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Abstract: In this paper, we define and study the hyper S-posets over an ordered semihypergroup in detail. We
introduce the hyper version of a pseudoorder in a hyper S-poset, and give some related properties. In particular,
we characterize the structure of factor hyper S-posets by pseudoorders. Furthermore, we introduce the concepts of
order-congruences and strong order-congruences on a hyper S-poset A, and obtain the relationship between strong
order-congruences and pseudoorders on A. We also characterize the (strong) order-congruences by the p-chains,
where p is a (strong) congruence on A. Moreover, we give a method of constructing order-congruences, and prove
that every hyper S-subposet B of a hyper S-poset A4 is a congruence class of one order-congruence on A if and only
if B is convex. In the sequel, we give some homomorphism theorems of hyper S-posets, which are generalizations
of similar results in S-posets and ordered semigroups.
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1 Introduction and preliminaries

It is well known that S-acts (also called S-systems) play an important role not only in studying properties of
semigroups or monoids but also in other mathematical areas, such as graph theory and algebraic automata theory,
for example, see [18, 22]. For a semigroup (S, ), a (right) S-act (or S-system) is a nonempty set A together with
a mapping A x S — A sending (a, s) to as such that (as)t = a(st) for all s, € S and a € A. Further, for
an ordered semigroup (S,-, <s), a right S-poset As is a right S-act A equipped with a partial order <4 and, in
addition, for all s, € S anda,b € A, if s <g ¢ then as <4 at, and if a <4 b then as <4 bs. Left S-posets are
defined analogously. During recent years a number of articles on S-posets theory have appeared, for example see
[3, 19, 21, 26, 27, 33]. Also see [2] for an overview.

On the other hand, algebraic hyperstructures, particularly hypergroups, were introduced by Marty [23] in 1934.
Later on, algebraic hyperstructures have been intensively studied, both from the theoretical point of view and
especially for their applications in other fields (see [6, 7]). One of the main reason which attracts researches towards
algebraic hyperstructures is its unique property that in algebraic hyperstructures composition of two elements is a set,
while in classical algebraic structures the composition of two elements is an element. Thus algebraic hyperstructures
are a suitable generalization of classical algebraic structures. The study on the theory of semihypergroups is one of
the most active subjects in algebraic hyperstructure theory. Nowadays, many researchers studied different aspects
of semihypergroups, for instance, Anvariyeh et al. [1], Chaopraknoi and Triphop [5], Davvaz [8], Hila et al. [14],
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Leoreanu [20] and Salvo et al. [25], also see [11, 24]. A theory of hyperstructures on ordered semigroups has been
recently developed. In [13], Heidari and Davvaz applied the theory of hyperstructures to ordered semigroups and
introduced the concept of ordered semihypergroups, which is a generalization of the concept of ordered semigroups.
Since then many papers on ordered semihypergroups have been published, for instance, see [4, 9, 12, 28]. Our aim in
this paper is to introduce a special type of hyperstructure, namely hyper S-posets, and study the properties of hyper
S-posets over ordered semihypergroups. In particular, we define and discuss the order-congruences and strongly
order-congruences of hyper S-posets, and give some homomorphism theorems of hyper S-posets by pseudoorders.
In the rest of this section, We recall the basic terms and definitions from the hyperstructure theory.

Definition 1.1. A hypergroupoid (S, o) is a nonempty set S together with a hyperoperation, that isamap o : SXS —
P*(S), where P*(S) denotes the set of all the nonempty subsets of S. The image of the pair (x, y) is denoted by
X oy.

Definition 1.2. A hypergroupoid (S, o) is called a semihypergroup if the hyperoperation “ o " is associative, that is,
forall x,y,z € S, (xoy)oz = xo(yoz), which means that

U woz= J xou.

uexoy vEYyOZ

If x € S and A, B are nonempty subsets of S, then

Ao B = U aob,Aox =Ao{x}, andx o B = {x}o B.
acA.beB

Generally, the singleton {x} is identified by its element x.

Definition 1.3. An algebraic hyperstructure (S,o,<) is called an ordered semihypergroup (also called po-
semihypergroup in [13]) if (S,0) is a semihypergroup and (S, <) is a partially ordered set such that: for any
x,y,a €8, x <yimpliesaox <aoyandxoa < yoa.Here, if A, B € P*(S), then we say that A < B if for
every a € A there exists b € B such that a < b.

Clearly, every ordered semigroup can be regarded as an ordered semihypergroup, for instance, see [28].

Definition 1.4. A nonempty subset A of an ordered semihypergroup S is called a left (resp. right) hyperideal of S if
(1)SoAC A(resp. Ao S C A).

2)Ifac Aand S 5 b <a,thenb € A.

If A is both a left and a right hyperideal of S, then it is called a (two-sided) hyperideal of S

For more information on hyperstructure theory, ordered semigroup theory and the properties of S-acts, the reader is
referred to [7], [30] and [22], correspondingly.

2 Hyper S -acts over semihypergroups

In order to study the hyper S-posets over ordered semihypergroups in detail, in this section we first discuss
the properties of hyper S-acts over semihypergroups. In particular, we investigate the congruences and strong
congruences of hyper S-acts over semihypergroups.

We now recall the notion of hyper S-acts over semihypergroups from [10].

Definition 2.1. Ler (S, o) be a semihypergroup and A a nonempty set. If we have a mapping i : A x S — P*(A)
| (a@,s) = wu(a,s) ;= a xs € P*(A), called the hyper action of S (or the S-hyperaction) on A, such that
ax(sot)y=(axs)xt, foralla e A,s,t €S, where
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NVT CS)axT = Ua*t (VBC A)Bxt= U bxt,

then we call A a right hyper S-act (also called rlght S-hypersystem in [10]), denoted by Ay, or briefly A.
Left hyper S-acts are defined analogously, and in this paper we will often use the term hyper S-act to mean
right hyper S-act.

Remark 2.2. Every S-act over a semigroup can be regarded as a hyper S-act over a semihypergroup. In fact, if A
is an S-act over a semigroup (S,-), the hyperoperation “ o " on S and the hyper S-action “ x " on A are defined
respectively as s ot = {st}, a x s := {as}, forany a € A,s,t € S, then, clearly, A is a hyper S-act over a
semihypergroup (S, o).

Definition 2.3. Ler A be a hyper S-act over a semihypergroup (S, o) and B a nonempty subset of A. B is called a
hyper S-subact of A if B is closed under the hyper S-action on A, i.e., b *s C B foranyb € B,s € S.

Clearly, for any a € A, a * S is a hyper S-subact of A, called cyclic hyper S-subact.

Let A be a hyper S-act over a semihypergroup (S, o) and p an equivalence relation on A. If B and C are both
nonempty subsets of A, then we write B p C to denote that for every b € B, there exists ¢ € C such that bpc and for
every ¢ € C, there exists b € B such that bpoc. We write B p C if for every b € B and for every ¢ € C, we have bpc.
The equivalence relation p is called congruence if for every (x, y) € A x A, the implication xpy = x s p y *s, for
all s € S, is valid. p is called strong congruence if for every (x, y) € A x A, from xpy, it follows that x % s p y * s
for all s € S. We denote by C(A) (resp. SC(A)) the set of all congruences (resp. strong congruences) on a hyper
S-act A.

Remark 2.4. The set C(A) of all congruences on a hyper S-act A is a complete lattice with respect to the

intersection of set-theoretic and the union (also is called transitive product) defined as follows:

(a,b) € 1_[ P & Jco =a,c1,....,.cn=b€eA
aecl’
such that (c;,cj+1) € pa; for some py; € {pa}aer-

It is worth pointing out that the equality relation 14 and the universal relation A X A on A are the minimum element
and greatest element of C(A), respectively.

Theorem 2.5. Let A be a hyper S-act over a semihypergroup (S, o) and p an equivalence relation on A. Then
(1) If p is a congruence, then A/p is a hyper S-act with respect to the following hyper S-action: (a), ® s =
U (x)p, and it is called a factor hyper S-act.

xeaxs
(2) If p is a strong congruence, then A/ p is a hyper S-act with respect to the following (hyper) S-action: (a), ® s =

(x)p forall x € a x s, and it is called a factor hyper S-act. In particular, if S is a semigroup and the operation on
S is defined by s ot := {st} forall s,t € S, then A/p is an S-act.

