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Abstract: In this paper, we study the boundedness of fractional multilinear integral operators with rough kernels
Ts‘;l ,10’[‘42 """ Ak which is a generalization of the higher-order commutator of the rough fractional integral on the
generalized weighted Morrey spaces M, , (w). We find the sufficient conditions on the pair (@1, ¢2) withw € A, 4
which ensures the boundedness of the operators ngl.n(;Az """ Ak from Mp. o, (WP) to Mp o, (w?) forl < p <g <
oo. In all cases the conditions for the boundedness of the operator Té‘ }O’[AZ """ Ak are given in terms of Zygmund-type
integral inequalities on (@1, ¢2) and w, which do not assume any assumption on monotonicity of ¢ (x, ), g2(x,r)

inr.
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1 Introduction and results

Multilinear harmonic analysis is an active area of research that is still developing. Multilinear operators appear also
as technical tools in the study of linear singular integral (through the method of rotations), the analysis of nonlinear
operators (through power series and similar expansions), and the resolution of many linear and nonlinear partial
differential equations [4, 5, 15-17, 41].

It is well known that in 1967, Bajsanski and Coifman [3] proved the boundedness of the multilinear operator
associated with the commutators of singular integrals considered by Calderon. In 1981, Cohen [9] studied the L,
boundedness of the multilinear integral operator 74 defined by

Q _
rife =py. | M_(yﬁ%nf_lzemm;x, ) F )y,
Rn

where Q is homogeneous of degree zero on R” with mean value zero on S ~!. Moreover, R;;;(4; x, ¥) denotes the
m-th (m > 2) remainder of the Taylor series of 4 at x about y; more precisely,

Rn(4x, ) = 40) = Y DY A~ ).

lyl<m
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Using the method of good — A inequality, in 1986, Cohen and Gosselin [10] proved that if Q@ € Lip; (S n=1y and
DY A € BMO(R"), then

174 £, < C IDY Allsaroll fllL,. 1 < p < oc.
lyl=m—1

where the constant C > 0 is independent of f and A.

In 1994, for m = 2, Hofmann [32] proved that the multilinear operator 74 is a bounded operator on L pow
when Q € Loo(S" ') andw € 4.

It is natural to ask whether the multilinear fractional integral operator with a rough kernel has the mapping
properties similar to those of T{zl. The purpose of [12] is to study this problem. Let us give the definition of the
multilinear fractional integral operator as follows:

k
A1, A, A Q(x —y) )
TS Ff(x) = / = 1_[ R, (Aj:x, y) f(y)dy,
R Jj=1
k

where 0 <o <n, N = Z(mj — 1), minj < j <x m; > 2,  is homogeneous of degree zero and € Ly(S"!),

Jj=1
s> 1, Ry (Aj;x, y)is as above.

Whenk = 1 and m = 1, then Té‘g o 18 just the commutator of the fractional integral Ty f with function A4,

Q(x —
T ) = [ 0 (A0 = AN )y,
Rn

Whenmj=1andAj=Aforj=17___,k,thenTél.1&Az ..... A

in [11],

kis just the higher-order commutator Té‘ g f given

Tk r = [ A0 - A S0y
Rn

y |}’l —
When m; > 2, TS’;1 ’10;/12 """ Ak f is a non-trivial generalization of the above commutator.

The classical Morrey spaces were originally introduced by Morrey in [36] to study the local behavior of solutions
to second order elliptic partial differential equations. For the properties and applications of classical Morrey spaces,
we refer the readers to [17, 18, 23, 36, 41]. Mizuhara [35] introduced generalized Morrey spaces. Later, in [23]
Guliyev defined the generalized Morrey spaces M) , with normalized norm. Recently, Komori and Shirai [34]
considered the weighted Morrey spaces L% (w) and studied the boundedness of some classical operators such
as the Hardy-Littlewood maximal operator, the Calder6n-Zygmund operator on these spaces. Also, Guliyev [24]
introduced the generalized weighted Morrey spaces M), ,(w) and studied the boundedness of the classical operators
and its commutators in these spaces My ,(w), see also [24, 29, 33, 40]. In [24] the author gave a concept of
generalized weighted Morrey space M, ,(w) which could be viewed as extension of both generalized Morrey space
M, , and weighted Morrey space L?°<(w).

The weighted (L, Ly )-boundedness of such a commutator is given by Ding [13] and Lu in [14].

