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Abstract: The main goal of this paper is to investigate very true MTL-algebras and prove the completeness of
the very true MTL-logic. In this paper, the concept of very true operators on MTL-algebras is introduced and some
related properties are investigated. Also, conditions for an MTL-algebra to be an MV-algebra and a Godel algebra are
given via this operator. Moreover, very true filters on very true MTL-algebras are studied. In particular, subdirectly
irreducible very true MTL-algebras are characterized and an analogous of representation theorem for very true MTL-
algebras is proved. Then, the left and right stabilizers of very true MTL-algebras are introduced and some related
properties are given. As applications of stabilizer of very true MTL-algebras, we produce a basis for a topology on
very true MTL-algebras and show that the generated topology by this basis is Baire, connected, locally connected and
separable. Finally, the corresponding logic very true MTL-logic is constructed and the soundness and completeness
of this logic are proved based on very true MTL-algebras.
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1 Introduction

Basic fuzzy logic (BL for short) is the many-valued residuated logic introduced by Hajek [1] to handle continuous
t-norms and their residua. The fuzzy logics such as Lukasiewicz, Godel and Product logic can be regarded as
schematic extensions of BL. It is a well-known result that a t-norm has a residuum if and only if it is left-continuous;
so this shows that BL is not the most general t-norm based logic. In fact, a logic weaker than BL, called monoidal
t-norm-based logic (MTL for short), was introduced by Esteva and Godo in [2] and Jenei and Montagna [3] proved
that MTL is indeed the logic of all left-continuous t-norms and their residua. In connection with the MTL logic, a
new class of algebras is defined, called MTL-algebras [2]. In the last few years, the theory of MTL-algebras has been
enriched with structure theorems [4, 5]. Many of these results have a strong impact with its algebraic structure. For
example, Vetterlein [4] proved that most of MTL-algebras can be embeddable into the positive cone of a partially
ordered group. He also proved that an MTL-algebra is a bounded, commutative, integral, prelinear residuated lattice
[5]. As a more general residuated structure based on left-continuous t-norm logic, an MTL-algebra is a BL-algebra
without the identity x A y = x @ (x — y). Thus, MTL-algebras are the most fundamental residuated structures
containing all algebras induced by (left) continuous t-norms and their residua. Therefore, MTL-algebra play an
important role in studying fuzzy logics and their related structures. The filter theory of the MTL-algebras plays an
important role in studying these algebras and the completeness of the MTL. From a logic point of view, various
filters have natural interpretation as various sets of provable formulas. Recently, the filters on MTL-algebras have
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been widely studied and some important results have been obtained [2,6-8]. In particular, Esteva introduced the idea
of filters and prime filters in MTL-algebras to prove the completeness and chain completeness of MTL [2]. After
then, the concepts of implicative, positive and fantastic filters were defined in MTL-algebras in [6]. In [7], Borzooei
was the first to systematically study filter theory in MTL-algebras, in which the relations between kinds of filters
were obtained and some of their characterizations were presented. It was also proved that there exists at most one
proper associative filter in any MTL-algebra ,which is composed of all non-zero elements in this MTL-algebra in
[8].

The concept of “very true” was introduced by Hajek [9] as an answer for the question “whether any natural
axiomatization is possible and how far can even this sort of fuzzy logic be captured by standard methods of
mathematical logic?”. In other words, very true operator as a tool for reducing the number of possible logical values
in many-valued fuzzy logic. In fact, it is the same as the concept of hedge introduced by Zadeh [10], who gives some
examples of handling these fuzzy truth values that seems uninterested in any sort of axiomatization. Apart from
their important application in many valued fuzzy logic, very true operators were successfully used to formal concept
analysis (FCA, in brief) (see [11]), which is another important branch of mathematics and becoming an popular
method for analysis of object-attribute data. The main aim in FCA is to extract interesting clusters (called formal
concepts) from tabular data, formal concepts correspond to maximal rectangles in a data table, hence the number
of formal concepts in data can be extremely large. In order to reduce the number of formal concepts, Bélohlavek
and Vyhodil [12] used the so called hedges, which are special cases of very true operators used in reducing the
number of formal concepts in concept lattice. Since very true operator was successful in several distinct tasks in
various branches of mathematics [10,12-14], it has been extended to other logical algebras such as MV-algebras
[15], R€-monoids [16], commutative basic algebras [17], equality algebras [18], effect algebras [19] and so on.

As we have mentioned in the above paragraph, very true operators have been studied on MV-algebras, BL-
algebras, R¢-monoids and commutative basic algebras, etc. All the above-mentioned algebraic structures satisfy the
divisibility condition x A y = x @ (x — y). In this case, the conjunction © on the unit interval corresponds to a
continuous t-norm. However, there are few research about the very true operators on residuated structures without
the divisibility condition so far [19]. In fact, MTL-algebras are the more general residuated structure without the
divisibility condition since it is an algebra induced by a left continuous t-norm and its corresponding residuum.
Therefore, it is meaningful to study very true operators on MTL-algebras for treating a variant of the concept of very
true operators within the framework of universal algebras and providing a solid algebraic foundation for reasoning
about very true MTL logic. This is the motivation for us to investigate very true operators on MTL-algebras.

Based on the above considerations, we enrich the language of MTL by adding a very true operator to get
algebras named very true MTL-algebras, which are the algebraic counterpart of very true MTL logic. This paper
is structured in five sections. In order to make the paper as self-contained as possible, we recapitulate in Section 2
the definition of MTL-algebras, and review their basic properties that will be used in the remainder of the paper. In
Section 3, we introduce very true operators on MTL-algebras and study some of their properties. Also, we give some
characterizations of MV-algebra and Godel algebra via such operator. In Section 4, we investigate very true filters
of very true MTL-algebras and focus on an analogous of representation theorem for very true MTL-algebras and
characterize subdirectly irreducible very true MTL-algebras by very true filters. Then, we introduce the left and right
stabilizers of very true MTL-algebras and construct stabilizer topology via them. In Section 5, the corresponding
very true MTL-logic is constructed, the soundness and completeness of this logic are proved based on the variety of
very true MTL-algebras.

2 Preliminaries

In this section, we summarize some definitions and results about MTL-algebras, which will be used in the following
and we shall not cite them every time they are used.

Definition 2.1 ([2]). An algebraic structure (L, A, V,®,—,0,1) of type (2,2,2,2,0,0) is called an MTL-algebra
if it satisfies the following conditions:
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(1) (L, A, Vv,0,1) is a bounded lattice,
(2) (L, ®,1) is a commutative monoid,
B)xoy<zifandonlyifx <y — z,
@DEx—=>yvy—-x=1

forany x,y,z € L.

