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Abstract: The purpose of this paper is to study W(2, 2) Lie conformal algebra, which has a free C[d]-basis {L, M }
such that [L) L] = (0 + 2A)L, [LAM] = (0 + 2A)M, [M; M] = 0. In this paper, we study conformal derivations,
central extensions and conformal modules for this Lie conformal algebra. Also, we compute the cohomology of
this Lie conformal algebra with coefficients in its modules. In particular, we determine its cohomology with trivial
coefficients both for the basic and reduced complexes.
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1 Introduction

A Lie conformal algebra is a C[d]-module R equipped with a A-bracket [-; -] which is a C-bilinear map from R @ R
to C[A] ® R, such that the following axioms hold for all a, b, c € R:

[0apb] = —Alapb], [ax0b] = (0 + A)[arb] (conformal sesquilinearity), €))
[axb] = —[b—p—pa] (skew-symmetry), 2)
lax[buc]]l = llaabla+ucl + [bularc]] (Jacobi identity). 3)

In practice, the A-brackets arise as generating functions for the singular part of the operator product expansion in
two-dimensional conformal field theory [1]. Lie conformal algebras are closely related to vertex algebras and infinite-
dimensional Lie (super)algebras satisfying the locality property [2]. In the past few years, semisimple Lie conformal
algebras have been intensively studied. In particular, the classification of all finite semisimple Lie conformal
(super)algebras were given in [3, 4]. Finite irreducible conformal modules over the Virasoro, the current and the
Neveu-Schwarz conformal algebras were classified in [5]. The cohomology theory was developed by Bakalov, Kac,
and Voronov in [6], where explicit computations of cohomologies of the Virasoro and the current conformal algebras
were given. The aim of this paper is to study structures including derivations, central extensions, conformal modules
and cohomologies of a non-semisimple Lie conformal algebra associated to the W -algebra W(2, 2). The method here
is based on the theory of the Virasoro conformal modules [5] and the techniques developed in [3, 6]. Our discussions
on the cohomology may be useful to do the same thing for the other non-semisimple Lie conformal algebras, such as
the Schrodinger-Virasoro, the loop Virasoro and the loop Heisenberg-Virasoro conformal algebras studied in [7-9].

The Lie conformal algebra which we consider in this paper, denoted by W, is a free C[d]-module of rank 2
generated by L, M, satisfying

[LaL] = (3 +20\)L, [LaM]=(d+20)M, [MyM]=0. )
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The formal distribution Lie algebra corresponding to W is the centerless W-algebra W(2,2) introduced in [10].
Besides, this Lie conformal algebra can be seen as a special case of a more general W(a, b) Lie conformal algebra
studied in [11]. Obviously, the Lie conformal algebra WV contains the Virasoro conformal algebra Vir as a subalgebra,
namely,

Vir = C[0]L, [L,L]= (3 +2A)L. 5)

And it has a nontrivial abelian conformal ideal generated by M . Thus it is not semisimple.

The rest of the paper is organized as follows. In Sect. 2, we study conformal derivations of the Lie conformal
algebra W. It turns out that all the conformal derivations of WV are inner. In Sect. 3, we discuss central extensions of
W and show that W has a unique nontrivial universal central extension. In Sect. 4, we determine all free nontrivial
conformal W-modules of rank one. In Sect. 5, we compute cohomologies of W with coefficients in W-modules C,
C4 and M A, respectively. Consequently, we have the basic and reduced cohomologies for all ¢ > 0 determined.

Throughout this paper, all vector spaces, linear maps and tensor products are over the complex field C. We use
notations Z for the set of integers and Z4 for the set of nonnegative integers.

2 Conformal derivation

Let C denote the ring C[d] of polynomials in the indeterminate 9.

Definition 2.1. Let V and W be two C-modules. A C-linear map ¢ : V — C[A] ®c W, denoted by ¢y : V — W, is
called a conformal linear map, if

¢(dv) = (0 + A)(¢pv), for v € V.

Denote by Chom(V, W) the space of conformal linear maps from C-modules V' to W. It can be made into an C-
module via

(3g) v = —Apyv, forv e V.

Definition 2.2. Let A be a Lie conformal algebra. A conformal linear map d, : A — A is called a conformal
derivation if
dx([awb]) = [(dra)sx+ub] + [au(drb)], foralla,b € A.

Denote by CDer(.A) the space of all conformal derivations of A. For any a € A, one can define a linear map
(ada)y : A — Aby (ada) b = [ayb] forall b € A. Itis easy to check that (ada), is a conformal derivation of A.
Any conformal derivation of this kind is called an inner derivation. The space of all inner derivations is denoted by
ClInn(A).

