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Abstract: In this paper, we are devoted to study the existence of mild solutions for delay evolution equations with
nonlocal conditions. By using tools involving the Kuratowski measure of noncompactness and fixed point theory,
we establish some existence results of mild solutions without the assumption of compactness on the associated
semigroup. Our results improve and generalize some related conclusions on this issue. Moreover, we present an
example to illustrate the application of the main results.
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1 Introduction

Let X be a real Banach space with norm | - ||. We denote by C([a, b], X) the Banach space of all the continuous
functions from [a, b] to X endowed with the sup-norm [[u||(4.5] = sup;e[y py lu(?)|, where a, b € R are two
constants with a < b.
The aim of this paper is to study the existence of mild solutions for the following delay evolution equations with
nonlocal conditions
W (@t) + Au(t) = f(@t,u(t),us), t€]0,a],
uo = ¢ + g(u) € C([—¢.0]. X),
where A : D(A) C X — X is a closed linear operator and —A is the infinitesimal generator of an equicontinuous
semigroup 7(¢) (¢t > 0) in X, a, ¢ > 0 are two constants, ¢ € C([—¢,0], X), f :[0,a] x X x C([—¢,0], X) —> X
and g : C([0,a], X) — C([—q, 0], X) are appropriate given functions.
For any u € C([—¢q,a], X) and ¢ € [0, a], we denote by u, the element of C([—g, 0], X) defined by

u;(0) =u(t+0), 0¢el—q,0].

ey

Here u; represents the history of the state from time t — g up to the present time ¢.

The existence problem on the compact interval [0, a], in the very simplest case when ¢ = 0, i.e., when the delay
is absent, was studied by Liu and Yuan [1]. In this case C([—g, 0], X) is identified with X, f(¢,u, uo) is identified
with a function f from [0, a] x X to X, and so in the paper [1] the following problem was studied:

u'(t) + Au(t) = f(t,u()), t€]0,4q],

2)
u(0) =¢ + g(u) € X.
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On the basis of Schauder’s fixed point theorem and approximation theory, the authors established some existence
results of mild solutions for the problem (2) in [1]. As we can easily see, the general problem (1) contains as
particular case (2). The nonlocal problem was motivated by physical problems. Indeed, it is demonstrated that the
nonlocal condition can be more useful than the classical initial condition to describe some physical phenomena.
There are many papers concerning the nonlocal problems, see [2—11]. A very important specific case of (2) concerns
w-periodic problems, which corresponds to the choice of g as g(u) = u(w) and ¢ = 0.

On the other hand, the study of the existence of solutions for the differential equations with delay was initiated
by Travis and Webb [12] and Webb [13]. Since the theory of differential equations with delay has extensive physical
background and realistic mathematical model, it has been considerably developed and numerous properties of
solutions have been studied, see [14—16] and references therein. Therefore, the nonlocal Cauchy problems for
evolution equations with delay are an important area of investigation and have been studied extensively in recent
years. However, as far as we know, the assumptions that the associated semigroup is compact, the perturbation
function f is compact, or f satisfies Lipschitz-type conditions play key roles in many of known consequences.

Inspired by the above-mentioned works, in this paper, we apply the Kuratowski measure of noncompactness
and fixed point theory to obtain the existence of mild solutions for evolution equation with nonlocal conditions and
delay (1) without the assumption of compactness on the associated semigroup. Our results improve and extend some
related results in this direction. And in the technical framework developed in this paper, we can study several cases
simultaneously, such as the semigroup 7'(¢)(¢ > 0) is compact, the perturbation function f is compact, or f satisfies
Lipschitz-type conditions.

The paper is divided into 5 sections. Section 2 contains some notations, definitions and preliminary facts which
will be used throughout this paper. In Section 3, we consider the existence of mild solutions for the problem (1.1)
under the situation that g satisfies Lipschitz-type condition. By utilizing fixed point theorem and Kuratowski measure
of noncompactness, we establish some existence results of mild solutions for the problem (1). In Section 4, we
discuss the existence of mild solutions for the problem (1) under the case that g is completely continuous. Results
in the section are based on fixed point theorem. Finally, an example is presented in the last section to illustrate the
applications of the obtained results.