In what follows, by L we denote the universe of an MTL-algebra (L, A, vV, ®,—,0, 1). For any x € L, we define
—x=x—0.

Proposition 2.2 ([5]). In any MTL-algebra L, the following properties hold: forall x,y,z € L,
(D x <yifandonlyifx -y = 1,

2)x0y=xAy,

B)1—->x=x

BDx—>OArz)=x—=>y)A(x—2),

BG)xVvy)—=>z=x—-2)A( — 2),

(6) x < yimpliesx Oz <y Oz,

Mx—>y=x—>xAY),

®)x—>y=(xVy) —>y,

DxAy—-z=(x—->2)V(y—2),

(10) N\jes(xi = y) = V;ey Xi = ¥, provided that both infimum as well as supremum exist,
(A xvy=((x—>y)—=> Ay > x)— x),

(1) (x0y)—=>z=x—>(y = 2).

Definition 2.3 ([S]). Let L be an MTL-algebra. Then L is called:

(1) aBL-algebraif x Ay = x ® (x — y) forany x,y € L.

(2) an MV-algebra if (x - y) > y = (y = x) > x forany x,y € L.
(3) a Godel algebra if x © x = x forany x € L.

A nonempty subset F of L is called a filter of L if it satisfies: (1) x,y € F impliesx®y € F;(2)x € F,y € L and
x < y implies y € F. We denote by F[L] the set of all filers of L. A filter F of L is called a proper filter if F # L.
A proper filter F of L is called a prime filter if for each x,y € F and x Vy € F,impliesx € F ory € F. For
any filter F' of L we can associate a congruence on L defined by x ~f y if and only if (x - y) A (y — x) € F.
We denote by L/ F the set of congruence classes and L/ F becomes an MTL-algebra with the natural operations
induced by those of L. Note that a filter F of L is prime iff L/ F is a linearly ordered MTL-algebra ([2, 6, 7]).

Definition 2.4 ([20]). A Heyting algebra is an algebra (H,v,A,—,0,1) of type (2,2,2,0,0) for which
(H,V,A,0,1) is a bounded lattice and for a,b € H, a — b is the relative pseudocomplement of a with respect to
b, i.e,a Ac <bifandonlyifc <a —b.

Definition 2.5 ([20]). Let L be a complete lattice and a € L. Then element a is said to be compact if for every
subset S of L, a < \/ S implies that a < \/ F for some finite subset F of S.

Definition 2.6 ([21]). A topological space (X, T) is called a Baire space if for each countable collection of open
dense sets, their intersection is dense.

At the end of this section, we review the known main results about representation theory of MTL-algebras, which is
helpful for studying very true analogous representation theorem of MTL-algebras.

Definition 2.7 ([22]). An element b of a lattice L is meet irreducible if \ X = b implies b € X, for any finite subset
X of L.
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A filter F of an MTL-algebra L is called prime if F is a finitely meet-irreducible element in the lattice F[L]. A
prime filter F is called minimal if F is a minimal element in the set of prime filters of L ordered by inclusion. By
Zorn’s lemma, every prime filter contains a minimal prime filter ([24]).

Let L be a MTL-algebra, and X € L. The set

X+ ={aelLlavx=1,foreachx € X}
is called the co-annihilator of X in L [23]. For any a € L, we write a= instead of {a}~.

Theorem 2.8 ([24]). For P € F|[L], the following conditions are equivalent:
(1) P is a minimal prime,
(2) P = U{at|a € P.

Theorem 2.9 ([24]). For an MTL-algebra L, the following conditions are equivalent:
(1) L is representable,
(2) There exists a set S of prime filters such that (| S = {1}.

3 Very true operators on MTL-algebras

In this section, inspired by Hajek [9], we enlarge the language of MTL-algebra by introducing a very true operator,
and investigate some related properties. As applications of very true operator, we discuss the structures of the fixed
point set of a very true operator and give conditions for an MTL-algebra to be an M V-algebra and a Godel algebra.

Definition 3.1. Let L be an MTL-algebra. The mapping t : L —> L is called a very true operator if it satisfies the
following conditions:

VD (1) =1,

(V2) 7(x) < x,

(V3) t(x — y) = 1(x) > 7(y),

(V4) t(x) < tt(x),

Vo)tx > y)vi(y > x)=1.

The pair (L, 7) is said to be a very true MTL-algebra.

Such a proliferation of conditions deserves some explanation. Then “1” seen in (V1) is considered as the logical
value absolutely true. First note that (V1) means that absolutely true is very true, which is sound for each natural
interpretation in many valued logic system. (V2) means that if ¢ is very true then it is true. (V3) means that if both ¢
and ¢ — ¥ are very true then so is 1, that means the connective 7 preserve modus ponens. (V4) says that if ¢ is very
true then t(p) is very true, which is a kind of necessitation. To obtain very true MTL-algebras that are representable
as subdirect products of very true MTL-chains, we using (V5).

Example 3.2.

(a) Let L be an MTL-algebra. One can easily check that idy, is a very true operator on L, that is to say, every
MTL-algebra can be seen as a very true MTL-algebra.

(b) Any linearly ordered MTL-algebra L can admit a very true operator; i.e., t(1) = 1 and t(x) = 0 for any
x <1

(c) Let L ={0,a,b, 1} with0 < a < b < 1. Consider the operation © and — given by the following tables:

O‘Oabl —>‘0ab1
0|0 0 O0 O 0|1 1 1 1
a| |0 0 0 a a b 1 1 1
b |0 0 b b b |la a 1 1
110 a b 1 1 /0 a b 1
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Then (L, A,V,®,—,0,1) is an MTL-algebra. Now, we define t as follows: t(0) = 0, t(a) = ©(b) = a,
(1) = 1. One can easily check that t is a very true operator on L. However, T is not a homomorphisms on L

sincet(bOb)=a#0=1b)O0t(h)andt(b > a)=a # 1 = 1(b) — t(a).

Proposition 3.3. Let t be a very true operator on L. Then for any x,y € L we have,
(1) z(0) =0,

2) t(x) =lifandonly if x =1,

(3) x < y implies t(x) < t(y),

(4) T(=x) = =(zx),

G)t(x) Oty =t(x O Y),

6) t(x Ay) =T(x) AT(y),

(M tlxVvy) =1t(x)Vv(y),

B tx—=>yVvy—->x)=1

(9) T2 (x) = (),

(10) 7(x) < y ifand only if t(x) < 7(¥),

(11) ©(L) = Fix¢(L),where Fix{(L) = {x € L|t(x) = x},
(12) Fix; (L) is closed under ®, A, V,

(13)Ift(L) = L, thent = idp,

(14) Ker(t) = {1}, where Ker(t) = {x € L|t(x) = 1},

(15) Ker(7) is a filter of L.