For the Lie conformal algebra WV, we have the following result.

Proposition 2.3. Every conformal derivation of W is inner, namely, CDer(WW) = CInn(W).
Proof. Let d), be a conformal derivation of W. Then
diL = fi(h,0)L + fo(A, )M, daM = hi(A,0)L + ha(X, )M, (6)
where f;(A,0d) and h; (A, d) fori = 1,2 are polynomials in C[A, d]. Applying d to [L, L] = (9 + 21) L, we have
dilLuL] = [(drL)ayp L]+ [Ly(drL)]

= @424 +2u) fiA, =A =)L + @+ 24 +2u) oA, —A — WM
+(0 +2w1) f1(A, 0+ WL + (0 +2p) f2(A,0 + )M
=dx((0+2n)L)
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=@+ A +20)( iDL + fo(A,9)M).
Comparing the coefficients of the similar terms gives
@+A+21)fi(A,0) = (@421 fi(A, 04+ pu) = (3 4+24 +2u) fi(A,—A — ), fori =1,2. @)

Write f;i(A,0) = Z?:o a; j(A)37 with a; ,(A) # 0. Assume n > 1. Equating the coefficients of 8" in (7) gives
(A —np)a; n(A) = 0. Thus a; , (1) = 0, a contradiction. Therefore,

fi(A3) = a; o(A) +a; 1 (M), fori = 1,2. (8)

By replacing d) by d) —ad(ay,1(—9)L)y — ad (az,1(—9)M),, we can suppose a1.1(A) = a>,1(A) = 0. Then
plugging f; (A, 0) = a; o(A) into (7) gives a; o(A) = Ofori = 1,2. Thus d) (L) = 0 by (6). Fouthermore, applying
dy to[LyM] = (0+2u)M, we have

@+ A+ 200 (0, 3) = (3 + 2)hi (A, 9 + ), fori = 1,2. ©)

Comparing the coefficients of highest degree of A in (9) gives h; (A, d) = 0 fori = 1,2. Hence d) (M) = 0 by (6).
This concludes the proof. O

Remark 2.4. Proposition 2.3 is equivalent to H' (W, W) = 0.

3 Central extension

An extension of a Lie conformal algebra .4 by an abelian Lie conformal algebra a is a short exact sequence of Lie
conformal algebras

0—a—A—>A—0.
In this case A is also called an extension of A by a. The extension is said to be central if
aC Z(A) = {x €A| [x2y] 4 =0forall y € A}, and da = 0.
Consider the central extension A of A by the trivial module C. This means A 2 A & Cc, and
l[axb] 4 = [arbla + fala,b)c, fora,b € A,

where f) : A x A — C[A] is a bilinear map. The axioms (1)—(3) imply the following properties of the 2-cocycle
Sfala,b):

fl(avb) = _f—)u—a(bva)v (10)
fa(a,b) = =Afa(a,b) = — fa(a, db), (1)
Satullarb].c) = fala,[buc]) — fu(b, [axc]), 12)

forall a, b, ¢ € A. For any linear function f : A — C, the map
Vr(a,b) = f(larb]), fora,b € A, (13)

defines a trivial 2-cocycle. Let a} (a,b) = ay(a,b) + Vs (a.b). The equivalent 2-cocycles a’, (a,b) and a, (a,b)
define isomorphic extensions.

In the following we determine the central extension Wof W by Cg, i.e., W=Wa Cc, and the relations in (4)
are replaced by

[LaL]l= @+ 2A)L +ax(L,L)c, [LaM]= 0 +20)M +a(L,M)c, [MayM] =a,(M, M), (14
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and the others can be obtained by skew-symmetry. Applying the Jacobi identity for (L, L, L), we have
(4 2)ax (L. L) — (u+20au(L.L) = A — wazgu (L. L). (15)

Write a) (L, L) = izg a; A" € C[A] with a,, # 0. Then, assuming n > 1 and equating the coefficients of A" in
(15), we get 2pa,, = (n — 1)pay, and thus n = 3. Then

ay(L,L) =ao+ a1 + axA? + azA>.
Plugging this in (15) and comparing the similar terms, we obtain agp = a> = 0. Thus
a)(L,L) = aix +azA>. (16)
To compute a) (L, M), we apply the Jacobi identity for (L, L, M) and obtain
O+ 20an (L. M) = (1 + 20)au (L, M) = (A — waztu(L, M),
By doing similar discussions as those in the process of computing a; (L, L), we have
ax(L,M) = by A + b3A>, for some by, b3 € C. (17)

Finally, applying the Jacobi identity for (L, M, M) yields (A — p)ar+, (M, M) = —(2A + p)ay, (M, M), which
implies

ar(M, M) =0. (18)
From the discussions above, we obtain the following results.