The following theorem was proved by Ding and Lu in [12].

Theorem 1.1 ([12]). Let 0 < o <n, 1/g = 1/p—a/n, 1 < s < p < nja, w € A(p/s’.q/s') and let Q
be homogeneous of degree zero with Q € Lg(S"™1). Moreover, for 1 < j <k, |y;| = m; —1, m; > 2 and
DY/ A; € BMO(R"™). Then there exists a constant C, independent of Aj, 1 < j < k and f, such that

J=1lyjl=m;—1

Here and in the sequel, we always denote by p’ the conjugate index of any p > 1, thatis 1/p + 1/p’ = 1, and by
C a constant which is independent of the main parameters and may vary from line to line.
We define the generalized weighed Morrey spaces as follows.
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Definition 1.2. Let 1 < p < oo, ¢ be a positive measurable function on R" x (0,00) and w be non-negative
measurable function on R"™. We denote by M, ,(w) the generalized weighted Morrey space, the space of all
functions [ € L"f’fw (R™) with finite norm

— 1
1AMy oy = sup 9o, wBE )7 IS 1Ly

X€ER",r>0

where Lp 1, (B(x,r)) denotes the weighted L ,-space of measurable functions f for which

1

1 1y By = / Lf )P w(y)dy

(x.r)

Furthermore, by WM, ,(w) we denote the weak generalized weighted Morrey space of all functions f €
WL}‘)’fw (R™) for which

—1 _1
I wat,pwy = sup @, 1) w(Bx, )" 2 | fllwL,.w(Bx.r) < oo,
xR, r>0

where W Lp 4, (B(x, r)) denotes the weak L -space of measurable functions f for which

1

P

1w iy = s / w(y)dy
>
yeB(x.r): | f(WV)I>t}

Remark 1.3.

(1) Ifw =1, then Mp (1) = My, is the generalized Morrey space.

Q) If p(x,r) = w(B(x, r))l%l, then Mp o (w) = Lp () is the weighted Morrey space.

3) Ifp(x,r) = v(B(x, r))% w(B(x, r))_%, then Mp o (w) = Lp (v, w) is the two weighted Morrey space.

@) Ifw=1andp(x,r) = P with 0 < A < n, then Mp (W) = Ly A (R") is the classical Morrey space and
WMp.o(w) = WL, A (R") is the weak Morrey space.

S) Ifo(x,r) = w(B(x, r))_%, then Mp (W) = Lp 1w (R™) is the weighted Lebesgue space.

The commutators are useful in many nondivergence elliptic equations with discontinuous coefficients, [15-17, 26,
27, 41]. In the recent development of commutators, Pérez and Trujillo-Gonzélez [42] generalized these multilinear
commutators and proved the weighted Lebesgue estimates. Ye and Zhu in [45] obtained the boundedness of the
multilinear commutators in weighted Morrey spaces L, (w) for 1 < p < oo and 0 < ¥ < 1, where the symbol b
belongs to bounded mean oscillation (BM O)". Furthermore, the weighted weak type estimate of these operators in
weighted Morrey spaces is L (w) for p = 1 and 0 < ¥ < 1. The following statement was proved by Guliyev in
[24].

Theorem 1.4 ([24]). Let 0 < o < n, 1 < p < n/aand 1/q = 1/p —a/n, Q € Loo(S"™ V), w € Ap.q4,
A € BMO(R"™), and (¢1, 2) satisfies the condition

oo ;. esssup gol(x,s)wp(B(XJ))% di
/1nk (e + *) R i - =Cpa(x.r), O
r w9 (B(x,1))4 !

r

where C does not depend on x and r. Then the operator TS’;:S is bounded from Mp o, (W?) to My, (w?).

It has been proved by many authors that most of the operators which are bounded on a weighted (unweighted)
Lebesgue space are also bounded in an appropriate weighted (unweighted) Morrey space, see [8, 44]. As far as we
know, there is no research regarding boundedness of the fractional multilinear integral operator on Morrey space.
In this paper, we are going to prove that these results are valid for the rough fractional multilinear integral operator

TS’; 10’6’42 """ Ak on generalized weighted Morrey space. Our main results can be formulated as follows.
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Theorem 1.5. LetO <a <n, 1 <s' < p <n/aand1/q = 1/p—a/n. Suppose that 2 is homogeneous of degree
zero with Q € Lg(S"™Y) and (91, ¢2) satisfy the condition (1). Let also, for 1 < j <k, |y;| =m; — 1, m; > 2
and DYi A; € BMO(R™). Suppose w®' € Ap g, then the operator T{;"&AZ """ Ak i bounded from M, ,, (w?) to
My o, (w?). Moreover, then there is a constant C > 0 independent of f and A1, Az, ..., Ay such that

J=1lyjl=m;—1

Inthecase mj = 1and A; = Afor j =1,...,k from the Theorem 1.5 we get the Theorem 1.4. Also, in the case
o = 1 we get the following corollary, which was proved in [1].