Proof. (1) Applying (V2), we have t(0) < 0 and hence 7(0) = 0.

(2) If r(x) = 1 for some x € L then by (V2), 1 = t(x) < x giving x = 1. The converse follows by (V1).

(3)If x < y,then x — y = 1. It follows from (V1) and (V3) that t(x) — t(y) = 1. Thus, 7(x) < ().

(4) 1t follows from (1) and (V3) that 7(—x) = t(x — 0) < 7(x) = 0 = =7 (x).

SG)Fromx Oy <x@y,wegety <x — (x ®y). By (V3) and (3), we have 7(y) < t(x = (x ©® y)) <
7(x) = 7(x ® y) and hence t(x) ® t(y) < 7(x ® y).

(6) On one hand, it is easy to see that 7(x A y) < 7(x) A t(¥). On the other hand, by (V2),(V4) and Proposition
2.2(4), weobtain, forallx,y e L,1=t(x > y)Vi(y > x) =1(x > (x AY) VI(y => (x AY)) < ((x) —
t(x Ay)) V (r(¥) = t(x A y) and hence by Proposition 2.2 (9), we get | = (t(x) At(y)) = t(x A y). Therefore,
t(x Ay) =1(x) AT(p).

(7) By(6) and Proposition 2.2 (11), we obtain, for all x,y € L, t(x Vy) = t((x = y) - y) At((y —
x) = x). By (3) and (V3), we get (x vV y) < 7((x — y) = (z(x) VT(»)) A (z(y = x) = (z(x) V ().
Hence by Proposition 2.2 (10), we obtain 7(x vV y) < (t(x — y)) vV (z(y — x)) — (z(x) V 7(y)) and hence
7(x V y) < t(x) V (). The other inequality follows easily from (3).

(8) Applying (V2) and (V5),we gett(x > y)V(y > x)>t(x > y)vi(y > x) = 1.

(9) By (V2) and (V4), we have rz(x) = 7(x).

(10) For all x, y € L, assume that 7(x) < y, we have 7(x) < 7(y). By the (9), we get t2(x) = t(x). Thus
7(x) < 7(y). Conversely, suppose that t(x) < 7(y), we have t(x) < 7(y) < y.

(11) Let y € t(L), so there exists x € L such that y = 7(x). Hence 7(y) = t7(x) = 7(x) = y. This follows
that y € Fix,(L). Conversely, if y € Fix; (L), we have y € t(L). Therefore, t(L) = Fix,(L).

(12) It follows from (5)-(7).

(13) For any x € L, we have x = t(xo) for some xo € L. By (9), we have t(x) = t(t(x0)) = t(x0) = x.
Therefore, T = idy..

(14) Assume that x € L but x # 1 such that 7(x) = 1. Applying (V2), we have 1 = 7(x) < x and hence
x = 1, which is a contradiction. Therefore, Ker(z) = {1}.

(15) This is easy to check. Hence we omit the proof. O

The assertion (7) of above proposition gives us an idea of introducing a very true operator on an MTL-algebra in a
different way. Namely, we can consider a mapping t : L — L satisfying (1) — (4) and the following axiom (5”)
which replaces the axiom (5): (5") 7(x V y) = t(x) V 7(y). From this point, one can check that the very true MTL-



960 —— J.T. Wang et al. DE GRUYTER OPEN

algebra essentially generalize very true BL-algebra, which was introduced by Hajek in 2001. A very true operator t
on an MV-algebra L was introduced in Leustean (2006) as a mapping 7 : L — L satisfying conditions (V1)-(V3)
and (8) in Proposition 3.3. From this point of view, the notion of very true MTL-algebra also generalizes that of very
true M V-algebra.

Although the Fix; (L) is not necessary a subalgebra of an MTL-algebra in general (in Example 3.2 (c), one can
check that Fix; (L) is not a subalgebra of L since it is not closed under —), while it forms an MTL-algebra after
redefined its fuzzy implication.

Theorem 3.4. Let t be a very true operator on L. Then (Fixy(L),A\,V,®,~>,0,1) is an MTL-algebra, where
xwwy=1t(x > y)forallx,y € Fix{(L).

Proof. First, we show that (Fix;(L),A,V,0,1) is a bounded lattice with O as the smallest element and 1
as the greatest element. From Proposition 3.3 (6),(7), we have that Fix,(L) is closed under v and A. Thus
(Fix¢(L), A, V) is a lattice. For all x € t(L), one can easily check that x V1 = 1 and x A 0 = 0. Thus, 0 is
the smallest element and 1 is the greatest element in Fix, (L), respectively. Therefore (Fix(L),A,V,0,1) is a
bounded lattice.

Next, we prove that (Fix;(L),®, 1) is a commutative monoid with 1 as neutral element. By Proposition
3.3(5), we have Fix,(L) is closed under ®. It follows that (Fix;(L),®) is a commutative semigroup. For all
X € Fix¢(L), we obtain that x ©® 1 = x, that is, 1 is a unital element.

Then, we prove that ~> and © form an adjoint pair. For all x, y € Fix; (L), we define x » y = t(x — y).
Now, we will show that x ©® y < zifand only if y < x ~ z forall x, y,z € Fix{(L). From Proposition 3.3 (10),
we have t(x) < y if and only if t(x) < t(y). Hence we have x ® y < z if and only if y < x — z if and only if
7(y) < x — zifand only if 7(y) < v(x — z) if and only if 7(y) < x » yifandonlyif y < x ~> z forall
x,y,z € Fix¢(L).

Finally, we prove that the prelinearity condition holds. For all x,y € Fix;(L), by (V5), we have (x ~>
VIV »wx)y=tx—>y)vi(y > x)=1.

Therefore, we obtain that (Fix; (L), A, V, ®, »,0, 1) is an MTL-algebra. O

The result of Theorem 3.4 shows that the fixed point set Fix; (L) of very true operator in an MTL-algebra L has
the same structure as L, which reveals the essence of the fixed point set.

In the following, using the properties of very true operators, we give some conditions for an MTL-algebra to be
an MV-algebra and a Gédel algebra.

Theorem 3.5. Let (L, A,V,®,—,0,1) be an MTL-algebra and t be a very true operator on L. Then the following
conditions are equivalent:

() (L,A,V,0,—,0,1) is an MV-algebra,

(2) every very true operator t satisfies t(x Vv y) = (t(x) = t(¥)) — 1(y) = (t(y) = (x)) — t(x) for all
x,y €L.

