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Abstract: The notion of L-fuzzy extended ideals is introduced in a Boolean ring, and their essential properties
are investigated. We also build the relation between an L-fuzzy ideal and the class of its L-fuzzy extended ideals.
By defining an operator “~>” between two arbitrary L-fuzzy ideals in terms of L-fuzzy extended ideals, the result
that “the family of all L-fuzzy ideals in a Boolean ring is a complete Heyting algebra” is immediately obtained.
Furthermore, the lattice structures of L-fuzzy extended ideals of an L-fuzzy ideal, L-fuzzy extended ideals relative
to an L-fuzzy subset, L-fuzzy stable ideals relative to an L-fuzzy subset and their connections are studied in this

paper.
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1 Introduction

In 1971, Rosenfeld [1] applied the concept of fuzzy sets to abstract algebra and introduced the notion of fuzzy
subgroups, and now the references related to various fuzzy algebraic substructures have been increasing rapidly.
For example, Kuroki [2] investigated the properties of fuzzy ideals for a semigroup. Liu [3] introduced the fuzzy
subring, etc. Standing upon these achievements, many researchers explored the lattice theoretical properties of these
structures, such as, modularity of the lattice of the fuzzy normal subgroups was established in a systematic and step
wise manner in [4-10]. By supposing the value “¢” at the additive identity of a given ring, the fact that the set of
fuzzy ideals with sup property forms a sublattice of the lattice of fuzzy ideals was proved by Ajimal and Thomas
[11]. Furthermore, Majumdar and Sultana [12] also investigated the lattice of fuzzy ideals of a ring, and found that
it is distributive, however, Zhang and Meng [13] pointed out that this result is erroneous. Subsequently, using a
different proof from those of earlier papers, the author in [14] also stated that the lattice of all fuzzy ideals of a ring
is modular. Modularity of the lattice of L-ideals of a ring was proved in [15], where L is a completely distributive
lattice. Several authors have carried out further studies in this area (see Ref. [3, 16-25]).

Based on the above work, the question “When do L-fuzzy ideals of a ring generate a distributive lattice?” draws
our attention. In fact, there exists a nontrivial class of rings so as to all of whose fuzzy ideals form a distributive
lattice. The main purpose of this paper is to show that the family of all Boolean rings is such a class. For the Boolean
ring, Gao and Cai [26] pointed out that it played a significant role in automata theory, which is the fundamental
theory for the computer science technology.

The rest of this paper is organized as follows. In Section 2, we recall some fundamental notions and results to be
used in the present paper. In Section 3, the definition of L-fuzzy extended ideals in a Boolean ring is introduced and
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basic properties are examined. In Section 4, we discuss the lattice structure of L-fuzzy ideals (L/(R)) in a Boolean
ring by means of L-fuzzy extended ideals, moreover, the lattice structures of its three subsets are investigated.
Conclusions are given in Section 5.

2 Preliminaries

We begin by recalling some definitions and results.
In a complete lattice L, for any S C L, write \/ S for the lest upper bound of S and A S the greatest lower
bound of S.

Definition 2.1 ([27]). A residuated lattice is a structure
(L,V,A®,—,0,1),

which satisfies the following conditions:

(1) (L,V,A,0,1) is a bounded lattice with the least element 0 and the greatest element I;

2) (L, ®, 1) is a commutative monoid with the identity I;

3) (®,—) forms an adjoint pair, i.e., a @ b < ¢ <= a <b — c foranya,b € L.

It is easy to check thata — b = \/{c € L : a ® ¢ < b} forany a,b € L (see [28]). For example [0,1] is a
residuated lattice, in which for any x,y € [0, 1]:

I, x <y,

= eL:zAx < =
=y \/{Z FAx =yl v, otherwise.

A residuated lattice L is called complete residuated if (L,V, A, 0, 1) is a complete lattice.

Throughout this paper, we denote by L a complete residuated lattice and R a Boolean ring unless otherwise stated.
Aring R is called a Boolean ring if every element is idempotent (i.e., aa = a foralla € R), such aring is necessarily
commutative and addition is modulo 2 (i.e.,a +a = O for all a € R, see [29]).

Properties of (complete) residuated lattices can be found in many papers, e.g. [27, 30-33]. We only give some
which are used in the further text.

