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Abstract: In this paper, we consider the existence of a pullback attractor for the random dynamical system generated
by stochastic two-compartment Gray-Scott equation for a multiplicative noise with the homogeneous Neumann
boundary condition on a bounded domain of space dimension n < 3. We first show that the stochastic Gray-Scott
equation generates a random dynamical system by transforming this stochastic equation into a random one. We
also show that the existence of a random attractor for the stochastic equation follows from the conjugation relation
between systems. Then, we prove pullback asymptotical compactness of solutions through the uniform estimate on
the solutions. Finally, we obtain the existence of a pullback attractor.
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1 Introduction

In this paper, we consider the following coupled stochastic two-compartment Gray-Scott equation, which is a
reaction-diffusion system with multiplicative noise:

%=d1Aa—(F+k)ﬁ+a2ﬁ+D1(u?—fl)+"ﬁ°d;t/l’ v
%:dzAﬁ+F(l—ﬁ)—ﬂ25+D2(i—’7)+°ﬁod;z/l’ v
%}=d1Aﬁ)—(F+k)w+u~)2y~+D1(ﬁ—“~))+au~)odcz/t’ v
% =dyAj + F(1 =) —0%§ + Da(3 —j) + 0j o ddwt/t’ @

for ¢ > 0, on a bounded domain D. Here D is an open bounded set of R” (n < 3), and it has a locally
Lipschitz coutinuous boundary dD. Suppose that the equations have the following homogeneous Neumann boundary
condition:
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where % is the outward normal derivative, and have the following initial condition
u(0,x) =1o(x), 9(0,x) =7vo(x), w(0,x) =wo(x), y(0,x) = yo(x), x¢€D. (6)

Here d1, d», F, k, D1 and D> are positive constants; ¢ is a positive parameter; A is the Laplacian operator with
respecttox € D;u(x,t), U(x,t), w(x,t)and y(x,t) are real functions of x € D; and W is a two-sided real-valued
Wiener process on a probability space (2, F,P). Here

Q ={we CR,R): w(0) =0},

the Borel sigma-algebra F on 2 is generated by the compact open topology (see [1]), P is the corresponding Wiener
measure on F; o denotes the Stratonovich sense in the stochastic term. We identify w(¢) with W; (w), i.e. W (w) =
W(t, o) =w(t), t €R.

The Gray-Scott equation is a kind of very important reaction-diffusion system, which arises from many chemical
or biological systems [2-5]. This equation has been researched by many authors (see [2—10]). One of the most
important problems in mathematical physics is the asymptotic behavior of dynamical system, which has been
developed greatly in recent years. For the deterministic system, the global attractor is a very important tool to study
the asymptotic behavior of dynamical system (see [9-16]). If o = 0, system (1)-(4) reduces to the two-compartment
Gray-Scott equation without random terms, which has been investigated by You [10], where we proved the existence
of the global attractor for the coupled two-compartment Gray-Scott equations with homogeneous Neumann boundary
condition on a bounded domain.

Stochastic differential equations of this type arise from many chemical or biological systems when random
spatiotemporal force is taken into consideration. These random perturbations play important roles in macroscopic
phenomena. To study the properties of stochastic dynamical systems, the concept of pullback random attractor is
introduced [1, 17, 18]. The existence of random attractors for stochastic dynamical systems has been studied [6,
7, 19-21]. In this paper, we study the existence of random attractor for stochastic two-compartment Gray-Scott
equation on bounded domain D of space dimension n < 3.

The paper is organized as follows. In Section 2, we recall a theorem about the existence of random pullback
attractor for random dynamical system, and transform the stochastic system (1)-(6) into a continuous random
dynamical system (18)-(19) Ornstein-Uhlenbeck process. Moreover, we show that, for each w, the random dynamical
system has a unique global solution. In Section 3, we obtain some uniform estimates of solutions for system (18)-
(19) as t — oo. These estimates are used to prove the existence of bounded absorbing sets and the asymptotic
compactness of the solutions. In the last section, we obtain the existence of a pullback random attractor.

The following notations will be used throughout this paper. || - || and (-, -) denote the norm and the inner product
in L2(D) or [L?(D)]* respectively. || - ||» and || - || ;71 are used to denote the norm in L” (D) and H'(D).

By the Poincaré’s inequality, there is a constant y > 0 such that

IV@l1> = ylIgl[>. for¢ € HY(D) or [Hy (D). )

Note that HO1 (D) — LO(D) for n < 3. There exists a constant 7 > 0 such that the following embedding inequality
holds:

I/ 17 =l flI7e. for f € Hg(D) or [Hy(D)]*. ®)

2 RDS Generated by Stochastic Gray-Scott equation

In this section, we first recall a theorem for the existence of random attractors. Please note that here we omit the
basic knowledge about random dynamical systems (RDS) and random attractor. Reader can refer to [1, 11, 17-19]
for these knowledge.