Proof. (1) = (2) We note that an MV-algebra satisfies (x - y) - y = (y - x) —> x forall x,y € L. By
Proposition 2.2 (11) and 3.3(7), we have 7(x vV y) = 7(x) vV 1(») = ((t(x) = t(y)) = t(»). In the similar way,
we can prove T(x Vy) = t(x) V(y) = ((r(y) = 1(x)) = t(x). Thus t(x V y) = (z(x) —» () = t(y) =
(t(y) = 7(x)) = ().

(2) = (1) Suppose that every very true operator t satisfies 7(x vV y) = (7(x) — () —» (y) = (z(y) —
7(x)) —> t(x) forall x,y € L. Takingt = id;,wehavexVvy =(x - y) >y =(y -> x) »> xforallx,y € L.
Therefore, L is an MV-algebra. O

Theorem 3.6. Let (L, A,V,®,—,0,1) be an MTL-algebra and t be a very true operator on L. Then the following
conditions are equivalent:

1) (L, A, V,0,—,0,1) is a Gidel algebra,

(2) every very true operator T satisfies t(x Ay) = t(x) © t(y) forallx,y € L,

(3) every very true operator T satisfies t(x © y) = 1(x) @ t(x — y) forall x,y € L.
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Proof. (1) = (2) Suppose that L is a Godel algebra. Then one can obtainthat x ® y = x Ay = x O (x — y) for
any x, y € L. By Proposition 3.3 (6), we have t(x Ay) = t(x)AT(¥) = t(x) O1(¥). Thus 1(x Ay) = 7(x) Ot (¥).

(2) = (1) Suppose that every very true operator 7 satisfies 7(x © y) = 7(x) A t(y) for all x, y € L. Taking
T =1id;,wehave x ® y = x A y forany x,y € L. Taking x = y, we get x ©® x = x for all x € L. Therefore, L
is a Godel algebra.

(1) = (3) From (1) = (2), one can obtain that t(x © y) = t(x) © t(y) forany x,y € L. Hence t(x ® y) =
T(xOx—>y)=1x)01(x > y).

(3) = (1) Suppose that every very true operator t satisfies 7(x © y) = t(x) © t(x — y) forall x,y € L.
Taking t = idy,,wehavex ® y = x ® (x — y) forany x,y € L. Taking x = y,wegetx ® x = x forall x € L.
Therefore, L is a Godel algebra. O

4 Very true filters of very true MTL-algebras

In this section, we introduce very true filters of very true MTL-algebras. In particular, we focus on algebraic
structures of VF (L) of all very true filters in the very true MTL-algebras and obtain that VF(L) forms a
complete Heyting algebra. Moreover, we characterize subdirectly irreducible very true MTL-algebras and prove
a representation theorem for very true MTL-algebras via very true filters.

Definition 4.1. Let (L, t) be a very true MTL-algebra and F be a filter of L. Then F is called a very true filter of
(L,v)ifx € F implies t(x) € F forall x € L.

We will denote the set of all very true filters of (L, t) by VF[L].

Example 4.2. Considering Example 3.2 (c), one can easily check that the very true filters of (L, t) are {a, b, 1} and
{1} and L. However, {b, 1} is a filter of L but not a very true filter of (L, 7).

Let (L, 1) be a very true MTL-algebra. For any nonempty set X of L, we denote by (X); the very true filter of
(L, t) generated by X, that is, (X ). is the smallest very true filter of (L, t) containing X. If F is a very true filter
of (L,t)and x ¢ F,weput (F,x); := (F U {x})¢.

The next theorem gives a concrete description of the very true filter generated by a subset of very true MTL-
algebra (L, 7).

Theorem 4.3. Ler (L, 1) be a very true MTL-algebra and X be a nonempty set of L. Then (X); = {x € L|x >
t(y1) O t(yn), yi € X,n = 1}

Proof. The proof is easy, and we hence omit the details. O

Example 4.4. Considering Example 3.2 (c), one can easily obtain that (0,a)r = (0,b); = (0,a,b); = {a,b, 1},
(LY = {a,b,1); =(0,a,1); =(0,b,1); = {1} and (0); = L.

Theorem 4.5. Let F, Fy, F> be very true filters of (L, 1) and a ¢ F. Then:
(D) (a)r ={x e L|x = (ra)",n > 1},

2)(FUa)r ={xeLlx>fO(a)", feF}=FV]ta),
B)(FiUR) ={xelLlx= fi© f2, /i € F1, f2 € F2},

(4) ifa < b, then (b)« < {a)<,

(5) (r(a))r = (a),

(6) (a)r v (b)r = (a Ab)r = (a O D),

(7) {a)e N (b)r = (t(a) vV T(b)).

< -

Proof. The proof of (1) — (5) are obvious.
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(6) Sincea ©b < a Anb < a,b, we deduce that (a),, (b); <
(a)r vV (b)r € (a Ab)r C {a ® b). Conversely, let a € (a ©
a>(t@ob) > (ta®th)" = (ra)" © (tb)".Hencea € {(a); v
Therefore (a); vV (b)r = {(a Ab); = (a O b):.

(7) Since t(a) < t(a)Vt(b), we deduce that (t(a) vV1(b))r C (t(a))r = {a)r. Analogously, (t(a) V(b)) C
(t(D))r = (b)r. It follows that (z(a) vV t(b))r € (a)r N(b)r. Moreover, lett € (a); N (b);. Then for some natural
numbern,m > 1,¢t > (z(a))™ andt > ((b))".Hence t > (z(a))" v (z(b))" = (z(a) v (h))"" = (z(aVvb))™",
we deduce that a € (t(a) Vv t(b))¢, that is, (@) N (b)r C (t(a) V 1(b))r. Therefore (a); N (b); = (t(a) v

7(b))z- O

{a Ab)r C (a © b);. It follows from that
b)r. Then for some natural number n > 1,
(b}, we deduce that (a ©b); C (a)¢ VvV (b)r.

The next results shows that the algebraic structure of VF (L) of all very true filters in very true MTL-algebras forms
a complete Heyting algebra.

Theorem 4.6. Let (L, 1) be a very true MTL-algebra. Define binary operations A,V ,+— on VF (L) as follows: for
all F1,Fo e VF(L), FiAnFa = FINF,, F1 vV F> = (F1 U Fa) ¢, F1 = F> = {x € L|t(x) v f1 € F> for any
f1 € F1}. Then (VF(L), A, V,+>, 1, L) is a complete Heyting algebra.

