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Abstract: In this paper, we present some theorems on weighted approximation by two dimensional nonlinear
singular integral operators in the following form:

Tx(f;x,y)=/ K (i —x.5—y. f () dsdi. (x.y) € B2, A € A,

R2
where A is a set of non-negative numbers with accumulation point A¢.
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1 Introduction

Approximation by singular integral operators is one of the oldest topics of approximation theory. Here, the concept
of singular integral operator refers to the integral operator whose kernel shows the behaviour of Dirac’s § function
(for the properties of §—function, see [1]). Also, singular integral operators arise from the Fourier analysis of the
functions. It is well known that Fourier analysis is one of the most useful tools of many branches of science.
Therefore, indicated integral operators have various applications in many academic disciplines such as physics,
engineering and medicine. In fact, magnetic resonance imaging, face recognition, differential equation solving and
computer aided geometric design are some of the application areas in which the indicated operators are used. For
mentioned applications, we refer the reader to [2, 3].

The convergence of various type linear integral operators have been examined at characteristic points such as
continuity point, u—generalized Lebesgue point, and so on, by many researchers throughout years: one parameter
family of singular integral operators [4, 5], a sequence of singular integral operators with general Poisson type kernels
[6], a family of singular integral operators depending on two parameters [7-9], a sequence of Gegenbauer singular
integrals [10] and a sequence of m—singular integral operators [11]. One may consider the pointwise approximation
of singular integral operators in weighted Lebesgue spaces as well as usual Lebesgue spaces. Therefore, for some
advanced studies concerning weighted pointwise approximation by singular integral operators, we refer the reader
to [11-13].
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Musielak [14] studied the convergence of convolution type nonlinear integral operators in the following form:

Taf(y>=/1<a<x—y,f(x>)dx, yeG. aeA. )
G

where G is a locally compact Abelian group equipped with Haar measure and A # @ is an index set with any
topology, and he extended the concept of the singularity condition via replacing the linearity property of the integral
operators by an assumption of Lipschitz condition for K, with respect to second variable. Therefore, traditional
solution technics became applicable to nonlinear problems by the aid of indicated Lipschitz condition. In [15],
Musielak advanced his previous analysis [14] by obtaining significant results for generalized Orlicz spaces. After this
important study, Swiderski and Wachnicki [16] investigated the pointwise convergence of the operators of type (1)
at p—Lebesgue points of functions f € L, (—m, ) (1 < p < 00). For further results concerning the convergence
of several types of nonlinear singular integral operators in different function spaces, the studies [17, 18] are strongly
recommended.

In [19], Taberski studied the pointwise approximation of functions f € Lj (R) by convolution type two
dimensional integral operators in the following form:

Va(fix.y) = /[f(z,sm (t —x.5— y)dsdt. (x.y)<€ R, @)
R

where R denotes a given rectangle and K (¢, s) denotes a kernel satisfying suitable conditions with A € A, where
A is a given set of non-negative numbers with accumulation point Aq. The earlier results concerning the operators of
type (2) were obtained by Gahariya [20], i.e., the indicated operators were handled as a sequence of double integral
operators in this work. The studies [21-23], which are based on Taberski’s study [19], are devoted to the study of
pointwise convergence of the operators of type (2) on some planar sets consisting of characteristic points (xo, yo)
of various types. Later, Musielak [24] investigated the conditions under which the two dimensional counterparts of
the operators of type (2) are (o, /,) —conservative, where o is a modular defined on the space of functions which
are Lebesgue measurable on arbitrary closed and bounded subset of R?, and I, is a Musielak-Orlicz modular.
Recently, Karsli [25] obtained the convergence of convolution type linear singular integral operators depending on
three parameters at u—generalized Lebesgue points of the integrable functions. For some studies concerning double
singular integral operators in several settings, we refer the reader to [26-30]. On the other hand, for some other
important works related to approximation by linear and nonlinear operators in several function spaces, we refer the
reader to [31-37].

