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1 Introduction

In 1965, the notion of fuzzy sets was introduced by Zadeh [1] and he gave the way to study uncertainty problems.
Thereafter, the theory has developed quickly and has been applied in many areas of our real world. Up to now,
fuzzy mathematics has remained an important branch of mathematics. Meanwhile, in the early 20th century, some
researchers began to research semigroups formally. Since 1950, the investigations of finite semigroups have become
rather important in theoretical computer science because there are natural relations between finite semigroups and
finite automatons. With the fuzzy mathematics being deeply studied, fuzzy algebras were also investigated. The
study of fuzzy algebras is also one of the most important directions in fuzzy mathematics. In particular, a great
number of studies on fuzzy groups and fuzzy semigroups were performed. It should be pointed out that the studies
on fuzzy semigroups are deeply influencing the development of fuzzy theory. In recent years, a large number of
fuzzy algebras have been developed by some scholars, for instances see [2—4]. Especially, Davvaz [5], Dudek [6]
and Zhan [7] applied fuzzy theory to n-ary semigroups. Recently, Zhan [8, 9] studied some types of fuzzy k-ideals
and fuzzy h-ideals of hemirings, respectively.

In 1982, Pawlak [10] firstly developed a rough set theory. It is rather important to deal with inexact, uncertain,
or vague situations. More and more researchers have been attracted to study rough sets and their applications. While
mentioning rough sets, we can not neglect the lower and upper approximations. In Pawlak rough sets, the equivalent
relations are essential to construct the lower and upper approximations. To deal with imperfect data, rough set theory
is a powerful theory [11]. In recent years, Bonikowaski [12], Iwinski [13], and Pomykala [14] have studied algebraic
properties of rough sets. The notion of rough subgroups was introduced by Biswas and Nanda [15]. Then, Kuroki [16]
put up the notion of rough ideals in semigroups. Also, in [17], Jun investigated the roughness of I'-subsemigroups
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and ideals in I"-semigroups. The notions of rough prime ideals and rough fuzzy prime ideals in semigroups were
introduced in [18].

It is obvious that congruence relations in rough sets are rather important. In Pawlak rough sets, congruence
relations are necessary in the constructions of the lower and upper approximations. Therefore, if we try to investigate
the rough sets, we should define a congruence relation. In recent years, some researchers try to find something to
serve as a congruence relation in some algebraic structures. For examples, Kuroki and Wang [19] made use of a
normal subgroup of groups as a congruence relation to discuss the properties of the lower and upper approximations.
In [20], Davvaz proved that an ideal of rings could be regarded as a congruence relation. Further, Davvaz studied
rough subrings and rough ideals in rings. Especially, in [21] Davvaz constructed the ¢-level relation based on a fuzzy
ideal © and he proved that U(u;t) is a congruence relation in rings.

Based on the above idea, in this paper we will study the properties of rough subsemigroups and rough fuzzy
subsemigroups of semigroups. We construct the ¢-level relation U(j; t) of a fuzzy ideal  of semigroups and prove
that U(u; ) is a congruence relation. We divide this paper into four parts. In section 2, we recall some basic results.
In section 3, based on this congruence relation, we construct rough subsemigroup and rough (prime) ideals of
semigroups. Some examples are also presented. Finally, we investigate rough fuzzy semigroups of semigroups based
on this congruence relation in section 4.

2 Preliminaries

In this section we will recall some basic definitions that can be used in this paper.

Definition 2.1. A semigroup S is a nonempty set with a binary operation “x" such that
(i) axbeS, foralla,b e S.
(i) (@axb)yxc=a*(b=*c), forala,b,ceS.

Definition 2.2 ([18]). Let S be a semigroup, a subset A of S is called a subsemigroup of S if A is closed under “x";
A is called a left (right) ideal if A is closed under “x" and SA C A(AS C A); If A is not only a left ideal but also
is a right ideal, it is a bi-ideal; A is called a prime ideal if A is ideal, and if a x b € A, we can geta € Aorb € A,
foralla,b € A.