Suppose that (X, ||-||x) is a separable Banach space with Borel c—algebra B(X), and (€2, F, P) is a probability
space. Let (2, F,P, (6;);cr) be a metric dynamical system, and assume that ¢ is a continuous RDS on X over
(2, F,P, (0;)rer). We recall a Proposition which will be used to prove the existence of random attractor ([11],
[19]) for RDS.
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Proposition 2.1. Suppose D is the collection of random subsets of X, and {K(w)}wecq € D is a random absorbing
set for RDS ¢ in D and ¢ is D-pullback asymptotically compact in X. Then ¢ has a unique D-random attractor
{A(w)}weq Which has the following form

A(@) = NesoUr>1 (1, 00, K(6—;w)). ©)]

Next, we shall show that system (1)-(6) generates a random dynamical system. For our purpose, we first transform
this stochastic system into a deterministic dynamical with random attractor. Assume that (2, 7, IP) is the probability
space defined in Section 1. Define (6;);cgr on 2 by

Orw() =w(-+1)—w(), t eR,

then (2, F, P, (6;)ser) is a metric dynamical system.
Set g = (u,v,w, )7)T, then the system (1)-(6) can be rewritten as follows:

dg . x.- . dW;
E_Ag—I—F(g)—l-ogo 7 ,t>0, (10)
£(0,x) = go(x) = (flo(x), Jo(x), Wo(x), Fo(x))”, x € D, (11)
where
diA 0 0 0 —(F 4+ k)it + %0 + D1 (0 — @t)
) 0 daA 0 0 F3) = F(1—79) — 2% + Da(y — ¥)
0 0 A 0 | &= —(F + k)w + w?y + Dy (i — )
0 0 0 dA F(1—7)— w2y 4+ D2(d— 3)

To transform the stochastic system into a deterministic system with random parameter, we introduce the following
one-dimensional Ornstein-Uhlenbeck process:

dz + zdt = dW;. (12)

From [13], we know that the stationary solution of Ornstein-Uhlenbeck process has the following form :

0
z(0;w) = — / e’ (B;w)(s)ds, t € R.

—o0
Moreover, the random variable z (6; ) is tempered, and P—a.e. w € Q, ¢ > z(6;w) is continuous in 7, and satisfies
the properties (see [1, 11, 13]):

13

0 1
fim 2O lim - [ z(sw)ds = 0. (13)
t—+oo |t| t—too t
0

Set (u(r), v(t), w(t), y(t)T = e 72O @) (1), 5(r), w(r), (t))T . Then, we obtain the equivalent system of (10)
and (11) as:

E;—l: =diAu—(F +k —oz(0,0))u + 2@ y2y 4 Dy (w —u), (14)
2*1; = dyAv + Fe 770 4 (62(6,0) — F)v — 2@ y2y 4+ Dy(y —v), (15)
8371;) =diAw— (F +k —oz(0;0)w + 27702y + D (u —w), (16)
% = dyAy + Fe 779 4 (0z(6,0) — F)y — >0y 4+ Dy(v —y). (17)

thatis, g = (u, v, w, y)T satisfies

d
d—f = Ag+ F(g,w)+0z(0;w)g, t >0, (18)
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£(0,x) = go(x) = e~ go(x) = (uo(x), vo(x), wo(x), yo(x))”, x € D, a
with
—(F + k)u + €297 @@y 2y 4+ Dy (w —u)
Fe=070i®) _ pyy _ 20200100y 2y 4 D5 (y —v)

—(F +k)yw + 27O y2y 4 Dy (u — w)
Fe—o'z(gta)) — Fy — eZo‘Z(wa)wzy + DZ(U - y)

F(g,w) =

Notice that for P—a.e. w € Q, F(g, w) is locally Lipschtiz continuous with respect to g. In [10], You proved that the
deterministic system has a unique solution by the Galekin method. Similar to deterministic system, by the Galekin
method, for P — a.e. w € 2, we can prove that for go € [LZ(D)]*, (18)-(19) has a unique solution g(-, w, go) €
C([0, 00), [LZ(D)]*) N L?((0, 00), [H 1 (D)]*) with g(0, w, go) = go. Moreover, similarly to Lemma 3 of [10], we
can prove that g(¢, w, go) is a unique, global, weak solution with respect to go € [LZ(D)]?, for ¢ € [0, 00). This
shows that (18) and (19) generate a continuous random dynamical system (¢(¢));>0 over (2, F, P, (6;)rer) with

o(t.w.g0) = g(t.®.g0).  V(t.w.g0) € RT x Q@ x [L*(D)]*. (20)

Now assume that ¢ : Rt x Q x [L2(D)]* — [L?(D)]* is given by

Pt 0, 80) = §(t,0,§0) = gt,w,e 77 (@) g5)e?=(0r®), (21)

Then ¢ is a continuous dynamical system associated to (10)-(11). Notice that two dynamical systems are conjugate
to each other. Thus, in the following sections, we consider only the existence of a random attractor of ¢.

3 Uniform estimates of solutions

To find the existence of the random attractor, we first need to obtain some uniform estimates of the solutions.
Therefore in this section we first prove the uniform estimates about the solution of the two-compartment stochastic
Gray-Scott equation on D, as t — 400. We assume that D is a collection of all tempered random subsets of
[L2(D)]*. First, we define some functions which will be used in this section. Set

Yi(t.x) = u(t.x) + vt x) + w(t, x) + y(t.x), Y1,0=1uo~+ vo+ wo + yo:
Yo(t,x) =u(t,x) + w(t,x), Ya.0=1uop+ wo;

Y3(t,x) =u(t,x) + v, x) —w(,x)—y(,x), Y3,0=1up+ vo—wo— Yyo;
Ya(r.x) = v(t,x) — y(1, x);

Ys5(t,x) = u(t,x) —w(t, x).