Let f € Ly (R?), where LY (R?) (1 < p < co) is the space of all measurable functions f : R — R for

D
which ‘%‘ is integrable on R?. Here, ¢ : R? — R™ is a weight function satisfying suitable conditions. The norm

formula for the space Lj (R?) (see, e.g., [11, 13]) is given by

f@.s)
R2

The main aim of this paper is to investigate both the weighted pointwise convergence and the rate of weighted

1
F2

D

dsdt , 1 <p<oo.

pointwise convergence of nonlinear double singular integral operators of the form as such:

T (fix,y) = / Kt —x,s—y, f(t,s)dsdt, (x,y) € R?, A €A, 3)
R2
where A is a set of non-negative numbers with accumulation point Ag.

The paper is organized as follows: In Section 2, we give some preliminary concepts. In Section 3, main result is
presented. In Section 4, the rate of pointwise convergence of the operators of type (3) is established.
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2 Preliminaries

In this section, basic concepts used in this paper are introduced.

Definition 2.1. Let 1 < p < o0, and 89,81 € R be fixed numbers. A point (xo, yo) € R? at which the following
relations

xo+nh %
li t, — , P dt =0, 4
Jm RO lg(, yo) — g(x0, yo)| 4
X0
and .
yot+k »
lim | —— t,s) —g(t,yo)|” ds =0, @)
s s lg(t,s) — g(t, yo)l
y

0

hold uniformly with respect to almost every t € R is called a @ — p—generalized Lebesgue point of locally
p—integrable function (i.e., a function whose p — th power is locally integrable) g : R?> — R. Here, t1 : R > R
is increasing and absolutely continuous on 0 < h < 8o and j11(0) = 0 and also, 1> : R — R is increasing and
absolutely continuous on 0 < k < 81 and u2(0) = 0.

Remark 2.2. Basically, Definition 2.1 is obtained by combining the characterization of the function i (t) presented
by Gadjiev [9] with the definition of d—point given by Siudut [21]. Also, some different modifications are done
according to our problem’s needs, such as predispozing the definition to Lg space. On the other hand, for some
other u—generalized Lebesgue point definitions, we refer the reader to [8, 25] and [28].

Definition 2.3. Let Ao be an accumulation point of the non-negative set of numbers A or Ao = 00, and ¢ : RZ —
RY be a locally bounded weight function such that the following inequality

Pt +x.5+y) <ot s)p(x, y) (6)
holds for every (t,s) € R? and (x, y) € R2.

A family (K3),c consisting of the functions K : R? x R — R is called class A, if the following conditions
hold:

(a) Ky (t,5,0) = 0 forevery (t,s) € R? and foreach A € A, and K (.,.,u) € L (RZ) for every u € R and for
each A € A.

(h) There exists a family (L)), consisting of the (globally) integrable functions L) : R2 — R such that the
Lipschitz inequality given by

|Ko (2,5,u) = Ky (¢,5,0)] < Ly (2,5) [u —v]

holds for every (¢, s) € R2, u,v € R, and for each fixed A € A.

(c) Je2 Ka (t —X,5—, mw(t,s)) dsdt —u‘ = 0 for every ¥ € R and for any

lim
(x.y.A)=>(x0.Y0.240)
(x0, yo) € R?.

(d) Forevery £ > 0, limy [supsﬁm [o(z,s)Ly (t,s)]] =0.

() Forevery £ > 0, limy_ 5, [ffgsmw(z,s)LA . s) a’sdt] - 0.

f) ||‘/’L)»||L1(1R2) <M < oo forevery A € A.

(g) L (¢,s) is non-increasing on [0, 0o0) and non-decreasing on (—oo, 0] for each fixed A € A as a function of 7.
Similarly, L (¢, s) is non-increasing on [0, c0) and non-decreasing on (—oo, 0] for each fixed A € A as a
function of s.

Throughout this paper the kernel function K belongs to cl/ass A.
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Remark 2.4. The studies [11, 13, 16, 21] and [18], among others, are used as main reference works in the
construction stage of class A. Therefore, we refer the reader to see the indicated works. On the other hand, we
recommend the reader to compare the usage of the inequality (6) used in [11] with the current study. Also, for the
Lipschitz inequality included in the definition class A, we refer the reader to see the works [14, 18].

Remark 2.5. Existence of the operators of type (3) is guaranteed by the conditions of class A, thatis Ty (f;x,y) €
LY (Rz) whenever f € L} (]Rz) .

