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1 Introduction

Letn,N € Nand T > 0 be fixed numbers, 2 C R’ be a bounded domain with the boundary 92, Qo.7 =
Q x(0,T), So.7 = 92 x (0, T). We seek a weak solution u = (u1,...,un) : Qo.7 — RY of the problem

n
ug + o Aug = Y @ik (8,0l |70 Pug ) A Db (e DO ug) + (Nu)g =

i=1

n n

= > (fixte0) o, = D (ficGeD) o, + for(r0). (x.0) € Qor. k =TV, (1)
i.j=1 i=1
ulsor =0, Auls, 7 =0, ulr=0 = uo(x). (2
Here o > 0 is anumber, A := %4_%4_”.4_% is the Laplacian, A2 1= A(A), [u] := (ju1 >+ ..+ |un /2,
1 2 n

i = (G 4+ 1520 =T,
Nk (x,1) := (Gu)r (x,1) + (Bu)g (x,1) + ¢k (Eu)k (x,1)), (x,1) € Qo.T, 3)
(Gu)r (x.1) 1= gie (e, (e, 09O 2uge (x.1), (x.1) € Qo “)
(Bu)g (x,1) := =P (x. ) (ug (x,0))",  (x.1) € Qo.T, ©)
(Ew)i(x,1) = /ek(x,t,y)(?ik(x + 1) =Tk (x,0) dy, (x,1) € Qo.T, 6)

Q

aik-bi. gk, B, k- €k, fijk, fik, fok, p. V. q, uo are some functions, (ux)~ := max{—uy,0}, and %y is zero

extension of uy from Qg 7 into (R” \ ) x (0, T), wherei, j = 1,n,k =1, N.
Equation (1) describes, for example, the long-scale evolution of the thin liquid films. The function u(x,?) is a
height of the liquid films in the point x at the time ¢, the fourth-order terms describe capillary force of the liquid
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surface tension, and the second-order terms describe the evaporation (condensation) process into the liquid (see [1—
3] for more details). The investigation of the fourth-order degenerate parabolic equations of the thin liquid films
was started in [4] by F. Bernis and A. Friedman (see also [2, 5-8], and the references given there). The Dirichlet
problem for the Cahn—Hilliard equation (1) (N = 1, ¢ > 0,a;1 = g1 = €1 = fij1 = fit = fo1 =0,
where i, j = 1,7) was considered in [5] where y(x) = 2m, m € N, and b; < 0. The corresponding Neumann
problem was studied in [6]. The Neumann problem for equation (1) (N = 1, « > 0, a;; > 0, p(x) = const > 2,
g1 =€1 = fij1 = fi1 = for =0, wherei, j = 1,n) was considered in [2] if y(x) = 2 and b; > 0.

The initial-boundary value problems for the parabolic equations with variable exponents of the nonlinearity
and without integral terms in equation were considered for instance in [9-15]. Integral terms (6) arise in many
applications (see [16—18]). The second-order parabolic equations with variable exponents of the nonlinearity and
integral term (6) were considered in [17, 19].

2 Notation and statement of theorem

Let|| - ||z = ||-; B]| be a norm of some Banach space B, BY := B x ... x B (N times) be the Cartesian product
of the B, B* be a dual space for B, and (-, -) z be a scalar product between B* and B. We use the notation X O Y
if the Banach space X is continuously embedded into Y; the notation X (9 Y means the continuous and dense

embedding; the notation X g Y means the compact embedding.

IfweB,z:(21,...,ZN)EBN,andvz(vl,...,vN)eBN,thenweset
N
(v,w) := ((vl,w)B, e, (UN,w)B) e RV, (v,z) = Z(Uk,Zk)B e R, (7)
k=1
and ||z; BN || := ||z1: B|| + ... + ||lzn: B]|.

Suppose that m,d € N, p € [1,00], X is the Banach space, Q is a measurable set in R4, M(Q) is a set of all
measurable functions v : Q — R (see [20, p. 120]), Lip (Q) is a set of all Lipschitz-continuous functions v : Q — R
(see [21, p. 29]), C"(Q) and C$°(Q) are determined from [22, p. 9], L?(Q) is the Lebesgue space (see [22, p. 22,
24]), WP (Q) and W7 (Q) are Sobolev spaces (see [22, p. 45]), H"(Q) := W2(Q), HI'(Q) := WJ"*(Q),
C([0,T]; X) and C"™(]0, T]; X) are determined from [23, p. 147], L?(0,T; X) is determined from [23, p. 155],
w20, T; X) is determined from [24, p. 286], H™(0,T; X) := Wm’z(O, T;X),and

B4(Q) :=1{g € L>(Q) | essinf g(y) > 03.

If ¢ € B4+ (Q), then by definition, put

qo :=essinf g(y), ¢°:=-esssup g(y),  Sq(s):= max{s?°, sqo}, s >0, (8)
yeQ veQ
q(y) = _4v) forae. yeQ (note that —— + % =1 and ¢ € B+(Q)), 9)
q(y)—1 q(y)  4'(y)
pu:Q)i= [ W) dy. v e M. (10)
Q

Assume that ¢ € B4(Q), go > 1, and m € N. The set
LIY(Q) :={v € M(Q) | pg(v:Q) < +00}

is called a generalized Lebesgue space. It is well known that L9 (Q) is a Banach space which is reflexive and
separable (see [25, p. 599, 600, 604]) with respect to the Luxemburg norm

[|v: LYY(Q)|| ;= inf{A > 0 | py(v/A;Q) < 1}.
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The set W90 (Q) := {v € LYO(Q) | DY € LYD)(Q), |a| < m} is called a generalized Sobolev space. It
is well known that W”-9(")(Q) is a Banach space which is reflexive and separable (see [25, p. 604]) with respect to
the norm
l: W4 @)| = Y |[D%v: LYY (). (11
lal=m
The closure of C§°(Q) with respect to the norm (11) is called a generalized Sobolev space and is denoted by
Wm .q(y) (Q)
s .
The generalized Lebesgue space was first introduced in [26]. The properties of the generalized Lebesgue and
Sobolev spaces were widely studied in [25, 27-30].
Let us define the set Y(2) C M(R2) as follows. For every p € Y(R2) there exist numbers m € N,

S1, sf, .o Sm, Sy € R, and open sets 21, ..., 2,, C 2 such that the following conditions hold:
1) Q1,..., 2, consist of the finite numbers of the components with the Lipschitz boundaries;
m
2) mes (Q\ U Qj) =0
Jj=1
Nl =051<52<8<853<85<...<Sm—1<Spm_p<N<Sy<sm_| <SSy =+00;
4) forevery j € {1,...,m} the inequality s; < p(x) < s]’f‘ holds a.e. for x € Q;;
5) for every k € {1,...,m — 1} the inequality 5s;° < R(sx) holds, where
14 if 1<
Rigy:=] n—a 1 =4=m (12)
arbitrary s > 1 if n <gq.
Note that W1-4(Q) O LR (Q), where g € [1, +00) (see [23, p. 47]).
Suppose that A% 1= v, Alv := Av, ATv := A(A"" 1),
HY(Q):={ve H”(Q) | v|sg = Avlga =...= A" lu|ye =0}, reN. (13)
By definition, put Z := H3 (Q), X := W3 "™ (Q), 0 := LI0(Q), H := L*(Q),
Vi=ZNnXNONH, (14)
U(Qo.) = {u:(0.7) = VN | D% e [L2(Qo.rIV. lal =2, ux,.....ux, € L7 Qo).
u € [L9(Qo. )]V N [L2(Qo. ™} (15)

and
W(Qo.1) :={w € U(Qo.7) | ws € [U(Qo,7)]"}.

