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Abstract: In this paper we investigate some extensions of sufficient conditions for meromorphic multivalent
functions in the open unit disk to be meromorphic multivalent starlike and convex of order «. Our results unify
and extend some starlikeness and convexity conditions for meromorphic multivalent functions obtained by Xu et al.
[2], and some interesting special cases are given.
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1 Introduction and definitions
Let X, ,; denote the class meormorphic multivalent functions of the form

o]
f@ =27+ ) arpz"? (pneN:={1.23..}, (1)
k=n
which are analytic in the punctured unit disk ™ := U \ {0}, where i :={z € C: |z| < 1}.

Definition 1.1.
(i) A function f € X 5 is said to be meromorphic starlike functions of order «, if it satisfies the inequality

for some real & (0 < o < p), and we denote this subclass by S , ().
(ii) A function f € X, is said to be meromorphic convex functions of order «, if it satisfies the inequality

zf"(z)
—Re (1 + 0 ) >o, z €U,

for some real @ (0 < o < p), and we denote this subclass by ZKp, , (o).

Let A;, denote the class of analytic functions in ¢/ of the form

oo
f@)=z+ Zak_sz'H, zeU (neN).
k=n
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Definition 1.2.
(i) Let S;; denote the class of n-starlike functions in U, i.e. f € Ay, and satisfies

zf'(2)
/(@)

(ii) Further, we denote by K, the class of n-convex functions in U, i.e. f € Ay, and satisfies

zf"(2)
1)

In the recent papers of Goyal et al. [1] and Xu et al. [2], the authors obtained some sufficient conditions for

Re

>0, zel.

Re(l+ )>O,ZGL{.

multivalent and meromorphic starlikeness and convexity, respectively. In this paper we will derive some extensions
of these sufficient conditions for starlikeness and convexity of order o for meromorphic multivalent functions.

2 Main results

In order to find some simple sufficient conditions for the starlikeness and convexity of order o« for a function
f € Ep 5, we will recall the following lemma due to P. T. Mocanu (see also [3]):

Lemma 2.1 ([4, Corollary 1.2]). If f € A, and satisfies the inequality
n+1

/ -1 . U
e a7

then f € S;;.
Remark that, for the special case n = 1, this result was previously obtained in [5, Theorem 3].

Theorem 2.2. If f € X, ,, with f(z) # 0for all z € U™, satisfies the inequality

» & (/@) ) 3 ‘ (n+D(p—a)
(27 f(2)] (f(z) +a)+p—a <7\/m,zeu, 2

for some real values of @ (0 < a < p), then f € ES, , (a). (The power is the principal one).
Proof. For f € ¥, », with f(z) # 0 forall z € U*, let us define a function 4 by
1
h(z) =z [zP f(2)]% 7, z el (3)

Since f € Xp.,, and f(z) # 0 for all z € U™, it follows that the power function

o(z) = [27 f(2)]77

has an analytic branch in ¢/ with ¢(0) = 1, so & is analytic in ¢/. If the function f is of the form (1), a simple
computation shows that
h(z) =z + Wz;pzn+1 +...,
a—p
zeU.Thus h € A,.
Now, differentiating logarthmically the definition relation (3) we obtain that

n(z) 1 f'@) |« *
i = e (o +5) e @
which gives
|h'(z)—1| = p%a [zpf(z)]ﬁ (Z'j:(iz)) +a) +p—al, zel.
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From the above relation, by using the assumption (2) of the theorem we get
n+1

—_— Z

Vin+1DZ2+1

hence, according to Lemma 2.1, we deduce that /i € S,’,f.
Using again (4), we get

|h'(z)—1| < cu,

zh'(z) 1 (zf’(z) +oz)

hz) — p—a\ f(@2)
and according to the fact that 1 € S;;, the above relation implies
4
—Re @) >a, z €U,
1)
thatis ' € S, (). O

Theorem 2.3. For f € X, ,, with f(z) # 0 for all z € U*, let’s define the function h by
1
h(z) =z [z f(2)]* 7. zeU (O<a<p). 5)

If h satisfies the inequality

h"(2)] < ot eu (6)

NCESEES

then f € XS, (). (The power is the principal one).