Example 2.6. A first example is the linear kernel. Let A be a set of non-negative numbers such that A = (0, 00)
with accumulation point Ao = 0. Now, the definition of the function K, : RZ x R — R is as follows:

U —2+s?
K)(t,s,u)=——e 4 ,uel.
A ) 4 A
Since
1 =242
|Ky(t,s,u) — Ky (t,s,0)] = —e v |lu — v|
4 A
=Ly, s)u—vl,

one may easily observe that given function K, belongs to class A. For detailed analysis of the function L) (¢, s),
we recommend the reader to see [21].

Example 2.7. Define the kernel function such that

oty it e[ o[ G o5)
0. if o) eR\[F A x[F A5

where A € N and Ay = oco. This kernel is the two dimensional analogue of the kernel given in [16].

Ky, s,u) =

It is easy to see that the conditions of c/ass A are satisfied. Observe that one may take the desired linear kernel as

T L AR o e i Eastat ]

; 2\ [ =1 1 —1 1
0,if (t,s)eR \[ R T}\] X [«/ﬁ Tx]'
Example 2.8. The appropriate weight functions, which are defined on R%, may be given by ¢1 (t,s) = 'S and
@2(t.5) = (14 [z]) (1 + |s]).

3 Convergence at characteristic points

Theorem 3.1. If (x0,y0) € R? is a common yu-generalized Lebesgue point of the functions f € L% (Rz)
(1 < p <o00)and ¢, then
lim Ty (fix.y) = f (x0.50)

(x,¥,A)—>(x0,¥0.A0)

on any set Z consisting of the points (x, y, A) on which the functions

yo+8x0+8 yo+6
/LA(I—X»S—J/)‘{,U«I(|I—XO|)};‘dfds+2M1 (Ix — xol) / LyO.s—yyds. (D)
Yyo—8x0—8 yo—3§8
and
xo0+8yo+68 xXo+8
/Lm—x,s—y)|{u2(|s—yo|>};|dsdt+2uz(|y—yo|> /LA(I—X,O)dl, ®)
x0—8yo—6 X0—8

where 0 < § < min{8g, 81}, are bounded as (x, y, L) tends to (xo, yo, A0)-
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Proof. Let 0 < |xo — x| < % and 0 < |yo —y| < %.Further,leto <x0—Xx < g and 0 < yop —y < %, and
(x0, y0) be a common p-generalized Lebesgue point of the functions f € Lj, (Rz) (1 < p <o0)andg.

The proof of theorem will be given for the case 1 < p < co. The proof for the case p = 1 is similar.

Now, set I(x,y,A) = |Ta (f;x,¥) — f (x0, yo)| - Using condition (c), we obtain

(v y.h) = [/ Ka (t — x5 — y. f(t.5)) dsdt — f(x0.y0)

¢(xo0, yo)

= //K)L(t—x,s—y,f(t,s))dsdt—/ K (z—x,s—y,Mgo(t,s))dsdt
R2 R2

+//K)L (t —x,s—y,%w(l,s)) dsdt — f(x0,y0)|.
RZ

Using condition (b) , it is easy to see that the following inequality holds:

f.s)  f(xo0.y0)
Iy 2) = //‘w(t s) ¢ (x0,Y0)

@, s)Ly (t —x,s — y)dsdt

/ K ( —X,5§—Y, f((xg ;]S;(p(t,s)) dsdt — f(xo0,y0)|.

Since whenever m, n being positive numbers the inequality (m + n)? < 22 (m® + n?) holds (see, e.g., [38]), we
have

p

[I(x,y,1)]? < 2P // J@s)  F Yol o1 (= x5 — y) dsd

@ (t,s) @ (xo0,¥0)

)4

+ 27 / K; (t —x,5—y, %(p(ns)) dsdt — f(x0,y0)
RZ

Now, applying Holder’s inequality (see, e.g., [38]) to the first integral of the resulting inequality, we have

f@s)  f(x0.y0)]"
p(t,s) ¢ (x0,y0)