Definition 2.3 ([18]). A fuzzy set i of S is called a fuzzy subsemigroup of S if it satisfies ju(x * y) > pu(x) A u(y);
W is called a fuzzy left (right) ideal if it satisfies (1) p(xxy) = w(xX)A () (2) p(x*y) > w(y) (L(x*xy) > pu(x)),
forall x,y € S; wis called a fuzzy ideal if it is not only a fuzzy left ideal but also is a fuzzy right ideal; i is called
a fuzzy prime ideal if u(x *x y) = p(x)oru(x x y) = u(y), forall x,y € S.

Definition 2.4 ([3]). Let R be an equivalence relation in a set A, if R is a binary relation and it satisfies
(i) Reflexive: foranya € A, (a,a) € R.
(ii) Symmetry: forall a,b € A, (a,b) € R,then(b,a) € R.
(iii) Transitivity: forall a,b,c € A, (a,b) € R, (b,c) € R,then(a,c) € R.
An equivalence relation R is called a congruence relation if (a,b) € R, then (ax,bx) € R and (xa, xb) € R, for
all x € A.

3 Rough semigroups based on fuzzy ideals

In the section, we introduce a new congruence relation of semigroups. Referring to [18], we study rough semigroups
and, at the same time, we provide some examples. Throughout this paper, S is a semigroup.
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Definition 3.1. Ler  be a fuzzy ideal of S. For each t € [0, 1(0)], the set U(u,t) = {(x,y) € S x S|(u(x) A
u(») Vv Ids(x,y) > t}is called a t-level relation of .

For Ids(x,y), we know x = y, then Ids(x,y) = 1; x # y, then Ids(x,y) = 0. Next, we prove U(u,t) is a
congruence relation.

Lemma 3.2. Let i be a fuzzy ideal of S and t € [0, u(0)]. Then U(u,t) is a congruence relation on S.

Proof. First of all, we show U(u, t) is an equivalence relation.

(i) Reflexive: For any element x € S. (u(x) A u(x)) v Ids(x,x) = Ids(x,x) =1 >t.

(ii) Symmetry: Obviously, U(u, t) is symmetric.

(iii) Transitivity: Let (x, y) € U(u,t) and (y,z) € U(u,t), and then we have (u(x) A w(y)) Vv Ids(x,y) >
L, (W) Ap(z)) vids(y,z) > t. If x = y = z,itis clear that (x,z) € U(u,t); If x = y # z, then u(y,z) > ¢
and ((u(x) A u(z)) v Ids(x,z) = u(x) A pu(z) = u(y) A u(z) > t, therefore, (x,z) € U(u,1);if x # y = z, we
have u(x) A u(y) =t and (u(x) A p(z2)) v Ids(x,z) = p(x) A p(z) = p(x) A p(y) = t,s0 (x,z) € U(p, t); if
x # y # z, then we have u(x) A u(y) = £, u(y) A pu(2) = 1 and ((x) A pu(2)) v Ids(x,z) = pu(x) A p(z) =
w(x) A () Au(z)=t,so(x,z) € U(u,t). Conclusion, U(u,t) is an equivalence relation.

Next, we prove that U(u, t) is a congruence relation. For (x, y) € U(u,t), we prove (ax,ay) € U(u,t) and
(xa, ya) € U(u,t) is also right. In the following, we only prove the former, the latter is the same. In other words,
we only prove (u(ax) A u(ay)) v Ids(ax,ay) = t.If ax = ay, clearly, 1 > . If ax # ay, then x # y, then

(n(ax) A play)) v Ids(ax,ay) = plax) A p(ay)
> [u(@) v p(x)] A (@) v u(y)]
= [u(@) A w@)] v [n(x) A p(@)] Vv [u(@) A p()] Vv [px) A p)]
> p(x) A p(y)
>t
Thus, U(u, t) is a congruence relation. O

For any fuzzy ideal p of S, we know that ;«(0) > w(x) and w(0) < 1, so when ¢ € [0, u(0)], the above lemma
is proper. We say x is congruent to y model u, written x =; y(modu). If for elements x,y € S,t < [0,1],
(m(x) Ap(y)) v Ids(x,y) > t, we use [x](u.r) as the equivalence class of x. However, U(u, t) is not a complete
congruence relation. Through our research, we can obtain Lemma 3.3 as follows.

