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Abstract: Let p3(n) denote the number of 3-component multipartitions of n. Recently, using a 3-dissection formula
for the generating function of p3(n), Baruah and Ojah proved that for n > 0, p3(9n + 5) = 0 (mod 33) and
p3(91 4+ 8) = 0 (mod 34). In this paper, we prove several congruences modulo powers of 3 for p3 () by using some
theta function identities. For example, we prove that for n > 0, p3(243n 4+ 233) = p3(729n + 638) = 0 (mod 31°).
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1 Introduction

The objective of this paper is to prove several congruences modulo powers of 3 for 3-component multipartitions by
employing theta function identities.

Recall that the k-tuple A = (A1, A2,...,Ax) ofintegers A; (i = 1,2,...,k) is a partition of the natural number
nifn = Zf:l Aiand Ay > Ay > .-+ > Ax > 0. The partition function p(n) is defined to be the number of
partitions of n. A multipartition of n with r-components, as called by Andrews [1], also referred to as an r-colored
partition, see, for example [2, 3], is an r-tuple A = (/\(1), 2@ A(r)) of partitions whose weights sum to n. Let
pr(n) denote the number of r-component multipartitions of n. Multipartitions arise in combinatorics, representation
theory and physics, see, for example Bouwknegt [4] and Fayers [5]. As usual, set p,-(0) = 1. The generating function
of p,(n)is

> 1
r n = N 1
,;)p ma (4:9)5 )
where
(@:9)o0 = | | (1 —aq™). 2

n=1
A number of congruences satisfied by p,-(n) were discovered, see, for example Andrews [1], Eichhorn and Ono [3],
Atkin [6], Baruah and Ojah [7], Boylan [8], Cheema and Haskell [9], Gordon [10], Kiming and Olsson [11], Newman
[12], Sinick [13], Treneer [14], Xia [15] and Yao [16]. Recently, Baruah and Ojah [7] established a 3-dissection
formula for the generating function for p3(n) and proved that for n > 0,

p3(9n + 5) = 0 (mod 3%) 3)
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and
p3(9 + 8) = 0 (mod 3%). )

In this paper, we prove several congruences modulo powers of 3 for p3(n). The main results of this paper can be
stated as follows.

Theorem 1.1. Forn > 0,

p3(27n + 17) =0 (mod 3°), 5)
p3(27n 4 26) =0 (mod 37), (6)
p3(81n + 44) =0 (mod 3°), )
p3(81n 4+ 71) =0 (mod 37), 8)
p3(243n + 152) =0 (mod 3%), )
23(243n + 233) =0 (mod 3'9), (10)
p3(729n 4 395) =0 (mod 3°), (11)
p3(729n + 638) =0 (mod 3'0). (12)

2 Some lemmas

In this section, we collect three lemmas which are needed to prove the main results of this paper.

Lemma 2.1. The following 3-dissection formulas are true:

9\3
alq) = alq®) + 64 L0 (13)
(4%:9°) o0
and
9\3
b(q) = a(¢®) — 3¢ qu 4 ; (14)
where a(q) and b(q) are defined by
nd 2 2
algy= Y, " (15)
m, n=—oo
and
> 2 2
b(g) = Z QMg T mntnT o = exp(2mi/3). (16)
m, n=—oo
Lemma 2.1 was proved by Borwein, Borwein and Garvan [18].
Lemma 2.2. We have
( 3
b(g) = (Zq)) (17)

Lemma 2.2 was also proved by Borwein, Borwein and Garvan [18].
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Lemma 2.3. The following 3-dissection formula holds:

L @)%
@03 (@34g3)L3

(18)

93 96

e e

Proof. 1tis easy to check that for any positive integer n,

1—¢™3,  if3n
1-¢")(1 - (wg)")(1 - (0?q)") = 9
(1=¢")1 = (0g)")(1 = (@q)") %(1_q3"), 34, (19)
By (17) and (19),

(@:9)3(0q: 0q)3(02q; 02q)3,

b(q)b(wq)b(w>q) = PEYIE

oo 3
1 <1'[ (1= ") (1 = (g)") (1 - (wzq)"))

= (.3 .33
(@°:97)% \, =,

3
= W (1‘[(1 3”)1‘[(1—q")3)

34n 3in
_ 1 3.0y 6.0 333 ) _ @a)%
= m((f] 147 )oo(q719 )oo(q73q )oo) = OO (20)
In view of (14), we find that
93 93
b(wg)b(@?q) = (a(q3)—3wq Eq3 A ; ) (a(q3) 30? Eqs 4 ) )
(¢%:97)3 (4”:4°)%
=a*(¢%) +3q vy —="2a(q) + 9 2( SUEIvI 1)
It follows from (17), (20) and (21) that
1 1 B b(wg)b(@?q)
@93 (@%9P)ocb(@)  (4:4%)ocb(@)b(wq)b(w?q)
%473 ( 2, 3 35,0403 o 26”47
=———->""1a + 3qa +9 . 22
(g0 (q7) +3qa(q )( 3 ) @ (22)
This completes the proof. O
Remark. Baruah and Ojah [7] also deduced the following 3-dissection formula for (q.;)3 , which is different
from (18): o
1 4% 4°)% ( 1 3q 2 3,03 4.2 3 6,4,3
= + +9q° + 8¢ °w(q’) + 12¢"w=(q>) + 16¢°w™(¢”) | , (23)
@D @2 \w2@® w1 T R e
where

(q:9)o0(q®: %3

w(g) = (@%:9%)oo (@393

(24)