@, s)Ly(t—x,5s—y)dsdt

e,y 17 < 27B(x. v, ) f/ ]
R2

p

+ 27 / K; (l —X,5—Y, %q)(l,s}) dsdt — f(x0,y0)|
R2

where
Blx,y,A) = //(p(t,s)LA (t—x,s —y)dsdt

Moreover, the following inequality holds:

f@s)  f(xo.y0)|”
p(t,s) ¢ (xo0,¥0)

(e, v W] < 27B(x, y. ) f/ 05 Lt — x5 — y)dsdi

R2\ Bs
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f.s)  f(xo0.y0)
+2pﬂ(xvy’k) -
4/8

p
o (t,s) Ly (t —x,s —y)dsdt

@ (t.s) ¢(xo0,0)

p

+27 //K,\ (l —X,5— Y, %(p(l,s)) dsdt — f(x0,y0)|
]R2

where Bs := {(t,s) eR2: (1 —x0)> + (s — yo)* < 82}

Now, applying the inequality given by (m + n)? < 2P (m? + n?) once more to the right hand side of the
resulting inequality, we obtain

I(x,y, M)]P <22PB(x,y. 1) M ! // @ (t,8) Ly (t —x,s —y)dsdt
@ (x0, Y0)
R2\ Bs
P
+227B(x.y.A) /[ g((;:::)) @@, s)Ly(t—x,s—y)dsdt
R2\ Bs

P
o, s)Ly(t—x,s—y)dsdt

f@s) f(xo,y0)
p A _
27y, )éf‘w(t,S) ¢ (x0, yo)

p

+ 27 //K)L (t —X,5— Y, %@(m)) dsdt — f(x0, y0)
R2

Recalling the initial assumptions 0 < |xo — x| < % and 0 < |yo—y| < %, we may define the following set as
follows:

2
e i(x’y) €R?: (x —x0)" + (y = y0)” < 82§

Comparing geometric representations of the sets Bs and N gives the inclusion relation such that R>\ Bs € R?\ 4s.
where

Ag =

82
(t,s)€Bs:(t—x)>+(s—y)* < S (e N,;% )
In the light of these relations, we may write

S (xo0,y0)

[(x.y. 0)]” <2279 (x.y) B(x,y. A)
¢ (x0, Y0)

P
// o(t—x,5s—y)L) (t —x,s—y)dsdt

R2\ A

+2%7¢ (x,y) B(x,y.A)  sup ot =xos =) La(t = x5 = D17 g 32
(t.5)ER2\ A ,

S (@s)  f(xo.y0)
+27B(x.y.2) ‘ -
éfs

§2
@t s)Ly(t—x,5s—y)dsdt

@ (t,s) ¢ (x0,y0)

)4

+ 27 //KA (t —X,5— Y, %w(l,s)) dsdt — f(x0,y0)
RZ

Rearranging and rewriting the last inequality, we obtain

J (0. y0)

[I(x.y, 0] <2279 (x,y) B(x,y. )
¢ (x0, yo)

P
// ¢ (u,v) Ly (u,v)dvdu
VuZfv2= 5
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+22P9 (x,y) B(x, v, A sup [ (u,v) Ly (u,v)] ||f||Lw(R2)
VuZFo?= 8

+2Pﬂ(x,y,x)//‘f(t’s)—f(xo’y") p(p(t,s)L,x(t—x,s—y)dsdt
Bs

@ (t,s) ¢ (xo0,0)

V4

+ 27 / K, (l—x,s—y,%q)([,s))dsdt—f(xo,yo)
]RZ

= Il (x7y’l)+12(xvyvk) +2p13(x!yvk)l3 (x,y,)t)+l4(x,y,/\).

Boundedness of the term ¢ (x, y) B(x, y, A) as (x, y, A) tends to (xo, Yo, Ag), which follows from condition ( f') .
On the other hand, I4 (x,y,A) — 0 as (x,y,A) — (x0, yo,A0) by condition (c). Lastly, 11 (x,y,A) — 0 and
I> (x,y,A) = 0as (x,y,A) = (x0, Y0, A0) by conditions (d) and (e) , respectively.