2 Preliminaries

Let —A : D(A) C X — X be the infinitesimal generator of an equicontinuous semigroup 7'(¢) (¢ > 0) in Banach
space X . This fact means that 7'(¢) is continuous by operator norm for every ¢ > 0. Let £(X) be the Banach space
of all linear and bounded operators in X endowed with the topology defined by the operator norm. We denote by

M := sup [[TOlcx)

t€[0,a]

then one can easily see that M > 1 is a constant. It is well known that the compact or analytic semigroup is
equicontinuous. The following lemma is obvious.

Lemma 2.1. If the semigroup T(t) (t > 0) is equicontinuous and m € L([0,a],RT), then the set

t

{/ T(t —s)u(s)ds, |u(s)| < m(s) fora.e. s €0, a]}

0

is equicontinuous fort € [0, al.

For each u € C([—q,a], X), the restriction of u on [0, a] denoted by u|[o.4] is an element of C([0,a], X). For
simplicity, we also write g(u|[0.4]) as g(u). For any subset D of the space C([—gq,a], X), denote D|j0.a] =
{u|[0.41 : v € D}. Similarly, we also write g(D|[0.41) as g(D).

Next, we recall some properties about the Kuratowski measure of noncompactness, which will be used in the
sequel. In this article, we denote by «(:) and o[, p1(-) the Kuratowski measure of noncompactness on the bounded
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subsets of X and C([a, b], X), respectively. For any ¢ € [a,b] and D C C([a,b], X), set D(¢t) = {u(t) |u € D} C

X.If D C C([a,b], X) is bounded, then D(¢) is bounded in X and a(D(¢)) < o[, p1(D). For the details of the

definition and properties for the Kuratowski measure of noncompactness, we refer to the monographs [17] and [18].
To discuss the existence of mild solutions for the problem (1) we also need the following lemmas.

Lemma 2.2 ([17]). Let X be a Banach space, and let D C C([a, b], X) be a bounded and equicontinuous set. Then
a(D(t)) is continuous on [a, b), and
Q[g.p1(D) = max a(D(1)).
t€la.b]

Lemma 2.3 ([19]). Let X be a Banach space, and let D = {u,} C C([a, b], X) be a bounded and countable set.
Then a(D(t)) is Lebesgue integrable on [a, b, and

b b

a({/un(t)dt In e N}) < Z/a(D(t))dt.

a a

Lemma 2.4 ([4, 20]). Let X be a Banach space, and let D C X be bounded. Then there exists a countable subset
D* C D, such that a(D) < 2a(D™).

Lemma 2.5 ([21]). Let A with norm || - || 4 and C with norm || - ||c be bounded sets in Banach space X. If there is
surjective map Q : C — A such that for any c¢,d € C one has ||Q(c) — Q(d)||la < |lc —d| c, then a(A) < a(C).

In order to introduce the concept of mild solution for problem (1), by comparison with the linear initial value problem

uw'(t) + Au(t) = h(t), t€]0,a],

(3)
u(0) =u,
whose properties are well known [22], we associate (1) to the integral equation
t
u(t) = T)(¢0) + gw)(0)) + / T(t —s)f(s,u(s),us)ds, te€l0,al. 4)

0

Definition 2.6. A continuous function u : [—q, a] — X is called a mild solution of the problem (1) ifug = ¢ + g(u)
and the integral equation (4) is satisfied.

It is supposed that for each positive number R:
Dr(C([—q.a]. X)) = {u € C([-q.a]. X)) : |ull{~g.a1 = R}

then D g is clearly a bounded closed convex set in C([—¢, a], X)). Obviously, if u € D g, then u|[g 4] is an element
of DR(C([0,a], X)).