Proof. Suppose that {F;}ic is a family of very true filters of (L, t). From Theorem 4.5, it is easy to check that
the infimum of {F;};e; = Njes F; and the supermum is V;e; F; = {x € L|x > fi; O fi, © - fi,,. f1, €
Fi,i; e L1 <j < m}. Therefore, (VF(L), A, V, 1, L) is a complete lattice under the inclusion order C. Next,
we define F1 > F» = {x € L|t(x) vV f1 € F> forany f1 € F1} for any F, F» € VF(L). And, we shall prove
that F1 N F> C F3ifand only if F, C Fy — F3 forall Fy, F>, F3 € VF(L), thatis, (VF(L),A,V,—~,1,L)isa
complete Heyting algebra. In order to do this, we first show that | — F> is a very true filter of (L, 7).

Now, we will show that F; + F> is a very true filter of (L, 7). Clearly 1 € F| — F>.Letx € F; — F> and
x < y,thenforany f1 € F; suchthatt(x)V f1 € F>.Since t(x)V f1 < t(y)V f1 € Foandhence y € F| > F>.
Assume that x,y € F1 + F», then for any f1 € Fy, t(x) vV f1,7(y) V f1 € F> and hence f1 Vt(x © y) € F>.
Sox @y € F1 — F,.Obviously, if x € F] +— F,, then t(x) € F| — F> and thus F| — F5 is a very true filter
of (L, 7).

Next, we will prove that F; A F < F3 if and only if F|1 < F> +— F3. Assume that F; A F> < F3. Let
f1 € Fi1. Then t(f;) € Fi and for any f> € F», we have ©(f2) vV f1 = f1, 1(f2) vV f1 = 7(f2). Hence
©(f2) vV f1 € F1 A F» < Fz and hence f; € F1 A F>. Conversely, assume that F; < F» — F3.Letx € F> A F3,
then x € F»> — F3.Forany f3 € F3, we have t(x) V f3 € F3.Taking f3 = x € F3, wehave x Vt(x) = x € F3.
Thus F1 < F> — F3.

Therefore, (VF(L), A, V,+, 1, L) is a complete Heyting algebra. O

Theorem 4.7. Let (L, t) be avery true MTL-algebra and F € VF (L). Then the following conditions are equivalent:
(1) F is a compact element of VF (L),
(2) F is a principal very true filter of (L, 7).

Proof. (1) = (2) Suppose that F is the compact element of VF(L). Since F = VxefF(x)¢, then there exist
X1,X2 -+ Xp suchthat F = (x1)¢ V{(x2)¢ V---V{x5)¢. By Proposition 4.5 (6), we have F = (x{ Ox20---OXy)z¢-
Therefore, F is a principal very true filter of (L, 7).

(2) = (1) Let F be a principal very true filter of (L, ). Then there exists x € L such that F = (x),. Suppose
that {F;}ic; C VF(L)and F = (x); C V;e7{F;}. Then x € Viec; F; = (U;jes F;)¢. It follows that there exist
ijel, fi; € Fj,foralll < j <msuchthatx > f;; © f;, ©®-- fi,, thatis, x € (F;; U F;, U---U F; )z =
F;, VFi,Vv---VF; Hence F = (x); € F;, V F;, V-V F; .Therefore, F is a compact element of VF(L). O

Definition 4.8. Ler (L, 1) be a very true MTL-algebra and 0 be a congruence on L. Then 0 is called a very true
congruence on (L, t) if (x,y) € 0 implies (t(x),t(y)) € 0, forany x,y € L.

Example 4.9. Considering Example 3.2 (c), one can see that R = {{0,0}, {a,a},{b, b}, {1, 1},{a,b}, {b,a},{a, 1},
{1,a},{b,1},{1,b}} is a very true congruence on (L, 7).
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Theorem 4.10. For any very true MTL-algebra there exists a one to one correspondence between its very true filters
and its very true congruences.

Proof. The proof is easy, and we hence omit the details. O

Let (L, t) be a very true MTL-algebra and F be a very true filter. We define the mapping tr : L/F — L/F such
that T ([x]) = [t(x)] for any x € L.

Proposition 4.11. Ler (L, 1) be a very true MTL-algebra and F a very true filter of (L, t). Then (L/F,tF) is a
very true MTL-algebra.

Proof. The proof is easy, and we hence omit the details. O

Definition 4.12. Let (L, t) be a very true MTL-algebra. A proper very true filter F of (L, t) is called a prime very
true filter of (L, t), if for all very true filter F1, F> of (L, t) such that F1 N F» C F, then Fy C F or F, C F.

Example 4.13. Considering Example 3.2 (c), one can easily obtain that {a, b, 1} is a prime very true filter of (L, 7).

Theorem 4.14. Let (L, T) be a very true MTL-algebra and F be a proper very true filter of (L, t). Then the following
are equivalent:

(1) F is a prime very true filter of (L, 1),

2)ift(x) Vv t(y) € F forsomex,y € L,thenx € Fory € F,

(3) (L/F, tF) is a chain.

Proof. (1) = (2) Let t(x) v 7(y) € F forsome x,y € L. Then (x); N (y)r = (t(x) V(y¥))r € F.Since F isa
prime very true filter of (L, 7), then (x); € F or (y); € F. Therefore,x € Fory € F.

(2) = (1) Suppose that F1,F> € MF[L] such that F1 N F> C F and F1 € F and F> € F. Then there exist
x € Frand y € F> such that x, y ¢ F. Since Fy, F> are very true filters of (L, t), then t(x) € F; and t(y) € F>.
From 7(x), t(y) < t(x) V 7(y), we obtain that 7(x) V t(y) € F1 N F, = F.By(2),wegetx € Fory € F,
which is a contradiction. Therefore, F is a prime very true filter of (L, 7).

(1) & (3) From (2), one can obtain that every prime very true filter of (L, t) must be a prime filter of L. Based
on this, the equivalence of (1) and (3) is clear. O

For proving the subdirect representation theorem of very true MTL-algebras we will need the following theorem.

Theorem 4.15. Let (L, 1) be a very true MTL-algebra and a € L. If a # 1, then there exists a prime very true filter
P of (L,7) suchthata ¢ P.

Proof. Denote F, = {F’|F’ is a proper very true filter of (L, t) such that F C F’,a ¢ F’}. Then F, # @ since
F is a very true filter not containing a and F, is a partially set under inclusion relation. Suppose that { F;|i € I} is
a chain in Fg, then U{F;|i € I} is a very true filter of (L, t) and it is the upper bounded of this chain. By Zorn’s
Lemma, there exists a maximal element P in F,. Now, we shall prove that P is the desire prime very true filter of
ours. Since P € F, then P is a proper very true filteranda ¢ P.