Now, we may write the following inequality for the integral /3 (x, y, A)

: P
I3 (x,y,1) = // S (&9 — / (x0, yo) @, s)Ly(t—x,s—y)dsdt
Bs

@ (t,s) ¢ (x0,y0)

f(t.s)  f(xo0.y0) ?
= (t,j;lestgo(t’S)/f’fﬂ(f 5) ¢ (x0,0)

Ly (@t —x,s—y)dsdt

= sup ¢(t,5) 131 (x,y,A),
(t.5)€Qs

where Qs = (xo —8,x0 +6) X (Yo — 68, y0 + 3) .
Observe that /31 (x, y, A) may be written in the following form:

I31(x,y,k)=/] f.9) _ J (0. y0) pL,\(t—x,s—y)dsdt
Qo

p(t.s)  ¢@(xo0,0)

xo+8yo+8

f(ts)  f(xo.y0)  f(t.yo) f(tyo)|”
p(t,s) @(xo,y0) @ y0) ¢, o)

xX0—8yo—4
XLy({t—x,5s—y)dsdt.

It is easy to see that the following inequality holds:

xo+8 [
I31 (x,y,4) <27 /
x0—8 | yo—§
yots [

A(t—x,s—y)ds |dt

yo+§8
/ f@s)  f@yo)l|”
p(t.s) ot yo)

Ly (t—x,s—y)dt|ds

xXo+46
/ f(t.y0) _ f (x0,30)|”
@ (., y0) ¢ (x0,Y0)

+27

yo—§8 | xo+38
x0+68 yo+6
.y /ﬂiA(X7yJ)dl+-!/ ja (e y.s)ds

xX0—38 yo—3§8
Now, we pass to the integral i (x, y,t) . This integral may be written in the following form:

s S|
l.A.(‘x7y’[)= / i - 20

Ly(t—x,s—y)ds
ets)  ¢tyo)| Y

yo—8&
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Yo yo+68 f([ ) f(t )p

. , S , Y0

- + / - Ly(t—x.s—y)ds
/ ots) ¢ty
yo—4 Yo

=il oy )+ i} (xp.0).

Now, we consider the integral i /{ (x, y,t) . From relation (5), for every ¢ > 0 there exists a corresponding number
8 > 0 such that the expression

p
ds < &P us (k) 9

7 fEs) 0
. p(ts) @t yo)

Yo—

holds for every 0 < k < § < min {89, §1}.
Define the function F (¢, s) by

F1few £y
Fes :[ w(t,vw) - so(t:yo) (1o
From (10), we have »
t,s t,
i e T a
From (9) and (10), for every s satisfying 0 < yg —s < § < min {§¢, 8}, we have
[F (t,5)] <e”uz(yo—s) (12)

for any fixed ¢ € R. By virtue of (10) and (11), we have

fts)  f(tyo)l”
w(t,s) ¢, o)

Yo
i)lb(x’yvt)=(l‘) / LA(t—x,s—y)ds

yo—3§8
Yo

= (LS) / Ly(t—x,s—y)ds[-F (¢,5)],
Yo—3é
where (LS) denotes Lebesgue-Stieltjes integral.
Using integration by parts and applying (12), we have the following inequality:

i3 Cevan)| = 2 () La (= x.y0 =8 = )
Yo
e [ ua00-9ldiLat—xs =,

yo—8

It is easy to see that (for the similar situation, see [7, 9]) the following inequality holds:

‘i;{ (x,y,t)‘ <ePur @)Ly (t—x,y0—8—y)
Yo—y s
+&” p2(yo—s=y|ds| \/ LaG—x.u)
Yo—y—38 Yo—y—38
Applying integration by parts to the right hand side of the last inequality, we have the following expression:

Yo—y s

‘ii(x,y,t)’f—s” / \/ Ly (t—x,u)|[{ua(yo—s—y))ds.

yo—y—8 Lyo=y =8
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Remaining variational operations are evaluated using condition (g) . Hence, we obtain

Yo
’ixl (vaJ)‘ <e? / Lyt —x,5—y) {2 (yo — $)}5| ds + 2L (1 = x,0) 2 (yo — ) - (13)
yo—3§

Using preceding method, we can estimate the integral i )ZL (x, y,t) as follows:

yo+§8
Feern| e [ Lat—ris=)lina = o ds (14
Yo
Combining (13) and (14), we obtain
Yo+é
ix (x.y.0)] < € [ Ly (¢ = x,5 = y) [{i2 (I = yoD¥; | ds + 24 (Iy = yol) La (t = x,0) .
Yo—8

