛j�zk j

2
C

nX
iD1

aik.t/jzxi j
p.x/�2

jzk;xi j
2
C gk.t/jzj

q.x/�2
jzk j

2
C ˇk.t/j.zk/

�
j
2
i

� ˛j�zj2 C a0jzxi j
p.x/
C g0jzj

q.x/: .94/

Using the generalized Young inequality, we get

NX
kD1

jbk jzj

.x/�2zk�zk j D b

0
jzj
.x/�1j�zj � C24.~1/jzj


.x/
C ~1j�zj


.x/

� ~1j�zj
2
C C25.~1/.1C jzj

2/; .95/

where ~1 > 0, C25.~1/ > 0 is independent of x, t , k and m.
Taking into account condition (ˆ), Cauchy-Bunyakowski-Schwarz’s inequality, and (88), we obtainˇ̌̌

.�.Ez.t//; z/�

ˇ̌̌
� �0

Z
�

jEz.t/j � jzj dx � C26jjEz.t/I ŒL
2.�/�N jj � jjzI ŒL2.�/�N jj

� C18jjzI ŒL
2.�/�N jj � jjzI ŒL2.�/�N jj � C27

Z
�

jzj2 dx; .96/

where C27 > 0 is independent of z, t and m.
Using (94)-(96) and choosing ~1 D ˛

2
we can show that (93) yields (92).

4 Proof of main Theorem

The solution will be constructed via Faedo-Galerkin’s method.
Step 1. Let fwj gj2N be a set of all eigenfunctions of the problem (28) which are an orthonormal in L2.�/,

MN
m WD

n
x 7!

� mX
�D1

˛m�1w
�.x/; : : : ;

mX
�D1

˛m�Nw
�.x/

� ˇ̌
˛m�k 2 R; k D 1;N ; � D 1;m

o
; m 2 N;

r is determined from condition (Z), Wr and W�r are defined by (31), and V is defined by (14). Taking into account
Proposition 3.5 and (32), we obtain that MN WD

S
m2N

MN
m is dense in Wr and VN .

Take m 2 N and um WD .um
1
; : : : ; um

N
/, where

umk .x; t/ WD

mX
�D1

'm�k.t/w
�.x/; .x; t/ 2 Q0;T ; k D 1;N ;

'm WD .'m
11
; 'm
21
; : : : ; 'm

m1
; : : : ; 'm

1N
; 'm
2N
; : : : ; 'm

mN
/ is a solution to the problem

humt .t/; w
�
i C hK.t/um.t/; w�i C .N .t/um.t/; w�/� D hF.t/; w�i; t 2 .0; T /; .97/

'm�k.0/ D ˇ
m
�k ; k D 1;N ; � D 1;m .98/

(see (3), (19), and (20) for definition of the elements of N , K, and F ), the functions um
0
WD .um

01
; : : : ; um

0N
/ satisfies

the condition
um0 �!

m!1
u0 strongly in HN ;
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and um
0k
.x/ WD

mP
�D1

ˇm
�k
w�.x/, x 2 �, k D 1;N . Clearly,

um.0/ D
� mX
�D1

'm�1.0/w
�.x/; : : : ;

mX
�D1

'm�N .0/w
�.x/

�
D um0 : .99/

The problem ((97), (98)) coincides with (74) if ` D mN ,

'0 D .ˇm11; ˇ
m
21; : : : ; ˇ

m
m1; : : : ; ˇ

m
1N ; ˇ

m
2N ; : : : ; ˇ

m
mN /;

M D .M11;M21; : : : ;Mm1; : : : ;M1N ;M2N ; : : : ;MmN /; M�k.t/ D hFk.t/; w
�
i;

L D .L11; L21; : : : ; Lm1; : : : ; L1N ; L2N ; : : : ; LmN /;