Proof. As in the proof of Theorem 2.2, we have i € A,;,. Moreover, from the assumption (6) we deduce that

z |z|

|h'(z)—1| = /h”(z)dt 5/

0 0]

h//(peie)’dp< (n+1)|z| < n+1 zel.
TV D241 o+ D2 +1

Therefore, the function A satisfies the condition of Lemma 2.1, and thus & € S,;. Now, using the same reasons as in
the last part of the proof of Theorem 2.2, we finally obtain that / € XS, , («). O

Next, we will give some sufficient conditions for a function f € ¥, ,, to be a convex function of order .

Theorem 24. If f € T, ,, with f/(z) # 0 for all z € U*, satisfies the inequality

22T £/ (2) 7 ( zf"(2) ) n+1(p—a)
SR 1+ to)+p—a| < L LLZD :
( ) 10 o p—oal < CEREEE zelU @)

for some real values of o (0 < a < p), then [ € XKp (). (The power is the principal one).

Proof. For f € X, , with f/(z) # 0forall z € U*, the power function

1
ZPt1 g7 ) a=pr
0(z) = (f( (8)
-P
has an analytic branch in ¢/ with ¢(0) = 1, and if the function f is of the form (1), then
o()=1—-—*X @, " +... zel.
pla—p) "7
It follows that the function 4 defined by
z
h(z)=/<p(t)dt=z—Lan_ Mt L zeu 9)
pla—pa+1) """ ’ ’

0
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belongs to A;,. Thus, we deduce that the function g defined by

g(z)=zh'(z) =z - n_pz”+1+..., z €U,

_n-r_,
pla—p)

is in A, . From the above definition relation, we get

g/(z) _ 1 ZP+1f/(Z) a—p (1 N Zf//(Z) +a) -
o=p —-p f'(2)

From here and using the assumption (7), we obtain

Ig’(Z)—l}<7n+l zel.

Therefore, from Lemma 2.1 it follows that g(z) = zh’(z) € S, which is equivalent to & € K,,. Noting that

zh"(z) 1 (Zf”(z) )
e e\ TP

since h € K,;, we obtain that

Re (1 + Z::;Z)) — Re [L (1 +a+ Z;:/((ZZ)))] >0, zel,

that is

zf"(2)
(@)
hence f € XK, » (). O

—Re(1+ )>a,zeu,

Theorem 2.5. If f € X, ,, with f/(z) # 0 for all z € U*, satisfies the inequality

1 (Z”“ f/@) o (1 MELMCRN p) Lt De-o) g, (10)

z -p /() EENCES IS

for some real values of « (0 < a < p), then [ € LK, (). (The power is the principal one).

Proof. For f € ¥, , with f/(z) # 0 for all z € U™, the function ¢ defined by (8) is in Ay, therefore the function
h given by (9) is in A,,.
Further, letting g(z) = zh’(z), we obtain that

N,
g@) =z — ——L a, 2"t e Ay,

pla—p)
and
|g/(z) — l| = |h’(z) +zh"(2) — l| < |h’(z) - l’ + |Zh”(z)’ = /h”(t)dt + lzh”(z)|
0
Iz]
5/ h’/(pei'g)‘dp+|zh”(z)’, z eU. (11)

0

Since

1

e p— (Z”“f/(z))“_p (1 NG +p),

z(a —p) -p /()

using the assumption (10) we get

: 1 |1 {zPHf(2) 7 ( zf"(z) ) n+1
W 0y — - 1 B
(pe )‘ p—ajz ( —p ) - 1'(2) r o pei® = 2/ +1)2+1
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and from (11), using again (10) we deduce that
(n+ 1Dz 4Dzl _ n+1
2+ 1241 2/n+1)2+1 Ja+1)2+1

According to Lemma 2.1 we obtain that g(z) = zh/(z) € S, which is equivalent to i € K. Consequently, as in
the last part of the proof of Theorem 2.4 it follows that f € XK, , («). O

z €eU.

lg'(z) - 1| <

Remarks 2.6.
(i) Ifwe put n = 1in Theorem 2.2 and Theorem 2.3, we get the results established by Xu et al. [2].
(ii) For the special case n = 1, Theorem 2.4 and Theorem 2.5 represent the results of Xu et al. [2].