Theorem 3.1.
(i) For any a,b € C with (a,b) # (0,0), there exists a unique nontrivial universal central extension of the Lie
conformal algebra W by Cc, such that

[LyL] = (d+2A)L 4+ ar3c, [LyM] = (8 4+ 2A)M + bA3c, [MyM] = 0. (19)

(ii) There exists a unique nontrivial universal central extension of W by Cc @ C¢/, satisfying
[LAL]l =@ +2A)L + Ae, [LaM]=(0+20)M + A3, [MyM] =0. (20)

Proof. (i) By (16)—(18), replacing L, M respectively by L — %al o M — %bl ¢ and noticing that d¢ = 0, we can
suppose a1 = b1 = 0. This shows (19). The universality of the extension follows from [12] and the fact that W is
perfect, namely, [W) W] = WIA].

(ii) This follows from the proof of (i). O

Remark 3.2. Theorem 3.1 (ii) implies that dim H>(W, C) = 2.

4 Conformal module

Let us first recall the notion of a conformal module given in [5].

Definition 4.1. A (conformal) module V over a Lie conformal algebra A is a C[d]-module endowed with a bilinear
map AQV — VI[A], a ® v > a, v satisfying the following axioms fora,b € A, v € V:

ax(buv) —bu(arv) = [arblr4puv,
(0a)v = —Aayv, ap(dv) = (04 A)ayv.

An A-module V is called finite if it is finitely generated over C[0].
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The vector space C can be seen as a module (called the trivial module) over any conformal algebra A with both the
action of d and the action of A being zero. For a fixed nonzero complex constant a, there is a natural C[d]-module
Cg, which is the one-dimensional vector space C such that dv = av for v € C,. Then C, becomes an .A-module,
where A acts as zero.

For the Virasoro conformal algebra Vir, it is known from [3] that all the free nontrivial Vir-modules of rank one
over C[d] are the following ones (A, € C):

MA o =C[0lv, Lyv=(0+a+ Ad)v. 21

The module M A ¢ is irreducible if and only if A # 0. The module My , contains a unique nontrivial submodule
(04+a) My, isomorphic to M . Moreover, the modules M A o With A # 0 exhaust all finite irreducible nontrivial
Vir-modules.

The following result describes the free nontrivial W-modules of rank one. Similar result for the more general
W(a, b) Lie conformal algebra was given in [11]. We aim to consider it in details in the W (2, 2) case.

Proposition 4.2. All free nontrivial VW-modules of rank one over C[d] are the following ones:

MA o =C[dlv, Lyv =0+ a+ Ad)v, Myv =0, for some A,a € C.

Proof. Suppose that Lyv = f(0,A)v, Myv = g(d,A)v, where f(9,4), g(d,A) € C[A, d]. By the result of Vir-
modules, we have

f(@@,A) =04+ a+ AA, forsomea, A € C.
On the other hand, it follows from M (M, v) = M, (M v) that

g0, M)g@+ A, pn) =g, ngd+ u, ).

This implies deg, g(d,A) + degyg(d, A) = deg, g(d, 1), where the notation deg, g(9,A) stands for the highest
degree of A in g(9, A). Thus deg;5g(d,A) = Oand so g(9,A) = g(A) for some g(A) € C[A]. Finally, [Lx M] 4,V =
(A =)Mo gives (A — pn)g(A + ) = —pg(w), which yields g(4) = 0. This proves the result. O

5 Cohomology

For completeness, we recall the following definition from [6]:

Definition 5.1. An n-cochain (n € Zy ) of a Lie conformal algebra A with coefficients in an A-module V is a
C-linear map

YA S VAL A, a1l @ Qap Yoy A, (@1, an)

satisfying the following conditions:
1) Ya,ean(@r, - ,0a;,-+ ,an) = —AiYa . .a,(@1, -+ ,an) (conformal antilinearity),
(i) y is skew-symmetric with respect to simultaneous permutations of a;’s and A;’s (skew-symmetry).