Proof. (1) Let p be a congruence on A. Then the hyper S-action “ ® " is well defined. Indeed, let (a),, (b), € A/p
and s,¢ € S be such that (a), = (b)p,s = t. Then apb. Since p is a congruence on A, we have a * s p b * s.

Hence for any x € a * s, there exists y € b * ¢ such that xpy, i.e., (x)p, = (y)p. Thus (@), ® s = |J (x), C
xXea*xs
U e = (b)p ®¢.In asimilar way ,it can be shown that (b), ® t C (a), ® s. Therefore, (a), ® s = (b), 1.
yebxt
Furthermore, let s,z € S and (a), € A/p. Then we have

@p®son=|J (@yew= ) [J =,

uesot UESOL Xe€a*u
= U x)p = U (x), (Since A is a hyper S-act)
X€a*(sot) XE(ax*s)*t

U U &= U (e =(@,2s®¢

YEa*s x€y*t yeaxs
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Thus A/p is a hyper S-act over S.
(2) The proof is similar to that of (1), and hence we omit the details. O

Let A be a hyper S-act over a semihypergroup (S, o) and B a hyper S-subact of A. The relation pp on S is defined
as follows:

oB :={(x,y) € AA\Bx A\B | x =y} U (B x B).
Clearly, pp is an equivalence relation on A. Moreover, we have the following lemma.

Theorem 2.6. Let A be a hyper S-act over a semihypergroup (S, o) and B a hyper S-subact of A. Then pp is a
congruence on A and it is called Rees congruence induced by B.

Proof. Letx,y € Aand xppy. Thenx = y € A\B or x,y € B. We consider the following cases:

Case 1.If x = y € A\B, then, forany s € S, x x s = y * 5. Hence x * s pg y * .

Case 2. Let x, y € B. Since B a hyper S-subact of A, we have x x s C B,y *s C B for any s € S. Thus, for
anya € x xs5,b € y x5, we have (a,b) € Bx B C pp.Thus x x5 pg y * 5.

Therefore, pp is a congruence on 4. O
Remark 2.7.
(1) A/pp = {{x} | x € A\B} U {B}, that is, for any (a)pz € A/pB, we have (a)p, = {a},a € A\B or
(@)pp = B.

(2) By Theorems 2.5 and 2.6, (A/pp, ®p) forms a factor hyper S-act, which is called Rees factor hyper S-act.
Here the hyper S-action ® g on A/pp is defined by (a)pg ®B s = U (X)pg, Y(@)pz € A/pB,s € S.

xeaxs

3 Hyper S -posets over ordered semihypergroups

In this section we shall introduce the concept of hyper S-posets over an ordered semihypergroup, and study the
properties of hyper S-posets. In particular, we define and discuss the pseudoorders on hyper S-posets.
Definition 3.1. Let (S, o, <g) be an ordered semihypergroup. A right hyper S-poset (A, <4), often denoted Ay (or
briefly A), is a right hyper S-act A equipped with a partial order <4 and, in addition, for all s,t € S and a,b € A,
ifs <stthenaxs <gqaxt,andifa <4 bthenaxs <4 bxs. Here, a s stands for the result of the hyper action
of sona,and if Ay, A € P*(A), then we say that A1 <4 Ay if for every a; € A\ there exists ap € Ay such that
ay =4 az.

Analogously, we can define a left hyper S-poset 1y A. Throughout this paper we shall use the term hyper S -poset
to mean right hyper S -poset.

Remark 3.2.
(1) Every S-poset over an ordered semigroup can be regarded as a hyper S-poset over an ordered semihypergroup.
(2) An ordered semihypergroup S is a hyper S-poset with respect to the hyperoperation of S.

Let A be a hyper S-poset over an ordered semihypergroup (S, o, <g) and B a nonempty subset of A. B is called a
hyper S-subposet of A if foranyb € B,s € S,b*s C B, denotedby B < A.Foranya € A, axS is clearly a hyper
S-subposet of A, called cyclic hyper S-subposet. It is easily seen that a hyperideal of an ordered semihypergroup S
is a hyper S-subposet of S.

Definition 3.3. Ler (A, <4) and (B, <p) be two hyper S-posets over an ordered semihypergroup (S, o, <), the “*"
and “ o " are hyper S-actions on A and B, respectively, f : A — B a mapping from A to B. f is called isotone if
x <4 yimplies f(x) <p f(y),forall x,y € A. f is called reverse isotone if x,y € A, f(x) <p f(y) implies

X <4 y. f is called homomorphism (resp. strong homomorphism) if it is isotone and satisfies f(a)os = |J f(x)
xeaxs
(resp. f(a)os = f(x), Vx €eaxs) foralla € A,s € S. f is called isomorphism (resp. strong isomorphism) if it
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is homomorphism (resp. strong homomorphism), onto and reverse isotone. The hyper S-posets A and B are called
strongly isomorphic, in symbol A = B, if there exists a strong isomorphism between them.

Remark 3.4.

(1) Suppose that (A, <4) and (B, <p) are two hyper S-posets over an ordered semihypergroup (S, o, <).If f isa
strong homomorphism and reverse isotone mapping from A to B, then A = Im(f).

(2) The class of right hyper S-posets and homomorphisms forms a category that we denote by HPOS-S. As usual,
the monomorphisms of HPO S-S are exactly the injective homomorphisms.

By Definition 3.1, we can see that the congruences and strong congruences on hyper S-posets can be defined exactly
as in the case of hyper S-acts. Thus it is unnecessary to repeat the concepts of congruences and strong congruences
on hyper S-posets.

Let A be a hyper S-act and p a (strong) congruence on A. Then, by Theorem 2.5, the set A/p := {(a), | a € A}
is a hyper S-act and the hyper S-action on A/p is defined via the hyper S-action on A. The following question is
natural: If (4, <4) is a hyper S-poset over an ordered semihypergroup (S, o, <) and p a (strong) congruence on A,
then is the set A/p a hyper S-poset? A probable order on A/p could be the relation “ < " on A/p defined by means
of the order “ <4 " on A, that is

== {(x)p-(V)p) € A/px A/p| (x.y) €<aj.
But this relation is not an order, in general. We illustrate it by the following example.

Example 3.5. We consider a set S := {a, b, c, d, e} with the following hyperoperation “ o " and the order “ <":

‘ a b c d e
{b,d} {b,d} {d} (d} {d}
{b,d} {b,d} {d} (d} {d}

{d} {d} fc} {4} {c}
{d} {d} {d} (a4} {4}
{d} {d} {c} {d} A<}

<=:={(a.a).(a.b).(b.b).(c.c).(d.b).(d.c).(d.d).(e.c), (e, e)}.
We give the covering relation “<” and the figure of S as follows:
<={(a,b),(d,b),(d,c), (e, c)}.

b c

® o S|

a d 4

Then (S, o, <) is an ordered semihypergroup. We now consider the partially ordered set A = {c, d, e} defined by the

order below:

=4:= {(Cv C), (dv d)v (ev e)’ (d7 e)v (d’ C)v (ev C)'

We give the covering relation “< 4" and the figure of A.
<4=1{(d,e), (e,c)}.

c

d

Then (A, <4) is a hyper S-poset over S with respect to S-hyperaction on A as above hyperoperation table.
Let p be a (strong) congruence on A defined as follows:

pi=1{(c.c).(d.d).(e.e).(d.c).(c.d)}.
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Then A/p = {{d, c},{e}}. Moreover, the relation on A/p defined by

<= (o, (0)p) € A/px A/p | (x,y) €<a}
is not an order relation on A/p. In fact, since d <4 e, we have (d), =< (€)p. Also, since e <4 c, we have
(@)p 2 (¢)p = (d)p. If “<” is an order relation on A/ p, then (d), = (€)p, which is impossible. Thus (A/p, <) is
not a hyper S -poset.