We will need the following assumptions:
P): p € B+(2), po > 1, and one of the following alternatives holds:
() peT(Q): @) p® <R(po); (iii) p € C(Q);
M)y € B+(R2),y0 > 1;
Q):g €B4(R2),q0 > 1;
(Z):a >0, yO <2; 0 := min{2, po,qo}, §9 = max{2, po,qo}, r € N, and
r> %max{z, 1+ %, %qu)};
(A): ajx € M(Qo.7),0<ap <ajr(x,t) < a® < oo forae. (x,1) € Qo.7,wherei = 1,n,k =1,N;
B): by € M(Qo.7), |br (x,1)| < b° < 400 forae. (x,t) € Qo.7, wherek = 1, N;
(G): gk € M(Q0.7).0 < g0 < g (x.1) < g% < +ooforae. (x.1) € Qo.7, wherek = 1, N;
(BB): B1..... BN € B4+(Qo.7);
(®): ¢ € Lip (R), |¢x (§)] < ¢°[€] for every £ € R, where ¢° € [0, +00), k = 1, N;
(E): ex € M(Qo0.7 X Q), |ex(x.1, )] < €® < 400 forae. (x,1,y) € Qo.7 x Q, wherek =1, N;
®): fijk € L2(Qo.7). fik € LP'®(Qo.7). fox € LY (Qo.7), where i, j =T.n,k =T, N;
U):ug € HV.
Let us introduce the following notation. If ¢ € (0, T) and if k € {1,..., N}, then we set

(Au)g,w), := /aAuk(x) Aw(x)dx, uezZV, weZ, (16)
Q
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((A@Owg, w)y = / Zalk(x D, (PO ug g (Dwy (x) dx, we XV, weX, (17
i=1

(YO, w), = /bk(x,t)|u(x)|y(x)_2uk(x)Aw(x) dx, uezV, wez, (18)

(K@Owi, why == (Aw)g, w)z + (AW, w)x + (YOwk, w)z, ueVY, weV, (19)

(R u) = | S ik 0y G+ Y i (5 () o o) o we Ve (20)

o i.J=1 i=1

Using (16) and (7), we define the operator A : Z~ — [ZV]* by the rule
N
=((Au)1,...,(Au)N), (Au,v), Z(Au)k Vi )z, uezW, v=(v1,...,vN)€ZN.
Continuing in the same way, we define the operators A(z) : XV — [XN]*, () : ZV — [ZN]*, and K(¢) :
VN — [VN]* where t € [0, T]. We write:
F(t):= (F1(t),....FN()), t€]0,T],
WNw)(x, 1) == (Nw)1(x,0),.... Nw)§ (x,1)), (x.1) € Qo,T,

WN@Ow)(x) :== Nw)(x,1), (x,1) € Qo.T,
where Fy, ..., Fy are defined in (20), (Nw)1, ..., (Nw)y are defined in (3). Clearly,

F(t) e [VNT*, NOYON nHN)cloV nHN*, te]0.T).

Likewise we define the operators G(¢) : OV — [ON]*, B(t) : HN — HN,and E(t) : HY — H", where
t €0, T].

For the sake of convenience we have denoted ¢ (Eu) = (¢1 ((Eu)1),...,¢dn((Eu)n)) and ¢x (Eug (t)) =
o ((Eu)x(t)), k = 1, N. By definition, put

Jux)dx if u:Q->RY, v:Q >R,

(u,v)g = & 21
[ @), v(x)gn dx if u,v:Q — RV,
Q

Definition 2.1. A real-valued function u € W(Qo.7) N C([0, T]; H™) is called a weak solution of problem ((1),
(2)) if u satisfies (2) and for every v € U(Qo, 1) we have

(ur, Vv +

O\.'N]

T
[(K(z)u(z) v(0))yn + N @Ou@), v())g [ F(@t),v(t))yn~ dt. (22)
0

Theorem 2.2. Suppose that conditions (P)-(U) and 02 € C 2r gre satisfied. Then problem ((1), (2)) has a weak
solution.
3 Auxiliary facts

3.1 Properties of generalized Lebesgue and Sobolev spaces

The following Propositions are needed for the sequel.
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Proposition 3.1 (see [31, p. 31]). Ifq € B4+ (Q) and qo > 1, then for every n > 0 there exists a number Y4 () > 0
such that for every a,b > 0 and for a.e. y € Q the generalized Young inequality

ab < naQ(y) +Y,(n) pd’ ) (23)

holds. In addition, Y, (1) depends on qo,q° and it is independent of y, Y2(n) = 41—,7, Yz(%) = %,
Y, (4+0) = 400, and Y (4+00) = 0.

Proposition 3.2. Assume that q € B4 (Q) and qo > 1. Then the following statements are satisfied:
(i) (see [25, p. 600]) if ¢(y) = r(y) = 1 fora.e. y € Q, then LYY (Q) O L") (Q) and

lo: L"@ (@] < (1 + mesQ)[|v; LY (@Q)||. v e LI (Q);

(ii) (see [30, p. 431]) for every u € LI9(Q) and v € L7 ) (Q) we get uv € LY(Q) and the following
generalized Holder inequality is true

/ OO dy < 2 lus LY@ - [[v: LY @] (24)
Q

Proposition 3.3 (see [32, p. 168]). Suppose that g € B4 (Q), go > 1, Sq is defined by (8), and py is defined by
(10). Then for every v € M(Q) the following statements are fulfilled:

(i) [|v; LYV Q)|| < S1/4(pq(v: Q) if pg (v;Q) < +00;

(ii) pg (1: Q) = Sq(||v: LI @]) if ||v: LI Q)] < +o0.

Proposition 3.4. Suppose that p € B4 (2) and po > 1. Then the following statements hold:
(i) (see Theorem 3.10 [25, p. 610] and Theorem 2.7 [30, p. 443]) if either p € Y(RQ) or p € C(Q), then

n
v Wy PO @)1 = > o, LZO(Q)]|

i=1

is a equivalent norm of WO1 ’p(X)(Q);
(ii) (see Lemma 5 [13, p. 48] and Theorem 3.1 [27, p. 76]) if ux,, ... ux, € LPX)(Q) and either p € Y(Q)
or p° < R(po) (see (12)), then u € Lp(x)(Q) and the generalized Poincaré inequality

n
s L7 @)1 = €1 (Y s L2 @)1+ [ L1 @)11),

i=1

holds, where C; > 0 is independent of u;
(iii) (see Lemma 2 [13, p. 46] and Theorem 3.2 [27, p. 77])

L?°(0,T; LP™(Q)) & LP?Y)(Qo.7) & L7 (0, T; LPX(Q)). (25)

3.2 Auxiliary functional spaces

Let £L(X,Y) be a space of bounded linear operators from X into Y (see [33, p. 32]), (+, ) 7 be the Cartesian product
in the Hilbert space H, and H i’ (R2) is defined in (13), where r € N. It is easy to verify that Hi"(Q) is the Hilbert
space such that

HZ(Q) O H?(Q). HZ(Q) O L*(Q) O [HX (Q)]*. (26)

If 3Q C C, then the following integration by parts formula is true

/vArudxzqurvdx, u,v e HX (Q). 27)
Q Q
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Note that for every r € N the space H i’ (R2) is reflexive.
Let {w” }; cx be a set of all eigenfunctions of the problem
—Aw’/ =1;w/ in Q, w/lpo=0 jeN (28)
Here {1, };en C Ry is the set of the corresponding eigenvalues. Suppose that {w’ }; <y is an orthonormal set in
L2(). It is easy to verify that solutions to problem (28) satisfy the equalities

D)"A"w = 1"w, wlgg = Awlpe = ... = Ar_1w|3gz =0. (29)

The following propositions are needed for the sequel.

Proposition 3.5 (see Theorem 8 [34, p. 230]). If 3Q C C?', then the set {w’};ey of all eigenfunction of the
problem (28) is a basis for the space Hir ().

Proposition 3.6 (see Lemma 3 [34, p. 229]). If 02 C C?", then there exists a constant Co > 0 such that for all
S Hir () we obtain
llv: H2"(Q)|] < C2||A"v; L*(Q)]. (30)

Define
Wy = [HX @Y, W= W], @1

where r is determined from condition (Z). We consider the space V' (see (14) ) with respect to the norm

n
o VNI = Av BN 4+ 3 o [L2D@V ]+ o0V || + o HV |
i=1

Since r satisfies (Z) and (14) holds, it is easy to verify that
Wy O VN O HYN =~ [HN]* O [VvN]* o Wi (32)
The following Lemma is needed for the sequel.

Lemma 3.7. L>°(0,T; HVN)nC((0,T];[VN]*) = C(0,T]; HV).

The proof is omitted (see for comparison Lemma 8.1 [35, p. 307]).
We consider the space U(Qg.7) (see (15) ) with respect to the norm

1w: UQo. )N =Y Mty s [LZ(Qo. )N + D My : (L2 (Qo.)IV ]

i.j=1 i=1
+ s [LY(Qo. IV | + [Jus [L2(Qo, 1)V .