The next lemma shows that ¢ has a random absorbing set in D.

Lemma 3.1. Random dynamical system ¢ has a random absorbing set {K(w)}weq in D, that is, for any
{B(w)}weq € D, and for P —a.e. w € Q, there is Tp(w) > 0 such that ¢(t,0—;w, B(6—;w)) C K(w), for
anyt > Tp(w).

Proof. Taking the inner products of (15) and (17) with v and y respectively, and adding them up, we get

3 S0P + 11P) + (19l + [V 1P)
_ F[e—gz(e,w)(v + y)dx + /(oz(etw) — F)(? + y?)dx (22)
D D
_/eZUZ(Qt“’)(uzvz+w2y2)dx—/D2(y—v)2dx
7 D
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F F _ _
= (92600) = 3 ) (IR + 1) = 5 [ (=02 4 (g 20 20
D

+F|D|e™2070i@) _ / Da(y —v)%dx
D

F —
< (02000 = 2 ) (ol + 111 + FlDje2070r.
Gronwall’s inequality yields that

2 2 L2026 w)dT—F 2 2
oI + |y |[? < efo202@)dT=F1(||yq||2 4 ||yo||?)
t
+2F|D|ef(§202(97w)a’r—Ft/ef(f—202(97a))dt—l—Fs—Zaz(st)ds

0
t

L S
—2d2€j020—2(91w)dt_Fl/e‘fo _202(9rw)dr+FS(||VU||2+||Vy||2)d5.

0

Replacing w by 6_;w in the above inequality, we obtain that, for all # > 0,

lv(t, 60—, go(O—i)|I* + |y(t. 0—rw. go(O—r )|

t
< eJ0202 Ot dT=F1 (|96 (6_,0)|? + || yo(0—r)||?)

t
+2F|D |€f(§ 20z(0r—rw)dt—Ft / ef(f —20’Z(91—_;(,())(1"[+FS—20’Z(9_y_ta))ds
0

t
_zdzefgzaz(et,,w)dr—n/efg—2az(9t,,w)dz+Fs(||Vv(l’G_Iw’go(g_tw)mz
0
+IVy(t. 0—10. go(0—;»))||*)ds.

Using the properties of the Ornstein-Uhlenbeck process (13), for any go(6—;w) € B(6—;w), we obtain that

. t J—
dim o207 Oemaedd =L |0 (6_) | + [[uo ()] )

. 0 _
= 1_1)151_100 ef—z 20z(0rw)dt Ft(||y0(9—tw)||2 + ||U0(9_tw)||2) — 07

and

1
2F|D|ef(§ 20z(0r—w)dTt—F1 / 6[0\ —202(0r—~ w)dT+Fs—20z(05—1®) g

0
1

— 2F|D| / efst 202(91_,a))dr+F(s—t)—202(93_tw)ds
0

0
— 2F|D|/ejf?202(9rw)dt+Fs—2az(95w)ds
—1

0
< 2F|D| / efsoZO'Z(QTCU)dI’-i-FS—ZUZ(@Sa))dS<+OO.

—0o0

Thus, there exists a T (w) > 0, such that, for all t > T (w),

102, 010, g0(0—r)II* + ||y (¢, 0@, g0 (0—1)II* < p5 (@),

(23)

(24)

(25)

(26)

27)

(28)

29)

(30)
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with
0
p2(w) =1+ 2F|D| / olS 202 (0rw)d T+ Fs—202(650) 4 31)
—0o0
It is easy to check that pg(w) is a tempered random variable. To estimate u and w, we use (14), (15), (16) and (17)

to get the equation for Y7 (¢, x). Now

Y
aTl =d1AY) — (F +k —0z(0;0))Y1 + (do —d1) A + y) + k(v + y) + 2Fe™020@)  (32)

Taking the inner product of (32) and Y7, then apply the Holder’s inequality and Poincaré’s inequality (7), we get:
1d
53 IR+ dIVEP + (F + k =0z @) |1 |2

= | (do —d))A( + y)Y1dx + | k(v + y)Y1dx + [ 2Fe 020 @)y, qx
( YA +y) (v+y
D D D
1 _
ldi — da| ||V + W IVY1] + kllv + ]| |[Y1]] + 2F[D]2e =@ [y ]

=
dl (dl_d2)2
< S IVNIP + ==V + »IP? (33)
k 2 k 2 F 2 —20z(6rw)
3N+ ZIVE + I+ F N +2F|Dle : (34)
Therefore,
d di—d2)*> k -
NP + [V + (F = 202(@0)|IN]* < (“dl”+y) V(0 + )II? + 4F|Dle™20=.

