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Abstract: Some new bounds for the minimum eigenvalue of M -matrices are obtained. These inequalities improve
existing results, and the estimating formulas are easier to calculate since they only depend on the entries of matrices.
Finally, some examples are also given to show that the bounds are better than some previous results.
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1 Introduction

Let C" (R™*'") denote the set of all n x n complex (real) matrices, A = (a;;) € C"*"*, N ={1,2,...,n}. We
write A > Oifall a;; > 0(i, j € N). A is called nonnegative if A > 0. Let Z,, denote the class of all n x n real
matrices all of whose off-diagonal entries are nonpositive. A matrix A is called an M -matrix [1] if A € Z,, and the
inverse of A, denoted by AL s nonnegative. M, will be used to denote the set of all n x n M -matrices.

Let A be an M -matrix. Then there exists a positive eigenvalue of 4, (4) = p(A~1)~!, where p(A~") is the
spectral radius of the nonnegative matrix A~!, 7(4) = min{|1| : A € 0(4)}, 6(A) denotes the spectrum of A. 7(A)
is called the minimum eigenvalue of A4 [2, 3].

The Hadamard product of two matrices A = (a;;) € R and B = (b;;j) € R™™" is the matrix Ao B =
(ajjbij) € R"™".

An n x n matrix A is said to be reducible if there exists a permutation matrix P such that

A1 O
PT AP = .
< Az1 A22 )
where A1, Az> are square matrices of order at least one. We call A irreducible if it is not reducible. Note that any
nonzero 1 x 1 matrix is irreducible.
A matrix A = (a;;) € C"*" is called a weakly chained diagonally dominant M -matrix [4] if A4 satisfies the

following conditions:
(i) Foralli,j € N withi # j,a;; <0Oanda;; > 0;

n n
(ii) Foralli € N, la;;| > Y. lajjland J(A) =i € N :la;;i| > Y. laijl; #9;
j=1.%i j=1.%i
(iii) Foralli € N,i ¢ J(A), there existindices i1,i2,--- ,ix in N witha;, ;.. #0,0 <r <k—1, whereip =i

and iy € J(A).
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Estimating the bounds for the minimum eigenvalue t(A) of an M -matrix A is an interesting subject in matrix theory,
and has important applications in many practical problems [4—6]. Hence, it is necessary to estimate the bounds for
7(A).

In [4], Shivakumar et al. obtained the following bound for 7(A4): Let A = (a;;) € R"*" be a weakly chained
diagonally dominant M -matrix, and let A=! = (a; ;). Then

1 1
min aji ¢ <1(A) < max ajj v, t(A) <min{a;;}, — <1(4) < —, 1
ieN Z v _()_ieN Z Y ()_ieN{”} M — ()_m M
JEN JEN
where
M = max Z(XU s m = min Zaij
IEN | ! ieN | -
JEN JEN

Subsequently, Tian et al. [7] provided a lower bound for 7(A) by using the spectral radius of the Jacobi iterative
matrix J4 of A: Let A = (a;;) € R">" be an M -matrix and A~ = (a;;). Then

1 1
A e max{e;; )’

(@)

Recently, Li et al. [8] improved (2) and gave the following result: Let B = (b;;) € R"”*"* be an M -matrix and B!
= (Bij)- Then
2

©(B) > —.
Er;gjs{ﬁii + Bjj + [(Bii —Bjj)> + 4 —1)2Bii B p>(JB)]2}

(€)

In this paper, we continue to research the problems mentioned above. For M -matrix B, we establish some new
inequalities on the bounds for t(B). Finally, some examples are given to illustrate our results.

For convenience, we employ the following notation throughout. Let A = (a;;) be an n x n matrix. For
i,j,k € N,i # j,denote

lajil+ 2 lajxldx

R; k7.
Ri =Y lajil, di = 7|alll|, Sji = | ;
j#i Y 7
lajil + Y lajklski lajil + > lajkluki
= KETd b = K77 .
JU — JU —
lajjl ' lajjl ’
lajil+ > lajklvkihi
A lajil kot
i = max s Wi = » o wp = max{wi;}.
i | lajilvji — 30 lajilvki lajj| J#i

k#J.i

2 Main results

In this section, we present our main results. Firstly, we give some notation and lemmas.
Let A>0and D =diag(a;;). Denote C = A— D, J4q4 = Dl_lC, D1 =diag(d;;), where

1, if aj; =0,

dii =
" aji,if aj; #0.

By the definition of 74, we obtain

p(Tar) = p(DT'CT) = p(CDT) = p(DT(CDT)D1) = p(DT'C) = p(Ja).
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Lemma 2.1 ([9]). Let A € C'™" and let x1, X2,..., Xn be positive real numbers. Then all the eigenvalues of A
lie in the region
1 .
U{Z eC :|z—aji| <x; Z.;j|aji|’ i€ N%.
i JF#i
Lemma 2.2 ([3]). Let A € C™*" and let x1, x2,+++ , X, be positive real numbers. Then all the eigenvalues of A lie

in the region
1 1
J3zeC:lz—aiillz—aj;| < xi27|aki| XjZ;Iazjl .
J#i k=i K 175!
Lemma 2.3 ([3]). Let A, B € R"™", and let X,Y € R"™" be diagonal matrices. Then

X(Ao B)Y = (XAY)o B = (XA) o (BY) = (AY) o (XB) = Ao (XBY).