Proposition 2.2 ([27, 32, 33]). In any complete residuated lattice (L,V, A, ®,—,0, 1), the following properties
hold for any a,b,a;,bj,c € L (i € 1):
(1) ® is isotone in both arguments, — antitone in the 1st argument and isotone in the 2nd argument;
2) a<b—(a®b)
B)a®b<a~nb;
4) a®_\/ b = .\/(a®bl-), a— /\ b; = ./\(a—>bi), \/ a; - b= _/\(a,- — b);
I1ET lET IET I1E€ET lET lET

6 @®b)>c=b—>(a—c)=a— (b—c)
6)a<b<a—>b=11—a=a;
7 a® (b —c)<(a—>b)—c, specially, a ® (a — b) < b;
® V(ai = bi) = (A ai) —> (V bp).

LET LET IET
It is well known that a complete Heyting algebra (or frame) is a complete lattice L satisfying the following infinite
distributive law:

an(\/B)=\/{arb|beB} VYaeL BCL.

Thus, a complete residuated lattice is a complete Heyting algebra (i.e., frame) if ® = A.

An L-fuzzy subset of X is a function from X into L. The set of all L-fuzzy subsets of X is denoted by LX .
For any f,g € LX, f is called contained in g if f(x) < g(x) for every x € X, which is denoted by f C g.In
particular, when L is [0,1], the L-fuzzy subsets of X are called fuzzy subsets of X.
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Specially, for any A C X, the characteristic function y 4 is defined as follows:

1,yeA,

xa(y) = 0.y ¢ A

We denote by y instead of yy ;. Furthermore, 0,1 € LX are defined as follows:
0: X — L by x — 0(x) :=0,
1:X — L by x— 1(x):=1.

In [34], the author introduced the concept of L-fuzzy ideals of a commutative ring and gave some propositions
(Propositions 2.4-2.6), where L is a completely distributive lattice. Here, we give the similar definition and results
when L is a complete residuated lattice, which is a more general structure of truth values than a completely
distributive lattice, and we omit the proof.

Definition 2.3. Let 1 € LR. Then p is called an L-fuzzy ideal of R if and only if for any x,y € R, it satisfies the
Sfollowing conditions:

D) p(x) A p(y) < plx —y);

(12) p(x) A p(y) < plxy);

(I3) pu(x) < p(xy). o

Denote LI(R) = {u | u is an L-fuzzy ideal of R}, obviously 0,1 € LI(R).

Proposition 2.4. For any family {i; }icr € LI(R), the intersection () w;i is an L-fuzzy ideal of R.

i€t

Proposition 2.5. Let v € LR. Then the L-fuzzy ideal generated by v is defined to be the least L-fuzzy ideal of R
which contains v. It is denoted by (v), that is

()= () {ui | i € LIR).

v u;

Theorem 2.6. The set of all L-fuzzy ideals LI(R) is a complete lattice under the ordering of L-fuzzy subset
inclusion, where for any {it; }iez € LI(R), the infinum and the supremum are defined as:

_/\“":ﬂ“f’ \/“i:<Um>.

iet iet iet iet

3 L-fuzzy extended ideals

Let u be an L-fuzzy ideal of R and v € LR. We define the L-fuzzy extended ideal of 14 associated with v as follows:

(Vx € R) eu((x) = [\ v(b) > p(xb).
beER

Specially
(Vx.y € R) eu(xy)x) = /\ xy(®) = plxb) = pu(xy).
beR
For any L-fuzzy ideal p1, L-fuzzy subset v of R, we put g, = {e,(v) | v € LR} and ¥ = {e,(v) | u € LI(R)},
respectively.