The following question arises: Is there a (strong) congruence p on A for which A/p is a hyper S-poset? To solve the
above question, we first introduce the following definition.

Definition 3.6. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <). A relation p on A is
called pseudoorder if it satisfies the following conditions:

(1) =aSp.

(2) apb and bpc imply apc, i.e., pop C p.

(3) apb impliesa xspb *s,foralls € S.

Note that an ordered semihypergroup S is a hyper S-poset with respect to the hyperoperation of S. Thus Definition
3.6 is a generalization of Definition 4.1 in [9]. For a similar definition about pseudoorders in ordered semigroups we
refer the readers to Definition 1 in [16].

Theorem 3.7. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <) and p a pseudoorder on A.

=

Then, there exists a strong congruence p on A such that A / p is a hyper S-poset over S.
Proof. We denote by p the relation on A defined by
p:={(a,b) € Ax A|apband bpa} (=pnN o .

First, we claim that p is a strong congruence on A. In fact, for any a € A, clearly, (a,a) €<4< p, so apa. If
(a,b) € p, then apbzlnd bpa. Thus (b,a) € p. Let (a,b) € p and (b, c) € p. Then apb, bpa, bpc and cpb. Hence
apc and ;pa, which imply that (a, c) € p. Thus p is an equi;alence relation on A. Now, let a pb and s € S. Then
apb and bpa. Since p is a pseudoorder on A, by condition (3) of Definition 3.6, we have B

axspbxs,bxspaxs.

Thus, for every x € a * s and y € b * 5, we have xpy and ypx. It implies that xpy. Hence a * s E b x s. Therefore,
p is indeed a strong congruence on A. By Theorem 2.5, A/p is a hyper S-act over S.
Now, we define a relation <, on A/ pas follows:

=p={((0)p, (¥)p) € A/px A/p [ (x,y) € p}.

Then (A/p, <,) is a poset. Indeed, suppose that (x), € A/p, where x € A. Then (x,x) €<4C p. Hence, (x), <o
(x)p- Let?x)p <o V)p and (¥)p =2p (X)p. Then:cpy and ypx. Thus xpy, and we have (x), = (),. Now, if
(x); <o (y);and (y)Qijp (Z)B,?hen xpy and ypz. Hence xpz, and we conclude that (*)p jpi(z)g. a
Furthermore, let (x)p, (¥)p € 4/p, (X)p Zp (¥)p and s € S. Then xpy. By hypothesis and Definition 3.6,
x*spy*s Thus, foranya € x * s and b € y * s, we have apb. This implies that (@), < (b),. Hence we have

@p®s= |J @p=p | Bp=0)pes,

aex*s beyxs

where the hyper S-action “® "on A/ P is exactly that defined in Theorem 2.5. Moreover, let s, € S,s < t and
(a)p € A/p. Then, similarly as discussed above, we have (a), ® s <y (a)p ® 1.
Therefore, A/p is a hyper S-poset over S. O
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Example 3.8. We consider a set S := {a, b, c, d, e} with the following hyperoperation “ o " and the order “ < ":

‘ a b c d e
{a} {a} {a} {a} {a}
{a, b} {a, b} {a,b} {a,b} {a, b}
{a,c} {a,c} {a,c} {a,c} {a,c}
{a,d} {a,d} {a,d} {a,d} {a,d}
{e} {e} {e} {e} {e}

® /O ™o

<:={(a,a), (b,b),(b,a),(c,c),(c,a),(d,a),(d,d), (e, e)}.
The covering relation “<” and the figure of S are given by:
<={(b,a),(c,a),(d,a)}.

a

Q O

b c d

Then (S, 0, <) is an ordered semihypergroup (see [9]). We now consider the partially ordered set A = {a,d,e}

defined by the order below:
<4:=1{(a,a),(d,d),(e,e),(d,a).

We give the covering relation “< 4" and the figure of A.

<a={(d.a)}.
a

e
d

Then (A, <4) is a hyper S-poset over S with respect to S-hyperaction on A as above hyperoperation table.
Let p be a pseudoorder on A defined as follows:

p:=1(a,a).(d,d),(ee),(a,d),(d,a),(e.a),(e,d)}.

Applying Theorem 3.7, we get
p:={(a,a),(d.d),(e,e),(a,d),(d,a)}.

Then A/p = {{a,d},{e}}. Moreover, (A/p, Zp) is a hyper S-poset over S, where the order relation <, on A/p is

defined by
=p:={({a.d}.{a.d}), (e} {e}). ({e}. {a.d})}.

Theorem 3.9. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <) and p a pseudoorder on A.

Let
A :={0 | 0 is a pseudoorder on A such that p C 6}.

Let B be the set of all pseudoorders on A/ p. Then, card(A) = card(B).

Proof. For 6 € A, we define a relation 6" on A/p as follows:
0" == {((x)p. (¥)p) € A/px A/p]| (x,y) € 0}.

First, we claim that 6 is a pseudoorder on 4/ p. To prove our claim, let ((x), (¥)p) €=, . Then, by Theorem 3.7,
(x,y) € p € 6, which implies that ((x)p, (¥)p) € 6. Thus, <,C 6’. Now, assume that ((x),, (),) € 6’ and
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((»)p,(2)p) € 6. Then, (x,y) € 6 and (y,z) € 6. It implies that (x,z) € 6. Hence, ((x), (2)p) € 0. Also, let
((x)p. (¥)p) € 0" and s € S. Then, (x,y) € 6 and s € S. Since 6 is a pseudoorder on A4, we have x * s 6 yxs. Thus,
forevery a € x *s,b € y s, we have (a, b) € 6. This implies that ((a),, (b),) € 6’, and thus (x), ®s 0’ (¥), ®s5.
Therefore, 6’ is indeed a pseudoorder on A/ p. - a a

Now, we define the mapping f : A — l;by f(0) =0’,Y0 € A. Then, f is abijection from .A onto 3. In fact,

(1) f is well defined. Indeed, let 61,62 € A and 6; = 65. Then, for any ((x)p, (¥)p) € 07, we have (x, y) €
6 = 0>. It implies that ((x),, (y),) € 05. Hence 6] C 65. By symmetry, it can be obtained that 05 c 67.

(2) f is one to one. In fact, let 61, 6> € A and 6] = 0. Assume that (x, y) € 01. Then, ((x)p,(y)p) € 0] and
thus ((x)p, (¥)p) € 5. This implies that (x, y) € 6. Thus, §; € 6>. Similarly, we obtain 6> C 6.

3) f is onto. In fact, let § € B. We define a relation 6 on A as follows:

0 :={(x.y) € AxXA[((x)p.()p) € 8}

We show that 6 is a pseudoorder on A and p < 6. Assume that (x,y) € p. Then, by Theorem 3.7,

((x)p, (¥)p) €XpC 4, and thus (x, y) € 0. This implies that p C 0. If (x,y) €=<4, then (x,y) € p C 6. Hence,

<4C 0. Letnow (x,y) € 6 and (y,z) € 6. Then ((x),. (»)p) € 8 and ((»)p, (z)p) € 8. Hence ((x),,(2)p) € 6,

which implies that (x, z) € 6. Furthermore, let (x, y) €fands € S. Then?(x); (»)p) € §and s € S. Since §

is a pseudoorder on 4/p, we have (x), ® s 8 (¥), ® s, ie., |J (@p8 | (b)p. Thus, foreverya € x * s
aEx*s beyxs

and b € y x5, ((a)p, (b)) € 8. It means that (a,b) € 6. Hence we conclude that x * s 5 y *x 5. Moreover, clearly,
0 =34. O

By the proof of Theorem 3.9, we immediately obtain the following corollary:

Corollary 3.10. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <), p, 0 be pseudoorders
on A such that p € 6. We define a relation 6/p on A/p as follows:

0/p = {((x)p, (»)p) € A/px A/p|(x,y) € 6}

Then 8/ p is a pseudoorder on A/ p.