Lemma 3.3. Let u be a fuzzy ideal of S and t € [0, 1], then [x]u.0)[Y]w.0y € XV]w.0)-

Proof. Letm € [x](u.0)[V](u.r), then m = x"y’, where x” € [x](u.r) and ¥’ € [¥](u.r). Hence pu(x, x’) > ¢ and
u(y,y’) > t. Since U(p, t) is a congruence relation in S, we have p(xy, x"y’) > ¢, and so x"y" € [xy](u.r). This
means that m € [xy](u.r)- Thus [X](u.n) [V].0) € XYl 0

Now, we give an example to prove that we can not use “=" to replace “C" in Lemma 3.3.

Example 3.4. Let S = {a, b, c,d} be a semigroup with the following “x" table.

e >
CWS R
VS IS S
/ S ™6
U AR

Assume that |1 = 0?3 + Obi + % + 078 is a fuzzy ideal of S. Here t = 0.4, then we have U(u;0.4) =
{(a.a),(b.b).(c,c).(d.d).(b,d)}, so we have [a]u.0.49 = {a}, [Dlw.0a = {b.d}, [clwo4a = {c},
[dle.0.4) = {b.d}. [alw.0.4(clw.04) = {b}. Here, a x ¢ = b, so [a * clu.04 = {(b.d)}. Obviously,
[a)(u.0.9)[c]u.0.4) S [a * c](u.0.4)-
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From the above example, we see we can not write [x](y.7)[V](u.r) = [X¥]qu.r), it is only a containment relation.
However there exists special U(u, t) such that [x]..»)[V](u.r) = [X¥](w.r)- So we give the definition to make
U(u,t) a complete congruence relation as follows.

Definition 3.5. U(u,t) is called a complete congruence relation if it satisfies: for any x,y € S, [x](u.0)[V](u.0) =
[xy]e.n)-

Example 3.6. Letr S = {0, a, b, c} be a semigroup with the following “x" table.

Assume that 1 = % + Oai + % + 27 is a fuzzy ideal in S. Here t = 0.7, then we have U(u;0.7) =

c
{(0,0), (a.a), (b, D). (c.c). (b.c)}, so we have [0](u.0.7) = {0}, [alw.0.7) = {a}. [Dlw.0.7) = {b.c}. [clw.0.7)
{b, c}. Obviously, we can easily check U(u,t) is a complete congruence relation.

Let u be a fuzzy ideal of S and ¢ € [0, 1]. We see that U(j, t) is a congruence relation. According to Pawlak rough
sets, we can obtain the approximation space (S, i, 1), just like (U, 6) in Pawlak rough sets.

Definition 3.7. Let i be a fuzzy ideal of S and U(u,t) be a t-level set. For X € S and X # @, we define the upper
and lower approximations over (S, i, t) as follows:

Uut.X) = {x € S | ¥l € X} and T(ut.X) = {x € 8 | Wl N X # 9},

1) KU, t, X)(U(u,t, X)) is a subsemigroup of S, then we call X an upper (lower) rough subsemigroup of S;
Q) IfU(u,t, X)(U (1. t, X)) is a (prime) ideal of S, then we call X an upper (lower) rough (prime) ideal of S.