Applying Gronwall’s inequality, we get that

t
||Y1||2 Sef020'z(91—w)d‘l: F[”YI,OHZ

t

di —dr)?> k s
+ (( 1 P 2) + y) efézoz(erw)dr—Ft /efo —202(9ra))dr+FS||V(v + y)[|?ds
0

t
+4F|Dlels 207G dT—F1 / oo —202(Bc)d T+ Fs—202(0;0) 4
0

1
/ s
—dle-fo 202(9rw)dt—Ft/ej0 —202(91w)dt+Fs”VY1||2ds. (35)
0

By replacing @ by 6_;w in the above inequality, it follows that
Y16, g0(O—y))||* < efo 202 Crt@dT=F1 |1y, o(6_ )| 2
" (d — d»)? i k oJ6202(0rj@)dT—F1
di Y
t
/ el T20ZEr TS 19 (0 4 y) (5. 6. g0(6—w)| *ds

0
t

+ 4F|D|ef(§ 2az(9f,,w)dz—Fr/e/g —202(6r—@)dT+Fs—202 (65— @) 4

0
t

_ dlefol 20z(0:—w)dt—Ft / ef(f —202(9r7;w)dr+FS||VYl (s, 9—;a),go(9—zw))||2d5- (36)
0
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Similar to (28), we have, for any go(f—;w) € B(6—;w),

¢ 0
lim efo ZGZ(HT_;a))dT—Ft”Yl 0(9—1‘@)”2 = lim ef—z ZUZ(sz)dT—FIHYl O(Q—tw)Hz =0.
t—-+oo ’ t—-+oo ’

By (27)-(30), we obtain that, for all t > Tp(®),
t
2d2ef01 20z(0r—1w)dT—Ft / olo —202 01 THFS ||y (s, 0_y 0, go(0—r )| |2
0
+HVy (s, 60—, g0(6—r0))[[>ds < p5(w).

Letc; = %(M + %), then the above inequality yields that for all t > Tg(w),

dida yvdz
t
di —d2)? k s )
(m+y) eféZoz(Offtw)a’r—Ft/.efo —202(9f7tw)dr+Fs||Vv(s7e_la)’go(e_tw))"z

0
+HIVy(s, 00, g0(0—))|Pds < c1p5(w).

Therefore (29), (36) and (39) imply that
Y12, 6010, g0(0—r0)II* < (c1 +2)p5(®).
Hence, we obtain from (30) and (40) that
1V2(t. 010, go(B—s)|I> = [|Y1(2. 010, 80(0—0)) = (v + Y)(t. 6—10. g0 (6~ )|
= 2 (71 0@, go(O—r@DII? + [|(v + ¥)(t. 60—, go(0—)) )
< 2/|Y1(t, 60—, go(6—1))|I> + 4]v(t, 60— 0, g0 (6~ 0))||?

+4||y(t7 9_[(0, gO(Q—t(D)H |2
< (2¢1 + 8)pg ().

It is easy to check that Y3 (¢, x) satisfies the following equation

Y3

(37

(38)

(39)

(40)

(41)

— =d1AY3—(F+k—0z(0;0))Y3 +2D1(w—u)+2D2(y —v) + k(v —y) 4+ (d2 —d1)A(v — y)

ot
=d1AY3 —(F +k +2D1 —0z(6;w))Y3 + (k +2D1 —2D2)(v — y) + (d2 —d1)A(v — ).

Taking the inner product of the last equation with Y3, we obtain that

1d
57 /13I% + dil[VY3|? + (F + k +2D1 — 0z (0rw)| Y|

= /(k +2D1 —2D3)(v— y)Y3dx — /(d2 —d1)V(v—y)VY3dx
D D

< |k +2D1 =2Da| [[v = y[[ [I¥3]| + |d1 = d2| [[V(v = DI |IVY3]]

(dy —d2)*  (k +2Dy —2D>)?
2d; 2y(F +k +2Dy)

F+k+2D
2

<

17311

di
) IV = »II* + TIIVY3I|2 +
In the last step we used Poincaré’s inequality (7). Thus,

d

EIIYall2 +d1[|VY3]]? + (F = 20z(8:0)[|V3]* < c2(|[Vol[> + (VY| %)

+ 2()5(—;2_3;_;22 DD ]2))2 . It follows from Gronwall’s inequality that

. — 2
with ¢; = Z(dldle)

t

o ¢ s .
||Y3||2 < ejoZO'Z(Qrw)d‘[—Fl‘”Yg’OHZ_dlefOZO'Z(@rw)d‘(—Fl‘/ejO —20'Z(6‘rw)dT+F.§||vy3||2ds

0

(42)

(43)
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t
+eo eféZUZ(QTw)dt—Fl‘/efg—202(91w)d‘[—|—F‘\‘(||vU||2+||Vy||2)ds' (44)
0

Replacing w by 6_;w, we find that, for all # > 0,

1¥3(t, 6, g0 (6—0))] 2
< o0 202G ALl 1y, (0 00)] 2

t
t
_dlefOZUZ(Qf_ta))d‘L’—Ft/ef(f—ZUZ(QT_tw)dT-i-FSHVY:;(Le_tw,go(g_tw))Hst

0
t

t s
+ca efo 20z(0r—rw)dt—Ft / efo —20z(0r—tw)dTt+F's (va(l’ 9—zw,go(9—tw))||2
0

VY (t. 010, g0(0—r0)1?) ds. (45)

Similar to (28) and (39), we obtain that

t_IJTOO ef(l; 20z(0r—rw)dt—Ft ||Y3,0(«9_,w)| |2 =0 (46)

and
'
't s .
crel0 202 (Or—rw)dT—F1 /efo —202(8r—w)dT+Fs <||Vv(t,O—tw,z,’o(@—za)))||2

0

C
IV (6,610,061 + V3 (610, g0(B—r0))7) ds < 57 pd(@). @)
Setc3 = 20722 + 1, then by (45)-(47), one has that, for all t > Tg(w),
1Y3(t, 60—, go(0— )| < c3p8(w). (48)