As usual, let A®Y = C, so that a O-cochain is an element of V. Denote by cn (A, V) the set of all n-cochains. The
differential d of an n-cochain y is defined as follows:

(d)/)kl,~-~,kn+1 (al, ,an—l—l)

rEL it .
= ‘Zl(_l) iy, y/\ls"‘,):i,“',)»n-‘—l(al’“' VA, Ap41)
i=

n+1 Lo
i+Jj A . . : R TIETTI TR
+i'jZ=l(—1) y)ui-i—)\j,)»l,-“,)ui,"-,)uj,-",)un+|([auia]]’al’ Gy, Apgl), (22)
i<j
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where y is linearly extended over the polynomials in A; . In particular, if y € V is a O-cochain, then (dy); (a) = ayy.
It is known from [6] that the operator d preserves the space of cochains and d2 = 0. Thus the cochains of a Lie
conformal algebra A with coefficients in its module V' form a complex, which is denoted by

C*A V)= @ C"(A V), (23)

NEZy

and called the basic complex. Moreover, define a (left) C[d]-module structure on C*(A4, V) by
n
@OY)ay.an @i, san) = Qv + 35 A)Vay .2, @1, an),
i=1
where 9y, denotes the action of d on V. Then dd = dd and thus dC*(A, V) € C*(A, V) forms a subcomplex. The

quotient complex

C*(A,V)=C®*(A,V)/IC* (A V)= @ C"(AV)

NEZy
is called the reduced complex.
Definition 5.2. The basic cohomology H®* (A, V) of a Lie conformal algebra A with coefficients in an A-module V

is the cohomology of the basic complex C*(A, V) and the (reduced) cohomology H®(A, V) is the cohomology of
the reduced complex C*(A, V).

For a g-cochain y € C9(A, V), we call y a g-cocycle if d(y) = 0; a g-coboundary if there exists a (¢ — 1)-cochain
¢ € C971(A, V) such that y = d(¢). Two cochains y; and y» are called equivalent if y; — y» is a coboundary.
Denote by D9(A, V) and B?(A, V) the spaces of g-cocycles and g-boundaries, respectively. By Definition 5.2,

HY(A,V) = D9(A,V)/B9(A, V) = {equivalent classes of g-cocycles}.
The main results of this section are the following.

Theorem 5.3. For the Lie conformal algebra W, the following statements hold.
(i) For the trivial module C,

] 1if ¢=0,4,5,6,
dimA‘W.C)={2if ¢ =3, (24)
0 otherwise,

and
lif g=0,6,
. 2if q=2,4,5
dimH? (W, C) = 25
mH Y, €)= 1317 (25)

0 otherwise.

(i) Ifa # 0, then dimHY(W,C,) = 0, for g > 0.
(iil) Ifa # 0, then dimHY (W, Ma o) = 0, for g > 0.

Proof. (i) For any y € CO(W,C) = C, we have (dy)x(X) = Xy = 0 for X € W. This means D°(W,C) = C
and B°(W, C) = 0. Thus H(W, C) = C and H(W, C) = C since dC = 0.
Lety € C'(W,C) be such that dy € dC2(W, C), namely, there is ¢ € C2(W, C) such that

Y+ (X, YD) = —(@y)a,; 1, (X, Y) = —(09)a, 1, (X, Y) = —(A1 + A2)Pa, 1, (X, V), (26)
for X,Y € {L, M. By (26) and (4),

A1 = A2)Ya 42, (X) = —(A1 + A2)pa, .0, (L, X), X € {L,M}. (27
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Letting A = A1 + A3 in (27) gives
(A =212)72(X) = =Ax, A, (L. X), X €{L. M}, (28)
which implies that y, (X) is divisible by A. Define
Vi(X) =271 (X), X e {L.M}.

Clearly, y’ € CY(W,C) and y = 3y’ € 3C' (W, C). Thus H' (W, C) = 0. If y is a I-cocycle (this means ¢ = 0),
then (28) gives y = 0. Hence, H' (W, C) = 0.
Let ¥ be a 2-cocycle. For X € W, we have

0= (dlﬁ)/\. A2.13 (X, L, L)
= _()Ll - AZ)]//)Ll-i-)Lz,)H (Xv L) + (A'l - A3)‘(///\1—|—)L3,/\2(Xv’ L) - (AZ - A’3)le+l3,)»1 (Lv X)

Letting A3 = Oand A1 + A2 = A gives (A —2A2)¥x 0(X, L) = Ayry,.2,(X, L). Hence, ¥y o(X, L) is divisible
by A. Define a 1-cochain f by

Fu (L) = AT ", A (L, D)a=o, fa, (M) = AT Y2, A (M, L)1 —o. (29)

Set y = ¥ + df, which is also a 2-cocycle. By (29),

Yara (L, L)a=0 = ¥a, A (L, L)|x=0 — A1 fa, (L) =0, (30)
YaaM, L)y=0 = ¥, 2(M, L) =0 — A1.f2, (M) = 0. (31

By (30), we have

0=(dy)r;.xa (L, L. L)x=0
= =Va+2a2.2([La L] L)[a=0 + va, 42,2, ([La, L], L) [a=0 — Yas+a.2, ([La, L] L) [a=0
= Aya (Lo L) —A2ya, ., (L, L)
= (A1 + A2)ya,.2, (L, L).

