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1 Introduction

It is well known that the Bernoulli polynomials are defined by the generating function

t
e
el —1

= 3 By (v) % (see [1-21]) . (1)

n=0

When x = 0, B, = B, (0) are called the Bernoulli numbers. From (1), we note that

Bﬂ (X) = Z <};) Bl'xn_la (fl Z 0)7 (2)
[=0
and
Bo=1, B,(1)—B, =961, (meN), (seell,19]), 3)

where §,, x is the Kronecker’s symbol.
In [3], L. Carlitz considered the degenerate Bernoulli polynomials which are given by the generating function

o0
x t"
1+ =Y Baa ) = @
(I+An)* —1 n=0 n
When x = 0, B8, 1 = Bn.x (0) are called the degenerate Bernoulli numbers. From (1) and (4), we note that
t t s 1"
= lim — (1 + )% = lim B, (x) — 5)
el —1 A—0 (1+At)%—1 r;))b—w nl.
Thus, by (5), we get
By (x) = lim By 2 (x), (see[3, 15]). (0)
A—0
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By (4), we get

Y Brrr ()= Bma) oy =1, ™
n=0 ’
and .,
— n n—i (¥
ﬁmx(x)——;§%<l)ﬁhxl (7). - ®)
From (7), we have
Bua()=Buar=38tn, n=0), Poar=1 9

Now, we consider the degenerate Bernoulli polynomials which are different from the degenerate Bernoulli
polynomials of L. Carlitz as follows:

1 oo
log (1 + Ar)* x "
PeAEADT (1t =3 s ) (10)
(1+A)% —1 o n!

When x = 0, b,, » = b,,.x (0) are called the degenerate Bernoulli numbers.
Note. The degenerate Bernoulli polynomials are also called Daehee polynomials with A-parameter (see [13]).

From (10), we note that

n

oo
t X t
L+A0% =" 1im b —. 11
(1+ A1) n=o*£1’l° na () (1)

1

log (1 4+ At)*
1 e = lim Lg( +1 )

el —1 A=0 (1 + A% -1

By (1) and (11), we see that
By (x) = lim by 5 (x), (n=0).
A—0
The classical polylogarithm function Lix (x) is defined by

oo n

Lk ()= Y ;tTk (k €Z), (seellO,11]). (12)

n=1

It is known that the poly-Bernoulli polynomials are defined by the generating function

L‘kl(ii;_l)ext _ i B (x)%, (see [9, 10, 12]) . (13)
n=0
When k = 1, we have
i B ()= L v L e i By(x+ 1) (14)
P n nl 1—e—t el — 1 = n!

By (14), we easily get
BV (x)=By(x+1). (n=0).

Let x = 0. Then B,gk) = B,(,k) (0) are called the poly-Bernoulli numbers.

In this paper, we introduce the new fully degenerate poly-Bernoulli numbers and polynomials and inverstigate
some properties of these polynomials and numbers. From our investigation, we derive some identities for the fully
degenerate poly-Bernoulli numbers and polynomials.
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2 Fully degenerate poly-Bernoulli polynomials

For k € 7Z, we define the fully degenerate poly-Bernoulli polynomials which are given by the generating function

1
Lig (1=(1+A)" % N oo g
( — )<1+W =D Bia ()

1= (14 A" % = n!

When x = 0, ﬂ,(lki = ﬂ,(lki (0) are called the fully degenerate poly-Bernoulli numbers.
From (13) and (15), we have

1
Liv (1 — o~ Lig (1 - (140" % o
Mext = lim ( ) A+t =" Alimoﬂ(k (x)*'

— 1
1 —e? A—0 1—(14+A)"* ¥ n!

Thus, we get
: (k) _ nk)
lim B (1) = B (1), (= 0).

By (15), we get

tl‘l

oo n Lig (1= 40" % . o
’;)ﬂ(k ( )L ( 1 ) (1+A0)%* = Z (Z (1)‘31(/? (A)n_[ An—l) T

I—(14+Ar)"* 0
Thus, from (18), we have
"\ [y
CEUTEEDS ()3, e w0

and

ﬂ(k (x) = Z(’;) (%)n A zﬂ(m'

1=0
Therefore, by (17) and (19), we obtain the following theorem.