Lemma 2.4 ([3]). Let A = (a;;) € My. Then there exists a positive diagonal matrix X such that X 'AX isa
strictly diagonally dominant M -matrix.

Lemma 2.5. Let A = (a;;) € R™*" be a strictly diagonally dominant matrix and let A~' = (a;; ). Then

wij Swjidjj Swieyj,  ji €N, jF#L
Proof. This proof is similar to the one of Lemma 2.2 in [10]. O
Theorem 2.6. Let A = (a;;) >0, B = (b;;) € My, and let B~! = (B;;). Then

p(Ao B_l) < max {(a;; +w;ip(JTa)dii)Bii}- )
1<i<n

Proof. 1tis evident that the result holds with equality for n = 1.
We next assume that n > 2.

(1) First, we assume that A and B are irreducible matrices. Since B is an M -matrix, by Lemma 2.4, there exists a
positive diagonal matrix X, such that X ~! BX is a strictly row diagonally dominant M -matrix, and

p(Ao B~ =p(X 1 (Ao B™1H)X) = p(4o (X~ 'BX)™ ).

Hence, for convenience and without loss of generality, we assume that B is a strictly diagonally dominant matrix.
On the other hand, since A is irreducible and so is J47. Then there exists a positive vector x = (x;) such that

Tarx = p(Tyur)x = p(TJa)x, thus, we obtain Y a;;x; = p(Ja)diix;.
JF#i
Let A = (a;;) = XAX ! in which X is the positive matrix X = diag(x1,x2,...,xn). Then, we have

aipXxi .., AnXi
all X2 Xn
az1 x arp X
212 o, . 2)21” 2

A=(a;;)=XAx"" =

AnlXn 4n2Xn a
1 E?) nn

From Lemma 2.3, we have
AoB ' =(XAX HYoB '=XAoB HXx .

Thus, we obtain ,o(;f oB ™)y =p(AoB7 ). LetA = p(Zo B71),sothat A > a;;B;;.Vi € N.By Lemma 2.1,
there exists iop € N, such that

1 . 1 .
[A = aigioBioiol < Wiy E ;alioﬂfio < wj, E ;atiowtioﬂioio
t#ig ¢ tio
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- AtigXt
< Wiy Y drigBioie = WioBioio Y, ——
1500 t#ip 0
= Wi (T digioBigio-
Therefore,
A< aioio:Bioio + wiop(jA)dioioﬁioio = (aioiO + wiUp(jA)dioio)‘Bioio’
Le.,

p(A o B™YY < (aipig + Wiop(T4)digio) Bioie < X {(aii +w;ip(Ta)dii)Bii}-

(2) Now, assume that one of A and B is reducible. It is well known that a matrix in Z,,; is a nonsingular M -matrix
if and only if all its leading principal minors are positive (see [1]). If we denote by T = (¢;;) the n x n monomial
matrix with 112 = 3 = ... = ty—1.n = tm;1 = —1, the remaining f;; zero, then both A — T and B + T
are irreducible matrices for any chosen positive real number ¢, sufficiently small such that all the leading principal
minors of B + ¢T are positive. Now, we substitute A — T and B + €T for A and B, respectively, in the previous

case, and then letting & — 0, the result follows by continuity. O
Theorem 2.7. Let B = (b;;) € My, and B~' = (B;;). Then
(B) = 1 )
T > .
max {(1 +w;(n—1))Bii}
1<i<n

Proof. Let all entries of A in (4) be 1. Then a;; = 1(Vi € N), p(J4) = n — 1. Therefore, by (4), we have

1
p(B—1) — (max {(1+wi(n = D)Bii}

©(B) =

The proof is completed. O
Theorem 2.8. Let A = (a;;) >0, B = (b;;) € My and let B™' = (B;;). Then
_ 1
p(AoB™") < 5?;2;4{0;5/3[1 +ajjBjj + Aij}. (6)

where A;j = [(aiiBii —a;; Bij)? + 4wiw; p>(Ta)diid;j Bii ]2

Proof. 1t is evident that the result holds with equality forn = 1.
We next assume that n > 2. For convenience and without loss of generality, we assume that B is a strictly row
diagonally dominant matrix.