For f € X, 5, with f(z) # 0for all z € U™, let’s define the function F by
z

F(z) = f [t?f®)]) dt, zeu (yeC),

0

where the power is the principal one. Thus, F(z) = z + ———a,—,z"T! +... € A,, and considering this integral

n+1
operator we derive the next result:

Theorem 2.7. If f € X, ,, with f(z) # 0 forall z € U™, satisfies the inequality

P (2
’V[Z f(z)] (zj‘{(g) n )‘ Sz\/(nn_;%’ ceu (12)
fory < —%, then f € TS, (p + %) (The power is the principal one).
Proof. T f € %0, with £(2) # 0 forall z € U*, then
Frzy = LEZTEL (Zf/(z) +p), zeu. (13)
z 1@

Defining the function g(z) = zF’(z), it follows that g € A, and

|g'(z)—1| = |F/(z)—|—zF"(z)— 1{ < |F/(z)— 1\ + |ZF"(Z)|

z |z]
_ / F'(t)dt| + |2F"(2)] < / ‘F”(peie)‘ "(2)], z eld. (14)
0 (0]
From (13), using the assumption (12) we get
n+1

v 22 f@)) (Zf’(Z) +p)
z 1)

|F%m”ﬁ=‘

< -
cmpeit 2/ (D2 +1

and the inequality (14) combined again with (12) implies that

1| < (n+ 1)z (n+ Dzl n+l .
2/ +1)2+1 2+ 1)2+1 Ja+1)Z2+1

Consequently, from Lemma 2.1 we obtain that g(z) = zF’(z) € S,;, which is equivalent to F' € K,,. Using the fact
that F'(z) = [z? f(2)]”, it follows that
zF” (z zf'(z
)y (p+ 22) 1

F(z S

|g'(z) —

)
and since F € K;; we conclude that f € E ( ) O
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3 Special cases

Let’s consider the function f* defined by

1 inz\*~?
f(z)z—(l—xﬂ—smz) zeu,
zP z

where 0 < o < p, the power is the principal one, and assuming that the parameter A € C is chosen such that

| .
A1 - e
A z

Using MAPLE™ software, from Figure 1a we may see that

sin z
1- 222
z

max
lzl=1

< 0.18,

s)

16)

an

5
therefore (16) holds whenever |A| < 5 = 5.555..., and consequently, if A € C satisfies this inequality then

feXpa.
Using again MAPLE™ software, from Figure 1b we have that

5 Z
max ‘sm2 —‘ < 0.28,

lzl=1
and a simple computation leads to
1 /
[z7 f(z)]* (Zﬁ((i) n a) fp—a|=20p—a)Al ‘sinz %‘ <2(p—a)A|-028, z cU.
z
Fig. 1
(a) Functions G1(z) =1 — % and G2(z) = 0.18z (b) Functions H; (z) = sin? £ and Hz(z) = 0.28z

Thus, according to Theorem 2.2 we obtain the following special case:

75
14410

Example 3.1. IfA € Cand |A| < = 1.6941..., then

sin z

a—p
f(Z) = ZLp (1 —A + AT) € ES;’Z(O[),

for some real values of o (0 < a < p), where the power is the principal one.

18)
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Remark 3.2. For the function f given by (15), the function h defined by (5) is of the form
h(z) =(1—=A)z 4+ Asinz, z € U.
Therefore, |h" (z)| = |A||sinz|, and using MAPLE™ software, the Figure 2a yields that
lIZIT;XI |sinz| < 1.2.

Now, according to Theorem 2.3 we obtain the following special case:

5
IfA € Cand|A| < —— = 0.79057..., then
4 | |_2«/E

sinz

o—=p
f(Z) = Zip (1—1"’},7) S ES;,Z(“)’

for some real values of @ (0 < o < p), where the power is the principal one.
If we compare the result given by Example 3.1 with the above one, for this special choice of the function f the
Example 3.1 gives a better result.

Fig. 2

(a) Functions J1(z) = sinz and J2(z) = 1.2z (b) Functions K| (z) = ““272_5“‘2 and K»>(z) = 0.38z

50
As we already proved, if |A]| < 5 = 5.555... then the relation (16) holds. Therefore, there exists a function

f € Zp 2 such that
sinz

p o
/ _—a — —
f(z)= Py RS (1 A+ A - ) ,zel,

50
where 0 < @ < p, and the power is the principal one, assuming that A € C is chosen such that |[A| < 5 =5555....
A simple computation combined with (18) shows that

+1 £/ ﬁ Vi
Al KO (1 EUO) +a) +p—a|=20p—a)Al ‘sinz 5‘ <2(p—a)A|-028, z €U,
-p /(@) 2

and from Theorem 2.4 we obtain the following special case:

Example 3.3. IfA € Cand |A| <

75
— 1.6941 ..., then f € %, o with
1410 S €2p2

. oa—p
I p sinz
£1@) =~ (1—A+A—Z ) Lz el, (19)

for some real values of « (0 < a < p), is in ZK)p n (). (The power is the principal one).
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Remark 3.4. Using MAPLE™ software, from Figure 2b we have that

Zcosz —sinz

max >

Izl=1

< 0.38. (20)
z

From a simple computation combined with (20) we get

Lo\ (e, N
( - ) (1+ 25+ ) = -l

zcosz —sinz
72

<(p—a)|A|-0.38, z €U,

and using Theorem 2.5 we obtain the next special case:

75
IfA e Cand |A| < 9

5 = 1.2483 ..., then [ € X 2 that satisfies (19) has, moreover, the property that

f € EKp n(a), for some real values of o (0 < o < p), where the power is the principal one.
Comparing the result given by Example 3.3 with the above one, for this special choice of the function f the
Example 3.3 gives a better result.

As we proved at the beginning of this section, the function f* € X, 2, where

1
1 i v
f(z):—(1—x+xﬁ) L zel, 21)
zP z
with A € C, |A] < 5= 5.555 ..., and the power is the principal one. Using the inequality (20), we deduce that

zZcosz —sinz
ZZ

’y[zpf(Z)]y (Zf’(z) <|A]-038, zeU

z 1)

and from Theorem 2.7 we obtain the next special case:

+p)\=|x|

75 1
Example 3.5. IfA € Cand |A| < ——— = 1.2483.. ., then the function iven by 21)isin ©S* ( + f),

1
fory < ——. (The power is the principal one).
p

Using MAPLE™ software, we could check that the next inequalities hold (see Figures 3a, 3b, 4a, and 4b):

max |1+ =~ ¢ <022, 22)
lzl=<1 2
max ‘ez -1 —z’ < 0.73, (23)
lzl=1
max |e” — 1] < 1.73, (24)
Izl=1

zZ __ ,Z 1 1
g o osi (25)
|z]<1 z 2

From (22) and (23), using Theorem 2.2 we may easily obtain the following special case:

300
7310

z _ @—p
f(z)zzip[ljw\(e . 1_1_%)] €XS, (),

for some real values of @ (0 < a < p), where the power is the principal one.

Example 3.6. IfA € C and |A| < = 1.2996..., then
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Fig. 3

(a) Functions L1 (z) = 1+ 2 —¢=L and L»(z) = 0.22z (b) Functions M1(z) = e* —1 —z and M»(z) = 0.73z
2 z

Fig. 4

(b) Functions Py (z) = ”Z;# —land P,(2) =
(a) Functions N1(z) = e? —1and N2(z) = 1.73z 0.51z

Remark 3.7. From (22) and (24), according to Theorem 2.3 we could similarly obtain the next special case:

300
IfA e Cand |A| < = 0.54837..., then
1734/10

e“ —1

1 z\1¢477%
f(Z) = Z_p |:1+)L( —1—5)} S ES;!Z(G),

for some real values of @ (0 < o < p), where the power is the principal one.
Thus, for this special choice of the function f the Example 3.6 gives a better result.

From (22) and (24), using Theorem 2.4 we easily get the next special case:

= 1.299..., then f € X, 5 with

3
Example 3.8. IfA € Cand |A| <
P 4 | |‘73¢E

z_ a—p
f/(z)=_L[1+A(ezl—1—f)] L zel, (26)

zpt1 2

for some real values of o (0 <« < p), isin ZKp (). (The power is the principal one).
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Remark 3.9. From (22) and (25), according to Theorem 2.5 we could similarly obtain the next special case:

150
IfA e Cand|A| < =1

= 0.93008..., then f € X, > that satisfies (26) has, moreover, the property that

f € EKp 5 (a), for some real values of o (0 < o < p), where the power is the principal one.
Consequently, for this special choice of the function f the Example 3.8 gives a better result.

Finally, from the inequalities (22) and (25), using Theorem 2.7 we obtain the next special case:

Example 3.10. IfA € Cand |A]| < = 0.93008..., then

5110

1
1 e —1 z\1]” " 1
f(Z):Zp[l—‘—/’\,( 2 —1—2)j| EES[),Z(p—i_;)’

1
fory < ——. (The power is the principal one).
p

We will omit the detailed proofs of the last three examples, since these are similar with the previous ones.
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