Thus yy, .1, (L, L) = 0. Similarly, by (31),
0=(dy)r;. 202 (L. M, L)|x=0 = (A1 + A2)ya, .2, (L. M),
which gives y;, .1, (L, M)=0 and so y,, 1, (M, L)=0. Finally,
0=(dy)a;. 2.2 L, M, M)|p=0 = —(A1 = A2)¥a,+2,.0(M, M) + A1ya, 2, (M, M). (32)

Setting A1 = 0 in (32) gives ya,.0(M, M) = 0 and thus y, 1,(M,M) = 0. This shows y = 0. Hence
H2(W, C) = 0. According to Theorem 3.1 (i), dim H>(W, C) = 2.

To determine higher dimensional cohomologies (for ¢ > 3), we define an operator t : C¢(W,C) —
C9=1(wW,C) by

_1 0
Ty agy (X1, Xg—1) = (=17 ]ﬁyll,w.)»q_l.)»(xlv“' , Xg—1,L)|r=0, (33)
for X1,--+, X¢g—1 € {L, M}. By (22), (33) and skew-symmetry of y,

((d‘L’ +‘L’d))/))tl’...,)\q(X1,--- ,Xq)

-1 (li < _])i+(1+1 - X9 L. X1 oo X oon X
(=1 A 2 ( y)ti“l‘)ts)hl,'“,/\i,“‘,)\q([ i LL X1, X, Xg)la=0
i=1

9 a
=51 D VAL it A A Ao g (X1 X1, [Xi 4 L), X1, 00+, Xg) [a=o- (34)

i=1
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By the fact that [X; , L] = (3 + 24,)X; and conformal antilinearity of y, [X; 5, L] can be replaced by (A; — 1) X;
in (34). Thus, equality (34) can be rewritten as

((dt +1d)y)ny g (X1, Xg)

9 4
= 87.21(/11' _A))/)tlv“s)w'—l,)»i+)k,?»1+1,"-,Aq(Xl:"' JXic1, Xi, X1, Xg)la=o0
1=
= (degy —@)ya,..a, (X1, Xq), (35)
where deg y is the total degree of y in A1,---, 4. As it was explained in [6], only those homogeneous cochains,

whose degree as a polynomial is equal to their degree as a cochain, contribute to the cohomology of C*(W, C).
Without loss of generality, we always assume that the first k variables are L and the last ¢ — k variables are

M in y,\,,...,)tq(Xl,--~ , Xq), so that yx, .. x,(X1,++-, Xg) as a polynomial in Al,--, Ag is skew-symmetric
inAp,---, Ax and also skew-symmetric in Ax 41, -+, A4. Therefore, it is divisible by
[T (i—2;)x [1 (Ai = Aj),
l<i<j=<k k+l1=<i<j=q

whose polynomial degree is k(k — 1)/2 + (¢ — k)(¢ — k — 1)/2. Consider the quadratic inequality k(k — 1)/2 +
(g —k)(g —k —1)/2 < g, whose discriminant is —4k2 + 12k + 9. Since —4k2 + 12k +9 > Ohask = 0, 1,2 and
3 as the only integral solutions, we have

0,1,2,3,if k =0,
1,2,3.4,if k = 1,
2,3,4,5,if k =2,
3,4,5,6, if k = 3.

(36)

Thus H? (W, C) = 0 for q > 7. It remains to compute H? (W, C) for q =3,4,5,6.
For ¢ = 3, we need to consider four cases for k,i.e.,k =0,1,2,3. Lety € 53(W, C) be a 3-cocycle. A direct
computation shows that

0= (dY)a. a2 230 (M, M, M, L) p=0 = —(A1 + A2 + A3)¥a,. 25,25 (M, M, M).
This gives yx, . 1,.45 (M, M, M) = 0. In the case of k = 1, we have

0= (d]/))” ,Az,l3,)u(L7 M, M, L)|)L=O
= (A1 —A2)Y0.a35. 0142 (L, M, M) — (A1 — A3)Y0, 25,01 +25 (L. M, M)
—(A1 + A2 + A3)ya  anas (L, M, M). (37

Note that yx,.1,.25(L, M, M) is a homogeneous polynomial of degree 3 and skew-symmetric in A and A3. Thus
it is divisible by A» — A3. We can suppose that

Yarazas (LM M) = (A2 = A3)(@1A] + a2(A + 23) + azhaAs + aadi (A2 + A3)). (38)
where a1, a»,as, a4 € C. Plugging (38) into (37) gives a4 = 0,a3 = 2a», a; = —ax. Therefore,
Yar0.a3 (L, M, M) = axgy, where ¢ = (A2 — A3)(A1 + A2 + A3)(=A1 + A2 + A3). (39)

Note that ¢ is a coboundary of yy, 1, (M, M) = A% — )L%. In fact,

@P)ayag (LM, M) = —(A1 = A2)Ya, 4220 (M, M) + (A1 + A3)ya, 42320, (M, M)
= —(A1 —A2)(A3 — (A1 +22)?) + (A1 —A3)(A3 — (A1 + 43)?)