Proposition 3.8. Let u be any fuzzy ideal of S, A and B be any nonempty subsets of S, then the following hold:
(1) Ulu,t,A) S ACU(ut, A),
() U(u,t,ANB) CU(u,t,A)NU(u,t,B),
3) U(u.t,ANB) =U(u,1,A) N U(u.1, B),
4) U(u,t,AUB) =U(u,t,A)UU(u,t, B),
(5) U(u.t, AU B) 2 U(p,t, A) U U(p,1t, B),
(6) AC B, thenU(p,t,4) CU(u,t, B) and U, 1, A) € U(p, 1, B),
(7) w<v, thenU(u,t, A) CU(®W,t,A) and U(u,t, A) 2 U(v,t, A),
®) U(p,1,U(p,1,A4)) = U(,1, A),
) Up,t,U(p,t,A) = U, t, A),
(10) U(p.1,U (.1, A)) = U(u,1, A),
(11) U, 1,U(p.1, A)) = U, 1, A).

Proof. The proofs are trivial. O

Proposition 3.9. Let u be a fuzzy ideal of S and t € [0, 1]. If A1 and A are nonempty subsets of S, then

U(u,t, A1) - U(p.t, A2) S U (. t, A1 A2).
Proof. Suppose that x € U(u,t, A1) - U(u, t, A2), then there exists @; € U(u,t, A;)(i = 1,2),and x = ajas, so
there exists x; € A; (i = 1,2) such that x; € [a;],.r) N A; (i = 1,2). Since U(u, ) is a congruence relation, we

have x1x2 € [a1a2](u.r), X1X2 € A1A2. So we have x1x2 € [a1a2](u.r) NA142,50x = x1x2 € U(p,t,A142).
Hence, U(u,t, A1) - U(u,t, A2) € U(u,t, A1 As). O

Next, we give an example to prove that the converse of containment in Proposition 3.9 does not hold.
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Example 3.10. Consider the subsets {a} and {c} of S as in Example 3.4. We have U (j1,0.4,a)U (1, 0.4,¢) = ac =
b. However, U(u,0.4,ac) = {b,d}. This shows that the converse of containment in Proposition 3.9 does not hold.

Proposition 3.11. Let U(u,t) be a complete congruence relation on S. If A1, A2 are non-empty subsets of S, then
we have U(u,t, A1) - U(u,t, A2) S U(u,t, A1 A42).

Proof. Suppose that x € U(u,t,Ar) - U(u,t, A2), then there exists a; € U(u,t,A;)(i = 1,2) such that

X = ajaz, and because [a;](u.;) S Ai(i = 1,2). Since U(,t) is a complete congruence relation, we have
[al]w.[)[az]w,;) = [alaz](u,;) g A1A2, and so x = ajan € Q(/L,[,AIAz).
Hence, U (.1, A1) - U (. 1. A2) € U(u. 1, A1 A2). -

Here, we prove that if U(u, ¢) is not a complete congruence relation on S, the containment in Proposition 3.11 may
not be true as in the following example.

Example 3.12. Consider the subsets {b,c} and {b,c} of S in Example 3.4. We have U(u,0.4,{a,c}) -
U(u,0.4,{a,c}) = c-c¢ = b. However, U(u,0.4,{b,c}{b,c}) = U(n,0.4,b) = @. This shows that the
containment in Proposition 3.11 does not hold.

In the following, we use the above conclusions to study the properties of rough subsemigroups and rough (prime)
ideals.

Theorem 3.13. Let u be a fuzzy ideal of S and t € [0, 1], then
(1) If A is a subsemigroup of S, A is an upper rough subsemigroup of S;
(2) If Ais an ideal of S, A is an upper rough ideal of S.

Proof. (1) Let A be a subsemigroup of S, we have AA C A, according to Propositions 3.8 and 3.9, we have
U(u,t,A)- U, t,A) S U(u,t, AA) € U(u,t, A), so we know that U (u, ¢, A) is a subsemigroup. By Definition
3.7, we have that A is an upper rough subsemigroup of S.