It is easy to verify that the space U(Qg,7) is reflexive. Taking into account the embedding of type (25) and inequality
(30), we obtain
L. 7:VN) O U(Qo.r) O L. T: VY, (33)
where s and s° are determined from condition (Z). Whence,
_So__ - N L

L30=T(0.T:[VN]*) O [U(Qo.r)I* O Ls*=1(0.T:[VN]"). (34)

Similarly, using (32) we obtain
0

L (0. T: W) O U(Qo.7) & [L2(Qo.)1Y & [U(Qo.r)]* & L1 (0, T:Wy). (35)

Hence an arbitrary element of the spaces [U(Qo.7)]* or U(Qo.7) belongs to D*((0,T):[V™N]*). Therefore,
we have distributional derivative of u € U(Qo.7) C D*((0,T);[VN]*). Together with (34), we conclude
0

that an arbitrary element w € [U(Qo.7)]* belongs to Ls“ii—l(O, T;[VN]*). Thus, if u € U(Qo.7) belongs to
LSO(O, T: V™), then (w, Wuog ) = fOT(w(t), v()), ~ dt. In particular, this equality is true if u € C([0, T]; VV).



DE GRUYTER OPEN Integro-differential systems with variable exponents of nonlinearity —— 865

Lemma 3.8. Suppose that conditions (P) and (Q) are satisfied, u € U(Qo.1), {w*} e is a basis for the space V.
Then for every ¢ > 0 there exist a number m € N and functions {gouk}zl’:]]v!k:l C C°°([0,T]) such that ||u —

Ym:U(Qo.7)Il < & where Ym = (Ym1.....¥mnN) and Ymp (x.1) = gl‘Puk(f)wu(x)» (x.1) € Qo1 k =
w=

I,N.

The proof is omitted (see for comparison [36, p. 5] and [13, 27]).

3.3 Projection operator

Let H be the Hilbert space and V be the reflexive separable Banach space such that

VOHx=H OV*. (36)

Notice that if g € V* and g € H, then
(g.v)v=(gv)n, vEV. (37
Suppose {w’ }jen is a orthonormal basis for the space , m € N is a fixed number, 91 is a set of all linear
combinations of the elements from {w!, ..., w™}, M- is a orthogonal complements of Mt (see [37, p. 476]). Then

(see [37, p. 526]) M is a closed subset of H and H = M & om-L.
Define an unique orthogonal projection Py, : H — 21 by the rule (see [37, p. 527])

m
Pph:= Y (h.w')yw’. heH. (38)
Jj=1
This is a linear self-adjoint continuous operator (see Theorem 7.3.6 [37, p. 515]) such that
[Pmhllag < [|hll3. 7€ H. (39
If {w’} jen C V, then let us define an operator Pm:V— YV (not necessarily self-adjoint) by the rule
Py = Py for every v € V. (40)

We shall find a conjugate operator P w V¥ — V* Take elements v € V, z € V*. Then

m m m
(z. Pmv)y = <z, Z(v, w’ )3 w’>v = Z(v, w/ )z w’ )y = (v, Z(z, w’)y w’)H
Jj=1 Jj=1 Jj=1
Since v, w!, ..., w™ €V, (37) yields that
m . . m . .
j Yy — J J _ J J
(v, Z(z,w Yy w )H (Z(z,w Yy w ,v)H = <Z(z,w Yy w ,v>
J= Jj=1 Jj=1
Thus, (z, Ppv)y = (/I;,’;z, v)y, where
m . .
Prz= Z(z,w’)y w’, zeV* 41)
Jj=1
In addition, (41) implies that P* (V*) C V.
Lemma 3.9. Assume that {wj}j en is a orthonormal basis for the space H such that {w”’ ien CV YT, Y €

m
R are some numbers, and F € V*. Then z™ = ) y"w® €V satisfies
s=1

(2" why = (F.w'),,
(42)

(™ w™)y = (Fw™)y,
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iff the following equality holds
M =P"F in V*. (43)

Proof. Clearly, (43) implies (42). We shall prove that (42) implies (43). Take v € V. There exist numbers
m

o', ... ay; € R such that Ppv = Pnv = Zl oy w. Multiplying both sides of pu-th equality of (42) by
M:

;) and summing the obtained equalities, we get (z"", ﬁmv)v = (F, /ﬁmv)v. Hence, (ﬁ;"nzm, v)y = (ﬁ;knF, v)y
for every v € V. Thus,

Pz =PLF in V" (44)
Taking into account (37), the inclusions z™, wl, ..., w™ €V, and the orthonormality condition for {wj }jen CH,

’

from (41) we obtain

m m m m m
Phz" = Z(zm,w])v w’ = Z(Z w;”ws,wj)ﬂw] = Z Yt (wt, w )y w! = Z yitw' =M.
Jj=1 j=1 s=1 s,j=1 s=1
Therefore, (42) yields (43). O

In the sequel, we only consider the case H = L%(Q), V = Hir () (see (13)), and {w’ }j en is determined from
problem (28). Then (38) implies that (see (21) )

m
(Pr)(x) = Y (. w)ouw’/(x). xeQ, u:Q—->R (45)
Jj=1
This operator P, : L%*(Q) — LZ%(RQ) is a linear self-adjoint continuous projection operator such that

Pmllcc2@).2) = 1- R

To prove that P, belongs to E(Hi’(Q),Hi’(Q)), we take v € Hir(Q). Then A" P,,v € L?*(Q) and
Corollary 6.2.10 [38, p. 171] implies that there exists a function # € LZ?(Q) such that Al 2y = 1 and
(h, A" P v 12y = ||AT Prnvl| L 2(c2)- By (45), (40), (29), and (27) we obtain

m
1Pmvllpy2r iy = 18" Prvll 2y = (b, A" Prmv) 2y = (h,A’ 3 wowi)e wf)Q
Jj=1

- (h, i(v,w-/)gwa)g - (h, i(v,w‘/)g (—1)’)L;wf)Q - (h, i(u,(—l)’xjwf)g wj)Q

Jj=1 Jj=1 Jj=1

m m m
= (h, v, ATw/ wj) = v, A"wHoh, w!)g = (v, how!)o ATw/
( Py )= 3 athwa = (v Lt v ).,
=W, A"Pyph)a = (A v, Pph)a = (A" v, Pph)g.
Using Cauchy-Bunyakowski-Schwarz’s inequality and estimating (39) with H = L2(Q), we show that
[(A"v, Pph)a| < [|A" ]| 2@l Pmbllr2(@) = (1A vl[L2()lIAll L2 (q)- Therefore,
||ﬁmv||H§r(Q) <Ilvllgzr )y vE HZ(Q). (46)

Suppose now that f € L*(0,T;H),s > 1. If P,, : H — 9N is determined from (38), then P, f(¢) € H for every
t €0,T],

P f(1) = D (f(0),w) )y w?, (47)
j=1
and from (39) we get fOT [P f(1)]5, dt < fOT [f(0)]5, dt.ie.
[P f5 L3O, T; H)|| < (| f5L5O0, T H)||,  f € L°(0, T H). (48)

Finally assume that P oV — Vis determined from (40), H = L?>(Q),andV = H ir (£2). Taking into account
(46) and (48), we have that

1P LSO, T HY (@) < [w: L O. T HY (). u € L°O.T:HR(Q). s=1. (49
Clearly, we can prove (38)-(49) if we replace L2(Q2), H i’ () by [LZ()]V, [Hir ()] respectively.
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3.4 Differentiability of the nonlinear expressions

Take a function o € M (£2) and by definition, put

sTDf 5 >0,

. x €. (50)
0 if s <O,

Vo (x)(s) = ;

Similarly to Theorem A.1 [39, p. 47], we obtain that if v € Wl’p(O, T;L?P(R2)) (1 < p < 00), then
vt = max{u,0} € W2 (0, T; L?(RQ)) and (vF); = F(v)v, almost everywhere in Qq.7, where

~ 1if s >0,
= 51
7) {Oifsgo. 1)
The function v~ := max{—wu, 0} has a similar property.
The following Propositions are needed for the sequel.
Proposition 3.10. (see Theorem 2 [24, p. 286]). If X is a Banach space and 1 < p < oo, then
W1-20,T; X) O C([0, T]; X) and the following integration by parts formula holds:
T
/u,(z) dt =u(r)—u(s), O0<s<t<T, ueW'P0,T;X). (52)

s

Proposition 3.11. (the Aubin theorem, see [40] and [41, p. 393]). If s,h > 1 are fixed numbers, W, L, B are the
Banach spaces, and W é L O B, then

(e L50,T:W) | ur € L"0,T;B)} C L(0,T: £) N C([0, T); B).

