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Abstract: Some new bounds for the minimum eigenvalue of M -matrices are obtained. These inequalities improve
existing results, and the estimating formulas are easier to calculate since they only depend on the entries of matrices.
Finally, some examples are also given to show that the bounds are better than some previous results.
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1 Introduction

Let Cn�n (Rn�n) denote the set of all n � n complex (real) matrices, A D .aij / 2 C
n�n, N D f1; 2; : : : ; ng. We

write A � 0 if all aij � 0.i; j 2 N/. A is called nonnegative if A � 0. Let Zn denote the class of all n � n real
matrices all of whose off-diagonal entries are nonpositive. A matrix A is called an M -matrix [1] if A 2 Zn and the
inverse of A, denoted by A�1, is nonnegative. Mn will be used to denote the set of all n � n M -matrices.

Let A be an M -matrix. Then there exists a positive eigenvalue of A, �.A/ D �.A�1/�1, where �.A�1/ is the
spectral radius of the nonnegative matrix A�1, �.A/ D minfj�j W � 2 �.A/g, �.A/ denotes the spectrum of A. �.A/
is called the minimum eigenvalue of A [2, 3].

The Hadamard product of two matrices A D .aij / 2 R
n�n and B D .bij / 2 R

n�n is the matrix A ı B D
.aij bij / 2 R

n�n.
An n � n matrix A is said to be reducible if there exists a permutation matrix P such that

PTAP D

 
A11 0

A21 A22

!
;

where A11, A22 are square matrices of order at least one. We call A irreducible if it is not reducible. Note that any
nonzero 1 � 1 matrix is irreducible.

A matrix A D .aij / 2 C
n�n is called a weakly chained diagonally dominant M -matrix [4] if A satisfies the

following conditions:
(i) For all i; j 2 N with i ¤ j , aij � 0 and aii > 0;

(ii) For all i 2 N , jaii j �

nP
jD1;¤i

jaij j and J.A/ D

(
i 2 N W jaii j >

nP
jD1;¤i

jaij j

)
¤ ;;

(iii) For all i 2 N , i … J.A/, there exist indices i1; i2; � � � ; ik inN with air ;irC1
¤ 0, 0 � r � k�1, where i0 D i

and ik 2 J.A/.
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Estimating the bounds for the minimum eigenvalue �.A/ of anM -matrix A is an interesting subject in matrix theory,
and has important applications in many practical problems [4–6]. Hence, it is necessary to estimate the bounds for
�.A/.

In [4], Shivakumar et al. obtained the following bound for �.A/: Let A D .aij / 2 R
n�n be a weakly chained

diagonally dominant M -matrix, and let A�1 D .˛ij /. Then

min
i2N

8<:X
j2N

aij

9=; � �.A/ � max
i2N

8<:X
j2N

aij

9=; ; �.A/ � min
i2N
faii g;

1

M
� �.A/ �

1

m
; (1)

where

M D max
i2N

8<:X
j2N

˛ij

9=; ; m D min
i2N

8<:X
j2N

˛ij

9=; :
Subsequently, Tian et al. [7] provided a lower bound for �.A/ by using the spectral radius of the Jacobi iterative
matrix JA of A: Let A D .aij / 2 R

n�n be an M -matrix and A�1 D .˛ij /. Then

�.A/ �
1

1C .n � 1/�.JA/

1

max
i2N
f˛ii g

: (2)

Recently, Li et al. [8] improved (2) and gave the following result: Let B D .bij / 2 R
n�n be anM -matrix and B�1

D .ˇij /. Then

�.B/ �
2

max
i¤j
fˇii C ǰj C Œ.ˇii � ǰj /2 C 4.n � 1/2ˇii ǰj �2.JB/�

1
2 g

: (3)

In this paper, we continue to research the problems mentioned above. For M -matrix B , we establish some new
inequalities on the bounds for �.B/. Finally, some examples are given to illustrate our results.

For convenience, we employ the following notation throughout. Let A D .aij / be an n � n matrix. For
i; j; k 2 N , i ¤ j , denote

Ri D

X
j¤i

jaji j; di D
Ri

jaii j
; sji D

jaji j C
P

k¤j;i

jajk jdk

jajj j
I

uji D

jaji j C
P

k¤j;i

jajk jski

jajj j
; vji D

jaji j C
P

k¤j;i

jajk juki

jajj j
I

hi D max
j¤i

8̂<̂
: jaji j

jajj jvji �
P

k¤j;i

jajk jvki

9>=>; ; wji D

jaji j C
P

k¤j;i

jajk jvkihi

jajj j
; wi D max

j¤i
fwij g:

2 Main results

In this section, we present our main results. Firstly, we give some notation and lemmas.
Let A � 0 and D D diag.aii /. Denote C D A �D, JA D D