4 (Strong) order-congruences on hyper S -posets

In the above section, we have illustrated that for a (strong) congruence p on a hyper S-poset A the factor hyper S-act
A/ p is not necessarily a hyper S-poset, in general. To characterize the structure of hyper S-posets in detail, in this
section we shall define and study the order-congruences and strong order-congruences on a hyper S-poset.

Definition 4.1. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <). A congruence (resp.
strong congruence) p is called an order-congruence (resp. a strong order-congruence) if there exists an order relation
“<"on A/p such that:

(1) (A/p, =) is a hyper S-poset, where the S-hyperaction “ ® " on A/p is defined as one in Theorem 2.5.

(2) The canonical epimorphism ¢ : A — A/p,x +— (x), is isotone, that is, ¢ is a homomorphism (resp. strong
homomorphism) from A onto A/ p.

It is clear that the equality relation 14 and the universal relation A x A on A are both order-congruences, but 14 is
not a strong order-congruence on A. In general, a strong order-congruence example is given as follows:

Example 4.2. We consider the ordered semihypergroup (S, o, <) and the hyper S-poset (A, <4) over S in Example

[ R—

3.5. Let p be a strong congruence on A defined as follows:

pi=1(c.c).(d.d).(e.e).(c.e), (e, c)}.
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Then S/p = {{c,e},{d}}. Moreover, p is a strong order-congruence on A. In fact, we define an order <, on A/p
as follows:

=p=A{d}.{d}). ({c. e} {c,e}), (1d}. {c. e})}.

Then (A/p, =<p) is a hyper S-poset and the mapping ¢ : A — A/p,x > (x), is isotone. Hence p is a strong
order-congruence on A.

Proposition 4.3. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <) and p a pseudoorder

on A. Then p is a strong order-congruence on A, where p = p N o L.

Proof. By Theorem 3.7, (A/p, <) is a hyper S-poset over S, where the order relation <, is defined as follows:
2o ={((x)p, (¥)p) € A/px A/p| (x,y) € p}.

Also, let x,y € Aand x <4 y. Then, since p is a pseudoorder on A4, (x,y) €<4< p. Thus ((X)B’ (y)B) €xp, e,

(*¥)p Zp (¥)p- Therefore, p is a strong order-congruence on A. O

In order to establish the relationship between strong order-congruences and pseudoorders on a hyper S-poset, the
following lemma is essential.

Lemma 4.4. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <) and o a relation on A. Then
the following statements are equivalent:

(1) o is a pseudoorder on A.

(2) There exist a hyper S-poset (B, <p) over S and a strong homomorphism ¢ : A — B such that

—>
kerp :={(a,b) e Ax A|¢(a) <p ¢(b)} = o,
—>
where kerg is called the directed kernel of ¢.

Proof. (1) = (2). Let o be a pseudoorder on A. We denote by o the strong congruence on A defined by
o:={(a,b)e AxA|(a,b)€o, (b,a)coi(=0cnocl).
Then, by Theorem 3.7, the set A/o := {(a)s | a € A} with the S-hyperaction (a)g ® 5§ = (X)g, VX € a * s, for all
a € A,s € S and the order
o= {((x)a. V)o) € A/a x A/a | (x.y) € 0}
is a hyper S-poset. Let B = (4/0, <) and ¢ be the mapping of A onto A/c definedby ¢ : A - A/o |a — (a)s.
Then, by Proposition 4.3, ¢ is a strong homomorphism from A4 onto A/¢ and clearly, I;r)w =o0.

(2) = (1). If there exist a hyper S-poset (B, <p) over S and a strong homomorphism ¢ : A — B such that
k—e;go = o0, then o is a pseudoorder on A. Indeed, let (a,b) €<4 . Then, by hypothesis, p(a) <p ¢(b). Thus
(a,b) € IZr)go = 0, and we have <4C 0. Now, let (a,b) € o and (b, c) € 0. Then ¢(a) <p ¢(b) <p ¢(c). Hence
p(a) <p ¢(c),ie., (a,c) € 15;90 = 0. Also, if (a,b) € o, then p(a) <p ¢(b). Since (B, <p) is a hyper S-poset
over S, for any s € S we have ¢(a) o s <p @(b) ¢ s, where “ ¢ " is the S-hyperaction on B. Since ¢ is a strong
homomorphism from A to B, for every x € a x s and y € b *x s, we have

. p(x) =¢(a) os = ¢(b) o5 = ¢(y).
Then (x, y) € kerg = o, and thus a * s & b * 5. Therefore, o is a pseudoorder on A. O

Theorem 4.5. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <) and p € SC(A). Then the
following statements are equivalent:

(1) p is a strong order-congruence on A.

(2) There exists a pseudoorder o on A such that p = o No ™!,

(3) There exist a hyper S-poset B over S and a strong homomorphism ¢ : A — B such that p = ker(¢), where

kergp = {(a,b) € Ax A | p(a) = ¢(b)} is the kernel of .

Proof. (1) = (2). Let p be a strong order-congruence on A. Then there exist an order relation “<” on the factor
hyper S-act A/p such that (4/p, <) is a hyper S-poset over S, and ¢ : A — A/p is a strong homomorphism. Let

—
o = kerg. By Lemma 4.4, o is a pseudoorder on A4 and it is easy to check that p = o N o~ 1.
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(2) = (3). For a pseudoorder 0 on A, by Lemma 4.4, there exist a hyper S-poset B over S and a strong
—
homomorphism ¢ : A — B such that 0 = kerg. Then we have
— —
kerp =kerp N (kerp) ' =ono~! =p.
. — N
(3) = (1). By hypothesis and Lemma 4.4, ker¢ is a pseudoorder on A. Then, by Theorem 3.7, p = kerg N

(kerg)~! is a strong congruence on A. Thus, by the proof of Lemma 4.4, p is a strong order-congruence on A. [

Remark 4.6.

(1) For a strong order-congruence p on A, since the order “<" such that (A/p, <X) is a hyper S-poset is not unique

in general, we have the pseudoorder o containing p such that p = o N o~ is not unique.

(2) If o is a pseudoorder on a hyper S-poset A, then p = o N o~V is the greatest strong order-congruence on A
. . . . . . _ —1 -1 _

contained in o. In fact, if py is a strong order-congruence on A contained in o, then py = p1Npy " CoNo™ " = p.

Theorem 4.7. Let p be a strong order-congruence on a hyper S-poset (A, <4). Then the least pseudoorder o

containing p is the transitive closure of relations <4 op (resp. po <4), that is,

o0 o0
o= Jza0p)" = [ po <0)".
n=1 n=1
o0
Proof. (1)Leta; = |J (<4 op)™. Clearly, p C<4 op C o7. Similarly, since <4C <4 o p, we have <4C 0.
n=1

() If (a,b) € o1, (b, ¢) € o1, then there exist m,n € Z71 such that (a,b) € (<4 op)” and (b, ¢) € (<4 op)",
where Z1 denotes the set of positive integers. Thus (a, ¢) € (<4 op)™ " C oy, i.e., 0 is transitive.

(3) Let (a,b) € o1 and s € S. Then there exists n € Z7T such that (a,b) € (<4 op)”, that is, there exist
ai,bi,az,bs,...,a, € A such that

a <4 a1pby <4 azpbz <q--- <4 anpb.
Since (A, <4) is a hyper S-poset and p € SC(A), we have
axs<g4a1%Sph1*xs<q4ar%5Sphr%s<4q---<ga,%5pbhxs.

Then, forany x € a %5,y € b x s, thereexistx; €a; xs (i =1,2,...,n),y; €b; xs(j =1,2,...,n—1) such
that
X SA X1PY1 =4 X20Y2 =4 ' =4 Xnp)-

— o0
It thus implies that (x, y) € (<4 op)” C o1, and we obtain thata s 61 b *s. Thus | (<4 op)” is a pseudoorder

n=1
on A containing p.
o0
Furthermore, since ¢ is transitive, and p € 0, <4< o, we have [ (<4 op)" C o. Thus, by hypothesis,
n=1
o0 o0
o = |J (24 op)". In the same way, we can verify that 0 = |J (po <4)". O
n=1 n=1

In the following, we shall give some characterizations of (strong) order-congruences on hyper S-posets. In order to
obtain the main results, we first introduce the following concept.