(2) Let A be an ideal of S, then SAS € A. By Proposition 3.9, we have U (i1, 1, S) - U(u,t, A) - U(u,t,S) C
U(u,t,SAS) € U(u,t, A), so U(u,t, A)is an ideal of S. Therefore, according to Definition 3.7, we have that A
is an upper rough ideal of S. O

Remark 3.14. The above theorem shows that the notion of an upper rough subsemigroup (ideal) is an extended
notion of a usual subsemigroup (ideal) of a semigroup. The following example shows that the converse of Theorem
3.13 does not hold in general.

Example 3.15. Consider the subset {c,d} as in Example 3.4. We have U (u,0.4,{c,d}) = {b,c,d}, here {b,c.d}
is a subsemigroup, so U (u, 0.4, {c, d}) is an upper rough subsemigroup, but {c, d} is not a subsemigroup.

Proposition 3.16. Let U(u,t) be a complete congruence relation on S, then
(1) If A is a subsemigroup of S, A is a lower rough subsemigroup of S;
(2) If Aisanideal of S, A is a lower rough ideal of S.

Proof. 1t is similar to the proof of Theorem 3.13. O

The following example shows that even if A is not a subsemigroup of S, then U (i, ¢, A) may be a subsemigroup of
S when U(, t) is complete congruence relation on S.

Example 3.17. Consider the semigroup S and the congruence class as in Example 3.6. Then A = {0, a,c} is nota
subsemigroup of S but U (u,t, A) = {0, a} is a subsemigroup of S.

Lemma 3.18. Let i be a fuzzy ideal of S and t € [0, 1]. Then [0](,,.¢) is an ideal of S.
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Proof. For all x1,x2 € S and a € [0](y.r), then we have x1axz € [x1](u.n)[0l(u.0)[*X2) .0y S [X10x2](u.r) =
[0](x.r)- This means xjax2 € [0](..r). Hence [0](.r) is an ideal of S. O

Proposition 3.19. Let u be a fuzzy ideal of S and t € [0, £(0)]. Then U (i, t, [0](w.r)) = [Olcu.0)-

Proof. By Proposition 3.8, we have U (u,t, [0](u.r)) € [0](u.r)- Now, we show that [0]¢,.-) S U(u,t, [0](u.r))-
For every x € [0](u.r), then (0,x) € U(u,t). Let y € [x](u.r), then (x,y) € U(u,t). Since U(u,t) is a
congruence relation, we have (0, y) € U(u, ), this implies y € [0](,.r)- Hence [x](u.r) € [0](w.r)- This means
x € U, 1,[0](u.0))- Therefore U (. 1. [0]uu.1)) = [Ocuu.)- 0

Corollary 3.20. Let j be a fuzzy ideal of S and t € [0, £(0)]. Then [0](..r) is a lower rough ideal of S.
Proposition 3.21. Let y be a fuzzy ideal of S and t € [0, £(0)]. Then p; = [0](w.1)-

Proof. Forall x € g, then pu(x) >t and w(0) > p(x) > ¢. So (u(x) A u(0)) v Ids(x,0) > pu(x) A u(0) > ¢, by
Definition 3.1, we have (x,0) € U(u,t). It implies x € [0](y.7). This means pu; < [0](y.r)-

On the other hand, for all x € [0](,.7), then (x,0) € U(u,t) and (u(x) A n(0)) v Ids(x,0) > ¢t. If x =
0, u(x) = n(0) > ¢ is obvious, so x € py, it implies [0](,,.r) S pr. If x # 0, then p(x) A w(0) > ¢, u(x) > ¢, this
means x € u;. Hence [0](,.r) € it;. Therefore i, = [0](u.r)- O

Theorem 3.22. Let U(j,t) be a complete congruence relation on S. If A is a prime ideal of S, then U (u,t, A) is a
prime ideal of S if U (u,t, A) # 0.