Lemma 3.12. Suppose that Q@ C R” is a bounded C°-'-domain. Then the integration by parts formula
t=t

/w;zdxdt:/wzdx — / wzydxdt, 0<s<t<T, (53)
t=s

QS,‘( Qt QS,'L’

holds if one of the following alternatives hold:
(i) w € LYY (Qo.1), where g € B4+ (Q) and qo > 1, w, € L'(Qo.7), z € L>(Qo.7), 21 € LY (Q0.7);
(i) w,w; € L'(Qo.7), 2,21 € L>(Qo.7)-
Proof. (i). Take W := {w € LY®(Qo,7) | w € L'(Qo.7)}. Z :={z € L®(Qo.7) | 2 € LY (Qo,7)}. If
¢
@ e CL([0,T) and z € Z, then 9z € WL-1(0, T; L 4°=1(Q)). Using (52) with u = ¢(t)z(x, 1), we get

T T

/(p;(t)z(x,t) dt = e(v)z(x, 1) — @(s)z(x,5) —/go(t)z,(x,t) dt, x e Q. (54)

N A

Take a function v € C'(Q). By (54), we obtain that

f gotvzdxdt:/govz dx — / Qv z; dxdt. (55)
t=s

QJJ: QI‘ QS‘T

1=t

Clearly, C1([0, T]; C1(Q)) O W O W11(0, T; L1(Q)). Then the set

@i (Hvi (x meN, @1,....,om (0, 7D, vi,...,vmeCl(Q
1> e ’ N om € C1([0.T)) c'@)

i=1

is dense in W and (55) yields (53).
We shall omit the proof of (ii) because it is analogous to the previous one. O
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Lemma 3.13. Suppose that o € B4+(Q), p,g € B4+(Q), po.q0 > 1, p(y) = o(y) and q(y) < %for a.e.

y € Q, and Vo (y) is determined from (50) if we replace o (x) by o (y). Then for every u € LP?)(Q) we have that
pWy)
Yoy () € Lo (Q),

Pp/oWo () (®); Q) < pp(u; Q), (56)
Vo) ) LYY (@] < C380/,(pp (1 Q)), (57)
where C3 > 0 is independent of u.
) r(y)
Proof. Clearly, 223 > 1forae. y € Q, [Yo(y ()| 0 = [ut [P0 < [u|?0) e L1(Q). Then by [42, p. 297],
r(y)

~

we obtain Y4 () (1) € L) (Q). Moreover, (56) and

()
Vo) ) LY Q)] = Callvo ) @0): LZO) Q)] = CoSos 5 (Pp/6 Vo) (0): D))
hold. This inequality and (56) imply (57). O

Lemma 3.14. Suppose that p € B4 (2), po > 1, 6 € M(Q x R), for a.e. x € Q the function
R 2 & 0(x,§) € Ris continuously differentiable, and there exists a number M > 0 such that

0. 0) —0x.m = M[E—nl, [0:(x.§)| =M (58)
fora.e. x € Q and for every {,n. £ € R. Ifu,u; € LP™)(Qo,7), then 6(x,u)., (0(x.u)), € L?“)(Qo.7) and
(0(x,u)), = Oz (x.u)u; . (59)

Proof. Since u,u; € LP?™)(Q¢.7), there exists a sequence {u”"}nen C C1(Qo.7) such that u” —> u and
m—0o0

ullt — U strongly in L?™)(Q¢.7) and almost everywhere in Q¢ 7. Clearly,
m o0

(e(x’um(xﬁ))t _ hlim O, u(x,t +h)) — 0(x,u™(x, 1)) u™(x,t +h) —u™(x,1) — 6 (e u™ (x, 1)) ! (. 1),

—0 u(x,t +h) —u"(x,t) h

where (x,t) € Qo.7, m € N. In addition, |6(x,u) — 0(x,u)| < M|u™ — u|. Hence, 6(x,u) — 0(x,u)
m o0
strongly in L?™)(Q¢.7) and so §(x,u) € LP(Qo.7).
Clearly, 0 (x, u™)u’l* — O (x, u)u; = Am + B, where
Am = 0 (x, u™) Wy —ur), Bm = (0g(x,u"™) — 0g (x, u)u;.
On the other hand, |4,,,|?™ < MP N —u,|P®) — 0in L'(Qo.7). Then Ay —> 0in LP)(Qo. 7).
m-—o0 m—0o0
Moreover, | By, [P < @M |u:[)?™ e L'(Qo.7), Bm —> 0 almost everywhere in Qg.7, and B,, —> 0in
m—oo m—oo

LPX)(Qg.1). Therefore, O (x, u™)u'" e g (x,u)uy in LPX)(Q¢ 1) and 50 Og (x, u)u, € LPX)(Qo.7).
Finally let us prove (59). Take a function ¢ € C§°(Qo,7). Then (59) holds because

— . m m _ . m
feg(x,u)utgodxdt—mh_rgo / O (x, u"" )uj (pdxdt—mh_r)noo [ (9(x,u ))t<pdxdt

Qo1 Qo1 Qo1
=— lim / O(x,u"™) ¢ dxdt = — / 0(x,u) ¢; dxdt. O
m-—0o00
Qo, 1 Qo,1
Notice that Lemma 3.14 generalizes the results of Lemma 3 [43, p. 18], where the case 6(x,u) = 60(u) was
considered.

Corollary 3.15. Suppose that —00 < a < b < 400 and one of the following alternatives holds: (i) I = [a, b];
(ii) I = [a, +00); (iii)) I = (—o0, b). Assume also that p € B4 (), po > 1, 6 € M(Q x I), a.e. for x € Q the
function I > & +— 0(x,§) € R is continuously differentiable, and there exists a number M > 0 such that a.e. or
x € Q and for every £, n, € € I, (58) holds. If u,u; € LP)(Qo.7) and u(x,t) € I a.e. for (x,t) € Qo.7, then
0(x.u), (0(x.u)), € L?)(Qo,7) and (59) holds.
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Proof. For the sake of convenience, only the case I = (—o0, b] is considered (see for comparison [44, p. 98]). Let
us extend 6 outside I as follows

0(x,§) if £<b,
O(x,§) := xeQ.
0 (x. b)E + O(x.b) — Oe(x.b)b if & > b,

Then O satisfies the conditions of Lemma 3.14 and ©(x,u(x,?)) = 0(x,u(x,t)) for a.e. (x,t) € Qo.r. This
completes the proof. O

Lemma 3.16. Suppose that p € B (R2), po > 1, 0 € M(2xR), fora.e. x € Q the functionR 3 § — 0(x,§) e R
is continuous and the function R\ {&1,...,En} 2 E > 0(x, &) € R is differentiable, and (58) holds for a.e. x € ,
where £,n € R, £ e R\ {&1,....En}. Ifu,u; € LP)(Qo.7), then 6(x, u), (G(x, u))t € LPY(Qo.1) and (59)
holds.

Proof. For the sake of convenience, only the case N = 1 and §; = 0 is considered (see for comparison [44, p.
100]). It is easy to verify that
O(x,u) ;= 0(x,uT) + 0(x,—u") — 6(x,0). (60)

Since u,u; € L?™(Qo.7) C LP°(Q0.7), we have that (u™); € L?°(Qo.7) and u™F); = £5%(w)u;, where ¥ is
determined from (51). Then by Corollary 3.15, we obtain the formulas of type (59) for every term in (60). Therefore,
(59) holds. By (58) and (59), we get (6(x.u)), € L”™)(Qo.7). O

Lemma 3.17. Suppose that € B4 (2), Y¥g(x) is determined from (50) if we replace o by 8, and

Lif s>

s

Xk (s) = k e N. (61)

= =

0if s <

)

Ifue CI(Q(),T) andv,v; € LI(QO!T), then

=T
- f Ve W) v dxdt.  (62)
=0 Qo.r

im0 B0 o1 v dxde = [ oo dx
Qo.r Q2

Proof. By definition, set

KB if ¢ >k, |
B(x) s~ jf L <8< k,

Lo ] ~
Vaook(s)i= 3 SO p s <k B = 1
1 1 0 if s <-— and s >k,
opc i 5 < 1 k

k eN k >2,x e Q.Clearly, Yg(x).x(5) P Ya(x)(s), where s € R, x € Q. In addition, for k € N (k > 2)
—> 00

and x €  the function s — ¥g(x) x (s) has the Lipschitz property in R and it is not differentiable only in the point
s = % and s = k. Moreover, % Ye).k(8) = Epx) .k (s) if s # % and s # k. Whence, by Lemma 3.16, we obtain

(VBo).k ), =E80x).x (W, almost everywherein Qo7 (63)
Thus, ¥g(x).x (1), (l/fg(x)’k(u))t € L°°(Qo.1)- Using case (ii) of Lemma 3.12 with z = Yg(x) x (4) and w = v,
we get (53), i.e.