Definition 4.8. Ler (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <) and p an equivalence

relation on A. A finite sequence of the form (x,ay,b1,a2,ba,...,an—1, by—1,an,y) of elements in A is called a
p-chain if

(1) (a1,b1) € p,(a2,b2) € p,....(an—1,bp—1) € p,(an.y) € p;

(2) x <aa1,by Saaz,ba <4qas,....bp—2 <4 an—1,bp—1 <4 an.

Briefly we write

X <q a1pby <4 azpbz <4 -+ <4 anpy.
The number n is called the length, x and y initial and terminal elements, respectively, of the p-chain. A p-chain is
called close if its initial and terminal elements are equal, i.e. x = y.
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We denote by pCx» the set of all p-chains with x as the initial and y as the terminal elements in the sequel.

Lemma 4.9. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o0, <) and p € C(A). Then the

R

Sfollowing statements are true:

(1) (x.y) € (<4 op)" if and only if there exists a p-chain with length n in p€*v , i.e., pCx» # @.

(2) Foranys € S, if p€xv # @ for some x,y € A, then for every u € x % s, there exists v € y % s such that
C

pEuy 75 d.

Proof. (1) The proof is straightforward by Definition 4.8, we omit it.
) Let (x,ay,by,a2,ba,...,a,,y) € ,oCXy and s € S. Then

X <aai1pby <4 azpbz <q -+ <4 anpb.
Since (A, <4) is a hyper S-poset and p € C(A), we have
Xxks<gqarxspbyxs<garxxspbyxs<g--<gap*SpYy*s.

Then, for any u € x os, thereexistx; € a; xs (i =1,2,...,n),y; €b; *xs(j =1,2,...,n—1),v € y x5 such
that
U <4 X1PY1 =4 X20Y2 =4+ =4 XppV.

It thus implies that (v, x1, y1, X2, ¥2,...,Xn,V) € pC“U, ie., pCuv # 0. O

Lemma 4.10. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, 0, <) and p € SC(A). If p>» #

-
CMU

@ for some x,y € A, then, for any s € S, we have p % 0 for everyu € X ¥ 5,V € y % 5.

Proof. The proof is similar to that of Lemma 4.9 with a slight modification. O

Lemma 4.11. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S,o,<) and p a (strong)
congruence on A. If (x,y) € p, (k,z) € p, then pC~k # @ if and only if p€»= # @.

Proof. (=).If pC~k # @, by Lemma 4.9(1), there exists n € ZT such that (x, k) € (<4 op)”. Since (x, y) € p,
(z,k) € p, we have
Y =4 ypx(Sa 0p)"k <4 kpz,
which implies that (y, z) € (<4 op)” 2. By Lemma 4.9(1), we have p©»= # 0.
(«<=). Similar to the proof of necessity, we omit it. O

Now we shall give a characterization of order-congruences on a hyper S-poset.

Theorem 4.12. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <) and p € C(A). Then p
is an order-congruence on A if and only if every close p-chain is contained in a single equivalent class of p.

Proof. Let p be an order-congruence on A. Then there exists an order < on the factor hyper S-act A/p such that
(A/p, <) is a hyper S-poset over S and ¢ : A — A/p is a homomorphism. For any x € A, and every close p-chain
(x,ay,b1,...,an,x)in pCX—‘, we have

X <q a1pby <4 a2pby <4 -0 <4 appx.
Then,
p(x) 2 pla1) = o(b1) 2 p(az) = p(ba) X -+ 2 plan) = p(x).

It implies that ¢(x) = ¢(a1) = ¢(b1) = ¢(az) = ¢(bz) = --- = ¢(ap). Consequently, (x,ay,by,...,an,x) is
contained in a single p-class.

Conversely, since p is a congruence on A, by Theorem 2.5, A/p is a hyper S-act. We define a relation “<” on
the factor hyper S-act A/p as follows:

<= {((x)p, ()p) | P # 0}
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(1) = is well-defined. In fact, let x1, y1 € A be such that (x), = (x1)p, (V)p = (V1)p.- If (x)p =X (¥)p, then
€ £ 3. By Lemma 4.11, we have pC¥151 £ @, and (x1), < (y1),p-

(2) < is an ordered relation on A/p.

(a) < is reflexive. In fact, since for any x € A, x <4 xpx, and we have pC** £ @, i.e., ((x)p, (x)p) €X .

(B) < is transitive. Indeed, let ((x),. (¥)p)€ =<, ()p. (2)p)€ < . Then we have pCx» # @, pC¥= #£ @. By
Lemma 4.9(1), there exist m,n € Z1 such that (x, y) € (<4 0p)™, (v,z) € (<4 op)". Then we have

(x,2) € (<4 0p)" 0 (4 0p)" = (<4 0p)" ",
ie., pC¥7 £ @. Thus ((x)p. (2)p)€ < .

(y) < is anti-symmetric. In fact, if ((x),. (7)) €=, (¥)p. (X)) €=, then pCx» #£ @, pCrx £ @. Similar to
the above proof, it can be obtained that pCxx # @, i.e., there exists a close p-chain in p©** containing x and y. By
hypothesis, (x), = (V).

(3) (A/p, <) is a hyper S-poset over S. Indeed, let (x), < (¥), and s € S. Then pC*» # @. By Lemma 4.9(2),
for every u € x * s, there exists v € y * s such that pC»v # @, i.e., (u), < (v),. Thus

@pes= {J o=z |J =00

USX*s veEYy*S

Also, let s,z € S be such that s < ¢. Then x * s <4 x * ¢ for any x € A. Thus, for every u’ € x * s, there exists
v’ € x % ¢ such that u’ <4 v’. It implies that (u’, v") €<4 op, and we have pCv'v' # @. Hence (u'), < (v'),, and
we obtain
®e®s= |J )=z |J 0p=w,o
u' ex*s v/ ex*t

(4) The mapping ¢ : A — A/p | x — (x), is isotone. In fact, let x, y € A be such that x <4 y. Then (x,y) €<y
op, we have pC» £ @ ie. (x)p < (¥)p.

Therefore, p is an order-congruence on 4. O

Similarly, strong order-congruences on a hyper S-poset can be characterized as follows:

Theorem 4.13. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <) and p € SC(A). Then p

s =

is a strong order-congruence on A if and only if every close p-chain is contained in a single equivalent class of p.

Proof. The proof is similar to that of Theorem 4.12 with suitable modification by using Lemma 4.10. O

Recall that a nonempty subset B of a poset (A, <) is called convex ifa < b < c implies b € B foralla,c € B,b €
A; B is called strongly convexifa € A,b € B and a < b imply a € B. Any strongly convex subset of A is clearly
convex, however, the converse does not hold in general.

Corollary 4.14. If p is an order-congruence on a hyper S-poset A, then every p-class in A is convex.

Proof. Let p be an order-congruence on A and B a congruence class of p. If x <4 y <4 z and x,z € B, then
(x)p = (2)p- Thus we have x <4 ypy <4 zpx.Hence (x,y,y, z, x) is a close p-chain, by Theorem 4.12, we have
(x)p = (¥)p = (2)p. It thus follows that y € B, and B is convex. O

Furthermore, we have the following theorem.

Theorem 4.15. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S,o0,<) and B a hyper S-

s =

subposet of A. Then B is a congruence class of one order-congruence on A if and only if B is convex.

Proof. (==). The proof is straightforward by Corollary 4.14.
(<=). Let pp be the Rees congruence induced by B on A. By Remark 2.7(1), B is a congruence class of pp.
Now we define a relation “ <p " on the factor hyper S-act A/pp as follows:
(X)pg 2B V)pg © (x <qg y)or(x <4 b,b’ <4 y for some b,b’ € B).
We claim that pp is an order-congruence on A. To prove our claim, we first show that <p is order relation on A/pp,
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i.e., <p is reflexive, anti-symmetric and transitive.