Proposition 3.1. Let 1 be an L-fuzzy ideal and v € LR. Then we have
(1) &y, (v) is an L-fuzzy ideal of R;
2) n<euv).
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Proof. (1) For any x,y € R,  is an L-fuzzy ideal of R, which implies (i)

en)(x=y) = N\ v(b) > u((x = y)b)
beR
= /\ v(0) > pu(xb — yb)
beR
>\ v(b) = (u(xb) A (b))
beR

= eu (1)) A (V) (),
(ii)
en()(xy) = J\ v(b) > p(xyb)
beR

= /\ v(b) > pu(xybb)
beR

/\ v(®) > (u(xb) A u(yb))
beR
= eu(V)(X) A en(V)(Y),

%

(iii)
en(xy) =\ v(b) = p(xyb) =\ v(b) > p(xb) = £,(v)(x),

beR beR

thus, €, (v) is an L-fuzzy ideal of R.
(2) Forany x € R,

(@) = N\ vb) > uxb) = N\ 1 pb) = [\ pxb) = p(x)

beR beR beR

by (I3),i.e., u C e, (v). O

Example 3.2. Let R = {0, p, q, r} with the following Cayley tables:

and

S_ Ny O+
S any oo
QY Oy
N O YRR
Oy R Y|y
~axny O
o o o o|o
N O O
QR o oln
S~y O

One can easily verify that it is a Boolean ring. Let L = {0,a, b, c,d, 1} be a complete lattice depicted in Figure 1.

Fig. 1. The lattice L
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The precomplement operator — is given in Table 1.

Table 1
X 0 a b c d 1
—x 1 b a d c 0

The generalized triangular norm ® and the implication operator — in L are defined as follows: for any x,y € L,

x®y = 0, X < -y,
y= XAy, x €=y,
L, X<y,

X — =
Y {—-x\/y,xﬁy.

Then (L,V, A, ®,—,0,1) is a complete residuated lattice.
We check that an L-fuzzy subset

1 h t3 t
f= {i,ﬁ,ﬁ,i} (teLl,i=12734)
0 p q r
of R is an L-fuzzy ideal of R if and only ift| > t2,13,t4 and t4 = t> A t3. Now, considering the L-fuzzy ideal
d a b c
fO = {6575777}
P qr

and the L-fuzzy subset

we can calculate
) 1 a b c
efpo(V) =15 — = —¢.
7o 0'p'q'r
Definition 3.3. An L-fuzzy ideal  is called stable relative to the L-fuzzy subset v if p = g, (v).
For any L-fuzzy subset v, denote S(v) = {jx € LI(R) | g,,(v) = u}.

Example 3.4. Let R and L be the Boolean ring and complete residuated lattice defined as in Example 3.1,

respectively. For the L-fuzzy ideal

1 abc
pefbel
pqr
and the L-fuzzy subset v in Example 3.1, we have

1 abdc
en(w) =1 —,—. (= f1.
() %0 g r} S
i.e., f1 is an L-fuzzy ideal stable relative to v.
Next we present basic properties of L-fuzzy extended ideals in a Boolean ring.

Proposition 3.5. Let u, 1, o be L-fuzzy ideals and v, vy, vo, w L-fuzzy subsets of R. We have
(1) &4(0) = e1(v) = 1. Moreover; if R has identity e, then &,,(y¢) = I;

(2) ifvi C vo then gy (v2) C gy (v1);

(3) if u1 € o then gy, (v) C ey, (V);
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(4) v Ceulenv));

©) SSu(v)(w) = 88u(w)(v);

6) eu(v) = g,u(gu(gu(v)))_; B

(7) ifv C p, then g, (v) = 1. Furthermore, if R has identity e, then £,,(v) = 1 ifand only ifv C u;
(8) if L is a complete Heyting algebra and (11 C o, then g, (U2) N 2 = W1;

O (@ (U vi) = N eui), (0) ) e, 0) =€y 1, 0);

iet iet iet iet

(10) if L is a complete Heyting algebra, then e, (,)(v) = &,.(v);
(11) (relative extension property) let vi C v, then if u is an L-fuzzy stable ideal relative to vy, p is an L-fuzzy
stable ideal relative to va, too.