Corollary 1.6 ([1]). LetO<a <n, 1 <s' < p <n/aand1/q = 1/p — a/n. Suppose that 2 is homogeneous of
degree zero with Q € Lg(S™™Y), and (@1, 2) satisfy the condition

x® ess inf ¢ (x r)r%
t ’ dt
/]nk (e—i-*) [=r=co Il < Cogpa(x,r),
r

n
ta
r

where Co does not depend on x and r. Let also, for 1 < j <k, |y;| =mj;—1,m; >2and DY/ A; € BMO(R").
Then the operator Ts’;l.lo’[Az """ Ak s bounded from Mp .o, (R™) to My, o, (R™). Moreover, there is a constant C > 0
independent of f such that

J=1lyjl=m,;—1

Example 1.7. Let ¢1(x,7) = (w?(B(x,1)))? (w?(B(x,1)) "7, ¢2(x,1) = w(B(x,1)))? 4,0 < k < p/q
and w9 € Aoo(R™). Then (1, ¢2) satisfies the condition (1).

In fact, from (2.8) in Section 2 we have constant § > 0 such that
w9(B(x,27r)) = C25 w9 (B(x,r)).

Since 0 < k < p/q, then % - é < 0. Thus

(1 Tn 5) 1<t <00 at
r

o ess inf @1 (x, ) (w? (B(x, 7)) 7 dt
,/ (w9 (B(x,1))4 !

o0

= / (1 +1n ;) (w9 (B(x, 1)) s 4

7

dr
t

2/ +1,

d k__ 1 d
=Y+ [ @iy

/=0 2/r

<C Y (1 + Hw(Bx.27 )57
j=0

<C Y+ )G W (B )
j=0

< Cw(B(x,r) 54 = Coa(x.r).

If w$ € Az g ,then by Lemma 2.2 in Section 2 we know w? € Ay4,,/(R™). Therefore, we have the following
corollaries.”
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Corollary 1.8. Let0 < @ < n,let1 < s’ < p < n/a, and let 1/q = 1/p — a/n. Let also, for 1 < j < k,
lyil = m; —1,m; > 2and DY/ A; € BMO(R"). Suppose w* € Az g, then Té"&Az """ Ak is bounded from

Lp WP, w)(R") to Ly cq/p(w?,R") and

J=1lyjl=m;—1

where the constant C > 0 is independent of f and Ay, Aa, ..., Ak.

Remark 1.9. Note that, in [2] the Nikolskii-Morrey type spaces were introduced and the authors studied some
embedding theorems. In the next paper, we shall introduce the generalized weighted Nikolskii-Morrey spaces and
will study some embedding theorems. We will also investigate the boundedness of fractional multilinear integral
operators with rough kernels Ts;l ’10.{Az """ Ak on the generalized weighted Nikolskii-Morrey spaces, see for example,
[30]. These results may be applicable to some problems of partial differential equations; see for example [6, 7, 19,

20, 26, 28, 30, 43].

2 Some preliminaries

We begin with some properties of 4, weights which play a great role in the proofs of our main results. A weight
w is a nonnegative, locally integrable function on R”. Let B = B(xp, rp) denote the ball with the center x¢ and
radius rp. For a given weight function w and a measurable set E, we also denote the Lebesgue measure of E by |E|
and set weighted measure w(E) = [ w(x)dx. For any given weight function w on R”, @ CR" and 0 < p < o0,
denote by L 4, (§2) the space of all function f satisfying

1
p

Iz = QIf(X)I”w(X)dx < oo.