L�k.t; '
m/ D

D�
K.t/um.t/

�
k
; w�

E
C

��
N .t/um.t/

�
k
; w�

�
�
; k D 1;N ; � D 1;m; t 2 .0; T /: .100/

By (F), we have M 2 L2.0; T IRmN /. Taking into account the lemmas such as Lemmas 3.27 and 3.25, we see that
L satisfies the L1-Carathéodory condition. From (92) we obtain

.L.t; 'm/; 'm/RmN � �C28

Z
�

jumj2 dx � C29

� �C30.m/

Z
�

NX
kD1

mX
�D1

j'm�k j
2
jw�.x/j2 dx � C29 D �C31.m/ j'

m
j
2
� C29; .101/

where C29; C31 > 0 are independent of t; 'm. Then Carathéodory-LaSalle’s Theorem 3.24 implies that there exists
a solution 'm 2 H1.0; T IRmN / to problem (97), (98). If we combine the condition @� 2 C 2r with Proposition
3.5 and embedding (26), we get fwj gj2N �Wr � ŒH

2r .�/�N . Thus,

um 2 H1.0; T IWr / � H
1.0; T I ŒH2r .�/�N / � ŒH1.Q0;T /�

N : .102/

Step 2. Multiplying both sides of the corresponding equality (97) by 'm
�k
.t/, summing the obtained equalities, and

integrating in t 2 .0; �/ � .0; T /, we getZ
Q0;�

.umt ; u
m/ dxdt C

�Z
0

.L.t; 'm.t//; 'm.t//RmN dt

D

Z
Q0;�

h nX
i;jD1

.fij ; u
m
xixj

/C

nX
iD1

.fi ; u
m
xi
/C .f0; u

m/
i
dxdt; � 2 .0; T �: .103/

By (102), similar to Case 1.ii of Theorem 3.19 (with p.x/ D r.x/ � 2), we obtain

jumj2 2 W 1;1.0; T IL1.�//; .jumj2/t D 2.u
m
t ; u

m/:

Then, the integration by parts formula and (99) yield thatZ
Q0;�

.umt ; u
m/ dxdt D

1

2

Z
�

jum.x; �/j2 dx �
1

2

Z
�

jum0 .x/j
2 dx:

By (92), we get

�Z
0

.L.t; 'm.t//; 'm.t//RmN dt �

Z
Q0;�

h˛
2
j�umj2 C a0

nX
iD1

jumxi j
p.x/
C g0ju

m
j
q.x/
� C32ju

m
j
2
i
dx � C33;
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where C32; C33 > 0 are independent of m and � . In addition, Young’s inequality, the condition @� 2 C 2, and
estimate (30) yield thatˇ̌̌ Z

Q0;�

nX
i;jD1

.fij ; u
m
xixj

/ dxdt
ˇ̌̌
�

Z
Q0;�

nX
i;jD1

h
~1ju

m
xixj
j
2
C

1

4~1
jfij j

2
i
dxdt

�

Z
Q0;�

h
~1C34j�u

m
j
2
C

1

4~1

nX
i;jD1

jfij j
2
i
dxdt;

where ~1 > 0, the constant C34 > 0 is independent of m and ~1. By (23), we getˇ̌̌ nX
iD1

.fi ; u
m
xi
/C .f0; u

m/
ˇ̌̌
�

h
~2

nX
iD1

jumxi j
p.x/
C Yp.~2/

nX
iD1

jfi j
p0.x/

C ~3ju
m
j
q.x/
C Yq.~3/jf0j

q0.x/
i
:

According to the above remarks, from (103) we have the following inequality

1

2

Z
��

jumj2 dx C

Z
Q0;�

h�˛
2
� ~1C34

�
j�umj2 C .a0 � ~2/

nX
iD1

jumxi j
p.x/
C .g0 � ~3/ju

m
j
q.x/

i
dxdt

�
1

2

Z
�

jum0 j
2 dx C C35.~1; ~2; ~3/

�
1C

Z
Q0;�

h nX
i;jD1

jfij j
2
C

nX
iD1

jfi j
p0.x/

C jf0j
q0.x/

i
dxdt

C

Z
Q0;�

jumj2 dxdt
�
; � 2 .0; T �; .104/

where C35 > 0 is independent of m and � .
Let y.t/ WD

R
�
jum.x; t/j2 dx, t 2 Œ0; T �. Choosing ~1; ~2; ~3 > 0 sufficiently small, from (104) we can

obtain that y.�/ � C36 C C37
R �
0
y.t/ dt , � 2 .0; T �. Then the Gronwall-Bellman Lemma yields thatZ
�

jum.x; �/j2 dx � C38; � 2 .0; T �; .105/

and so Z
Q0;�

jumj2 dxdt � C38T; � 2 .0; T �: .106/

Using (104), (106), and choosing ~1; ~2; ~3 > 0 sufficiently small, we getZ
Q0;�

h
j�umj2 C

nX
iD1

jumxi j
p.x/
C jumjq.x/

i
dxdt � C39; � 2 .0; T �: .107/

Here C38; C39 > 0 are independent of m and � .
By (105)-(107), we have that there exists a sequence fumj gj2N � fumgm2N such that

umj �!
j!1

u � �weakly in L1.0; T IHN / and weakly in U.Q0;T /: .108/

Step 3. We define the element F 2 ŒU.Q0;T /�� and the operator A W U.Q0;T /! ŒU.Q0;T /�
� by the rules

hF ; viU.Q0;T / WD
TZ
0

hF.t/; v.t/i dt; v 2 U.Q0;T /; .109/

hAu; viU.Q0;T / WD
TZ
0

h
hK.t/u.t/; v.t/i C .N .t/u.t/; v.t//�

i
dt; u; v 2 U.Q0;T /: .110/
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Using (24), (86), (106) and (107), we get

hAum; viU.Q0;T / D
Z

Q0;T

NX
kD1

h
˛ �umk �vk C

nX
iD1

aik ju
m
xi
j
p.x/�2umk;xi vk;xi C bk ju

m
j

.x/�2umk �vk

Cgk ju
m
j
q.x/�2umk vk � ˇk.u

m
k /
�vk C �k.Eu

m
k /vk

i
dxdt � C40

Z
Q0;T

h
j�umj � j�vj

C

nX
iD1

jumxi j
p.x/�1

jvxi j C ju
m
j

.x/�1

j�vj C jumjq.x/�1 jvj C jumj � jvj C jEumj � jvj
i
dxdt

� C40

�
jj j�umjIL2.Q0;T /jj � jj j�vjIL

2.Q0;T /jj C 2

nX
iD1

jj jumxi j
p.x/�1

ILp
0.x/.Q0;T /jj

�jj jvxi jIL
p.x/.Q0;T /jj C 2jj ju

m
j

.x/�1

IL

0.x/.Q0;T /jj � jj j�vjIL


.x/.Q0;T /jj

C2jj jumjq.x/�1ILq
0.x/.Q0;T /jj � jj jvjIL

q.x/.Q0;T /jj C jj ju
m
jIL2.Q0;T /jj � jj jvjIL

2.Q0;T /jj

Cjj jEumjIL2.Q0;T /jj � jj jvjIL
2.Q0;T /jj

�
� C41jjvIU.Q0;T /jj;

where C41 > 0 is independent of m; v. Then

jjAumI ŒU.Q0;T /��jj � C41 .111/

and so
Aumj �!