3 Proof of Theorem 1.1

Setting » = 3 in (1) and using (18), we obtain

9. 9\3 9. ,9\6
Zm( )" (q q%;% (az(q3)+3qa(q3)(q 19 ) oo +9q2(q iq )oo)’ 25)

(43:9%) oo (0% 93)%
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which yields
oo 3. 319
S paGn+2)g" = 9T ). (26)
= (4:9)o5
Substituting (18) into (26), we deduce that
4
@40 (q°:4°)2 (q°:4°)8
Z p3(3n + 2)q ( 3 3)31 a2(q3) + 3qa(q3) (q3q3)oo + 9q2 (q3q3)go
n=0 s o0 N 0o
(q°:q°) 12 q@:q°)L3 (q°:9%)88
E9(613.(]3);?(1)“8(‘]3)"' 1084 ( @3:q3)32 3)32 a’(q®) +810¢ 2( 3. 3)§§ a®(q)
) o
| 38884> L) a5(¢%) + 13851 +@00)5 a*(g?)
q(3 43)3% 4q q(3 73)33 9
5(‘1 51) 3 6(‘1 ‘1) 3
+ 3499249 [PEYDE 3)36 a(q*) + 6561q @433 3)37 )
33
+ 19683 7Eq3 qS;SSa(Cﬁ) (mod 31%), 27)
which yields
o 3. 3,18 (@3 g7
3 paOn +8)q" zslo%aﬁ(q) + 34992q%)3§°a3(q) (mod 3'°). (28)
n=0 o 450

Substituting (13) and (18) into (28), we see that

9y3 %) 1
<a2<q3)+3 WS ) + o L )

o0

(q°:4°)33
> p3(9n +8)g" 5810( 5922
n=0

@°:9%)3 °
(43:9%) o0

x (a(q3) +6q 552

o 03 96 12
+ 349929 Eq3 q3;93 (az(cf) +3q Eq3 A ; alg’) + 9612?]3 q3;2 )
9,3 3
8 a(q3)+6q(q3 197) 30
(@930
ESIOEqS (13;g§ 28, 3)+31833(Jqu 613;9g a27(q%) + 503014 zEfI% q%;gz 26(43)
+524ggq32q3 43;;’ 25(¢%) + 393664% qu "%gg 24(¢®) (mod 3'%), (29)
which implies that
Zp3(27n+17)q _131x35(‘€ q)33 a*’(q) +2x 3% (‘i q);gO a**(g) (mod 3'°) (30)
n=0
and
3 p3(27n + 26)¢" =23 x 37 @2 26(4) (mod 3'°). 31)

(’ )94

n=0
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Congruences (5) and (6) follow from (30) and (31).
Substituting (13) and (18) into (30), we get

oo 9193 93 96 \3!
3 pa@7n + 17)¢" =131 x35% (az(q3)+3 qu 4 ; a(q®) + 9¢ Z(q;;z)
n=0 o0
e 27
x (a(q3)+6q(qg e )
9,96 %) 96 2
+2x3% ((q3 3))275 (az(q3)+ ng3 ; a(q3)+9612Eq3 q3;2 )

o3 \ 24
X (a(q3)—|—6qEq3 ) ; )

9
531833(@3 q3))207o4 89(q3)+8019q((513 613))20705 88 (43)

(q9;q9)3>22

RC a7 (g3 7 86,7

( 3’ ’3)276

4(q9 q°)89°

CPE 3)278 a®(¢3) (mod 3'%).

+ 393664

It follows from (32) that

o
( 3) ( 3)105
3 pa(8ln + d44)g" —11x36% a88(q) + 2 x 3% q(qﬁ a%3(q) (mod 3'°)
n=0
and
. @42 s 0
Zp3(8ln+71)q —14x37ﬁ 7(¢) (mod 3'0).
n=0

Congruences (7) and (8) follow from (33) and (34).
By the binomial theorem,
(¢34
W = 1 (mod 27).
? o

Combining (34) and (35), we have

Zp3(81n+7l)q —14><37(Cé q)goo 87(¢) (mod 3'9).
n=0

Substituting (13) and (18) into (36), we find that

9\3 9 6
)20 403 1 9215 3;2 )

Z p38ln + 71)q" =14 x 37 (4 q%f‘l’ (az(q3) —|—3q(q @

P (¢: @ ¢Doo

)3 87
x(a(q3)+6ng3 3; )

El4x375613 43;<l>? 9 (43) 47 x 38¢ ECI3 q3;C1>§ 9,43 (mod 319).

(32)

(33)

(34)

(35)

(36)

(37)
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Congruences (9) and (10) follow from (37).
Congruence (37) also implies that

(e 9}

3 p3(243n + 152)g" =7 x 38M 90(4) (mod 310). (38)
n=0 (q: °°
By (13) and the binomial theorem,
a*(q) = a*(g’) (mod 9). (39)
Thanks to (38) and (39),
o (@>:4*)2
3 p3(243n + 152)¢" =7 x 38w 9043 (mod 3'°). (40)
n=0 (4: oo

Substituting (18) into (40), we see that

o0
%922 [ 2, 3 3. @473 5(q%:92)8
p3(243n +152)¢" =7 x 3%a”°(¢*) 57558 (a*(67) + 3qa(q?) +9q
r;) (@393} 43:93) oo @3:43)%
@908 29843 9(61 147 297043 10
=7x3 (g 3 3)31 (¢7) +3 ( 3 3)32 (g”) (mod 3°7). 41)

Congruences (11) and (12) follow from (41). This completes the proof of Theorem 1.1.
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