�1
1
C , D1 D diag.dii /, where

dii D

(
1; if aii D 0;

aii ; if aii ¤ 0:

By the definition of JA, we obtain

�.JAT / D �.D�1
1 CT / D �.CD�1

1 / D �.D�1
1 .CD�1

1 /D1/ D �.D
�1
1 C/ D �.JA/:
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Lemma 2.1 ([9]). Let A 2 Cn�n, and let x1; x2; : : : ; xn be positive real numbers. Then all the eigenvalues of A
lie in the region [

i

�
z 2 C W jz � aii j � xi

X
j¤i

1

xj

jaji j; i 2 N

�
:

Lemma 2.2 ([3]). Let A 2 Cn�n, and let x1; x2; � � � ; xn be positive real numbers. Then all the eigenvalues of A lie
in the region [

j¤i

�
z 2 C W jz � aii jjz � ajj j �

�
xi

X
k¤i

1

xk

jaki j

��
xj

X
l¤j

1

xl

jalj j

��
:

Lemma 2.3 ([3]). Let A;B 2 Rn�n, and let X; Y 2 Rn�n be diagonal matrices. Then

X.A ı B/Y D .XAY / ı B D .XA/ ı .BY / D .AY / ı .XB/ D A ı .XBY /:

Lemma 2.4 ([3]). Let A D .aij / 2 Mn. Then there exists a positive diagonal matrix X such that X�1AX is a
strictly diagonally dominant M -matrix.

Lemma 2.5. Let A D .aij / 2 R
n�n be a strictly diagonally dominant matrix and let A�1 D .˛ij /. Then

˛ij � wji j̨j � wj j̨j ; j; i 2 N; j ¤ i:

Proof. This proof is similar to the one of Lemma 2.2 in [10].

Theorem 2.6. Let A D .aij / � 0, B D .bij / 2Mn and let B�1 D .ˇij /. Then

�.A ı B�1/ � max
1�i�n

f.aii C wi�.JA/dii /ˇii g : (4)

Proof. It is evident that the result holds with equality for n D 1.
We next assume that n � 2.

.1/ First, we assume that A and B are irreducible matrices. Since B is an M -matrix, by Lemma 2.4, there exists a
positive diagonal matrix X , such that X�1BX is a strictly row diagonally dominant M -matrix, and

�.A ı B�1/ D �.X�1.A ı B�1/X/ D �.A ı .X�1BX/�1/:

Hence, for convenience and without loss of generality, we assume that B is a strictly diagonally dominant matrix.
On the other hand, since A is irreducible and so is JAT . Then there exists a positive vector x D .xi / such that

JAT x D �.JAT /x D �.JA/x, thus, we obtain
P

j¤i

ajixj D �.JA/diixi :

Let eA D . Qaij / D XAX
�1 in which X is the positive matrix X D diag.x1; x2; : : : ; xn/. Then, we have

eA D . Qaij / D XAX
�1
D

0BBBB@
a11

a12x1

x2
� � �

a1nx1

xn
a21x2

x1
a22 � � �

a2nx2

xn

:::
:::

: : :
:::

an1xn

x1

an2xn

x2
� � � ann

1CCCCA :
From Lemma 2.3, we have

eA ı B�1
D .XAX�1/ ı B�1

D X.A ı B�1/X�1:

Thus, we obtain �.eA ı B�1/ D �.A ı B�1/. Let � D �.eA ı B�1/, so that � � aiiˇii ;8 i 2 N . By Lemma 2.1,
there exists i0 2 N , such that

j� � ai0i0
ˇi0i0
j � wi0

X
t¤i0

1

wt

Qati0
ˇti0
� wi0

X
t¤i0

1

wt

Qati0
wti0

ˇi0i0
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� wi0

X
t¤i0

Qati0
ˇi0i0

D wi0
ˇi0i0

X
t¤i0

ati0
xt

xi0

D wi0
�.JA/di0i0

ˇi0i0
:

Therefore,

� � ai0i0
ˇi0i0

C wi0
�.JA/di0i0

ˇi0i0
D .ai0i0

C wi0
�.JA/di0i0

/ˇi0i0
;

i.e.,

�.A ı B�1/ � .ai0i0
C wi0

�.JA/di0i0
/ˇi0i0

� max
1�i�n

f.aii C wi�.JA/dii /ˇii g :

.2/ Now, assume that one of A and B is reducible. It is well known that a matrix in Zn is a nonsingular M -matrix
if and only if all its leading principal minors are positive .see Œ1�/. If we denote by T D .tij / the n � n monomial
matrix with t12 D t23 D : : : D tn�1;n D tn1 D �1, the remaining tij zero, then both A � "T and B C "T
are irreducible matrices for any chosen positive real number ", sufficiently small such that all the leading principal
minors of B C "T are positive. Now, we substitute A � "T and B C "T for A and B , respectively, in the previous
case, and then letting "! 0, the result follows by continuity.