3 Existence results under the situation that g is Lipschitz
continuous

In this section, we discuss the existence of mild solutions for the problem (1) under the situation that the nonlocal

function g is Lipschitz continuous. For this purpose, we suppose that the nonlinear term f and nonlocal term g

satisfy the following conditions:

(P1) The function f : [0,a] x X x C([—¢,0], X) — X is continuous and there exist positive constants Cy, C» and
Co such that

If @ x. I = Cillxl + C2llylli—g.01 + Co. 1 €[0.a]. x € X, y € C([—¢.0]. X).
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(P2) There exist positive constants L and L such that for every ¢ € [0, a] and bounded subset D C C([—q, a], X),
we have

a(f(z,D(t), Dy)) = L1a(D(1)) + Lao—q,01(D1),

where D(t) = {x(t) | x €e D} C X and D; = {x; | x € D} C C([—q¢, 0], X).
(P3) There exists a constant 0 < L < ﬁ such that

lg(x) =g lt—q.01 = LIx = ylo.a1.  x. y € C([0,4a], X).
Now, we are prepared to state and prove our main results of this section.

Theorem 3.1. Assume that the conditions (P1), (P2) and (P3) are satisfied. Then for every ¢ € C([—q,0], X),
problem (1) has at least one mild solution provided that

M(L + 4a(Ly + L»)) < 1 )

and
M@a(Ci+Cr)+ L) < 1. (6)

Proof. We consider the operator Q : C([—q, a], X) — C([—q, a], X) defined by

(Qu)(t) = (Q1u)(1) + (Q2u) (1), t € [—q.a],

where
@) + g) (@), 1 €[—q.0],
(Q1u)(1) =
T(@)(#0) + gw)(0), 1¢€l0.a],
0, t €[—q.0],
(Q2u) (1) =

Jo T(t —5) f(s,u(s), us)ds, t€0,al.
With the help of Definition 2.6, we know that the mild solution of problem (1) is equivalent to the fixed point of
operator . Next, we shall show that Q has at least one fixed point by using the famous Sadovskii’s fixed point
theorem, which can be found in [23]. To do this, we first prove that there exists a positive constant R big enough
such that Q(D g, (C([—q,al, X))) C Dry,(C([—q,al], X)). For every u € C([—q,a], X), by condition (P1), we
have
ILf @ u@), u)ll < Crllu(@®)|| + C2llurlli—g.01 + Co. 1 €[0.a]. @)

Choose a positive constant

- Ml¢lli—g.01 + 18O l1—g.01 + aCo)
- 1—M(@a(C1+Cr)+ L)

For every u € DR, (C([—¢.al, X)), then |Jus|[(—g.01 < lt|l[—g.a1 < Ro forallt € [0, a]. By the condition (P3)
we get that for ¢t € [—¢, 0],

Ro (8)

A

[(Qu)I = lI¢lli—g.01 + Ig)ll{—g.01 = @ll{—g.01 + LRo + [£(0)ll{—q.01
= K.

Hence,
[ Qull{—q.01 = K1.

On the other hand, by the condition (P3) and (7) we know that for every ¢ € [0, a],

A

t
Q) = M(II¢(I)|I+Ilg(u)(t)ll)+M/||f(s’u(S),us)||dS
0

IA

M([¢ll{—q.01 + llg @) I(—g.01D)
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t
M / (C1lu)] + Callus li—g.01 + Co)ds
(0]
< M(|¢lli—q.01 + Lllull{0.a1 + 10 (=g.01)
a
M / ((C1 + Co)lulli—g.a1 + Co)ds
(0]

= M(I¢lli—q.01 + 1g(0)I(—g.01 + aCo) + M(a(C1 + C2) + L)Ro
= Kz,
which means that
Qull0.a1 < K2
Notice that M > 1 yields that K; < K». Therefore, by (6) and (8) we obtain

Qull—g.a1 = Ro.
Hence, we have proved that
O(DRry(C([—¢,a], X)) C Dry(C([—q.a], X)).

Next, we will prove that Q is continuous on D g,(C([—¢,a], X)). Let u, C Dgy(C([—¢,a], X)) with u,, — u
(n — o0) in DR, (C([—q.a). X)). Then u,; — u, asn — oo forall ¢ € [0, a], where u,,; = (un); . Applying the
condition (P3) we get that for each ¢ € [—¢, 0],

[(Qun) (1) — (Qu)D)|| = l(gun) (1) — (gu)(1)]|
=< llg(un) = g)ll—g.01
< Lllun —ullf0.a)
< Lllun = ulli—g.a)
—0 as n — oo.
By the facts u,; — u; when n — oo for every t € [0, a] and the function f is continuous, we have

ft, un(t),uns) — ft,u(t),u;) as n—->oo for Vitel0al.