A weight w is said to belong to A, for 1 < p < oo, if there exists a constant

p—1
1 f 1 1—p
— | w(x)dx —/w(x) Pdx <C,
|B| |B|
B B
where p’ is the dual of p such that % + % = 1. The class A is defined by

1
— / w(y)dy < C -essinfw(x) foreveryball B C R”".
|B| X€B
B

A weight w is said to belong to Ao (R") if there are positive numbers C and § so that

(E) _ (1B
w) = (i)

for all balls B and all measurable £ C B. It is well known that

do= |J A4
1<p<oco
The classical A, weight theory was first introduced by Muckenhoupt in the study of weighted L ,-boundedness of
Hardy-Littlewood maximal function in [37].

Lemma 2.1 ([21, 37]). Suppose w € A, and the following statements hold.
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(1) Forany 1 < p < oo, there is a positive number C such that

w(Bk) np(k—j .
< 2% =D for k>
w(Bj) /

(ii) Forany 1 < p < o0, there is a positive number C and § such that

w(By)

8(k—J)
w(B)_CZ for k> j 2)

(iii) Forany 1 < p < 0o, one has w'=?" € A,

We also need another weight class A, introduced by Muckenhoupt and Wheeden in [38] to study weighted
boundedness of fractional integral operators.

Given 1 < p < g < oco. We say that w € A, 4 if there exists a constant C such that for every ball B C R”, the
inequality

(5 /w(y) Par) " (o [uorar) ¢ G)
B

holds when 1 < p < oo, and for every ball B C R” the inequality

(L/w( )4d )l/q < C -ess infw(x)
) PV ) =Rl
B

holds when p = 1.
By (3), we have

’

(Jworw)""([worar)™ < cipiriva, @)
B B

We summarize some properties about weights 4, 4; see [21, 38].

Lemma 2.2. Given1 < p < g < oo.
1) we Ap,gifandonly ifw? € Ai4q/p;
(i) we Ap.g ifand only if w™?" € A1y pr/gs
(ili) w € Ap, p ifand only if WP € Ap;
(iv) If p1 < p2and q2 > q1, then Ap,.q, C Ap,.q»-

In this paper, we need the following statement on the boundedness of the Hardy type operator

1

()0 = ¢ [ (e + ) g0)dutr). 0 <1 < ox,

0

where w is a non-negative Borel measure on (0, 00).

Theorem 2.3. The inequality
esssupw(t)H1g(t) < cesssupv(t)g(t)

t>0 >0

holds for all non-negative and non-increasing g on (0, 00) if and only if

t

Ay / 5 _dp(r)

ess sup v(s)
Oo<s<r

andc ~ Aj.

Note that Theorem 2.3 is proved analogously to Theorem 4.3 in [24, 25].
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Lemma 2.4 ([39, Theorem 5, p. 236]). Let w € Aoo. Then the norm of BMO(R™) is equivalent to the norm of
BMO(w), where

1

BM =1{b : ||b = _— b(y)—b d
O =1b : Whew= s s [ 160) = bacen w0y < oo}
B(x.,r)
and i
bB(x,r),w:m [ b(y)w(y)dy.
B(x,r)
Remark 2.5 ([24]).

(1) The John-Nirenberg inequality : there are constants C1, C2 > 0, such that for allb € BMO(R") and 8 > 0
l{x € B : |b(x) —bg| > B} < C1|Ble~C2A/101x  yB c R,

(2) For1 < p < oo the John-Nirenberg inequality implies that

S

1
1ol % sup | — / Ib(y) — b|Pdy
B |B|B

andfor1 < p <ocoandw € Aco

N =

1
* R — —bp|? d
bl sup | — B/ Ib(r) b1 Pw(y)dy

The following lemma was proved by Guliyev in [24].

Lemma 2.6 ([24]).
i) Let w € Aoo and b be a function in BMO(R"). Letalso 1 < p < 00, x € R", and ry,r2 > 0. Then

1 » r1
- - — p -
(w(B(m))B( [ 1601 =bacermt?umir)” < ¢ (14 |2 ) ibl,

X.r1)

where C > 0 is independent of f, x, r1 and r».
il) Let w € Ap and b be a function in BMO(R"). Let also 1 < p < oo, x € R", and r1,r2 > 0. Then

1
7

1 , — r1
_ p 1—p P
(o= BaT) [ 1) = el w()' 7 dy) sc(1+)mr2()ubn*,
B(

X.r1)

where C > 0 is independent of f, x, r1 and r>.
Below we present some conclusions about R, (A4; x, y).