/ (l/f,g(x)!k(u))[ vdxdt = /WB(X),k(M) vdx
Qo.T Q

(=T
- / VB(x).k () v dxdt. (64)
=0 Qo.T
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Let M := max |u(x,t)|,ko € N, ko > max{2, M}. Since |u| < M < ko <k, from (63) we have
(x.0)eQo.1

(VB).k W), = Egor i Wur = xix () B(x) Ypx)—1 (s,
where k > ko. By |[¥g0x).x u(x,1))| < MPX) V (x,1) € Q0.7 and Lebesgue’s Dominate Convergence Theorem
(see [33, p. 90]), we obtain

lim /lﬂg(x),k(u)v dx:/l/fg(x)(u)v dx if t=0 and t =T,
k—+o0
Qt Ql‘

tin [ Voo v dvdr = [ vpen v deds

k——+o0
Qo1 Qo1

Therefore, (62) follows from (64). O

Theorem 3.18. Suppose that o € B4 (2), oo > 1, and the function Yq(y) is determined from (50). Then the
following statements are satisfied:

Difu € CY(Qo.1). then Yo (x)(w). (Vo (x) (), € L(Qo.7) and
(Vo W), = 0(x) Yox—1 ) u; (65)
2)ifu,u; € LP(Qo.1), where p € L(Q) and p(x) = o(x) for a.e. x € Q, then

px)
VYo (x) (1), (wg(x)(u))l € LoWX) (Qo.1), equality (65) is true, and the estimate

Pp/o ((Vfa(x)(u)),: QO,T) < Cs581/0 (:Op (u: QO,T)) S1/0 (Pp(uz: QO,T)) (66)

holds, where Cs > 0 is independent of u.

Proof. First let us prove Case 1. Take a function u € C'(Qo.7). If v,v; € C(Qo.7). Xk is determined from (61),
and k € N, then | xx (1) 0(x) Y5 (x)—1 ()us v| < Cs, where Cg > 0 is independent of k, x, ¢. Hence, Lebesgue’s
Dominate Convergence Theorem (see [33, p. 90]) yields that

im0 o) Vo1 v drdt = [ 000 -1 (e v dxde.

Qo1 Qo1
Using (62) with § = o > 1, we obtain

t=T
— / Yox)(u) v dxdt. (67)
=0 Qo.r

/ 0(¥) Vo1 iy v dxdi = / Voo () v dx
Qo.1 Q

Taking in (67) the function v € C§°(Qo,T), we get

/ o(X)Yo)—1 (Wur v dxdt = — / Yox)(u) vy dxdt
Qo.T Qo.T

(notice that 0 Y¥g(x)—1 (W)U € L°°(Qo,1) because o > 1). Therefore, (65) holds.

Since og > 1, from (50) we have Y5 (x) € L°°(Q0.7) and from (65) we have (wg(x)(u))l € L°°(Qo.T)-

Now let us prove Case 2. Suppose u € U, where U := {u € L?™(Qo.1r) | ur € L?X(Qo.7)}.
Clearly, C1([0,T];C1(Q)) & WL-2°(0,T;LP™(Q)) O U & W-P0(0, T; LP*)(Q)). Then there exists a
sequence {u"}yen C C1(Qo,7) such that u™ — wandu’™ — u; strongly in LX) (Qo.7), " — u

m—o0 m—0o0 m—00

in C([0, T]; L?™(Q)).

Assume that v, v; € C(Qo, 7). By (67), for every m € N we obtain

t
/ 0 (0) Vo oyt ™l v dxdi = / Voo ™) v dx
Oo.T Q =

T
— / Yooy @™) vy dxdt. (68)
Qo.T
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p(x)
o(x)—

Since 1 < 0(x) < p(x), we get r > 1forae. x € Q. Therefore,

p(x)
Vo —1"™) — Yo-1(u) stronglyin LeI=1(Qo,7).

p(x) ___p)
Clearly, [Lo(X)=1(Qq 7)]* = L P(x)=(@()=D (Qg, 7). Since p(x) > (0(x) — 1) + 1, we have that
P(¥) = 5r4es= forae. x € Q. Therefore,

____px)
' — u; stronglyin LP—0X)=D(Qg 7).
m—00

By Lemma 5.2 [23, p. 19], we obtain

/ o(X)Voy)—1 @) vdxdt — / 0(X) Vo (x)—1 W)ur v dxdt (69)
m—0o0
Qo.r Qo.T
and 0 Yo (x)—1 )u; € L1(Qo.7). It is easy to verify that
)

Vo) @™ (1)) e Yo(x)(u(t)) stronglyin Lo ( ) () for t=0 and ¢t =T, (70)

o)
) (Qo.7). (71

Yoo @™) ired wa(x)(u) strongly in Lo
Letting m — oo in (68) and using (69)—(71), we get (67) and (65).
p(x)
By Lemma 3.13, we get Yo () (u) € LX) (Qp, 7). By (65) and generalized Young’s inequality, we obtain

px) (x)
| (Voo )), I""‘) <0(x)f’<x> |u|<’<X>|uz|f’<X> < C7([ul”® + u 1) € L'(Qo.7).

Thus, (Ve (x) (1)), € L”(x’ (Qo.1)-
By (65) and the generalized Holder’s inequality, we obtain that

a(x) 01-7(();5)) o/ (x) % o(x)
(Vo (W), dxdt < Cgl| [ul L (Qo. ) - [l lue|@ (Qo. 1)l

Qo.1T
< cgsl/g,( / | P dxdz)Sl/(,( f g | P dxdz).
Qo. 7 Qo.T
This implies (66) and completes the proof of Theorem 3.18. O

Note that the case o(x) = o € (0, 1] is considered in [45].

Theorem 3.19. Suppose that r € B4 (S2). Then the following statements are satisfied:
1) If ro > 1, then the equality
("™, = reoul" O ?uu, (72)

is true if one of the following alternatives holds:
(i) u € C'(Qo.1) (here we have [u]" ™. (ju|"™?) € L®(Qo.7));

Dp(x)
(ii)u,u; € LPX(Qo.7) and p(x) = r(x) for a.e. x € Q (here we have |u|" >, (|u|r(X))t e L7 (Qo.7))
2) If ro > 2, then the equality
("™ 72u), = (r(x) = D" P2, (73)

is true if one of the following alternatives hold:
()u e Cl(Qo,T) (here we have |u|r(x)_2u, (|u|r(x)_2u)t € L*°(Qo.1));

p(x)
(ii)u,u; € Lp(x)(Qo,T) and p(x) > r(x)—1fora.e. x € Q (here |u|r(X)_2u, (|u|r(X)_2u)t eL7™=T(Qp.7)).

Proof. Suppose that ¥/, (x)—2 is determined from (50) if we replace o by r —2. Then the proof follows from Theorem
3.18 since

1517 =Y o ()P0 (=5). 8170 T = Y016 = Yro—1(=). x €Q. sER. =
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3.5 Cauchy’s problem for system of ordinary differential equations

Take Q = (0, T) x R¢, where £ € N. In this section, we seek a weak solution ¢ : [0, T] — R¥ of the problem
¢'(0) + Lt.9(0) = M(1). 1€[0.T],  ¢(0) = ¢°, (74)
where M : [0,T] — R¢, L : O — R are some functions (for the sake of convenience we have assumed that

L(t,0) = 0 forevery t € [0, T]) and ¢° = ((p?, .. .,(pg) e R¢.
The following Definitions are needed for the sequel.

Definition 3.20. A real-valued function ¢ € W'-1(0, T;RX) is called a weak solution of problem (74) if u satisfies
the initial value condition and satisfies the equation almost everywhere.

Definition 3.21. We shall say that a function L : Q — R satisfies the Carathéodory condition if for every £ € R¢
the function (0, T) > t — L(t,§) € R is measurable and if for a.e. t € (0, T) the function Rt 5 € — L(1,§) € R¢
is continuous.

Definition 3.22 (see [46, p. 241]). We shall say that a function L : Q — R¢ satisfies the LP-Carathéodory
condition if L satisfies the Carathéodory condition and for every R > 0 there exists a function hg € L?(0,T)
such that

[L(2,6)] < hr(?) (75)
a.e. fort € (0,T) and for every € € Dg :={y € R¢ | |v] < R}.

Proposition 3.23 (Gronwall-Bellman’s Lemma [47, p. 25]). Suppose that A, B € L' (0, T) and
y € C([0, T]) are nonnegative functions. If for every t € [0, T| we have

T

y@ =+ [[40y0) + B)] ar (76)
0
where C is a nonnegative number, then the following inequality is true

t T
R —[A(s) ds JA@) dt
dt) e0

y(r) < (C—l—/B(t)e 0

0

. telo, 7). 77)

We will need the following Theorem.