Theorem 2.1. Fork € Z, n > 0, we have

ﬁﬁ@(x+y) 2:(7)(X)n ”lﬂ“)Uj, (n>0),

=0

and
: (k) — p&K)
AhmO By (x)=B,"(x).

where (x), = x(x = 1)---(x —n+ 1) = Y7_o S1 (n,1) x'.
From (15), we can derive the following equation:

o _ L (1 —(1+ Ar)—%)

: (14 A0) 5.
1+ A% —1

Z Ig(k)

Thus, by (21), we get

S {88189 ol
n=0

— Lig (1 —(+207H)

as)

16)

A7)

(18)

19)

(20)

21

(22)
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- +m)—%)m

e (GO 1"t —Liog(1+ar) _ )" !
B Z NGRS ( 1)

_1ym+1 /
- Z( ) EERT AR Z So(m+ 1) (=) A~ ’M

I=m+1
oo I—1 1
(=nm+t )”"+

_ZZ = (m + DISy (Lm + 1) (=)' A~ ’ZSl(n m"

I=1m= 0 n=I

- m!(m+1)(—1)1—’"—1 ALS (m+ 1) S (1) "

I=1m=0 (m +1)

where S> (n,/) and S1 (n, ) are the Stirling numbers of the second kind and of the first kind, respectively.
Therefore, by (22), we obtain the following theorem.

Theorem 2.2. Fork € Z, n > 1, we have

n I—1
Bra=Bua (=2 3.

m! (=1 =M= A=l (1,m + 1) Sy (n, D

21 m=o (m+ D!
From (12), we can easily derive the following equation:
y d_. 1.
le (1) = Ele (1) = ?le—l (). (23)

Thus, by (23), the generating function of the fully degenerate poly-Bernoulli numbers is also written in terms of the
following iterated integral:

t

1
1+ Ar)* / 1 (24)

(A+A0% =14 (A +2a0% =1) (1 +20)
0
/ | f log (14 Ant
A
x/ / og(l + A1) di - dt
J(aant )asan ) (@t o0 asan S,
_Zﬁ(k)t
For k = 2, we have
X o t" (A +AnE [ log(l+Ar
YoB S = ) [Og( )} (1+ 1) "% di (25)
azo U a+ant -1y a+ank -1
1 t
__a+Ar iml(k)/’"dl
1+t =1\ o J

t 1 mA( A) 1™
=|—— (1 +A1)*
((H_M)i_l(—i_ ”)(Z m+1) m')

_ - = (n bp—1.2 (=) \ 1
_’;(Z(z)ﬂ”(l) n—1+1 )n'

=0

Therefore, by (25), we obtain the following theorem.



DE GRUYTER OPEN Fully degenerate poly-Bernoulli numbers and polynomials —— 549

Theorem 2.3. Forn > 0, we have

@ _ - (n bu—i.5 (—X)
Pra= 2 (z)ﬁu(“n_zﬁ-

=0

Note that
n
B® = lim B = B (1) Pnt
n = i B ZZ;) 1 )Br g —I+1

From (15), we have
Lix (1 1+ Az)—%)

Z ﬂ(k)[ _ : (26)
1-(1 —I—Az)_W

I
MS

——(1-a+ Az)—%)m

0(m—i—l)

— (D" 1y, m

> (=™ 1\ (log (1 + A1)’
=Zo(m+l) mvlzmsum)( ) T

/ ( 1)m+l 1 !
(Eo(erl)Sz (I,m)A~ )l!(log(l + A1)

! m+1 o0 n
(-1 m! _ nt
(- 1)m+l
51h3p>

[=0m=0

Mg

D Ml om) Sy (. 1) A" ’} ;'.
n=0 :

Therefore, by (26), we obtain the following theorem.

Theorem 2.4. Forn > 0, we have

piy =30y 0

lOm0(+l)

m+l
D 52 (I,m) Sy (n, [y A",

Note that
m +n

k) _ 1 gk _ (- 1)
B, = )}inoﬂn,k - Z SZ (2, m).
m=0
From (23), we have

d . 1\ 1 _l_q.. _1
S Lik (1—(1+At) A)_m(wm % le_l(l—(l-l-/\t) 5 7)

-1 (k— 1)1
(1+A0)"% Z,B .

On the other hand,
% (Lik (1 —(+ Az)—%)) (28)

= % ((1 -1+ At)‘%) WLik (1 -1+ m—i))
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=L (1=a+an74)+ (1 —(1+At>‘x) (Z ﬂ(k)t )

1—(1+At)_7
1o (k) 1\ e g T
= (1+At)~ nz{),s (1—(1+A:) )’;ﬁ”s*(n—nr
By (27) and (28), we get
n—I1
Zoﬁ(" = Zoﬁ"" + i (a0t - )Zﬁ;’j(’j_l)! (29)