Similarly, suppose that

Yarasas(L.Lo M) = (A1 — 22) (b1 (AT + A3) + boA3 + b3(A1 + A2)A3 + baAiA2), (40)
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where b1, ba, b3, ba € C. Substituting (40) into the following equality

0= (dy))n1,)»2,)»3,)»(LsL7M7 L)l)n=0
= (A1 = A2)Va14+22.0a5 (L, L, M) + (A1 — A3)¥a,.0.0,+a3(L, L, M)
—(A2 = A3)¥a,.0.004 45 (L, Lo M) — (A + A2 + A3)Ya, an.05 (L, L, M)

gives by = b1 + b>. Hence,
Varaa.as (Lo Lo M) = (1 = 22) (b1 (AT + A3) + 243 + (b1 + b2)A1 A2 + b3 (A1 + A2)23). (41)
On the other hand, there is a 2-cochain y, 1,(L, M) = bl)t% + b A1 Ao such that
@V rons (Lo L M) + Y an.5(L, L M) = —(by + b2 — b3)(A1 — A2)(A1 + A2)A3. (42)

Thus yy,.a,.25(L, L, M) in (41) is equivalent to a constant factor of y := yx, a,.2;(L. L, M) = (A1 —A2)(A1 +
A2)A3, which is not a coboundary. By [6, Theorem 7.1], A3 := yx, 1,45 (L, L, L) = (A1 —A2)(A1 — A3)(A2 —
A3) (up to a constant factor) is a 3-cocycle, but not a coboundary. Therefore, dim m W, C) = 2. Specifically,
H3(W,C) = Cy & CAs.

For q = 4, three cases (i.e., k = 1,2, 3) should be taken into account. Let y € D*(W, C) be a 4-cocycle. By
using the method of undetermined coefficients and doing similar calculations to the case when ¢ = 3, we obtain

Yarasazag (L, M, M, M) = c(A2 = A3)(A3 — Aa)(A2 — A4) (A2 + A3 + A4), (43)
Varazasas (Lo LM M) = (A1 = 2A2)(A3 — A9 (€1 3] +23) + c2(A3 + A4)

+(c1 + 2)A1A2 + c3(A1 + 22)(A3 + A4)), (44)

Yarazazag (L, Lo Ly M) = (A1 — A2)(A2 — A3) (A1 — A3)(e1(A1 + A2 + A3) + e2)4), (45)

where ¢, ¢, c2,¢3,e1,e2 € C. And there exist three 3-cochains of degree 3

Varasas (M, M, M) = (A1 — A2)(A1 — A3)(A2 — A3), (46)
Prrazas (LM, M) = (A2 — A3)(c1AT + c2A1 (A2 + A3)). (47)
Parazas (Lo LoM) = (1 = A2)(AF + A3), (48)

such that
Yaraz Az aa (Lo M M M) — c(dY)ay as.a3.04 (L M, M, M) = 0, (49)
Yaraz. a3 aq (Lo Lo Mo M) 4+ (dY) 2y 202524 (L LM, M) = (c3 —¢1 — c2) Y1, (50)
YAt az g (Lo Lo Lo M) 4+ ex(dy)a . as.04 (L, L L, M) = (e1 — e2)Vr2, (51)

where

V1= Y1202 (L LM, M) = (A1 — A2) (A1 + A2)(A3 — Aa)(A3 + A4a), (52)
V2 = Y2050 (L. Lo L M) = (A1 —A2) (A2 — A3) (A1 — A3) (A1 + A2 + A3). (53)

Moreover, 4Y1 = —(dV)a,.2z.25.24 (L. Lo M. M) with Y3, 2525 (L. M. M) = (A2 = A3)(BAT — (A3 + A3).
This, together with (49)—(53), gives H*(W, C) = Cy».
For ¢ = 5, we need to consider k = 2, 3. Let y € D>(W, C) be a 5-cocycle. We obtain