Lemma 2.7 ([22]). Suppose b is a function on R™ with the m-th derivatives in L4 (R™), ¢ > n. Then

1/q
1
Ruixpl=Cli—y" 3 |gei— [ Db

B(x,5y/n]x = y|)
B(x.5/nlx—yl)

lyl=m
The following property is valid.

Lemma 2.8. Let x € B(xo.r), y € B(xo.2’ T1r)\B(x0.2’ r). Assume that A has derivatives of order m — 1 in
BMO(R™). Then there exists a constant C, independent of A, such that

[Rim(4;x, )l
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<Clx—y"™ ' > DA+ D IDYAY) - (D Dol |- )

lyI=m—1 lyl=m—1
Proof. For fixed x € R”, let

_ 1
Ax)=Ax) - > W(DVA)Bu,smx_yan

lyl=m—1""

Then
_ _ 1 - _
| R (4; %, 9)| = [Rim (A x, )| < [Rm—1 (Aix, )+ D~ = (DY AQ))llx—y™ " ©)
lyl=m—1""
From Lemma 2.7 we have,
|Rm—1(A;x, p)| < Clx=y™™" > DY Al )
lyl=m—1

When x € B(xo,7), y € B(x0,2/ T1r)\B(x0,27r), then 2/ ~1r < |x — y| < 2/ 2r. Thus, we have

B(x0.27 ~'r) € B(x.5+/n|x — y|) € 100/nB(x0.2’ r).

Then
|100/1 B(x0., 27 r)] - |100/n B(x0,27 r)| -C
|B(x,5¢/nlx —yD| = |B(x0,2/71r)| T
Hence
(DY A)p(x.5 yatx—yh = (PY D p(xg,2i 1)
1
< DY A —(DYA i |d
= Bl Dl | ) —( )B(xo.27 ry|dy
B(x,5/n|x—yl)
< — [ 10740) - 07 A pimlay
~ 1100/nB(x0,27 )| (*0.271)
100/n B(x0.27 1)
< C||DY A|«.
Note that
J
(DY A) g(xo.27r) — (DY A) B(xo.r)| < Z (DY A) g(xg.2kry — (DY A) p(xg.2k—11)| < 2" jIDY Al
k=1
Then
|(DVA)B(X,5ﬁ|x—yI) - (DVA)B()CO.F)|
= KDVA)B(X,S\/EIX—yI) - (DyA)B(xo.Zfr)| + |(DVA)B(XO.2fr) - (DVA)B(XO,F)|
< C;|D” Al
Thus
|DY A(y)| = |DY A(y) — (DY A p(x.5 Siix—yh|
< DY A(y) = (DY A xo.r)| + (DY A) p(x 5 mix—y) — (DY A)Bxo.r)]
< |DYA(y) = (DY A)B(xo.r)| + C; | DY Al . ®)
Combining with (6), (7) and (8), then (5) is proved. O

Finally, we present a relationship between essential supremum and essential infimum.

Lemma 2.9 ([10]). Let f be a real-valued nonnegative function and measurable on E. Then

(cxprrco) ™ = 765
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3 A local weighted Guliyev type estimates

In the following theorem we get local weighted Guliyev type estimate (see, for example, [22, 23] in the case w = 1,
m = 1 and [24] in the case w € A, m = 1) for the operator Té’:&".

Theorem 3.1. Let | <5’ < p <n/o,andlet1/q =1/p —a/n. Letalso, for 1 < j <k, |yjl=m; —1,m; =2
and DY/ A; € BMO(R"). Suppose that Q is homogeneous of degree zero with Q € Lg(S"™1), ws e Azp g, then
forany r > 0, there is a constant C independent of f such that

J=1lyjl=m;—1

o0

1\k _1
[ (10 5 U e 0 (B0, )
2r

dt
e )

Proof. We write f as f = f1+ f2, where f1(y) = f(y)XB(xO.Zr)(y)’ X B(xo,2r) denotes the characteristic function
of B(xg,2r). Then

Ay1.A>. ..., A A1.A>...., A Ar,A2,..., A
ITG 2 L gwe Beo.ry S NTSS 7 AAllLywa Bo.ry F 1TG 2 fallLy e (Bxo.r) -

Since f1 € Lp.wr(R™), by the boundedness of Té“o"Az """ Ak from Lp wr(R™) to Ly e (R™) (Theorem 1.1) we
get