Theorem 3.24 (Carathéodory-LaSalle’s Theorem). Suppose that p > 2, function L : Q — RE satisfies L?-
Carathéodory condition, M € L? (0, T:RRY), and ¢° € RY. If there exists a nonnegative functions a, f € L'(0, T)
such that for every € € R and for a.e. t € [0, T] the inequality

(L(1,§). e = —a()[§]* — B(1) (78)

holds, then problem (74) has a global weak solution ¢ € W17 (0, T; RY).

Proof. We modify the method employed in the proof of Theorem 3 [48, p. 240]. According to the Carathéodory
Theorem [49, p. 17], we have a local weak solution ¢ € W1-7(0,b;R¢) (b € (0, T]) to the Cauchy problem (74)
such that for every t € [0, b] the equality

T

o(t) = ¢° —i—/M(t) dt —/L(t,(p(z)) dt (79)
0

0

holds. If b = T, then Theorem 3.24 is proved. If 5 < T, then we take ¢! := ¢(b) and consider the equation from
(74) with new initial value condition ¢(b) = ¢!. Using the Carathéodory Theorem and (79), we extend solution
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to problem (74) into [b, b1], where by < T etc. Thus, similarly to [50, p. 22-24], we have one of the following
possibility:
1) solution to problem (74) can be extended into [0, T];
2) there exists a weak solution to problem (74) which is defined on right maximal interval of
existence [0, B), where b < T.
We shall prove that Case 2 is impossible. Assume the converse. Then for every t € (0, b) this local weak solution 0
belongs to W17 (0, 7; R¥). Define

T T
R {(|¢0|2 N /[2/3([) N |M(t)|2] dt) e,({[za(z)—i-l] dl}l/27 (80)
0

where « and 8 are determined from (78). Since L satisfies the L”-Carathéodory condition and R is determined from
(80), there exists a function kg € L?(0, T) such that for a.e. € (0,7) and forevery § € Dg :={y e R | |y| <
R} inequality (75) holds.

Taking into account (see (78) ) the following inequalities

(L 9(0), 90z = ~aOle)P — BO. (M), 90)ze = MO 0] = 5IMOP + 300

from (74) we get
1 _
@' 0).90)s ol 1) = SIMOP + SlpOP. 1 €[0.5).
Hence,
J@ @00 at < [[(a0)+3)l0OF + 50+ 5MOP] dr. © € 05, 1)
0 0

Since ¢ € W1-2(0, 7;R?) and p > 2, we obtain

P e W 50.0). (e =2 (). ¢(0)ae. 1 € (0.7),

(see Case 1.ii of Theorem 3.19). Hence Proposition 3.10 implies that

f 1
[ @ ©.00 dt = Slo@1 = 1012
0

Whence (81) has a form (76), where C = |¢°|?,
y(@) =P, A@) =2e() +1, B()=21)+|M®)]>, t€(0,7).

Therefore, from (77) we get
f ftA()d fA()d r fA()d
— K s t t t t
@ = (c +/B(t)e 0 dt) ev = (c +/B(t) dr) ev < R2,
0 0

where R is determined from (80). Thus |¢(z)| < R, 7 € (0,b), i.e. the point ¢(t) belongs to D g, where ¢t € (0, b).
By (75), we have that |L(z, ¢(¢))| < hr(t), where t € (0, b). Therefore, (79) yields that

t1.ta—>b—0

12 2}
lo(2) =) = || L(t.e@) dt| < | [ hr(1)d — 0.
@(t2) — oty L/ t,o(t t‘<’tl/Rt t‘

Finally we have an existence of the finite limit lim ¢(¢). Then solution to problem (74) can be extended to [0, 5]
t—b—0

by the rule ¢(b) := lim ¢(t) < co. This contradiction completes the proof Theorem 3.24. O
t—b—0

If L is slowly continuous with respect to the ¢, then Theorem 3.24 follows from Theorem 3 [48, p. 240]. If M = 0
and L is continuous, then Theorem 3.24 coincides with Lemma 4 [51, p. 67].
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3.6 Some integral expressions
The following lemmas will be needed in the sequel.

Lemma 3.25 (see for comparison Lemma 2.3 [31, p. 26]). Suppose that condition (Q) is satisfied, g € L°°(Qo.1),
zeLIQ), meN = (6.....5n) e R, wl, ... w™ e LIY(Q), and w(x,£) = % gw! (x). Then the
Sfunction =
1(t,€) = /g(x,;)|w(x,g)|q<x)—2w(x,g)z(x) dx, te(0,T), &eR™, (82)
Q

satisfies the L°°-Carathéodory condition.

Proof. Step 1. The Fubini Theorem [33, p. 91] yields that I(-, £) € L1 (0, T). Then the function
[0,T] > ¢+ I(t,§) € R is measurable.
Step 2. We prove that the function R 5 &1 — I(¢,&1,...,&,) € R is continuous at the point §? € R. Take

£=(E1.60.....6m). 80 = (§0.&2.... . Em). where |§ — 0] < 1.
By Theorem 2.1 [52, p. 2], we get

997201 — 2|92 02| < Cro(lmi] + )97 1=B@ |y — iy | B (83)

where 0 < f(x) < min{l, g(x) — 1}, 1,12 € R, Cjp > 0 is independent of 1y, 72, x. Hence,

109~ 1.8 = | [ ¢t 170 P wx,6) — w8972 (x. £): da
Q

< (i / (w(x, &) + [w(x, EN O PP (x,8) —w(x, ) FX@ |zl dx = €I + 1), (84)
Q

where

L= [ h(x,§€% dx, L= [ h(x££°% dx,
] ]

Qr={xeQ|qx)<2}, Q2 ={xeQ| g(x)>2},and
h(x, £,6%) = (Iw(x, ©)] + [w(x, €))7 PO, 8) — wix, €)Xz ()], x € Q.

By taking B(x) = g(x) — 1, where x € 1, we obtain

I = / w(x. £) — wix, £ 2(x)] dx = / £ — E017O 1 ()7 2 ()] dx
Q) Q2

<l =617 [l @I 2wl d = Cole - 107! — o
1—>&q
Q)

By taking B(x) = 1, where x € Q5, we obtain

I = [ (w(x, &) + [wx, £ O |w(x, £) — w(x, £)] - |2 (x)] dx

Q>

0
&1—> 1

-~ |sl—s?|/(|w(xf)|+|w(x,s°)|)q‘x"2|w‘(x)|-|z(x>|dxscm(s?nsl—s?| — 0.
Q>

Therefore, by (84), we obtain that |1(¢, £)—1(, )| — . 0. Continuing in the same way, we see that / is continuous
£1—>E]

with respect to &>, ..., &,.
Step 3. Taking into account the results of Step 1 and Step 2, we obtain that the function / satisfies the
Carathéodory condition. Since g € L°°(Qo.7), the L°°-Carathéodory condition holds. O
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Lemma 3.26. Suppose that condition (E) is satisfied,
(Eu)(x.1) := /e(x,z,y)(’ﬁ(x + 3.0 =Tx.0) dy, (x.1) € Qo (85)
Q

where u € LY(Qo.7), W is the zero extension of u from Qq.7 into (R™ \ Q) x (0, T). Then for every s > 1 the
operator E : L5(Qo.7) — L*(Qo.T) is linear bounded continuous and

|Ew: L*(Qo.0)Il < Crallu; L*(Qo.0)ll. u € L*(Qo.71), T €(0.T], (86)

where C14 > 0 is independent of u and t.
The proof is trivial.

Lemma 3.27. Suppose that ¢ € Lip(R), € € L®(Qo.7 x Q), z € L>(Q), m € N, § = (£1,....Em) € R,
m

wh, .. w™ e L2(Q), w(x,§) = Y. fw'(x), x € Q, and the operator E is determined from (85). Then the
=1

function

I, §) = /¢((Ew(-,g))(x,r))z(x) dx, 1€(0,T), &ecR™, (87)
Q

satisfies the L°°-Carathéodory condition.

Proof. Step 1. Lemma 3.26 implies that Ew € L?(Qq.7) if £ € R™. Hence ¢(Ew) € L*(Qo.7) C L' (Qo.7).
The Fubini Theorem [33, p. 91] yields that J(-,£) € L1(0,T). Then the function [0,T] 3 ¢ — J(t,.§) € Ris
measurable.