(i) First, we assume that A and B are irreducible matrices. Since 4 is irreducible and so is 747 . Then there exists
a positive vector y = (y;) such that 747y = p(J47)y = p(J4)y, thus, we obtain

D akiyk = p(Ia)diiyi, Y axjyk = p(JTa)dj;y;-
ki k#J

Let A = (aij) = YAY ~!in which Y is the positive matrix Y = diag(y1,y2,...,yn). Then, we have

apyr ... @nyi
ai y2 Yn
az1y2 an . Qan)2

5 A — Y1 y
A=(a,-j)=YAY 1= . .n
an1Yn A4n2¥n .. a
i V2 nn
From Lemma 2.3, we get

AoB ! =AY YHYoB '=YUAoB )Y L
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Thus, we obtain p(4 o B~!) = p(Ao B~!). Let A = p(4 o B~1), so that A > a;; B;;(¥i € N). By Lemma 2.2,
there exist ig, jo € N, ip # jo such that

1, I,
|A = aigioBioiol A — ajgjoBiojol = (wio > w*akioﬁkio)(wjo > w*akjoﬂkjo)-
k#io X k#jo K
Note that
1 . 1 . R
Wiy Y - dkioPrio = Wiy > - dkioWkioPioio = WioPBioio > akip = wioBioioP(Ta)digi-
ki K ki K kio
1 . 1. A
wi, Y wfkakjoﬂkjo <wj, Y. Fkakjowkjoﬂjojo <wisBiojo Y, Gkjo = WjoBiojoP(Ta)djq jo-
k#Jjo k#Jjo k#Jjo

Hence, we obtain

)L<1

=3 (aioioﬁioio + ajojoBjojo + Aiojo) ’

ie.,
-1 1 1
plAeB™) =5 (@ivioBioio + @jojoBiojo + Digjo) < 7 max {aiiBii +ajjBjj + Aij}.

1
where Aj; = [(a;iBii —a;j Bjj)* + 4wiw; p>(Ta)diid;j BiiBjj12 -
(ii) Now, assume that one of A and B is reducible. We substitute A — ¢T and B + ¢T for A and B, respectively, in
the previous case (as in the proof of Theorem 2.6), and then letting ¢ — 0, the result follows by continuity. U

Theorem 2.9. Let B = (b;;) € My and B~ = (B;;). Then

2
T(B) > , (7N
max {B;; + Bjj + Aij}
i#Jj
1
where Ajj = [(Bii — Bjj)? + 4(n — 1)>w;w; Bii Bjj12.
Proof. Let all entries of A in (6) be 1. Then
. 1
aii =1(Vi € N), p(Ja)=n—1, Ay =[(Bii —Bj;)* + 40— Dwijw; Bii fj;]7.
Therefore, by (6), we have
2
©(B) = > .
p(B=Y) ™ max{B;; + Bj; + Aij}
i#j
The proof is completed. O

Remark 2.10. We next give a simple comparison between (4) and (6), (5) and (7), respectively. For convenience
and without loss of generality, we assume that fori, j € N, i # J,

ajjBi; +wjid;;B;p(Ta) < a;iPii +widi;iPiip(Ta),

w;d;jBijip(Ta) < aiiBii —ajjBjj + widiiBiip(JTa).
Hence,

Aij = [aiiBii —aj; By)* + 4wiw; p>(Ta)diidy; Bii B
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< [(aiiBii —aj;B;;)* + 4w;ip(Ja)d;i Bii(aiiBii —aj;Bj; + widiiﬂiip(jA))]%
=a;iBii —ajjBjj +2wid;;Biip(Ta).

Further, we obtain
ajiBii +ajjBij + Aij <2a;iBii +2widiiBiip(JTa),
by (6),
p(AoB™") < %?gﬁ{aiiﬂii +ajjBjj+Aij} = lgiaén{(aii +w;i p(Ta)dii)Bii}

So, the bound in (6) is better than the bound in (4). Similarly, we can prove that the bound in (7) is better than the
bound in (5).

3 Numerical examples

In this section, we present numerical examples to illustrate the advantages of our derived results.

Example 3.1. Let

1.1 —0.4-0.4
B=]|-03 1 -05
—-0.3-0.2 0.6

It is easy to see that B is an M -matrix. By calculations with Matlab 7.1, we have
7(B) > 0.10000000 (by (1)), z(B) > 0.09701726 (by (2)), =(B) > 0.12770275 (by (3)),
7(B) > 0.10389610 (by (5)), w(B) = 0.13733592 (by (7)),

respectively. In fact, t(B) = 0.15010895. It is obvious that the bound in (7) is the best result.

Example 3.2. Let

1 -0.2-0.1-0.3-0.1
-04 1 -02-0.1-0.1
B=]|-03-02 12 —-0.1-0.2
-02-03-03 1 —0.1

—-0.1 -0.3-0.1 -0.2 1

It is easy to see that B is an M -matrix. By calculations with Matlab 7.1, we have
7(B) > 0.10000000 (by (1)), T(B) > 0.15469345 (by (2)), =(B) = 0.15975146 (by (3)),
7(B) > 0.18290441 (by (5)), ©(B) = 0.24600529 (by (7)),

respectively. In fact, T(B) = 0.25174938. It is obvious that the bound in (7) is the best result.
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