Similar calculations for the integral jy (x, v, s) yield

xo0+48
lja (x.y.5)] < &” / L (t —x.s = y) [{pr (1t = xo)}i| dt + 21 (Jx = xol) L (0,5 = y).
x0—8
Thus, we have
xo+8 [ yvo+8 ]

Isl(x,y,x)sapzp/ /LA(f_Xvs_)’)|{M2(|S_J’0|)};|d5+2H2(|Y_YO|)LA(1—x70) dt
x0—8 | yo—§
vo+8 [ xo+8

+e”2”/ /LA(t—x,S—y)|{M1(It—xol)}'t}df+2/u (Ix = xol) L (0,5 — y) | ds.

Y0—68 | x0—4é

Since ¢ is arbitrary and L is integrable with respect to each variable, the desired result follows from hypotheses (8)
and (7), i.e., I3 (x,y,A) — 0 as (x,y,4) = (X0, Yo, Ao) . Note that the same conclusion is obtained for the case
0<x—x0< % and0 <y —yp < % Thus the proof is completed. O

4 Rate of pointwise convergence

Theorem 4.1. Suppose that the hypotheses of Theorem 3.1 are satisfied. Let

X016 Yo+s8
A(x,y,A,8) = /Al(x,y,)k,&t)dt+ /Az(x,y,/l,&s)ds,
xX0—8 yo—§8
where 0 < § < min{8p, 01},
Yo+38
Ay a8 = [ L =xis =)tz (s = yoD¥i| ds + 212 1y = yob La (¢ = x.0).
Yo—8
and
xo0+8
Az (x,y.A.8,5) = /Lx(l—x,S—Y)H/Ll(Il—xol)}/z|df+2M1(IX—XOI)LA(0,S—y),
X0—8

and the following conditions are satisfied:
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i) A(x,y,A,8) > 0as (x,y,A) tends to (xg, Yo, Ao) for some § > 0.
(ii) Forevery & > 0,we have  sup  [p(t,s)Ly (t,5)] = 0 (A (x,y,A,8)) as (x, y, A) tends to (xo, Yo, Ao) -
E<V124s2
(iii) For every u € R, we have ‘ffRzKA (l —X,5—Y, mw(t,s)) dsdt — u‘ =0(A(x,y,A,8) as (x,y,A)
tends to (xo, Yo, A0) .
(iv) For every £ > 0, we have [[._ sogsz@(t, )Ly (t.s)dsdt = o(A(x,y,1,8)) as (x,y,) tends to

(x0, y0,20) -
Then, at each common p-generalized Lebesgue point of the functions f € L% (Rz) (1 < p < 00) and ¢ we have

T (f12.9) = f (0. y0) =0 (A (.7, .8)7).

as (x,y, A) tends to (xo, yo, A0)-
Proof. By the hypotheses of Theorem 3.1, we may write

S (x0.y0)

D
¢ (x0. Y0) // ¢ (u,v) Ly (u,v) dvdu

2
VuZtoz=4

+22P0 (x,y) B(x.y.2)  sup  [p(u.v) Ly (u.v)] ||f||’L’W(R2)
N/Temmre S 2 ’

|Ta (f3x,9) = f (x0,y0)|” < 2P (x,y)ﬂ(xyy,l)’

xo+46

+2PePB(x,y,A) sup o¢(t,s) / Ay (x,y,A,8,1)dt

t.s)e
(t.5)€Qs o8

yo+§8

+2PePB(x,y,A) sup ¢(t,s) / Ay (x,y,1,8,5)ds

(t.5)€05
yo—3§8
P

+27 //KA (t —X,5— Y, %gﬂ(l,s)) dsdt — f(x0,y0)
]RZ

From (i) — (iv), and using class A conditions, the assertion follows. Thus, the proof is completed. O

5 Conclusion

In this paper, the pointwise convergence of the convolution type nonlinear double singular integral operators
depending on three parameters is investigated. In this work, we proved the theorems by using a specific weighted
pointwise convergence method. Therefore, the main result is presented as Theorem 3.1. Also, by using main result,
the rate of pointwise convergence of the indicated type operators is computed.
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