Proof. (1) It can be easily obtained by the definition of L-fuzzy extended ideals.
(2) Assume that v{ C vy, then for any x € R,

eu(12)(x) = /\ va(b) - p(xb)

beR

A\ vi®) = uixb)

beR

=eu(vi)(x),

IA

ie, e, (v2) S ey (vr).
(3) Let 11 € pp. Forany x € R,

ey (M) =\ v(b) > p1(xb)

beR

<= A\ v(®) - ua(xb)
beR

= eu> (V) (¥),

ie., e, (V) Cep,(v).
(4) For any x € R,

e (8 () (¥) = /\ e (0)(b) = p(xb)

beR

=N\ ( N\ v~ M(bC)) — p(xb)
beR \ceR

>\ 0(x) > u(bx)) — pu(xb)
beR

= A\ v ® (u(bx) > p(xb))
beR

= v(x),

hence, v C g, (e (V).
(5) For any x € R, we get

/\ @) > s (v)(xb)

beR

A (a)(b)—> /\(v(c)ﬁu(xbc))>

beR CER

A /\ @®) > (v(c) - p(xbe)))

beRcER

/\ /\ (v(©) > (@) > pu(xbe)))

beERcER

e, () (@) (x)
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/\ (v(c) — /\ (w(b) — u(xbc)))
CER beR

/\ v(c) = gy (w)(xc)

therefore, ¢, (1) (®) = &g, () (V)-
(6) It follows from (2) and (4).
(7) For any x € R, by (I3), we have

CER
= Seu(a))(‘})(x)s
en((x) =\ v(b) - p(xb)
beR
=\ v(b) > ()
beR
=1.

If R has identity e, assuming &,,(v) = 1, i.e., for any x € R, v(b) < u(xb) for all b € R, pick x = e, we have

v C u.

(8) Let 1 S po. We only prove g, (42) N 2 € p1. L is a complete Heyting algebra, which implies that for

any x € R,

(9) For any x € R, (a)

(e (12) N p2)(x) = epy (R2)(X) A p2(x)

- (/\ pa(b) — ,ul(xb)) A 2 (x)

beR
< (u2(x) = w1 (xx)) A p2(x)
= (u2(x) = p1(x)) A pa(x)
= p1(x).

en(Jvid) = N\ (\/vz'(b)—w(xb))

iet beR \iet

=\ (/\ vi(b) — u(xb))

i€t \bER

= ﬂ SM(vi)v

iet

ie,en(Uvi)= N ew(vi).

iet iet

(b)

(ﬂ u (v)) () = A\ £, 0)()

=A(Awm»mmﬂ
iet \beER

A (v i)

beR iet
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= A\ 0®) > (iecni)xb)
beR
=8N w ).

I1ET
ie., ﬂ e (V) =en w0
€T i€T
(10) It is sufficient to prove &g, (1) (V) € &;,(v), for any x € R,

(fepon) () =\ () —> eu(1)(xb))

beR

= /\ (v(b) — (/\ v(c) = M(xbc)))
beR CER

< A\ 0®) = (v(b) —> p(xbb)))
beR

= A\ (®) - () > u(xb))
beR

= A\ (@) Av(b) > u(xb))
beR

= /\ (v(®) > p(xb))
beR

= ‘9M (\)),

ie., &g, 1)(V) = g, (V).
(11) This is a direct result of (2) in Proposition 3.1 and (2) of this proposition. O

The following example indicates that some equations corresponding to (9) in Proposition 3.2 are not always true,
which contributes to studying the lattice structure in Section 4.

Example 3.6. Let R and L be the Boolean ring and complete residuated lattice defined as in Example 3.1,
respectively.
(1) For the L-fuzzy ideal fo, L-fuzzy subsets v in Example 3.1 and the L-fuzzy ideal

a ¢ a ¢
fZ—{O»;,a,;}
we obtain 4 4 J J
a C a a a ¢ a ¢
Ufa=1c.—.—.—t. (foUf) == == =, ep) =1-.=. = =1,
fol 12 %0 P q r} ol 72} {0 P q r} e () {0 P q r}
1 ala 1 a d c
& fousr) (V) = {6’;’ 5,;} # (W) Uep()) =er,(v) Uep(v) = {6’;’3’?}’

e, (e, (V) U, (V) # 8¢ fou 12) (V)
(2) Considering the L-fuzzy ideal fo, L-fuzzy subset v in Example 3.1 and the L-fuzzy subset

{1 b b a}
W= 9=, —, (>
0 pgqr

we get
vne=10bcel o ,y=ldabe
RO N A
1 ala a
e Nw) = {6,—,5, ;} # (e, (V) Uesy(w)) = g5, (v) Uey(w) = %6,—,7,7},

ie, (er,(V) Uey, (@) # er(v Nw).