Step 2. Take a point ¢ € (0, T'). We prove that the function R 5 &1 +— I(¢,&1,...,&,) € R is continuous at the

point E? eR.Take £ = (§1.62.....Em), £0 = (E?,Ez,...,ém). Then

7.6 = 1.8 = [[o((Ew6.0)60) - $((EwC. £ (x.0)| 12 dx
Q

< Cis [|Ewe.o)00 - Eul. £ 0) - 20 dx

Q

= Cis [ |[ et (@0t 3.8 = w6 d) = e+ 3,69~ w(x.£) dy - 200 dx
QL Q

< Cuoler =691 [ [[1! e+ 0l + 0! @)] - 200 dwdy = Curley — €81 — o
Q Q

E1—>§&
Continuing in the same way, we see that J is continuous with respect to &>, ..., &.
Step 3. Taking into account the results of Step 1 and Step 2, we obtain that the function J satisfies the
Carathéodory condition. Since € € L°°(Qo,7 X ), the L°°-Carathéodory condition holds. O

Clearly, the operator A(t) : ZV — [Z™N]* (see (16)) is linear, bounded, continuous and monotone. Similarly as in
Theorem 3.4 [53, p. 454], we prove that A(7) : X N [X N I* (see (17) ) is bounded, semicontinuous and monotone
if p € B4 (), po > 1, and condition (A) is satisfied. The operator G(¢) : O — [ON]* (see (4)) is bounded,
semicontinuous and monotone. Similarly to (86), we get the estimate

NEw)@: [LX @IV ]| < Crsllws [LY @IV, w e [L° @Y, 1 €[0T, (88)

where s > 1 and Cig > 0 is independent of w and ¢. Using condition (®), we get that the operator [L5(Qo.7)]" >
u > ¢(Eu) € [L*(Qo.7)]" is bounded and continuous.
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Lemma 3.28. Suppose that conditions (T"), (B), and (Z) are satisfied, the operator V is determined from (18). Then
U(t): ZN — [ZN]* is bounded and semicontinuous. Moreover,

(@O0} < CroS1/p (Sy (e HYID)[v: ZN|. ww e ZN, 1€ (0.T), (89)
where 81,y and Sy, are defined by (8), Ci9 > 0 is independent of u, v and t.

Proof. Similar to [54, p. 159], we use the generalized Holder inequality, Proposition 3.3 with ¢ = y, and notation
(7). We get the estimate

N
(W(t)u, v)| = V 3 bic e O)lul” O 2u Avg dx‘ < bO/ u|? =1 Av| dx
Q k=1 Q

< 250 a7 L7 O @) | o] 7O @] = 280815 ([ 101 i)
Q

x| 1Av]: LY @)]] = C20S1/(Sy (Il (L7 @)V]]) ) - [1Aw: (L7 @)V |1
Since y© < 2, we obtain that (89) holds and the operator W is bounded. We omit the proof that W is semicontinuous

(it is similar to the proof of Lemma 3.25). O

Let us consider the Banach space V such that V (9 Z¥. Let us define the family of operators Wy,(¢) : V — V* by
the rule
(Yy()u,v)y = (¥(u,v), u,veV, tel0,T]

By (89), we obtain
@y (Ou, v)v| < C2181/y (Sy (s VID) s VI, u,v €V, 1€ (0,T), (90)

where Cy; > 0 is independent of u, v and ¢. Then Wy, : V — V is bounded. We will replace this space V by V'V and
W;-. For the sake of convenience we have replaced ¥}, v and Wy, by W and we have replaced (-,-),, ~ and (-, )y,
by (-, -). The same notation we need for A(z), A(t), and K(¢), ¢t € (0, T). According to the above remarks, we have
that the operator KC(¢) (see (19) ) is bounded and semicontinuous from V* into [V~ ]* and is bounded from W,
into W

Lemma 3.29. Suppose that ('), (Q), (A)-(E), (7), and (21) hold. Assume also that o« > 0, p € B4(2), po > 1,
{wj}jEN cV,meN L= (Ly1,L21,....Lm1,..., L1N,L2N,..., LinN), where

Luk(t,8) = (KO 2k, w) + (N (02w, k=1 N, p=Tm, t€(0,7), oD

E=¢.61, - 6mis . EN BN EmN), 2 = (21,...,2N), and

m
zr(x) = Z tnwt(x), xeQ, k=1,N.
=1

Then

n
o
(L(t.£). &)rmn z/[5|Az|2+ao > 1zl P + golzl) — Oz | dx — Coa, 1€ (O.T). (92)

where Cay, Co3 > 0 are independent of z, £ and t.

Proof. Clearly,

N n
(L(1.). E)gmy = (K(D)z.2) + N()z.2)2 = Y / 1Az P+ 37 ain®lzx 17072 z6 2

k=1Q i=1
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b1z D722 Az + gk O[Oz P + Bl TP | dx + @(Ez0). 92 (93)
Taking into account (A), (G), and (BB), we obtain

N n
> [01|A2k|2 + Y @ik Oz 17O zx o 1P+ gr 0127072 24 |2 + ﬂk(l)l(zk)_|2]
k=1 i=1

> a|Az[? + ao|zx, |7 + golz|?). (94)
Using the generalized Young inequality, we get

N
3 bzl 2z Az ] = BOLzY T Az] < Caalen) 27X+ ey | AP
k=1
< x1|Az? + Cas(e)(1 + 2], (95)

where %1 > 0, C5(x1) > 0 is independent of x, ¢, k and m.
Taking into account condition (®), Cauchy-Bunyakowski-Schwarz’s inequality, and (88), we obtain

(¢(EZ(l)),Z)sz’ =< ¢°/ |Ez(0)] - |2] dx < Cal| Ez(0): [L2 @IV | - |1z5 [L2 (@)1 ]
Q

< Cisl|z: (L2 @] - 12 (L2 @1V < Car / 12[? dx. (96)
Q

where Cp7 > 0 is independent of z, ¢ and m.
Using (94)-(96) and choosing »1 = % we can show that (93) yields (92). O

4 Proof of main Theorem

The solution will be constructed via Faedo-Galerkin’s method.
Step 1. Let {wj }j en be a set of all eigenfunctions of the problem (28) which are an orthonormal in L2(Q),

m m
9)?% = {XH(Z aZ‘lw“(x), ZaZ’Nw“(x)) | aZ’keR, k=1,N, u:l,m}, m €N,
=1

u=1
r is determined from condition (Z), W, and W} are defined by (31), and V is defined by (14). Taking into account
Proposition 3.5 and (32), we obtain that my .= U S)ﬁ% is dense in W, and V.

meN
Take m € Nand u™ := (u*,...,u'j;), where

u (e, )= ) g (Owh (). (x.0) € Qor, k=T1N,

u=1
" = (1] 05 s O O N OS> @ ) 1S @ solution to the problem
W @), w™) + (K@Ou™ (@), w") + W @Ou™ (@), w)o = (F@), w”), t€(0,T), 97)
o) =B, k=1N, p=1,m (98)
(see (3), (19), and (20) for definition of the elements of /, K, and F'), the functions u’ := (g, ..., ugly ) satisfies

the condition
ul' — ug stronglyin HY,
m—00



878 = 0. Buhrii, N. Buhrii DE GRUYTER OPEN

m
and ufj (x) := Zl By wH(x), x € @,k =1, N. Clearly,
M=

w(0) = (3 e OuH 0, o Y ety Owh)) = ug. (99)

n=1 n=l1

The problem ((97), (98)) coincides with (74) if £ = mN,

00 = (BT BY - B Bl B B
M=M,Mat,....Mpm1,.... Min, Maon,....Mpmn),  Mur(t) = (Fr(t), wh),

L=(L11,L21,....Lm1,....LiN,LoN,...,LmnN),
Luk(t,gom):((K(t)um(t))k,w“>+((N(t)um(t))k,w‘L)Q, k=TN, u=T,m, te@©T). (100)

By (F), we have M € LZ(O, T;RMN ). Taking into account the lemmas such as Lemmas 3.27 and 3.25, we see that
L satisfies the L°°-Carathéodory condition. From (92) we obtain

(L(t, "), @™ )gmn > —ng/ [u™|? dx — Cao
Q

N m
> —C30(m)/ D0l Plwt ()] dx — Ca = =C31(m) |9 > = Coo, (101)
Q k=1 u=1

where Cy9, C31 > 0 are independent of ¢, ¢’". Then Carathéodory-LaSalle’s Theorem 3.24 implies that there exists
a solution ™ € H'(0, T;R"™V) to problem (97), (98). If we combine the condition 32 € C?” with Proposition
3.5 and embedding (26), we get {w’ }jey C W, C [H?"(Q)]" . Thus,

u™ e HY(0,T:W,) c H'(0, T;[H? ()]V) c [H (Qo.7)]V. (102)