Letx vy € P forsome x,y € L. Suppose that x ¢ P and y ¢ P. Since P is strictly contained in (P, x), and
(P, y)r and by the maximality of P, we deduce that (P, x); ¢ F, and (P, y); ¢ F,;.Thena € (P,x)y = PV][tx)
anda € (P,y)r = P Vv [t(y)). Then we have a € (P V [t(x))) A (P V [t(»))) = P Vv (Jt(x)) A [t(»))) =
PVvit(x)vt(y)) = P V[t(xVy)) € P,which implies that a € P, a contradiction. Therefore, P is a prime very
true filter such that F € P and a ¢ P.Put F = {1}, the result is easy to obtain. O

Now, we will prove that every very true MTL-algebra is a subdirect product of linearly ordered very true MTL-
algebras.

Theorem 4.16. Each very true MTL-algebra is a subalgebra of the direct product of a system of linearly ordered
very true MTL-algebras.
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Proof. The proof of this theorem is as usual and the only critical point is the above Theorem 4.15. O

The next results shows that MTL-algebra is representable if and only if very true MTL-algebra is representable.

Theorem 4.17. Let (L, t) be a very true MTL-algebra. Then the following conditions are equivalent:
(1) L is representable;
(2) (L, ) is a subdirect product of linearly ordered very true MTL-algebras.

Proof. (1) = (2) Suppose that the MTL-algebra L is representable. Then by Theorem 2.9, there exists a system S
of prime filter of L such that (.S = {1}. Since every prime filter of L contains a minimal prime filter, we get that in
our case the intersection of all minimal prime filter is equal to {1}. Moreover, we will show that every minimal prime
filter in (L, 7). Let P be a minimal prime filter of L. Then by Theorem 2.8, P = U{a~|a € P}.If x € P, then
thereisa ¢ P suchthat x Va = 1,hence | = 7(x Va) = t(x) Vv t(a). Sincea ¢ P, we get t(a) ¢ P, therefore
7(x) € P, that means that P is a very true filter in (L, 7). Therefore, (L, 7) is a subdirect product of linearly ordered
very true NM-algebras.

(2) = (1) The converse is trivial and we hence omit this. O

Theorem 4.18. Let L be an MTL-algebra. Then the following condition are equivalent:
(1) L is representable,
(2) L can be embedded in a very true MTL-algebra (L, 7).

Proof. (1) = (2) If L is representable, then L is a subdirect product of MTL-chain. By Example 3.2 (b), any MTL-

chain has a structure of very true MTL-algebra. Moreover, the class of very true MTL-algebras is a variety, so a
direct product of very true MTL-algebra is still a very true MTL-algebra.

(2) = (1) is straightforward, since any very true MTL-algebra is a subdirect product of very true MTL-chains.

O

Definition 4.19. A very true MTL-algebra (L, t) is said to be a subdirectly irreducible if it has the least nontrivial
very true congruence.

Let (L, ) be subdirectly irreducible. Then by Theorem 4.10, there is a very true filter F of (L, 7) suchthat0f = F,
that means, F is the least very true filter of (L, t) such that F # {1}. Thus, we can conclude that a very true MTL-

algebra (L, 7) is said to be subdirectly irreducible if among the nontrivial very true filters of (L, t) there exists the
least one, i.e., N{F € VF(L)|F # {1}} # {1}.

Example 4.20. Considering Example 3.2 (c), one can easily check that the very true MTL-algebra (L, 1) is
subdirectly irreducible.

Next, we will show that every subdirectly irreducible very true MTL-algebra is linearly ordered. To prove this
important result, we need the following several propositions and theorems.

Proposition 4.21. Let (L, t) be a subdirectly irreducible very true MTL-algebra and Fy, F» € VF(L). If F1NF> =
{1}, then F1 = {1} or F> = {1}.

Proof. Suppose Fy # {1} and F» # {1}, 1i.e., F1, F> € N"{F € VF(L)|F # {1}} # {1}, then N{F € VF(L)|F #
{1}} #{1} C F1 N F>.By F1 N Fp = {1}, wecan get N{F € VF(L)|F # {1}} = {1}, which contradicts the fact
that (L, t) is subdirectly irreducible. Hence, Fy = {1} or F» = {1}. O

Theorem 4.22. Let (L, t) be a very true MTL-algebra. Then the following conditions are equivalent:
(1) (L, v) is a subdirectly irreducible very true MTL-algebra,
(2) there exists an element a € L,a < 1, such that forany x € L, x < 1 and a € (x):.
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Proof. (1) = (2) Suppose that (L, 7) is a subdirectly irreducible very true MTL-algebra, i.e.,{F € VF(L)|F #
{13} # {1}, then N{{x)|x < 1} # {l1}. Take a € N{{x)¢|x < 1} satisfying a # 1, then for any x € L,
x # l,a € (x)¢, by Theorem 4.5 (1), there exists m € N, such that a > (t(x))". Clearly, a is the element that we
need.

(2) = (1) Conversely, we need to prove that for any F € VF(L), if F # {1},thena € F.In fact, by F # {1},
it follows that there exists x € F, x < 1, and then, by the known condition, a € (x)., furthermore, a € F, so
a € {F € VF(L)|F # {1}}. Hence, N{F € VF(L)|F # {1}} # {1}, i.e., (L, 7) is a subdirectly irreducible very
true MTL-algebra. O

We recall that a non-unit element a € L is said to be a coatom of L ifa < b,then b € {a,1},i.e.b =aorb =1
([25]). In the following proposition, we will show that every subdirectly irreducible very true MTL-algebra has at
most one coatom.

Proposition 4.23. Let (L, t) be a subdirectly irreducible very true MTL-algebra. For any x,y € L, ifx vy =1,
thenx =1lory = 1.

Proof. Forany x,y € L,if xvy = 1, then by Theorem 4.5, we have (x): N (y)r = (t(x)VT(}))r = (t(xVy))r =
(1)¢ = {1}. By Proposition 4.21, we have (x); = {l}or (y)r = {1}, hencex = lory = 1. O

The following Theorem shows that the subdirectly irreducible very true MTL-algebra (L, 7) is linearly ordered, that
is to say, the fuzzy truth value of all propositions in very true MTL logic are comparable. This is of key importance
from the logical point of view.

Theorem 4.24. Let (L, t) be a very true MTL-algebra. Then the following conditions are equivalent:
(1) (L, ) is a subdirectly irreducible very true MTL-algebra,
(2) (L, 7) is a chain.

Proof. (1) = (2) Suppose (L, 7) is a subdirectly irreducible very true MTL-algebra. Applying Definition 2.1, we
have (x — y) vV (y = x) = 1 for any x, y € L, then by Proposition 4.23, we have x - y = lory — x = 1, i.e,
x <yory <x,s0 (L, 1) is achain.