For any L-fuzzy ideal u of R, we present the following characterization theorem via L-fuzzy extended ideals.
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Theorem 3.7. Let i be an L-fuzzy ideal of R. Then (v = () &

Proof. We need to prove i = ({e,(v) | v € LR}, Obviously, u € () &,(v) by (2) in Proposition 3.1 . On the
velLR
other hand, for any x € R, we have

M e ] @ = A eum

veLR veLR
< eu(Xx)(x)
= p(xx)
= p(x),

thus, u = () eu.- O

4 Lattice structures

As mentioned in Theorem 2.1, the class of L-fuzzy ideals of a commutative ring is a complete lattice. In this
section, three other subsets of this class are also investigated in a Boolean ring R. Moreover, in terms of L-fuzzy
extended ideals, we show that all L-fuzzy ideals of R form a complete Heyting algebra, thus a distributive lattice.
The following information are reviewed in order to discuss the lattice structures.

In aposet P, forany S € P,wedenote S¥ ={y|x <y (Vx € S}

Proposition 4.1 ([35]). Let P be a poset such that )\ S exists in P for every non-empty subset S of P. Then \/ Q
exists for every non-empty subset Q of P, indeed, \/ Q = )\ Q.

Theorem 4.2 ([35]). Let P be a non-empty ordered set. Then the following are equivalent:
(1) P is a complete lattice;

(2) A S exists in P for every subset S of P;

(3) P has a top element, and )\ S exists in P for every non-empty subset S of P.

Definition 4.3 ([35]). Let P be an ordered set. A closure operator is a mapping ¢ : P — P satisfying for every
a,beP,

(1) a =c(a);

(2) a <b= c(a) <c(b);

(3) c(e(a)) = c(a).

Denote P, = {x € P | c(x) = x}.

Proposition 4.4 ([35]). Let ¢ be a closure operator on an ordered set P. Then
(1) Pc={c(x)|xe P}
(2) foranyx € P,c(x) = N{y € Pc | x <y},

P

(3) Pc is a complete lattice, under the order inherited from P, such that, for every subset S of P.:

As=AS. Vs=c\/9.
P P P P

Theorem 4.5. Let [ be an L-fuzzy ideal of R and v € LR. We have
(1) if R has identity e, then (g, C) is a complete lattice with the least element &, (x¢) and the greatest element
£, (0). Moreover, for any {e,, (vi)}icr C eu:

N euwi) =en((Jvi). \ ewi) =(Yleni) i € 3.

iet iet iet
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(2) (¢¥,9) is a complete lattice with the least element e5(v) and the greatest element £7(v), and for any

{S,LL,' (V)}ier Cev:

N ew ) =¢n 0,0, \/en0) = ew ) |i €.

iet iet

(3) (S(v),©) is a sub-complete lattice of (€”, C) with the greatest element €7 (v). Furthermore, for any {{i; }ier <

SW), B
A wi = wio \ wi=luilien™

iet iet iet iet

Proof. (1) It is trivial that 1 = £,(0) € &,,. According to (9) (a) in Proposition 3.2, for any {&,, (v;)}icr  eu,

M en(vi) = en(J vi) € €. This completes the proof by (1) in Proposition 3.2, Theorem 4.1 and Proposition
i€t i€t

4.1.
(2) It is obvious that for any u € LI(R), e5(v) € &,(v) by (3) in Proposition 3.2, and 1 = e7(v) € &". For
any {ey; (V)}ier S &Y, from (9) (b) in Proposition 3.2, it follows that (); . £u,; (V) = € 1, (V) € €. Similar to

IET

the proof of (1), the proof is completed.
(3) Immediately, S(v) € & and £7(v) € S(v). For any {y;}ier € SOW), (Vi = () eu; (V) =€, (V)

i€t iet iet
by Theorem 2.1 and (9) (b) in Proposition 3.2, i.e., (| i; € S(v). Analogously, the proof is completed. O
i€t
For an L-fuzzy subset v of R, the following example indicates that (S(v), €) is not always a complete sublattice of
(", 9).