Proof. Since A is an ideal of S, by Proposition 3.16, we know that U (u,t, A) is an ideal of S. Let x1,xp €
Ul(u,t, A) for some x1,x2 € S, then we have [x1](u.n)[*2](u.r) € [¥1X2](u.r) S A. We suppose that U (i, ¢, A)
is not a prime ideal, then there exist x1,x» € S such that x1x2 € U(u,t, A) butx1 ¢ U(u,t, A),x2 ¢ U(u,t, A).
Thus [x1]u.ry € A, [x2)qu.r)y € A, then exist x| € [x1]qu.r). x| & A, x5 € [x2]u.r). x5 ¢ A. Thus xx5 €
[x1]uw.ny[x2)u.r) S A. Since A is a prime ideal of S, we have xl’. € A for some 1 < i < 2. It contradicts with the
supposition. Hence U (i, t, A) # @ is a prime ideal of S. O

Theorem 3.23. Let U(u,t) be a complete congruence relation on S. If A is a prime ideal of S, then A is an upper
rough prime ideal of S.

Proof. Since A is a prime ideal of S, by Theorem 3.13, we know that U (i, t, A) is an ideal of S. Let x1x> €
U(,t, A) for some x1,x2 € S, then we have [x1x2]u.ry N A = [x1]u.n[x2l(u.ry N A # 9. So there exist
X} € [*¥1](u.r), X5 € [x2](u.r) such that x]x5 € A. Since A is a prime ideal, we have x; € A for some 1 <i < 2.
Thus [x;](u.;) N A # @, and so x; € U(u,t,A), and so U(u, 1, A) is a prime ideal of S. This means that A is an
upper rough prime ideal of S. O

4 Rough fuzzy semigroups based on fuzzy ideals

In Section 3, we discuss rough semigroups and their properties of semigroups. Now, in this section, we introduce
roughness of fuzzy semigroups based on a fuzzy ideal of semigroups. First of all, we give the definition of rough
fuzzy semigroups of semigroups. Here, we also use U(u, t) as a congruence relation.

Definition 4.1. Ler U(u,t) be a complete congruence relation on S and B be a fuzzy subset of S, we can define a
new approximation space (i, t, B) and the lower and upper approximations of B, respectively

Uu.t.p) = V{B(y) | y € Xlw.n} and U(u.t.B) = AMBO) | v € [Xlu.n -

() If U(u,t,B)(U (i, t,B)) is a fuzzy subsemigroup of S, then we call B an upper (lower) rough fuzzy
subsemigroup of S;
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Q) IfU (., t, BYU (. t, B)) is a fuzzy left (right, two-sided) ideal of S, then we call B an upper (lower) rough fuzzy
left (right, two-sided) ideal of S.

Proposition 4.2. Let y be any fuzzy ideal of S and  and y be any two fuzzy subsets, then
(1) Uu.t,B) S B S U(u,1,B),
2) Up,t,pNy) SUW. 1,0 NU(.t,y),
G) Uu.t,p0y) =U(p.t, ) N U(p.t,y),
@ U(u,t,pUy) =U(u.t,B) VU (1,1, y),
S Uu,t,pUy) 2U(u.t,B)UU(p,t,y),
©) BCy thenU(u,1,B) CU(u,t,y)and U(p,t,B) S U(u,1,y),
(M Up,t,U(p,t,)) = U(p,t,B),
@) Ulp,t,U(p,1, ) = U(p. 1, B),
©) U, t,U(p,1, ) = U(p, 1, B),
(10) U1, U(p,t, B)) = Ulp.t, B),
(1) U(pt,Ba) = Ui, 1, Bas
(12) U(p.t, Ba) = U(p, 1, Ba
(13) Up.t.Ba) = U(p.t, B)a,
(14) U(w.t, Ba) = U(u.t. Ba-

Proof. Here we only prove that (12) and (13) hold and others are trivial.