Combined this fact with Lebesgue dominated convergence theorem, we know that

t
[(Qun)(®) — (Qu)(D)|| = ML|up —ulli—g.a1 + M/ I/ (s un(s) uns) — f(s,u(s). us)||ds
0

—0 as n—>o0, Vtel0al

Hence
[Qun — Qull{—g.a1 >0 as n— oo,
which means that the operator Q is continuous on D g, (C([—¢, a], X)).
In what follows, we will prove that Q is a condensing operator. For this purpose, we firstly prove that Q1 is

Lipschitz continuous on D z,(C([—¢, a], X)). Taking u and v in Dg,(C([—¢q,a], X)). Then u|[o.,] and v|[0.4] in
D g, (C([0,a], X)), by the hypothesis (P3) we get that

1(@1w) (@) — (Q1v)()] = I(guw) (@) — (g
< llg) —g®)l—q.01
< L|u-— U”[O,a]

< L|u=vlli—g.a1 for ¢ e[=q,0]
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and

[(Q 1)) = (Q1v)()]| = M|[(gu)(0) — (gv)(O)]
= M| g(u) — g)llt—qg.01
< MLlju—vl0.a)
< ML|u—vl|[—g.a1 for ¢ €][0,q].

From the above discussion we get that

[Q1u — Q1v][—g.a) < ML|Ju — v|[—g.a]

for all u,v € Dpgy(C([—¢.a], X)), which means that Q1 : Dg,(C([—gq.,a], X)) — Dgr,(C([—q.,a], X)) is
Lipschitz continuous with Lipschitz constant M L. Therefore, combining this fact with Lemma 2.5 we know that
for any bounded subset D C D g,(C([—q,a], X)),

a[—q,a](Ql(D)) = MLO[[—q,a](D)- 9

On the other hand, by the fact that the semigroup 7'(¢) (+ > 0) generated by —A is equicontinuous and Lemma 2.1,
it is easily to see that {Qou : u € Dgy(C([—¢.a], X))} is a family of equicontinuous functions. Then for every
bounded subset D C Dg,(C([—q,a], X)), we know that Q>(D) is bounded and equicontinuous. It follows from
Lemma 2.4 that there exists a countable set D* = {u,,} C D such that

o[—q.a1(02(D)) < 20(—q.a1(Q2(D™)). (10)

For each t € [0, a], we denote by
D*(t) = {u(t) |u € D*},

D} ={u; |u € D*} C Dg,(C([—g,0], X)).

Then, for every u,v € D* we have u;,v; € D, and

lur =velli—g.01 = sup fu(t +6) =v@ + )| < |u = vl[—g.a1- (an
0]

o€l—q,

By (11) and Lemma 2.5 we know that
#[—q.01(D}) = @[—g.a1(D%). (12)

For every t € [—q,0], (Q2D*)(¢t) = 0, and therefore a((Q2D*)(t)) = 0. For every t € [0,a], taking the
assumption (P»), Lemma 2.3 and (12) into account, we get that

13

@((Q20%)1)) = o / T( ) f(5.n(5). uns)ds - NV

0

t
< ZM/a({f(s,un(s),uns) :n € N})ds
0

t
< 2M [(Lia(D™(5) + Loag-g.0(D7))ds
0
< 2aM(L1 + L2)a—q.a1(D™)

< 2aM(L1 + Lz)()t[_qﬂ](D).
Therefore, for every ¢ € [—q, a], we get that

a((Q2D*)(1)) <2aM(Ly + L2)aj—g.q1(D). (13)
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Since Q> (D™*) is equicontinuous, by Lemma 2.1, we know that
U—q.a)(Q2(D™)) = max a(Q2(D*)(1)).
te[—q.al
Hence by (10) and (13), we have

a[—q,a](QZ(D)) <4aM(Ly + Lz)a[—q,a](D)- (14)

For every subset D C DR, (C([—q.a], X)), by (5), (9) and (14), we have

[—q.a1(Q(D)) = a[—q.41(Q1(D)) + a[—4.41(Q2(D))
< (ML +4aM(Ly + L2))aj—g.q1(D)

< Q[—g.a1(D).