(1) Let (x) o5 be any element of A/pp. Then, since x <4 x, we have (X)op; <B (X)pp-

(2)Let (x)pz =B (V)pp and (¥)pgz =B (X)py- Then x <4 y orx <4 b,b’ <4 y for some b, b’ € B, and
y <a xory <4 by,b] <4 x forsome by,b} € B. We consider the following four cases:

Case l.If x <4 yand y <4 x,thenx = y, and thus (x)pz = () pp-

Case 2. If x <4 y and y <4 b1,b] <4 x forsome by,b] € B,thenb] <q x <4 y <4 b1. Since B is convex
and by,b] € B, wehave x,y € B. Thus (x)p; = (¥)pp = B.

Case 3. Let x <4 b,b’ <4 y for some b,b’ € B and y <4 x. Similar to the proof of Case 2, we have
(X)op = (V)os-

Case 4. Let x <4 b,b" <4 y for some b,b" € B and y <4 by,b] <4 x for some by,b| € B. Then
by <4 x <abandb’ <4y <4 by. Since B is convex, we have x, y € B. Thus (x),; = (¥)pp-

(3) Let (X)pp =B (¥)pp and (¥)pp =B (2)pz.- Thenx <4 y orx <4 b,b’ <4 y for some b,b’ € B, and
y<gqzory <y b, b{ <4 z for some by, b{ € B. There are four cases to be considered:

Case 1.If x <4 yand y <4 z, then x <4 z, and thus (x) oz <B (¥)p5-

Case 2. If x <4 y and y <4 b1,b] <4 z for some b1,b] € B, then x <4 y <4 by and b] <4 z. By the
definition of <, (X)pz =B (2)pp-

Case 3. Let x <4 b,b’ <4 y for some b,b’ € B and y <4 z. Analogous to the proof of Case 2, we have
(X)ps =B (2)pop-

Case4.Letx <4 b,b’ <4 y forsome b,b’ € Bandy <4 b1,b| <4 z forsome b,b’ € B. Then x <4 b and
b} <4 z.Hence (x)p; =B (2)pp-

We now show that (A/pp, <p) is a hyper S-poset over S. Let (X)pz <B (¥)pp and s € S. Then x <4 y or
x <4 b,b’ <4 y for some b, b’ € B. We consider the following two cases:

Case 1. If x <4 y,then x x5 <4 y *s. Thus for every u € x * s, there exists v € y * s such thatu <4 v, and
we have (u)pp =B (V)op. Thus

Xog®8s= U Moz = U @pp = )ps OB 5.

UEX*S VEY*S
Case2.Letx <4 b,b’ <4 yforsomeb,b’ € B. Then x xs <4 bxs,b’*s <4 y*s. Thus for every u € x *s,

there exists b1 € b * s such that u <4 by, and for some b] € b’ x s there exists v € y * s such that b] <4 v.
Since B is a hyper S-subposet of 4 and b,b” € B, we have by € b x s C B,b] € b’ x s C B. On the other hand,
u <4 b1,b}| <4 vforsome by,b| € B. Hence (u),; <p (v)pp, and thus (x),; @5 5 < (¥)ps OB s.

Also, let s,z € S be such that s < ¢. Then x x5 <4 x * ¢ forany x € A. Thus, for every u’ € x * s, there exists
v” € x x ¢ such that u” <4 v’. It implies that (u”),; <B (V')pp, and we have

Wop ®8s= | Wps =5 | )op =)oy ®51.

U eEX*s v/ exxt

Therefore, (A/pp, <p) is a hyper S-poset over S.
Furthermore, by the definition of <p, it can be shown that the canonical epimorphism ¢ : A — A/pp,x
(x)pp is isotone. Thus pp is an order-congruence on A. This completes the proof. O

By the proof of the above theorem, we immediately obtain the following corollary:

Corollary 4.16. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <) and B a strongly convex
hyper S-subposet of A. Then (A/pp, <) forms a hyper S-poset over S and the Rees congruence pp induced by
B on A is an order-congruence, where the order relation “<p” on A/pp is defined as follows:

(X)pg 2B Wpp © (x <4 y)or(x <4 b,b’ <4y forsomeb,b’ € B).

Corollary 4.16 shows that the Rees congruence pp induced by B on A is an order-congruence. But we state that pp
is not necessarily a strong order-congruence on A in general. We illustrate it by the following example.
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Example 4.17. We consider a set S := {a,b,c,d,e, [} with the following hyperoperation “o" and the order “ < ":

a b c d e f

{a} {a, b} {c} {c,d} {e} {e, f}
{b} {b} {d} {d} {r} {r}
{c} {c,d} {c} A{c,d} {c} {c,d}
{d} {d} {d} {d} {d} {d}

fe} fe,f} H{c} Ac,d} {e} e, f}
{r} {r} {d} {d} {r} {r}

=:={(a.a),(a,b),(b,b),(c.c),(c.d).(d.d).(e,e), (e, [).(f. )}
We give the covering relation “<” and the figure of S as follows:

<= {(a,b),(c,d), (e, f)}.
d

0% /o >8lo

a c e

Then (S, o, <) is an ordered semihypergroup. We now consider the partially ordered set A = {c,d, e, f} defined by
the order below:

=ai={(c.c).(d.d).(e.e).(f. [).(c.d). (e, [).
We give the covering relation “< 4" and the figure of A.

<A= {(Cv d)v (8, f)}
d f

C e

Then (A, <4) is a hyper S-poset over S with respect to S-hyperaction on A as in the above hyperoperation
table. Let B = {c,d}. It is easy to check that B is a strongly convex hyper S-subposet of A. Then pp =
{(c,c),(d,d), (e,e), (f, [), (c,d),(d,c)}. One can easily verify that pp is an order-congruence on A. But we
claim that pp is not a strong congruence on A. In fact, since (e,e) € pp, while e x b EB e * b doesn’t hold. Thus

PB IS not a strong order-congruence on A.

As a generalization of Theorem 2 in [32], we have the following theorem. The following theorem can be proved

using similar techniques as in the proof of Theorem 4.15.

Theorem 4.18. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <) and B a strongly convex
hyper S-subposet of A. We define an order relation “<1” on A/pp (= {{x} | x € A\B} U {B}) as follows:
=1:={(B.{x}) | x e AAB}U{({x}.{y}) | x,y € A\B,x =4 y} U{(B, B)}.

Then (A/pp,=<1) is a hyper S-poset over S, and pp is an order-congruence on A.

Proposition 4.19. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S,o,<) and B a strongly
convex hyper S-subposet of A. Then the order relations defined in Corollary 4.16 and Theorem 4.18 are different.

Moreover, <pC=< .

Proof. Let (x)pg, (V) ps € A/pp and (x)p; <B (¥)pyz- Thenx <4 y orx <4 b,b’ <4 y for some b,b’ € B.
Since B is strongly convex, we have x <4 yorx € Bandb’ <4 y forsome b’ € B. The first case implies (x),, =<1
(¥) o » and the second case implies (x) o5 <1 (0)pp <1 (V) pg, 1€, (X)pz =1 (¥)pz- Hence <pC<j. O
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The following example shows that < g &= in general.

Example 4.20. We consider a set S := {a, b, c, d} with the following hyperoperation ““ o " and the order “ < ":

‘ a b c d
{a,d} f{a,d} {a,d} {a}
{a,d} {5} {a,d} {a,d}
{a,d} {a,d} {c} {a,d}

{a} {a,d} {a,d} {d}

WO Qo

<:={(a,a),(a,c),(b,b),(c,c),(d,c).(d,d)}.
We give the covering relation “<” and the figure of S as follows:

<={((a,0).d,0)}.

Then (S, o, <) is an ordered semihypergroup. We now consider the partially ordered set A = {a, b, d} defined by
the order below:

<a:=1{(a.a),(b.b).(d.d).(d.a).