(2) = (1) Since (L, 7) is a chain and nontrivial,there exists a unique dual atom, denoted as a. Suppose F
is any very true filter of (L, t) satisfying F # {1}, then a € F. Since F is chosen arbitrarily from VF (L), then
a € N{F € VF(L)|F # {1}}. Hence N{F € VF(L)|F # {1}} # {1}, i.e., (L, 1) is a subdirectly irreducible very
true MTL-algebra. O

In what follows, we introduce the stabilizer of a nonempty subset set X with respect to a very true operator t and
study some properties of them. Let (L, t) be a very tue MTL-algebra. Given a nonempty subset X of L, we put
R:(X) ={a € L|t(a) > x = x,Vx € X},and L+(X) = {a € L|x — t(a) = t(a),Vx € X}, which are
called right and left stabilizer of X with respect to t. Clearly, R;(X), L+(X) # @.Infact, 1 € R;(X) N Ly (X).
In particular, if t = idy , which is a right and left stabilizer of X (see [26]).

Example 4.25. Considering Example 3.2 (c). Let X = {a,b}. Then L+(X) = {a,b, 1} and R (X) = {1}.

Proposition 4.26. Ler L be a MTL-algebra and X,Y C L. Then the following conditions hold:
(1) 1 € Re(X) N L (X),

() IfX €Y, then L-(X) S L (Y) and R(X) S R (Y),

(3) X € Le(Re (X)) N Re (Lo (X)),

(4) Re(X) = Re (L (R¢(X))) and L+ (X) = Lz (R (L<(X))),

(5) L<(L) = R (L) = {l}and L (1) = R(1) = L,

(6) If @ # X C L, then R (X) is a very true filter of (L, 7).

Proof. The proof of (1)-(5) is easy by Proposition 2.2.
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(6) Leta,b € Ry (X). Then t(a) - x = x and 7(b) — x = x for all x € X. Hence by Proposition 2.2 (12),
(t(@)o1()) > x =1(a) = (t(h) > x) = 1(a) > x = xforallx € X andsot(a®b) = x < (t(a)O1(h)) —
x = x. On the other hand, we have x < 7(a¢ © b) — x. Therefore x = t(a © b) — x for all x € X and hence
a®be R (X). Now,leta < banda € R;(X). Then t(a) — x = x, for all x € X. Hence by Proposition 3.3,
() > x < t(a) - x = x. Since by x < t(b) — x, then () - x = x and b € R, (X). Finally, one can easy
check thatif @ € R, (X) then 7(a) € R, (X). Therefore R, (X) is a very true filter of (L, 7). O

Theorem 4.27. Let F be a very true filter of (L, t). Then Ry (F) is a pseudocomplemented of F in the complete
Heyting algebra (VF (L), A, V,—, 1, L).

Proof. First, we prove that F N R (F) = {1}. Let x € F N R{(F). Since x € R;(F), then for any a € F,
7(x) — a = a. Now, since x € F, puta = x we have x = 1. Therefore, F N R;(F) = {1}. Now, let G
be a very true filter of (L, t) such that F N G = {1}. Let a € G, then t(a) € G. Then for any x € F, since
(a),x <t(@) Vx,x € F,thent(a) Vx € Fand t(a) Vx € Gandso t(a) vV x € {l}. Hence t(a) vV x = 1,
thatis ((t(a) = x) = x) A ((x = 7(a)) = t(a)) = 1 and so ((r(a) = x) — x) = 1. Hence, t(a) — x < x.
On the other hand, x < t(a) — x, then 7(a) - x = x anda € R, (F). Thus G C R (F). Therefore, R, (F) is a
pseudocomplemented of F' in the complete Heyting algebra (VF (L), A, V,+, 1, L). O

Theorem 4.28. Let (L, 1) be a very true MTL-algebra. Then (VF (L), A, V,+>, 1, L) is a complete pseudocomple-
mented Heyting lattice.

Proof. It follows from Theorem 4.6 and Theorem 4.27. O

Now, we use of the right and left stabilizers of a very true MTL-algebra to produce a basis for a topology on it. Then
we show that the generated topology by this basis is Baire, connected, locally connected and separable.

Theorem 4.29. Let (L, t) be a very true MTL-algebra and X C L. Define a mapping o : P(L, <) — P(L, <)
such that €(X) = R (L (X)) forall X € P(L). Then the following conditions hold,

(1) « is a closure map on (L, 1),

Q)X CaY)ifandonly ifa(X) Ca(Y), forallY C L,

3) Bou = {X CPL)|a(X) = X} is a basis for a topology on (L, 7).

Proof. (1) It follows from Proposition 4.26 (2),(3),(4).

(2) The proof is easy.

(3) Let By = {X € P(L)|a(X) = X}. It is clear that @ € By. Also, by Proposition 4.26 (5), a(L) =
R (L:(L)) = R:({1}). Thus, (L) = L, and L € B. Now, suppose that X,Y € By. Then a(X) = X and
a(Y) =Y. Weprovethat X NY € Bo.Since X NY C X, Y,by (), x(X NY) € a(X),a(Y). Thus, a(X N
Y) € a(X) Na(Y). Also, since X,Y € By, we have a(X N'Y) € X N Y. Moreover, by Proposition 4.26 (3),
XNY Ca(XNY). Thenaw(X NY)=XNY,andso X NY € B. Therefore, By is a basis. O

Definition 4.30. Based on Theorem 4.29, we introduce the topological space, (L, Ty) is called stabilizer topology
on very true MTL-algebras.

From Proposition 4.26 (6), one can obtain that R; (X) € VF (L), for any X C L and hence every element of S is
a very true filter of (L, 7).

Theorem 4.31. The stabilizer topology (L, T) is connected and locally connected.
Proof. The proof is easy, and we hence omit the details. O
Theorem 4.32. The stabilizer topology (L, Ty) is Hausdorff space if and only if L = {1}.

Proof. The proof is easy, so we hence omit the details. O
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Theorem 4.33. The stabilizer topology (L, T) is separable.

Proof. First, we show thatif @ # X C L suchthat 1 € X,then X = L.Let® # X C L such that 1 € X. We only
show that L € X.Letx € L.If x = I, then x € X. Hence X = L. Now, suppose that I # x € L. Then there
exists an open subset U € By such that x € U. Since U € VF(L) and 1 € U, we have U N (X — {x}) # @. Hence
x € X,andso X = L. Since 1 € B¢, thus 1 = L. Hence (L, T5) is separable. O

Theorem 4.34. The stabilizer topology (L, Ty) is a Baire space.