It follows from (30) and (48) that, for all t > T (w),

1Y5(1. 00, g0(6—r))|?
= ||Y3([7 g—twv g0(9_;a))) - Y4([v e_t(,(), go(e—fw))”z
= 2(I1¥3(t. 0-10, go(6—r))|I* + [|Ya(t. 60—, go(0—))| )

IA

21Y3(t. 0-10, go(0—)I> + 4 (I[v(1. 0— 0, 0O~ + [y (1, 0~ go(O—))]I*)
= capi(®) (49)
with ¢4 = 2¢3 + 4. Consequently, we obtain that, for all ¢ > T (w),
u(t, 01, go(0—r@))|I> + [[w(t, 60—, go(6—r )|
= 113 V2.0, 01, 80(6—1)) + ¥s(t. 6. g0 ()] |

1
+||§ [Ya(t, 60—, go(0—rw)) — Y5(t, 0—1w, go(0—rw))] ||

1Y2(t, 60— @, go(O—r )| > + Y5(t, 6—s 0, go(0—1w))||*
) (50)

IA

IA

with ¢5 = 2¢1 + 8 + c4. We finally obtain that, for all 1 > Tp(w),

lg(t. - @, go(0—rw))||* < (c5 + 1)pg(®). (1)

It is easy to check that ,o% (w) is tempered. This ends the proof. O
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Lemma 3.2. There exists a random variable p1(w), such that, for any B(w) € D, and go(w) € B(w), for P —
a.e.w € Q, there is a Tp(w) > 0, such that, for any t > Tp(w), the following estimate holds

10(t, 010, g0(B—r [ 6 + 171, 010, g0(B—r )| 6 < p1(®). (52)

Proof. Because the unique global weak solution of system (18)-(19) satisfies g(f,w, go(w)) € C((0,00),
[L2(D)]*) N L2((0, 00), [H ' (D)]*), then, for any initial value go € [L?(D)]*, there exists a small time 7o € (0, 1)
such that,

g(to, », go(@)) € [H'(D)]* — [LO(D)]*. (53)

This means that the weak solution g(¢,w, go(w)) becomes a strong solution on [fg, +00) and satisfies
g(t,w, go(w)) € C([to, 00), [H(D)]*) N L2([tg, 00),[HZ(D)]*) c C([to,00),[L®(D)]*). Thus, without loss
of generality, we can assume that go € [L°®(D)]*. Taking the inner products of (15) and (17) with v°> and y°
respectively, and adding them up, we obtain

1d
¢ g (lEs + YIS 6) + Sdalv Vol + [1y>V %)
= F [0 1 3% = (6 + 0 + [ oz(6r @O + 5O
D D
_/6202(6@)(”206 + w?y®)dx + D» /(y —v)(v° = y°)dx. (54)
D D

We now estimate all terms on the right hand side of (54). For the fourth term, by Young’s inequality, we get that

/ (v — V) — y¥)dx = / “05 35 4 yuS 1 vydx
D

D
<_v6_6+(16§6 16§6d_0 55
= y ¢V T vt (vt 4 ey)dx =0. (55)
D

For the first term, by Young’s inequality,

F/e—OZ(Qla))(US + yS) _ (y6 + v6)dx
D

5 1
< F/.8(06+y6)+56—60'2(9,w)_(y6+v6)dx
D

F F -
< —Z(oli§s +1IylI§e) + FDleT07=C, (56)

By (54)-(56), we arrive at the following estimate, for all # > 0

d _
ZllISs + 11Y1§e) < 602(6,0) = F) (IIv]156 + 1131156 ) +2F|Dje™07= 0, (57)
By Gronwall’s inequality, we obtain that, for all ¢ > 0,

6 6 0 60z(Brw)dT—F 6 6
1116 + 11y11§6 < efo 672 Ce@dT=FL(|lyo 1 o 4 |Iyoll§ o)
t
+2F|D|ef66crz(91w)dr—Ft/ef(f—602(Qrw)dt—I—Fs—6az(9Sa))ds' (58)

0

Replacing w by 6_;w in the above inequality, we have that, for all # > 0,

lv(t, 60—, go(O—1N[S 6 + ||y (1. 0—s 0, go(O—;))|S
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t
< o 0oz Ot dT=F (1136 (0_1)|| 6 + [[y0(0—@)[|)
t
+2F|D|€f(§ 60z(Or—w)dt—Ft / ef(; —6(72(0T_,w)d1:+Fs—6az(6"g-_,a))ds

0
13
= el 02O dT=F1 (|15 (0_,0)[| + ||y0(0—10)]|$6)
0
+2F|D|/efso—602(Qfa))dr—l—Fs—()oz(Osa))ds. (59)

—t

For go(0—;w) € B(0—;w), the properties of the Ornstein-Uhlenbeck process implies that, for all ¢ > T (w)

. 0 f—
Jim el 00 Crend T (oo (0 @)IG6 + [yo(0-)lIge) =0, (60)
and
0
2F|D|/ef»\(') —602(6;w)d T+ Fs—60z(6;5) 4
—t
0
<2F|D| / ef;)—602(Ofw)dr+Fs—6az(9sa))ds<oo. ©61)
—0o0
Set
0
p1(@) =1+ 2F|D| / ofs —602(6rw)d T+ Fs—60z(6;0) 4 ¢ (62)