Al Az, A Ay Az, A
1T Nl Ly e (Born S NTG 2  fill Ly e 1

k
<C 1_[ Z D7 Ajllll A1l L, 0 R

J=1lyjl=m;—1

k
cTT 5 ID% 450l ey Boro.2rn-

J=1lyjl=m;—1

Note that g > p > 1 and —22_~ > 1, then by Holder’s inequality,

p'(p—s’) —
1 1 1 p—s’
1 1 ’ 7 1 ! 1 s'p sp
v | o fowra) (o feor7a) <( o feorar) |5 [eor e
|B| |B| |B| |B|
B B B B
This means

n__ 1 —
Py % < (w?(B(xo, 1)) [w |y

L7~ (B(xo.r)

Then

o0
n __ —_—n __
1f L wr 5o 2m < CrE Iy (BGo.20) / =¥y
2r

o0

Ly —1 -]
< @ (Bo. M ™ oy, [ 1A 1 p =
Lpr=s (B(XOJ‘))2
/

o0
1 -1 —_n_q
< C(w (B(xo. 1) / 1Ly rBeom 0™t v B gy,
5 L 7—5" (B(x0.1))
/



1032 =— A. Akbulut, A. Hasanov DE GRUYTER OPEN

Since w¥’ € Ag/,%, by (4), for all r > 0 we get

W (B(xo, r)) 7 [w™ | vy <Ccrime, (10)

L P=S" (B(x0.7))
Then

A1,A2,..., A
ITS72 7 fillLy wa (Bxo)

<c 1'[ S IDY Ay @ (B(xo, 1) / 1F 1y o (B oty (W (B(xo, 1))

J=1lyjl=m;—1

To simplify process of Theorem 3.1, in the following discussion we consider only the case k¥ = 2. The method can
be used to deal with the case k > 2 without any essential difficulty.
Let N =my +mp—2, A; = (B(x0.2:11r)) \ (B(x0.2'r)), and let x € B(xq,r). By Lemma 2.8,

Q(x—y)

Al,A2 ..... Ak
ITq o L) = [x = yr—atm—T

R, (A1;x, ) Rm, (A2; X, ) f(y)dy

B(xo.2r))¢
oo 2
1R = y) f)I . , _
SCZ e {7+ X I A0 = (07 A |
i=1x Y j=l1 lyjl=m;—1
: 1Q(x —y) f(y)]
cc[li X v ||*2/ By
Jj=1 lyjl=m;—1 i=1x
Qix—-y)f(y)
oY A YN / | y|nf =S e g, () — (D72 ) g oy
lyil=m1—1 Va2l=ma—1i=1,
Q(x — )
+C Z [DY2 Az« Z Z/| )]Zlffxy ||D”‘A1(y)—(DV1A1)3<x0,r>|dy
[v2l=m2—1 lyil=mi—1i=14 -y
[2(x — ) f(¥)I , .
+C ) > Z/ —a H |DY7 Aj (y) — (DY Aj) B(xo.r)|dy
lyrl=mi—1 | = =l -
1l=m val=ma—1i=1, j=1

<C(Ii + L+ I3+ 14).

By Holder’s inequalities,
IQ(X—Y)f(y)I s |f(y)ls ¥
/ 2Py = ([ a6 -y dy e )
A
When x € B(xp,s) and y € A;, then by a direct calculation, we can see that 2i—1, < ly — x| < 2i+1; Hence

1

K i 1
([ 196-0Far)’ = ClRlL e IBE0 2+ DI an
Aj

We also note that if x € B(xo,7), y € B(xp,2r)¢, then |y — x| & |y — xo|. Consequently

/ |x |fy(|)2’|sf¥)s/dy)? = IB(xo,ZiJrllr)ll_“/”( / 2 dy)i/' 2

B(x0.2it+1r)

Then

oo 1
/

2
n=cll X wral et ([ ol s)

J=1lyjl=m;—1 i=1 B(xo,2i+1r)
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Since s’ < p, it follows from Holder’s inequality that

1
lfDIFdy)” <ClflL wp(B(x0,2i+1r))||w_l|| s'p .
D,

L P=s" (B(x0,2it1r))