Proof. Let U € T. Since U € VF(L), we have 1 € U. Then by Theorem 4.32, U = L. Thus, every open set
of (L, 7g) is dense. On the other hand, for each collection of open set U,, NU, € VF(L), so 1 € NUy,. Thus, by
Theorem 4.32, NU, is dense. Therefore, (L, 7) is a Baire space. O

5 Very true MTL-logic

In this section, we translate the defining properties of very true MTL-algebras into logical axioms, and show that the
resulting logic, i.e. very true MTL logic (MTL,,, for short) is sound and complete with respect to the variety of very
true MTL-algebras.

Now, we deal with propositional calculus and define the axioms of the logic MTL,; to be those of MTL [2] plus
the following ones:

(vtl) vt (@) = ¢,

v2) vt(p = ¥) = (vtg = vty),
vt3) vt (p) = vt(vtp),

vtd) vt (p = ) Uvt(y = ¢).

The deduction rules are modus ponens (MP, from ¢ and ¢ =  infer ), and Generalization(G,from ¢ infer vt¢).

To prove the completeness theorem, we need some definitions and results about MTL,,; logic.

The consequence relation - is defined in the usual way. Let T be a theory,i.e.,a set of formulas in MTL,;. A
(formula) proof of a formula ¢ in T is a finite sequence of formulas with ¢ at its end, such that every formula in
the sequence is either an axiom of MTL,,, a formula of T, or the result of an application of an deduction rule to
previous formulas in the sequence. If a proof of ¢ exists in T, we say that ¢ can be deduced from 7" and we denote
this by 7 I ¢. Moreover T is complete if for each pair ¢, T - ¢ = Yy or T - ¢ = ¢.

Definition 5.1. Let (L, t) be a very true MTL-algebra and T be a theory. An L-evaluation is a mapping e from
the set of formulas of MTLy; to L that satisfies, for each two formulas ¢ and ¥: e(¢p = ) = e(p) — e(V¥),

e(pUy) = e(@) Ve), e(@Ny) = e(d) Ae(V), e(p&Y) = e($) O e(¥), e(vtg) = te(9), e(0)=0and e(1)=1.
If an L-evaluation e satisfies e(y) = 1 for every y in T, it is called an L-model of T .

Now, we stress our attention to the Lindenbaum-Tarski algebra of MTL,,;.

Definition 5.2. Let T be a fixed theory over MTLy;. For each formula ¢, let [p|T be the set of all formulas r such
that T & ¢ = ¥ (where ¢ =  stands for (p — V)& — @)) and Lt be the set of all the class [¢p]T. We
define: 0 = [O]7, 1 = [l]7, [plr = Wr = [ = Vir, [plr&(¥]r = [¢&Y]r, [¢lr U [V]r = [ UV]r,
[Pl N [¥]r = ¢ N ¥]r, triglr = [vtdlr. This algebra is denoted by (LT, tr).

Proposition 5.3. (L7, t7) is a very true MTL-algebra.
Proof. 1t follows similarly from the proof of Proposition 4.11. O

Theorem 5.4. Let T be a theory over MTLy;. Then T is complete if and only if the very true MTL-algebra (L, t1)
is linearly ordered.



968 —— J.T. Wang et al. DE GRUYTER OPEN

Proof. It follows similarly from the proof of Theorem 4.14. O

It is easy to check that MTL,; is sound with respect to the variety of very true MTL-algebras, i.e.,that if a formula
¢ can be deduced from a theory T in MTL,,, then for every very true MTL-algebra (L, t) and for every L-model e
of T, e(¢) = 1.Indeed, we need to verify the soundness of the new axioms and deduction of MTL,,; (for the axioms
and rules of MTL, the reader can check [2]). For the axioms this is easy, as they are straightforward generalizations
of axioms of very true MTL-algebras. We will now verify the soundness of the new deduction rules.

Proposition 5.5. The deduction rules of MTLy; are sound in the following sense, for any formula ¢ and .

(1) Iffor all very true MTL-algebra (L, ©) and for all L-model e for T, e(¢) = 1, then for all very true MTL-algebra
(L, ) and for all L-model e for T, e(vtp) = 1.

(2) If for all very true MTL-algebra (L, t) and for all L-model e for T, e(¢p) = 1 and e(¢p — ) = 1, then for all
very true MTL-algebra (L, t) and for all L-model e for T, e(¥) = 1.

Proof. (1) Take such a very true MTL-algebra (L, 7) and such a model e. Then e(¢) = 1, and e(vt¢g) = te(p) =
(1) = 1.

(2) Take such very true MTL-algebra and a model e. Then e(¢) — e(¥) = e(¢) — e(¥) = 1, which means
e(p) <e(y).Ife(p) =1, wehave 1 = e(¢) < e(¥) and thus e(y) = 1. O

Theorem 5.6. Let T be a theory over MTLy;. If T is a theory and T ¥ ¢, then there is a consistent complete
supertheory T’ 2 T such that T' ¥ ¢.

Proof. It follows similarly with the proof of Theorem 4.15. O

The next result in the sequence is the completeness of very true MTL-logic is proved based on the variety of very
true MTL-algebras.

Theorem 5.7. Let T be a theory over MTLy;. For each formula @, the following are equivalent:
DTFg;

(2) for each very true MTL-algebra (L, t) and for every L-model e of T, e(¢) = 1;

(3) for each linearly ordered very true MTL-algebra (L, t) and for every L-model e of T, e(¢) = 1.

Proof. 1t follows from Theorems 4.16, 5.4, 5.6 and Proposition 5.5. O
Theorem 5.8. MTL,; is a conservative extension of MTL.

Proof. Suppose M TL ¥ ¢ then there is a linearly ordered MTL-algebra L such that ¢ is not an L-model. Expand an
MTL-algebra L to a very true MTL-algebra follows from Example 3.2 (b). By Theorem 5.7, we have M T'Ly; ¥ ¢.
Therefore, MTL,; is a conservative extension of MTL. O

6 Conclusion

In this paper, motivated by the previous research of very true operators on BL-algebras, we extended the concept
of very true operators to MTL-algebras. Also, we gave s characterizations of MV-algebras and Godel algebras via
this operator. Moreover, we investigated very true filters of very true MTL-algebras and focus on an analogous of
representation theorem for very true MTL-algebras and characterize subdirectly irreducible very true MTL-algebras
by very true filters. Then, we introduced the left and right stabilizers of very true MTL-algebras and constructed
stabilizer topology via it. Finally, the corresponding logic very true MTL-logic was constructed and the soundness
and completeness of this logic were proved based on very true MTL-algebras. Our further work on this topic will
focus on the varieties of very true MTL-algebras. In particular, we will investigate semisimple, locally finite, finitely
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approximated and splitting varieties of very true MTL-algebras as well as varieties with the disjunction and the
existence properties.
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