—00

Then there exists a Tp (w) > 0, independent of ¢, such that for all ¢ > T (w),

(. 6—r0., go(B—1 )96 + [Iy(t. 6— 0. g0 (B— )| 6 < p1(w). (63)
This ends the proof. O
Lemma 3.3. There exists a random variable p>(w) > 0 such that, for any B(w) € D, go(w) € B(w), for
P—a.e. w € Q, there exists a Tp(w) > 0 such that, for all t > T (w), the following estimate holds,

t+1
/ V(5. 0—s—100, g0(B—1—10))|2ds < pa (). (64)

t

Proof. Using (27), (28) and (29), we obtain:
t
2d2€f6 20z(0r—rw)dt—Ft / efg —20z(Or—tw)dTt+Fs (||VU(S, e_tah gO(G—lw))”Z
0

+1V(s. 0=, 0(6—r))|I?) ds = pF(). (65)

Setting t = ¢ + 1, we have:

t+1
2d2€f(;+1 20z(0r——1w)dt—F(t+1) [ eJS —20z(0c—t—1w)dTt+Fs <||Vv(s, G—I—Iwa go(e_t_lw))”Z
0

HIV3 (s, 0-1—1, go(O——10)|?) ds
t+1
41
> 2d2 / e,st 20z(Or——1w)dt+F(s—t—1) (||VU(S, Q—t—lw,go(e—t—lw))ﬂz

t
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HIV(s. 0—1—1, go(0—r—10)1%) ds
r+1

—20 max

|z(Orw)|—F 2 2
> 2dse —l=r=0 [IVu(s, 0—r—10, go(O—r—10))||” + [[Vy (s, 0—r—10, go(0—r—1w))||"ds.

t

Let T (w) be the constant defined in Lemma 3.1. It follows that, for all t > Tp(w),

with cg =

where ¢7

141
/ IVo(s, 0—r—10, g0(O—r—10)|I> + ||V (s, —r—10, g0 (0—r—10))|*ds < cepg(@),

t

1 20 max |z(Orw)|+F
—1<t<0

(66)

545 ¢ . Similarly, by (36)-(40) and (45)-(48), we get:
t+1
[ 1971656110, 50061100 Pds = 65 @),
!
t+1
[ 1973656110, 50061100 Pds = cspi(o),
t

X 20 [z(O: )|+ F ., 20 1z(Br )|+ F
= —"jl'ze 1270 ¢ , 08 = ;—316 ~127<0 ¢ . Set cog = 2c¢7 + 4ce, and c19 =

2¢g + 4ce. It follows that, for all 1 > T (w),

and

t+1
IVY2(s, 0—i—10, g0(O——10))||*ds

1
IVY1(s,0—r—10, g0(0—1—10)) — V(v + y)(5, 0—i—10., g0 (O—1—10))||*ds

1
2(|VY1 (5. 0—i—10. go(O—r—10))||* + 4(||V (s, O —10, go(0—r—10))||*

IA

I
S T T —

HIVy (s, 0—r—10, go(0—r—10))|*)ds

< copd(w),
t+1
/||VYs(s,e_t_lw,go(e_t_lw)nﬁds
t
t+1
= / [IVY3(s, 0—r—10, go(O—t—10)) — VY4(s, 0—r—10, g0(0——1))||*ds
t
t+1
<2 / VY305, 0_s—10. g0(0—r—10)I? + [[VYa(s. 0100, g0(0—s—1))|[ds
t
t+1
<2 / VY305, 0—1— 10, g0(B—1—10)II? + 2(|V0(s, 610, g0 (6—1—10)| |2
t

H|Vy(s, 0——10, go(O——10))|[*)ds

1005 ().

IA

(67)

(68)
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Therefore, by (67) and (68), we get

t+1
/ 1Vu(s. b—r—10, go(O——10))|1> + [|Vw(s, 610, go(0—1—10))|*ds
t

r+1
/ 19 Y2(5. 0t 10. 80 (O—s—1)) + VY5(s5. 60—t —1 0. g0(6—1— 1))
t
VY2 (s, 0—r—10, g0(0—1—10)) — VY5(s, 0—s— 1w, go(O——1))||>ds
t+1
/ IVY2(s, 0—i—10, go(0—s—10))|[* + || VY5(s, 0——10, go(O——10))||*ds
t
(co + c10)p3 (). (69)

ENT

IA

IA

Finally, by (66) and (69), we obtain that, for all t > Tp(w),

t+1
/ IVg(s. 6—r—10. go(0——10))|I> < (c6 + co + c10)p5 (@) = pa(w). (70)
This ends the proof. O

Lemma 3.4. There exists a random variable p3(w), such that, for any B(w) € D, and go(w) € B(w), for P —
a.e.w € R, there is a Tp(w) > 0, such that for all t > Tp(w), the following estimate holds ,

IVu(t, 0—r@, go(0—r@)|I* + [[Vw(t, 6—r@, go(0—r0))||* < p3(). (1)

Proof. Taking the inner products of (14) and (16) with —Au and —Aw respectively, and then summing them up, we
obtain that,

1d
S (IVull® + IVw|?) + di([|Aul]? + [[Aw]?) + (F + k = 0z(8:0)) (|| Vull* + |[Vw]*)