(12) x € U(p.t.B)a & Up.t.p)(x) = a & AMBY) | ¥y € [xlw.nt = @ & y € [x]gu.r, then
By)za ye (*J w0y, ¥ ‘iﬂa & [Xl(u.ty € Ba & x € U(p, 1, Ba)-

(13 x e U(p,t,f)a & U, 1, B)(x) = a & V{B(y) | ¥ € [x](u.n)} = o < there exists y € [x]u,r), and
B(») > « and there exists y € [x](u.1),and y € Bo & x € U(i, 1, Ba)- O

Theorem 4.3. Let | be a fuzzy ideal of S and t € [0, 1], then
(1) If B is a fuzzy subsemigroup of S, B is an upper rough fuzzy subsemigroup of S;
(2) If B is a fuzzy left (right, two-sided) ideal of S, B is an upper rough fuzzy left (right, two-sided) ideal of S.

Proof. (1) Let B be a fuzzy subsemigroup of S, for every @ € [0, 1], By is a subsemigroup of S. According
to Propositions 3.9 and 4.2, we have U(u, 1, B)a - U1, f)a = U, t, Ba)U (121, Ba) S U(pt,t, BaPa) S
U(u,t,Ba) = U(u,t, B)a, obviously, for any € [0, 1], U (i, 1, B) is a subsemigroup of S. So U (1,1, B) is a
fuzzy subsemigroup of S. Thus, § is an upper rough fuzzy subsemigroup of S.

(2) If B is a fuzzy left ideal of S, for every o € [0, 1], By is a left ideal of S, that is, S - B¢ < Bq, since
Up.t,8) =S8,8-U(u.t,f)a = U, 1,8) - U1, Ba) S U(,1,S - Bor) S U, 1, o) = U1, A)a, 50
U(u,t, B)y is aleftideal of S, then U (u, ¢, B) is a fuzzy left ideal of S. Hence f is an upper rough fuzzy left ideal
of S. O

From this theorem, we see that upper rough fuzzy subsemigroups (left ideals, right ideals, two-sided ideals) are the
generalizations of the fuzzy subsemigroups (left ideals, right ideals, two-sided ideals).

Proposition 4.4. Let U(i,t) be a complete congruence relation on S, then
(1) If B is a fuzzy subsemigroup of S, B is a lower rough fuzzy subsemigroup of S;
(2) If B is a fuzzy left (right, two-sided) ideal of S, B is a lower rough fuzzy left (right, two-sided) ideal of S.

Proof. (1) Let B be a fuzzy subsemigroup of S, for every a € [0, 1], By is a subsemigroup of S. According
to Propositions 3.9 and 4.2, we have U(u. 2, f)aU(u. 1, f)a = U(p.1.Ba)U(1.1, fo) S U1, fuPa) <
U(u,t,Be) = U(u,t, B)a, obviously, for any o € [0,1], U (.1, B)q is a subsemigroup of S. So U (i, 1, B) is
a fuzzy subsemigroup of S. So B is a lower rough fuzzy subsemigroup of S.

(2) If B is a fuzzy left ideal of S, for every o € [0, 1], By is a left ideal of S, that is S8y < Bu, since

Q(M’[’S) = S’ S 'Q(I"L’[’A)a = Q(/’L’I’S) 'Q(levﬂa) g Q(Mvtvsﬂa) g Q(/’Lvtvﬁlx) = Q(/"L’[’ﬂ)a’ SO
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U(p,t, B)q is a left ideal of S, then U(u,t, B) is a fuzzy left ideal of S. Hence B is an upper rough fuzzy left
ideal. =

Theorem 4.5. Let U(,t) be a complete congruence relation on S. If B is a fuzzy prime ideal of S, then we have
(1) IfU(u,t, B) # @, B is an lower rough fuzzy prime ideal of S.
) IfU(u,t,B) # 0, B is an upper rough fuzzy prime ideal of S.