(e o}

— k) 1" 1 P "
=Zﬁn.xa+((1+m*—l)2 w

A((l L AnE —1) i BK) m

! zfl w "
A Z 'Bm-f-l,)»ﬁ

m=0

where

n—1
n 1 _
= 2 () (3),, =
n—m
n—1 n 1
=@+ l)ﬂ(k) + (7) An_m_i_lﬂ(k)
n,A mX::l m—1 A n—mt1 m,A

n—1
1
HZC)(J VT ez ).
m=o \"" n—m

Therefore, by (30), we obtain the following theorem.
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Theorem 2.5. Forn > 1, we have

1

(k) _
Pni= n+1

n—1
k—1) _ n ) (1 n—m-+1
— A
ﬂ Z (m— l)ﬁm’/\ (A)n—m—l—l

m=1
n—I1 n 1

) (7) AT
2 (o) (),

1
T n+1

Note that 1
n—
Bk — lim ") = gk—1 _ "o pml

n ﬂ n Z m—1 m

m=1

Now, we observe that

> I\ ad 1_(1‘1‘)”)_%)" 1
1= (1+A)~7% +1)7F = ( 1 31)
;O( (L+20)7H) 0+ 1) ; = T (
= Wuk (1 —( +Az)—%)
_ ﬂ(k)f
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By (31), we get
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Therefore, by (32), we obtain the following theorem.

Theorem 2.6. Fork € Z andn > 0, we have

B = Z Z( D7 R G+ )R S5 (m, ) S1(n,m) .

m=0;=0
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Note that
n

(—k) _ 71: (—k) _ i + . . k .
B = Jim Bl = B 0TG4 DS ).

From Theorem 2.1, we have

d ‘ d
TP @ = (’})ﬂ?f;)dx ( [T « —m)

=0 i=0
n (n) n—I—1 1 n—I—1
= B3 [T c=i»
i—o\! o Wi
The generalized falling factorial (x | A),, is given by
A, =xx—-A)x-=-21)-x—m-1DA), (m=>0). (33)

As is well known, the Bernoulli numbers of the second kind are defined by the generating funcdtion

o0 n

S bale, (see [20]). (34)
n!

n=0

t
log(1+1)

‘We observe that
1

1 co co 1
x n x "o t"
/(I—Hu)kdx = EO:A /(X)n dx— = E:/(xUk)ndxﬁ. (35)
0 n=

0 n=0g
On the other hand,

1

/(1 + )% dx =

0

A 1
e (I ((1 LAt — 1) (36)

. u (1+A0)% —1
~ log (1 + Ar) t

S it (A g !
(Z bl mv) (Z 1+11')

m=0 =
ey A)I'HA”_lb n\\ "
=2 (X I+1 =N ) )
n=0 \/=0 :
From (35) and (36), we have
1 e (1]2)
/(x | M), dx =" <l>xn—lbn_,l+ll+‘, (n>0). (37)
o 1=0

By Theorem 2.1, we get

n 1
: (’})ﬂ;"jl,k [ 12 ax
0

n l
1\, LT Vg1 \ (1) 00
= (Z (m))t "b1—m m 4+ 1 l 'Bn—l,/\'
[=0 \m=0
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3 Further remarks

Let C be complex number field and let F be the set of all formal power series in the variable ¢ over C with

0 k
f=§f(r)=2ak;,
k=0 :

Let P be the algebra of polynomials in a single variable x over C and let P* be the vector space of all linear

ay € C§ . (38)

functionals on IP. The action of linear functional L. € P* on a polynomial p (x) is denoted by (L| p (x)), and
linearly extended as
(cL+c'L|p(x))=c(L|p(x)+c (L] px),

where ¢, ¢’ € C.
k . . .
For f (1) = Y F—¢ ax %7. we define a linear functional on P by setting

(f®|x")=a, foralln>0. 39)
Thus, by (39), we get
k
(i

For f7, (1) = Y82 o (L] xk) &5, by (40), we get ( fz (1)] x") = (L| x") . In addition, the mapping L > f7 (1) is
a vector space isomorphism from P* onto F. Henceforth, F denotes both the algebra of the formal power series in

x"> — . (n.k=>0), (see[4, 16,20]). (40)

¢t and the vector space of all linear functionals on P and so an element f (¢) of F can be regarded as both a formal
power series and a linear functional. We refer to F umbral algebra. The umbral calculus is the study of umbral
algebra (see [5, 15, 20]). The order o (f (¢)) of the non-zero power series f (¢) is the smallest integer k for which
the coefficient of % does not vanish.

If o (f (t)) = l(respectively, o (f ()) = 0), then f (¢) is called a delta (respectively, an invertible) series
(see [20]). For o (f (¢)) = 1 and o (g (t)) = O, there exists a unique sequence s, (x) of polynomials such that
(6@ 7 OF s @) = 080k, (0. = 0).