j!1
� weakly in ŒU.Q0;T /�

�: .112/

Step 3. Suppose that the numbers r and s0 are determined from condition (Z), the spaces Wr and W�r are defined by
(31), Pm W HN ! HN is the projection operator from (45) (see also (21)), bPm is defined by (40), where H D HN

and V DWr . Similarly to [54, p. 77] and [55, p. 62-63], using Lemma 3.9, notation (109) and (110), we rewrite (97)
as

umt D
bP �m�F �Aum

�
: .113/

By (49), we get
jjbPmf ILs0.0; T IWr /jj � jjf IL

s0.0; T IWr /jj; f 2 Ls
0

.0; T IWr /: .114/

Since jjD�jjL.B�;A�/ D jjDjjL.A;B/ for every D 2 L.A;B/ (see [42, p. 231]), using (114), we have

jjbP �mhIL s0

s0�1 .0; T IW�r /jj � jjhIL
s0

s0�1 .0; T IW�r /jj; h 2 L
s0

s0�1 .0; T IW�r /: .115/

Taking into account (115), (35), and (109), we obtain

jjbP �mF IL
s0

s0�1 .0; T IW�r /jj � jjF IL
s0

s0�1 .0; T IW�r /jj � C42jjF I ŒU.Q0;T /�
�
jj � C43: .116/

By (115), (110), (111), and (35), we get

jjbP �mAumIL
s0

s0�1 .0; T IW�r /jj � jjAu
m
IL

s0

s0�1 .0; T IW�r /jj � C44jjAu
m
I ŒU.Q0;T /�

�
jj � C45: .117/

Using (113), (116), and (117) (see for comparison [54, 55]), we obtain

jjumt IL
s0

s0�1 .0; T IW�r /jj � C46: .118/

Here C43; : : : ; C46 > 0 are independent of m. Therefore,

u
mj
t �!
j!1

ut weakly in L
s0

s0�1 .0; T IW�r /: .119/



Integro-differential systems with variable exponents of nonlinearity 881

Step 4. Suppose the numbers r and s0 are determined from condition (Z). Then (32) implies that VN
K

� HN 	 W�r .
By (33), (106), and (107), we get

jjumILs0.0; T IVN /jj � C47jju
m
IU.Q0;T /jj � C48; .120/

where C48 > 0 is independent of m.
Taking into account (120), (118), the Aubin theorem (see Proposition 3.11), and Lemma 1.18 [23, p. 39], we

obtain
umj �!

j!1
u strongly in L2.0; T IHN / and in C.Œ0; T �IW�r /; .121/

umj �!
j!1

u almost everywhere in Q0;T : .122/

Clearly, VN
K

� ŒH1
0
.�/�N 	 W�r . Then (120), (118), and the Aubin theorem yield that

umj �!
j!1

u strongly in L2.0; T I ŒH10 .�/�
N /: .123/

Hence for every i 2 f1; : : : ; ng we haveZ
Q0;T

ju
mj
xi � uxi j

2 dxdt � jjumj � uIL2.0; T I ŒH10 .�/�
N /jj2 �!

j!1
0:

Thus umjxi �!
j!1

uxi strongly in ŒL2.Q0;T /�N and so Lemma 1.18 [23, p. 39] implies that

u
mj
xi �!
j!1

uxi almost everywhere in Q0;T ; i D 1; n: .124/

By (122) and (124), we obtain the equality � D Au.
Step 5. Using (97) and (102), we obtain

�

TZ
0

.umj .t/; w/� '
0.t/ dt C hAumj ; w'iU.Q0;T / D hF ; w'iU.Q0;T /; .125/

where ' 2 C1
0
..0; T //, w 2 MN

k
, k 2 N, k � mj , j 2 N. Letting j ! C1 and using Lemma 3.8, we get

the equality ut C Au D F . Whence, ut D F � Au 2 ŒU.Q0;T /��, u 2 W.Q0;T /, and (22) holds. Moreover,

we obtain the inclusion ut 2 L
s0

s0�1 .0; T I ŒVN ��/ because (34) is true. Hence, u 2 C.Œ0; T �I ŒVN ��/. By (108),
we have that u 2 L1.0; T IHN /. Thus, Lemma 3.7 yields that u 2 C.Œ0; T �IHN / and so u is a weak solution to
initial-boundary value problem (1), (2). �
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