Example 4.6. Let R be the Boolean ring, L the complete residuated lattice and v the L-fuzzy subset defined as in
Example 3.1, respectively. Considering the L-fuzzy ideals

and f>, where f> is defined as in Example 3.3, we have

b ¢ b c a ¢ a c
Sgo(‘))—go—{6,;,g7;}v sz(v)—fz—{a,;75,;},

i.e, g0, f> € S(v). Puto = go \V f2 = {go, f2}*, we can calculate

however,
1 ¢ 1 ¢ .
go(v) = {6 *,*,*% #£o0,i.e,0¢&SW).
p qr

Theorem 4.7. Let L be a complete Heyting algebra. Then (LI(R), A,V, ~>,0, 1) is a complete Heyting algebra,
thus a distributive lattice, where for any {i; }icz € LI(R), A,V are defined as in Theorem 2.1 and for any (L, 0 €
LI(R), ~» is defined as:

W~> 0 = go(ph).

Proof. 1t is sufficient to prove that for any @, 0,0 € LI(R), y Ao S0 < 1 C 0 » 0.
(=) For any x € R, we get

£o(0)(x)
)\ (e(b) — o(xb))

beR

/\ (e() = (1N @)(xh))

beR

(@ v 0)(x)

v
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A (@) — (u(xb) A o(xb)))

beR

/\ (e(xb) = (u(xb) A o(xb)))

beR

/\ wixb)

beR
> p(x),

v

v

ie, o o.
(<) L is a complete Heyting algebra, which implies that for any x € R,

(uAo)(x) = p(x) Ao(x)
< (@ 0)(x) A o(x)
= £5(0)(x) A 0(x)
= A (o(b) = o(xb)) A o(x)

beR
= (e(x) = a(xx)) Ao(x)
(0(x) = o(x)) A o(x)

< o(x),

ie, uAoCo. O

Theorem 4.8. Let L be a complete Heyting algebra and v € LR. Then

(1) e(v) is a closure operator on LI(R);

2) S(v) =¢";

(3) in the complete lattice (S(v) (resp.,€"), ©), the least element is e5(v) and for any {{1; }iex S S(v),

V ti = &0, coun (V):

iet

@) ifvis an L-fuzzy ideal, then (S(v)(resp.,e"), C) is a complete Heyting algebra.

Proof. (1) It follows from (2) in Proposition 3.1 and (3), (10) in Proposition 3.2.

(2) It is trivial from (1) in this theorem and (1) in Proposition 4.2.

(3) Obviously, for any i € LI(R), e5(v) € e, (v) C 1= £1(v) according to (2) in Proposition 3.1. By (1) in
this theorem and (3) in Proposition 4.1, for any {11; }iec S S(v) (resp..€), V Wi = &U;coui) (V).

(4) We only need to prove that for any u,0 € S(v), u v 0 € S(v). e

For any ,0 € S(v), weget u = g, (v) and 0 = g5(v). Then L »> 0 = » go(v) = p » (Vv v ) =
(WAR)»w 0=V~ (U™ Q) =¢Euwo(v) €&’ = S(v) by Theorem 4.3 and (2) in this theorem. O

Remark 4.9. Let L be a complete Heyting algebra and v € LI(R). Then (1) in Example 3.3 illustrates that
(SW) (resp., "), ) may not be a subalgebra of (LI(R), N, L, ~>,0, 1).

5 Conclusions

By the aid of L-fuzzy extended ideals, which are firstly introduced in this work, we conclude that if R is a Boolean
ring, then the lattice of all its L-fuzzy ideals (LI(R), ©) is distributive. We will consider whether the converse is
affirmative or not in our further work. In this paper, we have also obtained some other results such as: the family
of L-fuzzy extended ideals of an L-fuzzy ideal u (g, <) forms a complete lattice, all L-fuzzy extended ideals
relative to an L-fuzzy subset v (¢, C) generate a complete lattice and the lattice of L-fuzzy stable ideals relative to
an L-fuzzy subset v (S(v), ©) is a sub-complete lattice rather than a complete sublattice of (¢, C). In particular,
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if L is a complete Heyting algebra, then £¥ and S(v) coincide, and the class of L-fuzzy stable ideals relative to an
L-fuzzy ideal produces a complete Heyting algebra, but it is not a subalgebra of (LI(R), C).
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