B(x0.,2it1r)
Then
2 e <] 1
; . / 1 _L/ ’ 7
n=cll X wral i@t [ mra)”
J=1lyjl=m;—1 i=1 B(x0,2i+15)
2 ) 2i+1, - ; .
SC]_[ Z ||DVJAj||*Z(1+1n . )(21 e S’||f||L,,,wp(B(XO-2[+1’))”w I s'p, o
J=1lyjl=m;—1 i=1 L P=s" (B(x0.2!11r))
5 2042y
; ! —1 —n_
sc[1 ¥ 1wy [ (+nD)i il menle™ o e
P =y — i—1_ . r L P=5" (B(x0.t))
J=1lyjl=m;—1 i=1,i11,
2 o0
) t _ _n_q
<c[] > 1074l / (1410 )Nz B0 0 s %=V dr,
J=1llyjl=m;—1 5y L r=s(B(x0.1))
From (10) we know
1
[ < Cri ™ w?(B(xo.7))) 7. (13)
L P=s" (B(x0.r))
Then
2 o d
) t _1dt
n=cl X 17 ahe [ (1)1l e (Blo.o) ™
J=1lyjl=m;—1 o

On the other hand, by Holder’s inequality and (11), (12), we have
1©2(x — y) f(¥)]

X =y |DY2 A2(y) — (DY2 A2) B(xo.r)|dy

i

= ([ 106 ra
A

=y [y

)%< / D72 A2(y) = (D2 A2) o) S OI” dy)%/
A

Y

=c Yy @ty [ DY A(y) = (D A)pxo.n | | f (I dy

=1 (x0.2i+1r)

Applying Holder’s inequality we get

@

/ 1DV A5(y) — (D2 A2) o | SO dy

(x0.2i+1r)

<C - D2 A5(y) — (D2 A wOTH .
< ||f||Lp,wﬂ(B(X0=21+1r))”( Z(y) ( Z)B(XOJ’)) () ||LP%;'(B()60,2[+1F))

Consequently,

2i+2,

>
TP SN LTRSS SR (CAsrs et Vi PR

lyil=mi—1 lval=ma—li=1y14,
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x [[(DY2A2(y) — (D2 A2) B(x.ry) () V| " dt
L p—s (B(XOJ))
[e.e)
<C Z DYt Aq |« Z / ||f||Lp,wD(B()C().[))
[vil=m—1 lyal=ma—1s,
X (D72 42(0) = (D A2) (g )w O =41 g,

L »=" (B(x0.1))

’

By wS € A 2 4 and (ii) of Lemma 2.2 we know w_% €A . Then it follows from the Lemma 2.6 and

ps’
1+ (p—sa

the inequality (13) that

1(D72 42(0) = (D" A2) 5x0.0 )0 O |
L p=s" (B(xq,t))

s’ ps T
< ( / |D”2A2(y) — (D2 A2) B(xo.r) | P W™ 7= (y)dy) ?
B(xo.1)

Z _ .Y/ 73,/

= €7zl (1410 ) w7 (Blao,r) 7
r
t

= CID7 Azl (140 ) w™h | e
r L »=5" (B(x0.7))

t n
= CID7 ol (1410 )= (Bxo.r) 4.
r

Then
2 o d
. t _1dadt
L<c[] 3 IDY4;. / (1 10 ) IF  0 (W (BCo 1) .
J=1lyjl=m;—1 o
Similarly to the estimates for /I, we have
2 c0 d
. t _1dadt
B=CT] X 1074 [ (140 D) 1710 (07 (Bl ) 7+
J=1lyjl=m;—1 o

Finally, we come to estimate /4.
By Holder’s inequality and (11), (12), we have

/ [Q2(x — ») f(V)I

2
e LLIDY 4500 = (0 4)) e nldy

Jj=1

i

2
1_[ |DYIAj(y) — (DY Aj)B(xo.r)I°

(4\‘._.

N s J
= ([1ec-rar)’( o dy)
A A
1
oo 2 s/
<C Z(zl—l—lr)a—r/ / 1_[ |DYi Aj (y) — (DY Aj)B(Xo,r)|S,|f(y)|&/dy
=1 (x0.2i+1r) /=1

Applying Holder’s inequality we get

“

2
l_[ DY Aj(y) — (DY’ Aj)B(xO,r)|S’|f(J’)|S/dy

(xo.2i+1r) /=1
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2
=CIfllL, o (Bxo.2i+1 DY Aj(y) = (DY Aj)Blxo.n)wO ™ | b
par B2+ | ]1;[]( / o) ”LW(B(xo,zmr))
2
= ClUf Ny (Bexo.2i+1 (DY 4 (y) = (DY Aj)Bxo.n)wO ™| 2ps
pwp (BlXo. ) jl:Il H o ) Hmes (B(xo0. 21+1r))