The sequence s, (x) is called the Sheffer sequence for (g (¢), f (7)), and we write s,; (x) ~ (g (¢), f (¢)) (see
(20D.

Let f (t) € F and p (x) € P. Then, by (40), we get

fFo=Y(fol) g po=3 (| r@) T 1)
k=0 k=0
From (41), we have
p® © = (] p o) = (11p* ). “2)
where pX (x) = %p (x), (see [11, 14, 20]).
By (42), we easily get
Fpx)y=p" ). e"p@)=pk+y). and(|px)=pQ»). 43)
From (43), we have
x+y
eVt —1
== [ pwde [ =1[p@)=p0)-p©).

Let f (¢) be the linear functional such that

y
(F Ol p ) = [ P (u) du, (44)
(0]
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for all polynomials p (x). Then it can be determined by (41) to be

oo k %)
f(t)=27(f(t)|x)tk— AR %(e”—l).

= "=
P k)

Thus, for p (x) € P, we have

vt _ r
(=)= [panan
0

It is known that

1
g (7 (t))

where f (1) is the compositional inverse of f (¢) such that f (7 (t)) = f(f (1)) =1 (see [11, 20]).

From (15), we note that
1—e? 1
(k) At
)~ —— — —-1)).
n’)‘( ) (Lik (1 —e t) A (e ))

_ 0 k
50 () ~ (). f (1) = FTO =Y . (Ee0)
k=0

That is,
oo o Lig (1 — 1+ Az)—%) X
Yo B () — = —~ (1+ A7 .
n=0 " I—(+An)"%
Thus, by (48),
1
Z (M =1) B 0 =B, ).

On the other hand,
(™ =1) B 1) = B (x + 1) = B ().
Therefore, by (49) and (50), we obtain the following theorem.

Theorem 3.1. Forn € N, we have

1B, 5 00 = 1B )~ B (o)

By (46), we get
x4y
eVt

e = [ B wa

From (51), we have
¥
eVl —1
(S s w) = [55 wa.
0

Thus, by (52), we get

[=0m=0

Therefore, by (53), we obtain the following theorem.,

Theorem 3.2. Forn > 0, we have

el —1 5) N - ! / n l—m k) (1 |A)m~|—l
< . ‘ﬂm (x)>—;)’;:jo O O Ty e et

1
o1 n LN (0 (1] 2,
< t ‘ﬂ,‘z’fi(x>>= f ﬁ23<u)du=22(m)(z)"l bim B s
0

(45)

(46)

(47)

(43)

(49)

(50)

(G

(52)

(53)
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Note that
1

n
k) . k) n\ x |
P (x)> B x]i“o/ﬂ”-* Wdu=2, (z)Bn—ll +1

el —1 el —1
gm0 =
< t ‘ " (x)> Aln0< t

Let
Pp ={p(x) €eClx]|degp(x) =n}, (n=0).

For p (x) € P, with p (x) = an=0 amﬂ%ﬁ)}t (x), we have

1—e! 1 " " 1—e! 1 "
<7Lik T ie_t) (X (e - 1)) ‘p(x)> = Za;<7uk 7 ie_t) (X (e* - 1)) ‘ﬁ}f‘f (x)> (54)

=0

From (48), we note that

l—e™" (15 " o
- _ =N
<Lik = ()k (e 1)) ‘ﬁu (x)> 1181 m. (55)
By (54) and (55), we get
1 1—et L/ o m
Am = m!<Lik (1—e™?) (X (e _l)) ’p(x)>, =00 o
Therefore, by (56), we obtain the following theorem.

Theorem 3.3. For p (x) € Py, we have

n

P =Y ampl); ().

m=0

L l—eTt (1, m
“’”‘ﬂuk(l—e—f)(i(" _1)) "’(x)>'

For example, let us take p (x) = B,gk) (x) (n > 0). Then, by Theorem 3.3, we have

where

n

BE ()= > amBl), (x). (57)
m=0
where
1 1—e! 1/ 3y S
=il e (1 -0) 20 ) (58)
1 1—e™? 1/ 4 ™| Lix (1 —e7") n
_m!<Lik(l—e_’) (X (e _1)) ‘ l—et
— A" At N n __ 1 —m . Al I|  .n
—W“e —1) ‘x)-z\ l;Sz(l,m)“<t‘x>
= A8 (nm).
From (57) and (58), we have
B® (x) = Y A"y (n.m) B, (v). (59)

m=0
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