Step 2. Multiplying both sides of the corresponding equality (97) by gol'fk (1), summing the obtained equalities, and
integrating in t € (0, 7) C (0, T), we get

/ W, u™) dxdt + /(L(t,(pm(t)),gom(t))]RmN dt
QO,r 0

_ /[Z izl ) + (i) + (fo.u™ | dxdi, € (0,7). (103)

Qo /=1 i=1

By (102), similar to Case 1.ii of Theorem 3.19 (with p(x) = r(x) = 2), we obtain

W™ e whlo, 7 LY (Q)),  (u™?), = 2, u™).
Then, the integration by parts formula and (99) yield that

m ..m 1 m 2 1 m 2
(i u'™) dxdt = 3 [u™ (x, 7)| dx—i lug' (x)|~ dx.
QO,I Q «Q

By (92), we get

T

n
(04
[ Oy dr= [ (G180 P a0 3 W87 + ol 90 - Caalu ] dx - Caa,
0 Q0. i=1



DE GRUYTER OPEN Integro-differential systems with variable exponents of nonlinearity —— 879

where C3, C33 > 0 are independent of m and 7. In addition, Young’s inequality, the condition 4Q € C?, and
estimate (30) yield that

’/ > (o ) dxdi] < / > xlluxlx,lz+—|f,,| ] dxas

i.j=1 i,.j=1

0,7 0.t

< /[%1C34|Au Z i/ ]dxdt,

Qo.r i.j=1

where x1 > 0, the constant C34 > 0 is independent of m and 1. By (23), we get

\Z(f,, )+ (fo, m)\_[mZm |p<x>+Yp(xz)2|f|”<x>+x3|u 9 4+ ¥y (e3)] fol” .

i=1 i=1 i=1

According to the above remarks, from (103) we have the following inequality

1 o "
5 / |2 dx + / [(5 =21 Caa) 180 2 4+ (@0 —x2) Y7 2 1P + (g0 — ) ™[9] et
Q‘L’ i=1

Qo,r

1 “ & , ,
§§/|u8’|2 dx + Cas(r1,x2,3) (1 + / [ X0 1P+ 1179 + /0l dxar
Q

Oo.r i,j=1 i=1

+ / ™ |2 dxdt), T e (0,7, (104)
Qo.z
where C35 > 0 is independent of m and t.
Let y(1) == [q |u(x,t)|? dx, t € [0, T]. Choosing i, x>, %3 > 0O sufficiently small, from (104) we can
obtain that y(tr) < C36 + C37 fot y(t) dt, T € (0, T]. Then the Gronwall-Bellman Lemma yields that

flu’”(x,r)|2 dx < C33, 1€(0,T], (105)
and so
/ [u™|? dxdt < CT, T € (0,T]. (106)
QO,r

Using (104), (106), and choosing x1, x2, x3 > 0 sufficiently small, we get

n
/ [|Aum|2 + 3 P 4 |uM|‘1<x>] dxdt < Czo, 7€ (0,T). (107)
QO,r i=1
Here Csg, C39 > 0 are independent of m and 7.

By (105)-(107), we have that there exists a sequence {1/} jen C {1 };nen such that

u™ —s u s —weaklyin L°°(0,T; HY) and weaklyin U(Qo.7). (108)

J—o0
Step 3. We define the element F € [U(Qo.7)]* and the operator A : U(Qo.7) — [U(Qo.7)]™ by the rules

T

(Fo )i = / (F(0).v(0) di. v e UQo.r). (109)

0

T
(Au, v)uog 1) / (Ku),v()) + (/\/'(t)u(t),v(t))g] dt, u,v e U(Qo.T). (110)
0
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Using (24), (86), (106) and (107), we get

N n
(Au" ., v)yoy ) = / Z [a Aujl' Avg + Z ailuy |p(X)_2uﬁxi Vi,x; + bk|um|y(x)_2u;€" Avg
Qor k=1 i=1

il |10 vy — B () ok + e (Euf Yok | dxdi < Cag / (18w |av]
Qo.1

n
D2 PO g | [ O A O o] - o] 4+ [Eu o] | dxds

i=1

n
= Cao(I11Au" | L2(Qo. ) - 11 [Av]: L2 Qo )l +2 Y [ e |79 L9 (0o, 1)

i=1
|| Jvx; [: LS (Qo.7)|| + 21| ™ YO LY (0. )| - | 1AV]; LY (Qo.7)|
2| [u 4= LE (96 ) - ] [l LY (Qo, 7| + || 1u™]; L2(Qo.7)II - 1| [v]: L2(Qo.7) |

+IEw™|; L*(Qo. )l - || Ivl:LZ(Qo.T)II) < Ca1llv; U(Qo.7)II,

where C4; > 0 is independent of m, v. Then

[Au™; [U(Qo.7)I"|| < Cu (111)
and so
Au™ — y weaklyin [U(Qo.7)]". (112)
J —>00

Step 3. Suppose that the numbers  and s are determined from condition (Z), the spaces W, and Wy are defined by
(1), Py : HY — HN is the projection operator from (45) (see also (21)), P, is defined by (40), where X = HN
and V = W,.. Similarly to [54, p. 77] and [55, p. 62-63], using Lemma 3.9, notation (109) and (110), we rewrite (97)
as

ult = Ph(F — Au™). (113)

By (49), we get
WP £iL5 0, T WOl < |1 £: L0, T:W)ll, £ e L0, T: Wy). (114)

Since ||D*||c(B*.4%) = ||D|lcca.B) forevery D € L(A, B) (see [42, p. 231]), using (114), we have

0 0 0

-~ s _8s _Ss
1B h: LYO=T . T:W)I| < [1h: LT . T: W)l h e LY=T (0, T:W)). (115)

Taking into account (115), (35), and (109), we obtain

0 0

~ Ry RY
[P Fi Ls®=1(0, T; Wil < ||F; Ls°=1(0, T; W)|| < Cazl|F: [U(Qo, 7)™ || < Cas. (116)

By (115), (110), (111), and (35), we get

~ 50 50
[P Au™: Ls=1(0, T: W] < [[Au"; Ls®=1(0, T; Wy)|| < Caal|Au™; [U(Qo,7)]*|| < Cas.  (117)

Using (113), (116), and (117) (see for comparison [54, 55]), we obtain

0

S
|[u's Ls°=1(0, T; W))|| < Cae. (118)
Here Cy3, ..., C46 > 0 are independent of m. Therefore,
" _s0
u,” —> u; weaklyin Ls°=1(0,T;W)). (119)

J—00
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Step 4. Suppose the numbers r and sq are determined from condition (Z). Then (32) implies that Vv é HN O Wi
By (33), (106), and (107), we get

1™ L0, T; V)| < Cagllu™; U(Qo,7)I| < Cas, (120)

where C4g > 0 is independent of m.
Taking into account (120), (118), the Aubin theorem (see Proposition 3.11), and Lemma 1.18 [23, p. 39], we
obtain

u™ — y stronglyin L%(0,T;HY) andin C([0,T]; W, (121)
]%
u" — u almost everywherein Q. 7. (122)
Jj—00

Clearly, yN & C [Hg (2)]Y O Wi Then (120), (118), and the Aubin theorem yield that

u™ —s u stronglyin L>(0, T;[Hg ()]V). (123)

j—)
Hence for every i € {1,...,n} we have
[ [y —ux, |* dxdt < |[u™ —u; L2(0, T; [HE()IV)|> — 0.
Jj—o0
Qo.T

Thus u?l’ —> uy, strongly in [L%(Q0.7)]" and so Lemma 1.18 [23, p. 39] implies that
Jj—00

m;
J
Ux;

—> uy; almosteverywherein Qo,7, i =1,n. (124)
Jj—o00
By (122) and (124), we obtain the equality y = Au.

Step 5. Using (97) and (102), we obtain

—/(umj (), w)e ¢’ () dt + (Au"™ . we) vy 1 = (F- W) viog 1)- (125)

where ¢ € C5°((0, 7)), w € SD?N k € Nk <mj,j € N Letting j — o0 and using Lemma 3.8, we get
the equality u; + Au = F. Whence u; = F— Au € [U(Qo.7)]*, u € W(Qo.1), and (22) holds. Moreover,

we obtain the inclusion u; € LSO—I (0, T; [VN]*) because (34) is true. Hence, u € C([0, T]: [V ]*). By (108),
we have that u € L°°(0, T; HV). Thus, Lemma 3.7 yields that u € C([0, T]; H"V) and so u is a weak solution to
initial-boundary value problem (1), (2). O
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