Then

[e’s) Q(x — 2
> [ EEEREI T 107 4,00 = (07 4wy n s

i=1A, Jj=1

1
<C/||f||L,, wr (B(x0.0) | | (DY 4 (») = (DY A) Bxo.r)) WO 2| 20 2ps" "
5r j=1 Lr (B(x0.2 r))

_s'p

Sincew 7= € 4, oo , then from the Lemma 2.6 and the inequality (13) we have
(r—s"q

(DY Aj (y) — (DY2A2) B(xo.r))@() |
1’ s’ (B()m 1))

v s 1’;3,/
<( [ 1074200 - 07 P )
B(xo.1)

= CID7 Aol (1410 2} ™7 (Bxo.r) s
r

t _

= CID" Aafl(1+1n=)|w ™" | (14)
r L =" (B(xo.r))
t n__

< CID” Al (1 4+ In =) =@ (B(xo.r) 4

Then from (14) we have

2
[]1D% 4;(») — (D” 4j) B(xo.r|dy
j=1

/IQOC L)
l_] y|n o

(e o)

2
. 1\2 _1
= C TT107 a5l [ (1410 0) 1A Ny s 0 (Bro, ) 7+
Jj=1

2r

Combining with the estimates of /1, I, I3 and 14, we have

A1 Az, Ag g
sup  [Tq "2 fa(x)

xe€B(xo.r)
2 0 L d
. t t
=cIl 2 10740 / (10 Y 1y 500 0 (B, 1))
J=1lyjl=m;—1 or
Then we get

2
Ar,A42,..., A . 1
1TSS 2 fallLywa By <C [T D IDY Ajll«(w?(B(xo.1)))4
J=1lyjl=m;—1
(o)

1\2 _1dt
x [ (L4+I=) 1 flL,.0p(Bo.n W (B(xo, 1))« —.
p

2r

This completes the proof of Theorem 3.1. O
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4 Proof of Theorem 1.5

First variant proof of Theorem 1.5
By Theorems 2.3 and 3.1 we have

At As A —1 LAy Ay A
1767 My gy awey = sup @2(x0, 1) (W (B(xo, 7)) ITG 02 f Ly wwa (Bxo.r)
Xo€R”, r>0

(o]

- 1\k _1dt
=C s gaton)™ [ (1Y UL e (0 (Bl 0) T
X0€R”, r>0 r r ¢

_ _1
<C  sup  @i1(x0.r) W’ (B&.)? | fllL, wp (B

X0ER",r>0

= fllay 0, wr)-

Second variant proof of Theorem 1.5

Since f € Mp.p, (w?), then by Lemma 2.9 and the fact || f ||, ,,» (B(xo.r)) is @ non-decreasing function of 7 , we
get

£y e (Bxo.2) < esssm 1ALy r (Bxo.) 1
essinf @1 (x0, T) (WP (B(x0,7)))?  0<t<t<00 91(x0,7)(W”(B(x0,7)))”
o<t<t<oo
- I /1Ly r (B0, )

= <1 ey -
©>0.50€R" g1 (x0, 7) (WP (B(x0,7))) 7

Since (¢1, ¢2) satisfies (1), we have

o0

dt

t\k —1
/ (1105) 1 B0t (@7 (Blro. D) 4

r

1
</ 1A N2y 0p (BCxo.0) (1 i E)k ess inf g1 (xo. 1) (w” (B(xo. 7)) 7 di

ess inf @1 (x0, )P (B(xo,7))7 r (w9 (B(xo,1))) 7 t

X 1
T £\ & &85 0l @1 (xo, (WP (B(x0, )7 g

= Clf bty [ (1+102) T n
J (w (B(xo.1))

= Cllf My o, wry 92(x0.1).

Then by (9) we get

Ay1.Az...., A
”ng,la 2 kf”Mq’wz(w")

1

1 A1 A Ar 1/q
<C sup / ITQ 2 Af(y)l"w"(y)dy)
xoeRrn >0 ¥2(X0,1) (w"(B(xo, t))B( ) 2.
X0l

k
<c[l X 107450 sp —

J=1lyjl=m,;—1 xoeR",r>0 ¥2(X0,1)
—1ly;1=m,

o0

t\k _1dt
[ (10 0) 17 s 07 (B0 )+

7

k
<l 3 107 Al Iaty, com-

J=1lyjl=m;—1

X
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