Proof. (1) Since f is a fuzzy prime ideal of S, we know By (a € [0, 1]) is a prime ideal of S. By Theorem 3.22
we have U (u,t, By), if it is nonempty, is a prime ideal of S. And by Proposition 4.2, we know U (u,t, B)o =
U(p,t, Ba) is also a prime ideal of S, if it is nonempty. So U (i, ¢, B) is a fuzzy prime ideal of S, if it is nonempty,
then B is a lower rough fuzzy prime ideal of S.

(2) It can be proven as (1). O

Acknowledgement: The authors are extremely grateful to the editor and the referees for their valuable comments
and helpful suggestions which help to improve the presentation of this paper.
This research was supported by NNSFC (11561023).

References

[1] Zadeh L.A., Fuzzy sets, Inform. and Control, 1965, 8, 338-353.

[2] Liu W.J., Fuzzy invariant subgroups and fuzzy ideals, Fuzzy Sets and Systems, 1982, 8, 133-139.

[8] Dutta T.K., Biswas B.K., Fuzzy congruence and quotient semiring of a semiring, J. Fuzzy Math., 1996,4, 734-748.

[4] JunY.B., Oztiirk M.A., Song S.Z., On fuzzy h-ideals in hemirings, Inform. Sci., 2004, 162, 211-226.

[5] Davvaz B., Dudek W.A., Fuzzy n-ary groups as a generalization of Rosenfeld’s fuzzy groups, J. Multi-Valued Logic and Soft
Comput., 2009, 15, 451-469.

[6] Dudek W.A., Fuzzification of n-ary groupoids, Quasigroups Related Systems, 2000,7, 45-66.

[71 Zhan J., Zhou X., Xiang D., Roughness in n-ary semigroups based on fuzzy ideals, J. Intell. Fuzzy Systems, 2016, 30, 2833-
2841.

[8] ZhanJ., Dudek W.A., Fuzzy h-ideals of hemirings, Inform. Sci., 2007, 177, 876-886.

[91 ZhanJ., YinY., A new view of fuzzy k-ideals of hemirings, J. Intell. Fuzzy Systems, 2012, 23, 169-176.

[10] Pawlak Z., Rough sets, Int. J. Inf. Comp. Sci., 1982, 11, 341-356.

[11] Pawlak Z., Rough sets-Theoretical Aspects of Reasoning About Data, Kluwer Academic Publishing, Dordrecht., 1991.

[12] Bonikowaski Z., Algebraic structures of rough sets, in: W.P.Ziako(Ed.), Rough Sets Fuzzy Sets, and Knowledge Discovery,
Springer-Verlag,Berlin., 1995.

[13] Iwinski T., Algebraic approach to rough sets, Bull. Polish Acad. Sci. Math., 1987, 35, 673-683.

[14] Pomykala J., Pomykala J.A., The stone algebra of rough sets, Bull. Polish Acad. Sci. Math., 1988, 36, 495-508.

[15] Biswas R., Nanda S., Rough groups and rough subgroups, Bull. Polish Acad. Sci. Math., 1994, 42, 251-254.

[16] Kuroki N., Rough ideals in semigroups, Inform. Sci., 1997, 100, 139-163.

[17] Jun Y.B., Roughness of gamma-subsemigroups/ideals in gamma-subsemigroups, Bull. Korean Math. Soc., 2003, 40, 531-536.

[18] Xiao Q.M., Zhang Z.L., Rough prime ideals and rough fuzzy prime ideals in semigroups, Inform. Sci., 2006, 176, 725-733.

[19] Kuroki N., Wang P.P,, The lower and upper approximations in a fuzzy group, Inform. Sci., 1996, 90, 203-220.

[20] Davvaz B., Roughness in rings, Inform. Sci., 2004, 164, 147-163.

[21] Davvaz B., Roughness based on fuzzy ideals, Inform. Sci., 2006, 176, 2417-2437.



	Rough semigroups and rough fuzzy semigroups based on fuzzy ideals
	1 Introduction
	2 Preliminaries
	3 Rough semigroups based on fuzzy ideals
	4 Rough fuzzy semigroups based on fuzzy ideals