Theorem 2.7. Let B D .bij / 2Mn and B�1 D .ˇij /. Then

�.B/ �
1

max
1�i�n

f.1C wi .n � 1//ˇii g
: (5)

Proof. Let all entries of A in (4) be 1. Then aii D 1.8i 2 N/, �.JA/ D n � 1. Therefore, by (4), we have

�.B/ D
1

�.B�1/
�

1

max
1�i�n

f.1C wi .n � 1//ˇii g
:

The proof is completed.

Theorem 2.8. Let A D .aij / � 0, B D .bij / 2Mn and let B�1 D .ˇij /. Then

�.A ı B�1/ �
1

2
max
i¤j
faiiˇii C ajj ǰj C�ij g ; (6)

where �ij D Œ.aiiˇii � ajj ǰj /
2 C 4wiwj �

2.JA/diidjjˇii ǰj �
1
2 :

Proof. It is evident that the result holds with equality for n D 1.
We next assume that n � 2. For convenience and without loss of generality, we assume that B is a strictly row

diagonally dominant matrix.

(i) First, we assume that A and B are irreducible matrices. Since A is irreducible and so is JAT . Then there exists
a positive vector y D .yi / such that JAT y D �.JAT /y D �.JA/y, thus, we obtainX

k¤i

akiyk D �.JA/diiyi ;
X

k¤j

akjyk D �.JA/djjyj :

Let bA D . Oaij / D YAY
�1 in which Y is the positive matrix Y D diag.y1; y2; : : : ; yn/. Then, we have

bA D . Oaij / D YAY
�1
D

0BBBB@
a11

a12y1

y2
� � �

a1ny1

yn
a21y2

y1
a22 � � �

a2ny2

yn

:::
:::

: : :
:::

an1yn

y1

an2yn

y2
� � � ann

1CCCCA :
From Lemma 2.3, we get bA ı B�1

D .YAY �1/ ı B�1
D Y.A ı B�1/Y �1:
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Thus, we obtain �.bA ı B�1/ D �.A ı B�1/. Let � D �.bA ı B�1/, so that � � aiiˇii .8i 2 N/. By Lemma 2.2,
there exist i0; j0 2 N , i0 ¤ j0 such that

j� � ai0i0
ˇi0i0
jj� � aj0j0 ǰ0j0

j �

�
wi0

X
k¤i0

1

wk

Oaki0
ˇki0

��
wj0

X
k¤j0

1

wk

Oakj0
ˇkj0

�
:

Note that

wi0

X
k¤i0

1

wk

Oaki0
ˇki0

� wi0

X
k¤i0

1

wk

Oaki0
wki0

ˇi0i0
� wi0

ˇi0i0

X
k¤i0

Oaki0
D wi0

ˇi0i0
�.JA/di0i0

;

wj0

X
k¤j0

1

wk

Oakj0
ˇkj0

� wj0

X
k¤j0

1

wk

Oakj0
wkj0 ǰ0j0

� wj0 ǰ0j0

X
k¤j0

Oakj0
D wj0 ǰ0j0

�.JA/dj0j0
:

Hence, we obtain

� �
1

2

�
ai0i0

ˇi0i0
C aj0j0 ǰ0j0

C�i0j0

�
;

i.e.,

�.A ı B�1/ �
1

2

�
ai0i0

ˇi0i0
C aj0j0 ǰ0j0

C�i0j0

�
�
1

2
max
i¤j
faiiˇii C ajj ǰj C�ij g ;

where �ij D Œ.aiiˇii � ajj ǰj /
2 C 4wiwj �

2.JA/diidjjˇii ǰj �
1
2 :

(ii) Now, assume that one of A and B is reducible. We substitute A � "T and B C "T for A and B , respectively, in
the previous case (as in the proof of Theorem 2.6), and then letting "! 0, the result follows by continuity.

Theorem 2.9. Let B D .bij / 2Mn and B�1 D .ˇij /. Then

�.B/ �
2

max
i¤j
fˇii C ǰj C�ij g

; (7)

where �ij D Œ.ˇii � ǰj /
2 C 4.n � 1/2wiwjˇii ǰj �

1
2 :

Proof. Let all entries of A in (6) be 1. Then

aii D 1.8i 2 N/; �.JA/ D n � 1; �ij D Œ.ˇii � ǰj /
2
C 4.n � 1/2wiwjˇii ǰj �

1
2 :

Therefore, by (6), we have

�.B/ D
1

�.B�1/
�

2

max
i¤j
fˇii C ǰj C�ij g

:

The proof is completed.