2dt
— 20z(0;w) (,,2 2
= —/e (u“vAu + weyAw)dx + Dy /(w —u)(Aw — Au)dx. (72)
D D

Now, we estimate each term on the right hand side of (72). For the second term,

/(w —u)(Aw — Au)dx = —/(Vw — Vu)?dx < 0. (73)
D D

For the first term, by Holder’s inequality and (8), we have that

—/ezgz(gtw)(uszu + w?yAw)dx
D

1
Ed1(||Au||2+||Aw||2)+Ee402(9tw)/u4v2+w4y2dx
D

1
< di(18ull” + [1Aw|?) + 2 el 16l [0 I17o + [ellzl1¥I176)
1
< i (1AulP +[Awl?) + 77—z eto= e (el + 1Vl D111 6 + Aloll* + 1Vl 16 ) -74)
It follows from (72)-(74) that

d
E(IIWII2 +IVwl?) + 2(F +k —0z(6,0)) (| Vul]* + || Vw||?)
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1
< ——5 470D [([ul|* + 1Vul ol + (wll* + 19wl )]y ]

<7
| 2
< oz (0;w) 2 2) ( 2 2)
< iRt (b + 10 11?) " (10116 + 1131
1 2
gz (InFs + 113e) (19l +19wIP) as)

Hence, forall t > 0
L 1VulP + 17wl )
dt

< [We“”w (110126 + 111126 ) (I1Vul + V] 2) = 2(F + k —oz(etw»} (11vull? + 11V ?)

2
=572 (12 4 flw?)” (II36 +11¥126) - (76)

din?
Replacing ¢ by s, and replacing w by 6_;_jw in the last inequality, for every s > 0, we obtain that
d
75 (IVus, O—1—10,80(0—r—10)|I* + [|[Vw (s, b—r—10, go(b——10))I1*)

1
< [We“”wﬁf*“‘” (||v(s, O—r—10.,80(0—r—10))|126 + [1¥(s. e_t_lw,go(e_t_lwnniﬁ)

x (7G5, 0—-10, g0 (O—1—1 > + V(5. 0——10. g0 (O—1—10)I?) = 2(F +k = 02 (65—1—1))]

% (1Vu(s. 0—-10. g0 (O—1—10NI? + [V (s. 0~ -10. g0 (B—1-10)]?)

1 2
+ ¢t (s, 0-im10, g0 010D + 106, 0110, g0 (011D 1)
X (”U(S, 9-[—1w7 gO(G—t—lw))Hié + ||y(S, 0—[—1(1)’ go(e—t—lw))”i()) ’ (77)

which can be rewritten as dp
75 S B6)p(s) +als). (78)

with
p(s) = [|Vuls, 0—r—10, go(0—r—10))[|* + [[Vw(s, 0—r—10, g0(O—r—10))|*;
Bls) = rﬂ]ze““”s—f—lw) (IG5, 0——100, g0 (O—1—1 0|26 + 1¥(5. 0—1—10. g0 (01103

x (1IVu(s. 0-1-10. 00—~ 1) + [IV(s, 610, g0(6—1—10)]?) = 2(F + k — 02(Bs—1—1)):
o(s) = ﬁe“”(@“f*l“’) (s, 010, 808 —10NI + [1(s. 6100 8001100 17)

x (1165 0—1—10. go(O—r—10)) |26 + 1 (5. O—s—10, g0 (O——10)) |2 ) - (79)
We use uniform Gronwall inequality to estimate

IVu(s, 6—r—10, g0(O—r—1))|* + [|Vw(s, 0—r—10, g0(0——10))| |,

We need to compute ft[—H B(s)ds and ftt—H a(s)ds first. By (50) and (52), we have that, for t > Tg(w)

|[u(s, O—t—10, go(O—r—10)| > + [Jw(s, O—r—10, go(O——1w)| [
[[u(s. 0—s (Os—r—10), 80(O—s (Os——1))|* + |[w (s, O—g (Os—1—1©). g0 (O—5 (Os—1—10))||*
503 (Bs—1—10), (80)

IA

and

||U(S, 9_[_1(1), go(e—l—lw))HiG + ||y(S, 9—l—lw7 go(e—l—la))Hiﬁ
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= J[u(s. 05 (Os—1—10), g0(O— (Bs—1—10)))[1 26 + |[w(s. 05 (Os—s—10). g0(O—s (Bs—1—10))| |26
c11p > Os—i—10). 81)

IA

It follows from (80) and (81) that

t+1 5 t+1

CzC11 L 1/3
/ a(s)ds = 25 / eI O (O 10)p} > (O5—i—10)ds
t t

C%C]]

401z(6: )| .2 1/3 —
< o e P30z O )| = M1 (@), (82)

Next, we use Lemma 4.3 to estimate ftt—H B(s)ds.

t+1 t+1

c5C
[ B = SO max [ gl G| [ A9 0100 200100 +
t T t

IVw(s, 6—r—10, go(0—r—10))|1?ds + 2(F + k + 0 _max_[z(8:w)])

¢5C11 401z (6, 2 1/3
< o [ 001y 6w | p2(6c0)

+2(F +k+0 max |z(6rw)|) = Ma(w). (83)
—1=<7t=<0
Therefore, applying uniform Gronwall inequality, we can get that

IVu(t + 1,010, go(O——10)||* + [[Vw(t + 1, 0——10, go(O——10))||?
< (M1(0) + p2(@))e™>@) = p3(w). (84)

This ends the proof. O

Lemma 3.5. There exists a random variable p4(w), such that, for any B(w) € D, and go(w) € B(w), for P —
a.e.w € R, there is a Tp(w) > 0, such that, for allt > Tp(w), the following estimate holds

IV, 0—r@, go(O—r))|I* + [IVy (2, 010, g0(6—; ))||* < pa(w). (85)

Proof. Taking the inner products of (15) and (17) with —Av and —Ay respectively, and summing these two equations
up, one has that

1d
5=Vl + [[VYI1?) + d2(|Av|* + [|AY]1?)