Yar Az Az Aars (Lo LM, M, M) = (A1 — A2)(A3 — A4)(A3 — A5) (A4 — A5)

x(@1 (A1 + A2) + a@z(Az + A4 + 1s)), (54)
YA AaAzdars (Lo Lo LM, M) = (A1 —A2) (A1 — A3)(A2 — A3) (A4 — A5)
x(by(A1 + Az + A3) + b2 (A + A5)). (55)

where a1, a», b 1 52 € C. On the other hand, there exist two 4-cochains of degree 4

YAt Aoz ag (Lo M M, M) = A1 (A2 — A3)(A3 — Aq) (A2 — A4),
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)7/\1,)L2,)»3s/\4(L’L5 M7M) = (Al _A2)(A3 _A4)(A% + A%),

such that

YAt azdars(Lo Lo M, M, M) + ar(dy)a; as.as. 005 (Lo LM, M, M) = (a2 —ar)er, (56)
YarAzs Az Agds (Lo L LM M) 4+ b1(dy)a, an. a5, 0405 (Lo L LM, M) = (b — by)g2, (57

where

Q1= ¢1A1,AZ,A3.A4.A5(L,L, M7 M,M)

= (A1 —A2)(A3 —A4)(A3 — A5)(Aa — A5)(A3 + Agq + As), (58)
@2 = §0211.)»2,)»3,)\4,)»5(L€ L7L7 M, M)
= (A1 —A2)(A1 —A3)(A2 — A3)(A4 — A5) (A4 + As). (59)

Furthermore, there exists another one 4-cochains of degree 4
O rsdsag (L, LM, M) = (A1 —A2)(A3 — Aa) (A1 A2 — A3A4),

such that 29> = (d@)r,.15.23.04.45(L, L, L, M, M), namely, ¢> is a coboundary. By (56) and (57),
dimA° (W, C) = 1, and A5 (W, C) = Cgy.
For ¢ = 6, one only needs to consider the case when k = 3. One can check that

A= Ya 2003002506 (L. L, LM, M, M)
= (A1 —A2)(A2 — A3)(A1 — A3)(A4 — A5) (A4 — A6) (A5 — A6) (60)

is a 6-cocycle. It is not a coboundary. Because it can be the coboundary of a 5-cochain of degree 5, which must be a
constant factor of Y, 1,.15.14.45 (L, L, M, M, M) in (54), whose coboundary is zero. Therefore, dim I:I6 w,C) =
1 and H®(W, C) = CA. This proves (24).

According to [6, Proposition 2.1], the map y +> 3y gives an isomorphism H? (W, C) = H?(3C®) for ¢ > 1.
Therefore

C@y) ® C(0A3) if q =3,

| cova if q=4
H?(dC*) = § C(d¢1) ifg=>5, (61)
C(0A) if g=6,
0 otherwise.

It remains to compute H® (W, C). This is based on the short exact sequence of complexes

0 ace —- ¢~ ¢ 0 (62)

where ¢ and 7 are the embedding and the natural projection, respectively. The exact sequence (62) gives the following
long exact sequence of cohomology groups (cf. [6]):

S HIGCY —“ . feow,0) ., HIW,C) —24 .

— 5 B (OC) 2L fetl oy, ) S HeF W, C) —— -

where 14, 77, are induced by ¢, 7 respectively and w, is the ¢—th connecting homomorphism. Given dy € H7(3C®)
with a nonzero element y € H? (W, C), then 1,(dy) = dy € HY(W, C). Since deg (dy) = deg(y) + 1 =¢q + 1,
we have dy = 0 € HY (W, C). Then the image of t, is zero for any g € Z 4. Because ker(rr,) = im(i,) = {0} and
im(w,) = ker(tg41) = HIH! (dC*), we obtain the following short exact sequence

0 —— AW, C) —— HIW,C) —2 5 HIH1(HC®) — 0. (64)
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Therefore,
dimH?(W, C) = dimA? (W, C) + dimH?T1(3C*), forall ¢ > 0. (65)

Then (25) follows from (65). Moreover, we can give a basis for H? (W, C). Indeed, any basis of HY )V, C) can be
obtained by combining the images of a basis of HY (W, C) with the pre-images of a basis of H?+1 (W, C). For a
nonzero d¢ € HYT1(3C*®) with ¢ being a (¢ + 1)-cocycle, (35) gives

d(z(d¢)) = (dt + 1d)(09) = (deg (3p) — (¢ + 1D)(09) = ((¢ +2) — (¢ + 1))(9¢) = do. (66)

Thus the pre-image of d¢ under the connecting homomorphism wp, is @, L(3¢) = t(dg).
Finally, we finish our proof by giving a basis of HY W, C) for ¢ = 2,...,6. For ¢ = 2, we have known that
H2(W,C) = 0 and H3(3C*®) = C(dy) ® C(dA3). By (33) and (42),