Therefore, Q : Dg,(C([—q,a), X)) = Dry,(C([—¢,al], X)) is a condensing operator. By Sadovskii’s fixed point
theorem, we know that the operator Q has at least one fixed point u in D g,(C([—¢, a], X)), which means that the
problem (1) has at least one mild solution u € C([—¢, a], X). This completes the proof of Theorem 3.1. O

If the nonlinear term f* and the nonlocal term g satisfy the following growth conditions:
(P4)The function f : [0,a] x X x C([—q, 0], X) — X is continuous and there exist positive constants C 1, C2, Co
and y € [0, 1) such that

£t x, )l < Crllxll” + Callyll{_,.o; + Co. t €[0,a], x € X, y € C([=¢,0], X);
(Ps)There exist positive constants N1, No and ¢ € [0, 1) such that

lg(x)|l{—q.01 < N1 ||x||‘L0‘ a1t No, x€C(0,qa], X);
[0.a]
we have the following existence result:

Theorem 3.2. Assume that the conditions ( P2), (P3), (P4) and ( Ps) are satisfied. Then for every ¢ € C([—q, 0], X),
nonlocal problem (1) has at least one mild solution provided that

M(L + 4a(Ly + L»)) < 1.

Proof. Let Q be the operator defined in the proof of Theorem 3.1. By conditions (P3) and (P4), one can use the
same argument as in the proof of Theorem 3.1 to deduce that Q is continuous on C([—q, a], X) and the mild solution
of problem (1) is equivalent to the fixed point of the operator Q.

Next, we will demonstrate that Q maps bounded sets of C([—¢, a], X) into bounded sets. For any R > 0 and
u € Dr(C([—q.a], X)), by the conditions (P4) and (Ps), we know that there exist constants C 3 and N5 such that

I £ u@),us)|| <(Cy1+ C2)RY +Co:=C3 1s)

for every t € [0,a], and
lg@)lt—q.00 = N1R* + No := Na. (16)

Taking (15) and (16) into account, we obtain that

QWO < lIll—g.01 + N2 for t &[—q.0]

and

A

t
Q)OI = M([$]l1—q.01 +N2)+M/ 1/ s, uls), us)llds
0

IA

M(||¢lli—g.01 + N2) + aM C3
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= M(|¢|(—g.00 + N2 +aC3) for t€]0,al.

Hence,
Qulli—g.a1 < M(|$l[—g.01 + N2 +aC3).

It means that Q(D g(C([—q, a], X))) is a bounded set in C([—q, a], X).

Using similar argument as getting the proof of Theorem 3.1 deduce that Q : C([—q,a], X) — C([—q.a], X) is
a condensing operator.

Next, we show that the set S = {u € C([—¢,a],X) | u = AQu, 0 < A < 1} is bounded. Let u € S. Then
u = AQu for every 0 < A < 1. Applying the conditions (P4) and (Ps) we get

lu@)] = AQuO)| < I[(QuW) D < lplli—g.01 + N1llull* + No
fort € [—¢q, 0], and
[u@| = AI(Qu)()| < [[(Qu)(®)]|
t
< Mlgon + Nl + Fo) + M [ 1£6.u6).u0)lds
0
< M(I$ll—q.00 + Nilul* + No) + aM((C: + CT)ull?_, oy + Co)
= M(I¢ll .00 + N1l + No +a((Cy + Ca)ul?_, oy + Co))
for ¢t € [0, a]. Hence,
Il —g.ar < MU ll—g.00 + N1l + No +a((@1 + Tl 4y + Co))- a7)

By (17) and the fact that y, u € [0, 1), we can prove that S is a bounded set. If this is not true, then for any u € S we
have that ||u||[—4.4] — +00. Dividing both sides of (17) by ||u||[—4.4] and taking the limits as ||u||[—q. 4] — +00,
we get

M(I¢lli—g.01 + N1llul* + No + a((C1 + C)lull”_, 1 + Co))
1 < im [Zq.a]
N2tll—q.a1— o0 ull—g.a1
_ aM(El -I—fz) MN, )
= 1— 1—
lelli—g.a—>+eo ™ lufl 2 Il 2ot
= 0.