2dt
= —/ Fe~ 7@ (Ay + Ay)dx + (02(6:0) — F)(||Vo|* + [|Vy|[?)
D
te202(6:) / w?vAv + w?yAydx — Dy /(y —v)A( — y)dx. (86)
D D

Now we estimate each term on the right hand side of (86). For the first and fourth term, by Green’s formula,

/Fe_‘”(e’“’)(Av + Ay)dx = 0,
D

—szu C0)AW - y)dx = —/ 1900 — y)lIPdx <.
D D

As for the third term,

40z (0;w)
207 (01») / u?vAv + w2 yAydx < da(||Av||? + ||Ay]]?) + —ad / u*v? + wy?dx. (87)
2

D D
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It follows from Young’s inequality that

d
E(IIVUII2 +1IVyIP) + 2(F = 02(8;0) (Vo[> + [ |Vyl?)

6402(0,(0) 4 5 y ,
= g (lIZellvlZe + lwllizell¥11Ze)

e402(9ﬂ0) . 5 , X
< gy (il s + ol 1y 1Ze)

e4az«%w) 4 . 5 X . .
= o [l 19l + ol 4+ 19wl )1yl

e402(9ﬂv) ) - ) - . i
anz[“'”” + (1wl + Q1Vul 2 + [Vl 22 ] (16 + 191E6). (88)

Replacing ¢ by s and replacing w by 6_; 1 in the last inequality, we obtain:
d
= (106, 01210 0611 0))I” + |95 (5. 6-1—10. g0(6—r—10) )

+2(F =02 (05—1—10)) (I1V0(s. 0—1—10, g0 (O—r—10))| 2 + V(5. 6110, g0 (O—s—10)]1?)
o202 (05— 1—10)

2 2 2
< s | (Ilu6s. 0—1—10, o (O—1—1@) I + [[w(s. 010, go(O——10)]1?)
dan

2 2 2
+ (I1Vu(s. 0-r—10, 0 (O—r—10DI? + V(5. 61— 10, 0 (O—1-10))] %)

x (1165, 0—1—10. go(O—r—10))[1Z.6 + 1 (5. O—r—10. g0 (O——10)) |2 ) -
It can be rewritten as dp
L < B6pGs) + o). (59)
with
p(s) = [IVo(s, 0——1, go(0—r—10))[|* + [V (s, 0—r—10, go(O—r—10))||*;
B(s) = =2(F —o0z(0s—1—1w));

40z(Os—1—1w) 5 2
| (465, 0=1-10, 0 (O—1—10) I + [[w (s, 10, go(O—s—10)]1?)
dan

2 2 2
+ (IIVu(s. 0=-10. 0 (E=1—10)I* + [V (s. 0—-10. g0 (B—1-10)]?) ]

als) =

% (1106, 0-1-10. g0(6-1—10)1F ¢ + 1y (5. 0-1-10. g0 (O-1—10)3c) - 90)
Similarly to Lemma 4.4, we need to estimate IZ—H a(s)ds, tI—H B(s)ds and ftt—H o(s)ds.
t+1
/ B(s)ds <2(F +0 max |z(6rw)|) = M3(w). 1)
—1<t=<0
1
By (80), (81) and Lemma 4.4, we have that, for t > Tg (),
¢
«(s) = et [ Fpl 6 i10) + R G-rm19) [ 012 O 1), (92)
It follows that
141
C11
f w)ds = 7 max [e*12@1(c2p8(0:0) + POz 0))p]* (0r0) | = Ma(). 93)

t
By using uniform Gronwall inequality and (66), (93) and (91), we get that

Vot +1,6—1—10, g0(O—r—10)|I* + [|Vy(t + 1,0——10, go(0—r—10))||?
< (Ma() + p2(0)) e = py(). (94)
This ends the proof. O
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4 Existence of random attractors

In this section we use Proposition 2.1 to prove the existence of a pullback attractor.
Theorem 4.1. The random dynamical system ¢ has a unique D—pullback random attractor in [L?(D)]*.

Proof. In Lemma 3.1, we find that the system has a bounded absorbing set. By Lemma 3.4 and Lemma 3.5, we
know that for any go(f—;w) € Bo(6—_;w), the weak solution g (¢, 0_; w, go(f—;w)) is bounded in [H ! (D)]*. Since
the embedding [H ! (D)]* < [L?(D)]* is a compact mapping, This shows that the random dynamical system ¢ is
asymptotically compact. Hence, by Proposition 2.1, we obtain the existence of a unique D-pullback random attractor
{A1(0)}weq for ¢ in [L2(D)]*.

Since ¢ and ¢ are conjugated by the random homeomorphism 7'(w, £) = €@ @) g(w), then by Proposition
1.8.3 in [17], ¢ has a unique D-random attractor {A>(w)}wecgq in [LZ(D)]* which is given by

Az(0) = {77 E(w) 1 §(0) € A1 ()} 95)

This completes the proof. O
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