= (r(a)())x1 A (L, M)
= (- 1)2 (3)()/\1 oA (L, M, L)y =0
= —ﬁul + A2 + V(AT =2 A2li=0
= A3z,

As:= (T(3A3))Al A (L, L)
= (= 1)2*(31\3);11 aoa(L, L, L)|a=0
= ﬁ(h + A2 + (A1 —A2)(A2 = V) (A1 — V) |a=0
=23+ A3

This gives H (W, C) = Cj @ CA3. For g = 3, by (33), (53) and (61),
Y= (f(alﬂz))xl Aoz (L, L, M)

(- 1)3—(awz)xl Ao az (L L M, L) a0

ﬁ()tl + A2+ A3+ ) A1 —A2)(A1 —A) (A2 — D) (A1 + A2 + D)|a=0
= AT = AA3 + A3(ha2 + A3).

Hence, H3(W, C) = H3(W,C) @ Cy = Cy & CA3 @ Cyr. By (33), (58), (60) and (61),
= (T(afﬂl))xl A2.az. g (L, M, M, M)
=(-D* *(3<P1))~1 Az Azaa A (L M, M, M, L) y=0

= —ﬁ(h +A2+ A3+ A+ A A1 =D (A3 —A2)(A3 — Ag)(Aa — A2)(A2 + A3 + A4)[a=0

= (A2 = A3)(A2 — 2a)(A3 — Aa) (A2 + A3 + Aa)?,
= (T(aA)))u] A2.A3,14, )»s(L L .MM, M)

= (- 1)5—(8A);q A azaars A (L L M, M, M, L)|5—o

= 5(2,-:1% +A)(A1 = 2A2)(A1 —A) (A2 — V) (A4 — A5) (A — A3)(As — A3)[1=0

= —(A1 — A2)(A3 — 2a)(A3 — A5)(Aa — A5) (AT + X112 + A3 + (A1 + A2)(A3 + As + A5))
= A1A2(A1 — A2)(A3 — 24)(A3 — A5) (A4 — As5)(mod IC> (W, C)).

Therefore, H*(W, C) = Cyrp @ C@, H> (W, C) = Co; @ CA and H*(W, C) = CA. Thus (i) is proved.
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(ii) Define an operator 75 : C4(W,Cy) — C471 (W, C,) by

(Va1 g X1 Xg—1) = (DT agia (X Xg—1, L) a=o. (67)

for X1,--+, Xg—1 € {L, M}. By the fact that 3C7(W, Cy) = (a + 3. 7_, 1;)C9 (W, Cy), we have
(A2 4+ 2d)Y)ay e ag (X1 . Xg) = (T Ai) VA ag (X1 Xg)
= —ayy, .2, (X1.-+ . Xg) (mod dCY (W, Cy)). (68)

Let y € C4(W,Cy) be a g-cochain such that dy € dC91T1 (W, C,), namely, there is a (¢ + 1)-cochain ¢ such
that dy = (a + Zj?;rll Ai)$. By (67), rady = (a + Y7_, Ai)12p € 3C9 (W, Cy). It follows from (68) that
y = —d(a—'12y) is a reduced coboundary. This proves (ii).

(i) In this case, ICI (W, Ma o) = (3 + Z;’=1 1i)CY(OW, Ma ). As in the proof of (i), we define an

operator 73 : CY(W, Ma o) — C971 (W, Ma o) by

(BY) Ay Ag X1, Xg—1) = (=D ya oay oy a (X1 Xg—1, L) |10,

for X1,---, Xq—1 € {L, M}. Then

q
((dt3 + 13d)YP)ny o g X1+ . Xg) = Layay e g (X1 X)) a=0 + (X2 Ai)vaym g, (X1, . Xg)
=1

=
q
=(@+a+ X A)Va g (X1, Xg)
i=1 .
= ay,\l.....)bq(Xl,--- , Xg) (mod 8Cq(W,MA,a)). (69)

If y is a reduced g-cocycle, it follows from (69) that y = d(e~'z3y) is a reduced coboundary, since o # 0. Thus
H?(OW, MA o) = 0forallg > 0.
This completes the proof of Theorem 5.3. (I

Remark 5.4. Denote by Lie(W)— the annihilation Lie algebra of W. Note that Lie(W)— is isomorphic to the
subalgebra spanned by {Ln,Mn’ — 1 < n € Z} of the centerless W-algebra W(2,2). By [6, Corollary 6.1],
H?(W, C) = HY (Lie(W)—_, C). Thus we have determined the cohomology of Lie(W)_ with trivial coefficients.
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