This is a contradiction. It means that the set S is bounded. By condensing mapping fixed point theorem of topological
degree, which can be found in [24], there is a fixed point u of Q on C([—q, a], X), which is just the mild solution of
problem (1). The proof is completed. O

4 Existence results under the situation that g is compact

In the section, we consider the existence of mild solutions for the problem (1) under the situation that the nonlocal

function g is compact. To do this, we suppose that the nonlinear term f* and nonlocal function g satisfy the following

conditions:

(Pg)The function f : [0,a] x X x C([—¢,0], X) — X is continuous and there exist an integrable function p :
[0,a] — [0, +00) and a continuous nondecreasing function ¢ : [0, +00) — [0, +00) such that

If @ x »I < p@O(ex]) + @(Iylli—q.00). t € [0.al. x € X, y € C(I~¢.0]. X).

(P7)The nonlocal function g : C([0,a], X) — C([—¢, 0], X) is continuous and compact, and there exists a positive
constant N such that
g 1—g.00 = N.  x € C([0.4]. X).
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Now we are in the position to state our main conclusion of this section.

Theorem 4.1. Assume that the conditions (P2), (Ps) and (P7) are satisfied. Then for every ¢ € C([—q,0], X),
nonlocal problem (1) has at least one mild solution provided that

4aM(Ly + Lo) < 1 (18)
and
p 17
/p(S)ds < W/ (p(t)dr, 19)
0 c

where ¢ = ||¢p||[—qg.01 + N.

Proof. Consider the map Q : C([—q,a], X) = C(|—¢q, a], X) defined in the proof of Theorem 3.1. It is easily seen
that the fixed point of Q is equivalent to the mild solution of the problem (1). Similar to the proof of Theorem 3.1,
we can show that Q is continuous by usual technique.

Firstly, we see thatif u € C([—q, a], X) with ||u||[—4.4] < k for some positive constant k, then |Ju,|[—4.0] < k
for all ¢ € [0, a]. Therefore, by the conditions (Pg) and (P7) we know that

[(Qu)®) < ll¢ll—g.01 + lg@)l0.a1 < Pll{—g.01 + N for 1€ [—q,0] (20)

and

t
QW) < M) + g O] + M / £ (s us). uy) | ds
0
t
< M(¢lli—g.01 + 8 0.a7) + M / p) @) + o s li—g.00)ds
0
t
< M@lli—guop + N) + M / 2p(s)p(k)ds
(0]

t
< M(¢||[_q,0] LN+ 2<p(k)/p(s)ds> for 1 €[0,al.
0

This together with (20) imply that Q maps bounded subsets of C([—¢, a], X) into bounded subsets.

By lemma 2.1 and the compactness of g involving Ascoli-Arzela’s theorem, it is easily seen that the operator Q
maps bounded subsets of C([—¢, a], X) into equicontinuous sets.

Next, we shall demonstrate that Q ia a condensing operator. Let D be a bounded subset of C([—¢, a], X). From
the proof of Theorem 3.1, we know that

®[—q,a1(Q2(D)) < 4aM(L1 + L2)a—g,qa1(D). 2D
On the other hand, the compactness of g implies that
a[—q.a1(Q1(D)) = 0. (22)

Therefore, for every subset D C Dg(C([—q, a], X)), due to (18), (21) and (22), we get that

a[—q.a1(Q(D)) < o[—g.41(Q1(D)) + a[—g.a1(Q2(D))
<4aM(L1 + La)o[—g.41(D)
< d[—q.a1(D),

which means that Q : C([—q, a], X) = C([—q,a], X) is a condensing operator.
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Now, we show that the set
S={ueC(—q,al,X)|u=A0u, 0 <A <1}

is bounded. Let u € S. Then u = AQu for every 0 < A < 1. Thus

t
u(r) = AT (0)(#(0) + g()(0)) + A / T(t —s) f(s.u(s) us)ds
0

for ¢t € [0, a]. It follows from the conditions (Pg) and (P7) that

1
luIl < M(@lli—g.00 + N) + M / p&)(@lu)) + eluslli—g.01))ds (23)
0

for ¢t € [0, a]. We consider the function p defined by

p(t) = sup{llu(s)|| : —g <s <1}, 1 €][0.a].