Remark 2.10. We next give a simple comparison between .4/ and .6/, .5/ and .7/, respectively. For convenience
and without loss of generality, we assume that for i; j 2 N , i ¤ j ,

ajj ǰj C wjdjj ǰj �.JA/ � aiiˇii C widiiˇii�.JA/;

i.e.

wjdjj ǰj �.JA/ � aiiˇii � ajj ǰj C widiiˇii�.JA/:

Hence,

�ij D Œ.aiiˇii � ajj ǰj /
2
C 4wiwj �

2.JA/diidjjˇii ǰj �
1
2
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� Œ.aiiˇii � ajj ǰj /
2
C 4wi�.JA/diiˇii .aiiˇii � ajj ǰj C widiiˇii�.JA//�

1
2

D aiiˇii � ajj ǰj C 2widiiˇii�.JA/:

Further, we obtain

aiiˇii C ajj ǰj C�ij � 2aiiˇii C 2widiiˇii�.JA/;

by .6/,

�.A ı B�1/ �
1

2
max
i¤j
faiiˇii C ajj ǰj C�ij g � max

1�i�n
f.aii C wi�.JA/dii /ˇii g ;

So, the bound in .6/ is better than the bound in .4/. Similarly, we can prove that the bound in .7/ is better than the
bound in .5/.

3 Numerical examples

In this section, we present numerical examples to illustrate the advantages of our derived results.

Example 3.1. Let

B D

0B@ 1:1 �0:4 �0:4

�0:3 1 �0:5

�0:3 �0:2 0:6

1CA :
It is easy to see that B is an M -matrix. By calculations with Matlab 7.1, we have

�.B/ � 0:10000000 (by .1/), �.B/ � 0:09701726 (by .2/), �.B/ � 0:12770275 (by .3/),
�.B/ � 0:10389610 (by .5/), �.B/ � 0:13733592 (by .7/),

respectively. In fact, �.B/ D 0:15010895. It is obvious that the bound in .7/ is the best result.

Example 3.2. Let

B D

0BBBBB@
1 �0:2 �0:1 �0:3 �0:1

�0:4 1 �0:2 �0:1 �0:1

�0:3 �0:2 1:2 �0:1 �0:2

�0:2 �0:3 �0:3 1 �0:1

�0:1 �0:3 �0:1 �0:2 1

1CCCCCA :

It is easy to see that B is an M -matrix. By calculations with Matlab 7.1, we have
�.B/ � 0:10000000 (by .1/), �.B/ � 0:15469345 (by .2/), �.B/ � 0:15975146 (by .3/),
�.B/ � 0:18290441 (by .5/), �.B/ � 0:24600529 (by .7/),

respectively. In fact, �.B/ D 0:25174938. It is obvious that the bound in .7/ is the best result.

Acknowledgement: This work was supported by the National Natural Science Foundation of China (11501141,
11361074), the Foundation of Science and Technology Department of Guizhou Province ([2015]2073,[2015]7206),
and the Natural Science Programs of Education Department of Guizhou Province ([2015]420).

References

[1] Berman, A., Plemmons, R.J.:Nonnegative Matrices in the Mathematical Sciences. Academic Press, New York, 1979.
[2] Fiedler, M., Markham, T.:An inequality for the Hadamard product of an M -matrix and inverse M -matrix. Linear Algebra Appl.

101(1988), 1-8.



New bounds for the minimum eigenvalue of M -matrices 1013

[3] Horn, R.A., Johnson, C.R:Topics in Matrix Analysis. University Press, 1991.
[4] Shivakumar, P.N., Williams J.J., Ye, Q., Marinov, C.A.:On two-sided bounds related to weakly diagonally dominant M-matrices with

application to digital circuit dynamics. SIAM J. Matrix Anal. Appl. 17(1996), 298-312.
[5] Corduneanu, C.:Principles of Differential and Integral Equations. Chelsea, New York, 1988.
[6] Walter, W.:Differential and Integral Inequalities. Springer-Verlag, Berlin, Heidelberg, New York, 1970.
[7] Tian, G.X., Huang, T.Z.:Inequalities for the minimum eigenvalue of M -matrices. Electron. J. Linear Algebra. 20(2010), 291-302.
[8] Li, C.Q., Li, Y.T., Zhao, R.J.:New inequalities for the minimum eigenvalue of M -matrices. Linear Multilinear A. 61(9)(2013), 1267-

1279.
[9] Varga, R.S.:GerLscgorin and his circles. Springer-Verlag, Berlin, 2004.
[10] Chen, F.B.: New inequalities for the Hadamard product of an matrix and its inverse. J. Inequal. Appl. , 35(2015), 1-12.


	New bounds for the minimum eigenvalue of M-matrices
	1 Introduction
	2 Main results
	3 Numerical examples