We give the covering relation “<4” and the figure of A.
<4=1{(d,a)}.

a

d

Then (A, <4) is a hyper S-poset over S with respect to S-hyperaction on A as in the above hyperoperation table.
Let B = {a,d}. We can easily verify that B is a strong convex hyper S-subposet of A. Since a £4 b and there does
not exist X € B such that x <4 b, we have (a)pz 2B (b)pg- But, by the definition of <1, we have (@) py <1 (b)pg-

In the following we shall define and study the strong order-congruence generated by a strong congruence on a hyper

S-poset.

Definition 4.21. Let p be a strong congruence on a hyper S-poset A. A strong order-congruence o is called the
strong order-congruence generated by p on A, if o satisfies the following conditions:

Hpco
(2) If there exists a strong order-congruence n on A such that p C n, then o C 1.

Theorem 4.22. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <) and p € SC(A). Then
(1) If we define a relation p™ on A as follows:
(x.y € A) (x.y) € p* ifand only if p©~> # 0,
then p™* is a pseudoorder on A.
(2) Ry, is a relation on A defined as follows:
(x,y € 4) (x,y) € Rp <= (x,y) € p* and (y,x) € p™.
Then R, is the strong order-congruence generated by p on A.

Proof. (1) Let x,y € A be such that x <4 y. Then there is a p-chain from x to y: (x,y, y), i.e., pC¥ # @.
Thus x <4 y implies xp™y, and we have <4C p*. Assume that (x,y) € p* and (y,z) € p*. Then there exist
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ai,az,...,an,b1,ba,....,by—_1,c1,¢2,...,cm,d1,da,...,dy € A such that

X <q a1pby <4 azpby <4 -+ <4 ap—1pbp—1 <4 anpy,

Yy Zacipdr <4 c2pda <a -+ <4 cm—1pdm—1 <a dmpz.
Thus, x <4 aipbr <4 axpbz <4 -+ <4 an—1pbp—1 =<4 anpy =<a cipdi <a c2pd2 <4 -+ <4
¢m—1pdm—1 <4 dmpz, which is a p-chain from x to z. Hence (x,z) € p* and p™ is transitive. Furthermore,
let (x,y) € p* and s € S. Then pC*» # @. By Lemma 4.10, for every u € x * 5,v € y * 5, we have pCuv £ @,
which implies that (u, v) € p*. It thus follows that x * s p* y * 5. Therefore, p* is a pseudoorder on A.

(2) By (1), p* is a pseudoorder on A. Clearly, R, = p* N (p*)~!. By Proposition 4.3, R,, is a strong order-
congruence on A. We claim that R, is the strong order-congruence generated by p on A. To prove our claim,
let (x,y) € p. Since p is a strong congruence on A, we have (y,x) € p. Consequently, (x,y) € R,. Hence
o € R,. Furthermore, suppose that 5 is a strong order-congruence on A and p € n. Then R, C 7. Indeed, let
(x,y) € Rp. Then (x,y) € p* and (y, x) € p*. By definition of p*, there exist a1, az,...,an,b1,b2,...,by—1,
Cc1,€2,...,Cm,d1,d>,...,dnm—1 € A such that

X Zgqa1pby <4 ax2pby <4 -+ <4 an—1pbp—1 <4 anpy,

Y <4 cipdi <4 c2pd2 <4+ <4 cm—1pdm—1 <4 dmpx.
Thus, by p C 1, we have x <4 ai1nby <4 azxnbz <a -+ <4 an—1nbp—1 <4 anny <a cind1 <a c2ndz <a
<o <4 cm—1Ndm—1 <4 dmnx. Since 1 is a strong order-congruence on A, by Theorem 4.13 we can conclude that
the closed n-chain (x,a1, b1,a2,b2,...,an—1,bn—1,an,y, c1,d1,¢2,d2,...,cm—1, dm—1,dm, x) is contained
in a single equivalence class of 7. In particular, we have (x, y) € n. Therefore, R, is the strong order-congruence
generated by p on A. O

By Theorem 4.22, we immediately obtain the following corollary:

Corollary 4.23. Every strong congruence on a hyper S-poset A is contained in a strong order-congruence on A.

5 Homomorphism theorems of hyper S -posets

Homomorphism theorems of semigroups and S-acts based on congruences have been given in [15] and [22],
respectively. In cases of ordered semigroups and S-posets, pseudoorders play the role congruences which are
“bigger” than the congruences, for example, see [17, 31, 32]. In the current section, we discuss homomorphism
theorems of hyper S-posets by pseudoorders defined in Section 3.

Let o be a pseudoorder on a hyper S-poset (4, <4). Then, by Theorem 4.5, p = o N o~ ! is a strong order-
congruence on A. We denote by p* the canonical epimorphism from A onto A/p, ie., p* : A — A/p | x —
(x)p, which is a strong homomorphism. In the following, we give a homomorphism theorem of hyper S-posets by
pseudoorders, which is a generalization of Theorem 12 in [32]. For a similar result about ordered semigroups we
refer the readers to Theorem 1 in [17].

Theorem 5.1. Let (A, <4) and (B, <p) be two hyper S-posets over an ordered semihypergroup (S,0,<),¢ : A —
B a strong homomorphism. Then: If o is a pseudoorder on A such that o C mgo, then there exists the unique strong
homomorphism f : A/p — B | (a)p v ¢(a) such that the diagram

AMLB

|

Alpr

commutes, where p = o Vo~ 1. Moreover, Im(p) = Im(f). Conversely, if o is a pseudoorder on A for which there
exists a strong homomorphism f : (A/p,<5) — (B.<p) (p = 0 N o~ ') such that the above diagram commutes,

—
then o C kerg.
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Proof. Let o be a pseudoorder on A such that o C l;;go, f:A4/p— B|(a), — ¢(a). Then

(1) f is well defined. Indeed, if (a), = (b),.then (a,b) € p C 0. Since g < lgr)q), we have (¢(a), (b)) €<p.
Furthermore, since (b,a) € 6 C lg;w, we have (¢(b), ¢(a)) €<p . Therefore, p(a) = ¢(b).

(2) f is a strong homomorphism and ¢ = f o p*. In fact: By Lemma 4.4, there exist an order relation “<,”
on the factor hyper S-act A/p such that (4/p, <) is a hyper S-poset and the canonical epimorphism p* is a strong
homomorphism. Moreover, we have

@p <o (b)p = (@.b) € o C kerg
= ¢(a) <p ¢(b)
= f(@)p) =B f((b)p).

Also, let (@), € A/pand s € S. For any (x), € (a)p, ® s, we have x € a * 5. Since ¢ is a strong homomorphism
from A to B, we have

f@)p) o5 =gla)os =p(x) = f((x)p).
where “ o " is the S-hyperaction on B. Furthermore, for any a € A, (f o p*)(a) = f((a),) = ¢(a), and thus
9= foph
We claim that f is a unique strong homomorphism from A/p to B. To prove our claim, let g be a strong
homomorphism from A4/p to B such that ¢ = g o p¥. Then, for any (a), € A/p, we have

f(@)p) = ¢(a) = (g © p*)(@) = g((@)p)-

Moreover, Im(f) = {f((a)p) |a € A} ={p(a) |a € A} = Im(p).
Conversely, let o be a pseudoorder on A, f : A/p — B is a strong homomorphism and ¢ = f o pﬁ. Then

% .
0 C kerg. Indeed, by hypothesis, we have

(@.b) €0 & (a)p 2o (b)p = f((@)p) <5 f((b)p)
= (f o p")(a) < (f o pH)(b)
= p(a) <p ¢(b) = (a.b) € kergp.

where the order <4 on A/p is defined as in the proof of Lemma 4.4, that is

o= {((*)p, (¥)p) € A/px A/p | (x,y) € 0} 0

Corollary 5.2. Let (A, <4) and (B, <p) be two hyper S-posets over an ordered semihypergroup (S, o, <) and
¢ : A — B a strong homomorphism. Then A/kerp = Im(p), where kerq is the kernel of ¢.