Then ||u(t)|| < p(t) and |Ju;||[—g.01 < p(¢) for ¢ € [0, a]. By the previous inequality (23), we have

t
p(t) < M@lli—g.01 + N) +2M / P(5)p(p(s))ds. 24)
0

Let us take the right-hand side of the above inequality as v(¢). Then we have
¢ :=v(0) = M(}ll{—qg.01 + N)
and
v'(t) = 2Mp()p(p(1)).

Using the nondecreasing character of ¢ and (24) we get that

V(1) <2Mp(1)p(v(1)). (25)

By (19) and (25), we have
v(t) ! t <] |
—dt < ZM/p(s)ds < | —dr.
/ (1) J / (1)

c

It follows that there exists a constant L™ such that v(¢) < L™, and therefore p(¢) < v(t) < L* for ¢t € [0, a]. Since
forevery ¢t € [0,a], ||usll[—g.01 < p(t), we have

[l t—g.a1 = supfu(t) : —q <t <a} < L",

where L* depends only on a and the functions p and ¢. Noticing that p(¢) < ||¢|l[(—g.0] + N fort € [—¢q,0].
Therefore, the set S is bounded. By condensing mapping fixed point theorem of topological degree, there exists a
fixed point u# of Q on C([—¢, a], X), which is just the mild solution of problem (1). The proof is completed. O

5 Example

In this section, we present an example, which do not aim at generality but indicate how our abstract result can be
applied to a specific problem.
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Let @ C R” be a bounded domain with C2-boundary dS2 for n € N. We consider the following nonlocal
problem for the semilinear parabolic equation with delay

%u(x,t) —Au(x,t) = flx,t,u(x, ), us(x)), (x,1) € Qx][0,d],
ulape =0, (26)
u(x,r) = fqa KO)u(t + 0)(x)do, (x,r) € Q x[—q.0],

where A is a Laplace operator, g :  x [0,a] x R x C([—¢,0], L2()) — R is continuous, ¢, a > 0 are two real
numbers with ¢ < a, and K(-) € L1([g,a], RT) with fqa K(0)do =1 €(0,1).

In order to write the nonlocal problem for the semilinear parabolic equation with delay (26) in the form of the
problem (1), let X = L?() with the norm || - ||>. Then X is reflexive Banach space. Define an operator A in
reflexive Banach space X by

D(A) = W22(Q) N W, 2(Q), Au =—Au.

From [22], we know that A is a sectorial operator and —A is the infinitesimal generator of compact and analytic
semigroup 7(¢) (t > 0) on X, and T'(¢) (¢ > 0) is contractive. Hence ||T(¢)||2 < M := 1 for every t > 0. Let

u(t) =u(.1),  f.u@).u) = fCrul0.u()),

¢=0, gu= / K(@)u( + 0)(-)do.
q

Then the nonlocal problem for the semilinear parabolic equation with delay (26) can be rewritten into the abstract
form of problem (1).

Theorem 5.1. Assume that the following condition holds:

(Po) There exist positive constants a1, az and ag with a(a; + az) + t < 1 such that
|f(x.0.0.0)| < arlnl + a2ll¢li—q.01 + 0. x € Q. 1 € [0.a], n € R, { € C([—q.0], L*(R)).

Then the nonlocal problem for the semilinear parabolic equation with delay (26) has at least one mild solution.

Proof. By the condition (Pg) and the fact that 7'(¢) (¢ > 0) is a compact semigroup one can easily verify that the
conditions (Py) and (P») are satisfied with C1 = a1, C» = a»>, Cop = ag and L1 = L, = 0. Furthermore, from
the definition of the nonlocal function g and the fact that t := f qa K(0)dO < 1 we know that the condition (P3)
is satisfied with L = 7. At last, combined a(a; + a2) + t < 1 with the fact that L; = L, = 0 and M = 1 one
can easily get that (5) and (6) are satisfied. Therefore, our conclusion follows from Theorem 3.1. This completes the
proof of Theorem 5.1. O
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