— — —

Proof. Leto = kerg and p = kerg N (kerg)~!. Then, by Theorems 4.5 and 5.1, p is a strong order-congruence
onAand f : A/p — B | (a)p, +— ¢(a) is a strong homomorphism. Moreover, f is inverse isotone. In fact,
let (a)p, (b)p be two elements of A/p such that f((a),) <B f((b)p). Then ¢(a) <p ¢(b), and we have
(a,b) € ];;(p. Thus, by Lemma 4.4, ((a)p, (b)p) €=¢, ie., (@)p =5 (b)p. Clearly, p = kerp. By Remark
34(1), A/ kerp = Im(f). Also, by Theorem 5.1, Im(f) = Im(¢). Therefore, A/ kerp = Im(¢p). O

Remark 5.3. Note that if (A, <4) and (B, <p) are both S-posets, then Corollary 5.2 coincides with Corollary 13
in [32].

Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <), p and 6 pseudoorders on A and p C 0.

-

We define a relation on the hyper S-poset (4/p, <) denoted by 6/p as follows:

0/p:=1{((a)p.(b)p) € A/px A/p|(a.b) € 0},

where <,:= {((@)p, (b)p) | (a,D) € p},p=pN o~ 1. By Corollary 3.10, 8/p is a pseudoorder on (4/p, =p)-
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Theorem 5.4. Let (A, <4) be a hyper S-poset over an ordered semihypergroup (S, o, <), p and 0 pseudoorders on
Aandp C 6. Then (A/p)/6/p = A/8.

Proof. Since 0/p is a pseudoorder on 4/p, we have the mapping ¢ : A/p — A/8 | (a), +— (a)g is a strong
homomorphism. In fact: B B

(1) ¢ is well-defined. Indeed, let (a), = (b),. Then (a, b) € p. Thus, by the definition of p, (a,b) € p C 6 and
(b,a) € p 0. This implies that (a, b) gQ, and thus (a)p = (b);. B

(2) ¢ is a strong homomorphism. In fact, let (a), € A/pand s € S. Then, since p, § € SC(A), forany x € ax*s,
we have

(a)g Rp s = (x)gs (a)Q Ko s = (X)Qv
where “ ®, " and “ ®¢ " are the S-hyperaction on A/p and A/0, respectively. Thus
p((a)p) ®o s = (a)g ®o s = (x)g = ¢((x)p).

Also, if (a)p <p (b)p, then (a,b) € p C 6. It implies that (a)g =g (b)g, and thus ¢ is isotone.
On the other hand, it is easy to see that ¢ is onto, since

Im(p) ={p((a)p) |a € A} ={(a)g |a € A} = A/b.
It thus follows from Corollary 5.2 that A/p/Kerp = Im(p) = A/8.
Furthermore, let m¢ = {((@)p, (b)p) | 9((@)p) =6 ¢((h)p)}. Then
(@), (b)) € kerg <= (@)g <o (b)o = (a.b) €

= (@) (b)) € 0/p.

Therefore, Kergp = I;r)go N (I;;(p)_l = (8/p) N (08/p)~ " = 0/p. We have thus shown that (4/p)/0/p
A/6.

[t

Definition 5.5. Let (A, <4) and (B, <p) be two hyper S-posets over an ordered semihypergroup (S, o, <), p, 0 be
two pseudoorders on A and B, respectively, and the mapping f : A — B a homomorphism. Then, f is called a
(p, 0)-homomorphism if (x, y) € p implies (f(x), f(y)) € 0, forall x,y € A.

Lemma 5.6. Let (A, <4) and (B, <p) be two hyper S-posets over an ordered semihypergroup (S, o, <), p, 0 be two

=

pseudoorders on A and B, respectively, and the mapping f : A — B a (p, 0)-homomorphism. Then, the mapping
J:(A/p,=p) = (B/8, =<g) defined by

(Vx € 4) f((x)p) = (f(x))e

is a strong homomorphism of hyper S-posets, where the orders <p, <g on A/p and B/, respectively, are both
defined as in the proof of Lemma 4.4.

Proof. Let f : A — B be a (p, §)-homomorphism and f : A/p— B/0 | (x)p— (f(x))g. Then

(1) f is well defined. In fact, let (*¥)p, (¥)p € A/p be such that (x)p, = (¥),- Then (x,y) € p € p. Since f
is a (p, 6)-homomorphism, we have (f(x), f(y)) € 0. It implies that (( f(x))g. (f(¥))e) €=X¢ . Similarly, since
(. x) € p, we have ((f(»)g. (f(x))g) €=q . Therefore, ((f(x))g = (f(¥)g. ie., [((x)p) = [((¥)p)-

) fisa strong homomorphism. Indeed, let (x), € 4 / pands € S. Since f is a homomorphism, for any
a € x*s,wehave f(a) € f(x)os, where “o" is the S-hyperaction on B. By Theorem 3.7, p € SC(4),8 € SC(B).
Thus, by Theorem 2.5 we have

F((x)p) ®a s = (f(x))e ®a s = (f(@)a = [((a)p).

Also, since f is a (p, 6)-homomorphism, we have

(X)p Zp Mo = (x,y) €p= (f(x), f(¥) €0
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= (f(D))e =6 (fe = [((0)p) =0 [(()p)-

Hence f is isotone. Therefore, f is a strong homomorphism. O

Lemma 5.7. Let (A, <4) and (B, <p) be two hyper S-posets over an ordered semihypergroup (S, o, <), p,0 be
two pseudoorders on A and B, respectively, and the mapping f : A — B a (p, 0)-homomorphism. We define a
relation on the hyper S-poset (A/p, =) denoted by py as follows:

pr =1((x)p. (¥)p) € A/px A/p| (f(x))e =0 (f(¥))e}-
Then py is a pseudoorder on A/ p.

Proof. Assume that ((x), (¥)p) €= . By Lemma 5.6, f is a strong homomorphism. Then 7((x)g) <9 7((y)£),
ie, (f(x))g 2o (f(¥))e. It implies that ((x)p,(y)p) € pr, and thus <,C pr. Now, let ((x)p,(¥)p) € pr
and ((y)p.()p) € pr- Then (f(x))g =6 (f()g and (f(3)g <o (f(2))g. Thus, by the transitivity of <.
(f(x))e =6 (f(2))e. This implies that ((x),,(z),) € ps. Moreover, let ((x),,(y),) € pr and s € S. Then
(f(x))e =6 (f(¥))p- Since (B/9,=p) is aihype; S-poset over S, it can be obtained that (f(x)e ®o s =0
(f(¥))e ®g s, that is, F((x)p) ®g s <0 f((»)p) ®¢ s. Then, since f is a strong homomorphism, for every
a € x x s and for every b € yi* s, we have 7(((1);) <p 7((1))3), which means that (f(a))g <o (f(b))g. Hence
((@)p, (b)p) € pr. It thus implies that (x), ® s ﬁf (¥)p ®p s. Therefore, ps is a pseudoorder on 4/ p. O

By Lemmas 5.6 and 5.7, we immediately obtain the following two corollaries.
Corollary 5.8. Ker f= pr-

Corollary 5.9. Let (A, <4), (B, <p) be two hyper S-posets over an ordered semihypergroup (S, o, <), p, 0 be two

s =

pseudoorders on A and B, respectively, and the mapping f : A — B a (p, 0)-homomorphism. Then, the following

diagram
Ayg —— B
|
Alp, —=BJO
commutates.

Theorem 5.10. Let (A, <4), (B, <) be two hyper S-posets over an ordered semihypergroup (S, o, <), p, 6 be two
pseudoorders on A and B, respectively, and the mapping f : A — B a (p, 0)-homomorphism. If o is a pseudoorder
on A/p such that o C py, then there exists the unique strong homomorphism ¢ : (A/p)/a — B/8 | ((a)p)e +

S ((a)p) such that the diagram

v
A/Bgn —— B/f

i

(A/p)/ay
commutes.
Conversely, if o is a pseudoorder on A/ p for which there exists a strong homomorphism ¢ : (A/p)/a — B/8
such that the above diagram commutes, then o C or- B

Proof. The proof is straightforward by Lemmas 5.6, 5.7 and Theorem 5.1, and we omit the details. O
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