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Abstract: In this paper, we investigate oscillation results for the solutions of impulsive conformable fractional
differential equations of the form

5 DY (p(0) [ DX (1) + r()x(®)]) + q(O)x(1) =0, 1 =10, 1 # I,
x(F) = axx(y), 4 DYx(T) = by 4, DOx(7), k=1,2,....

Some new oscillation results are obtained by using the equivalence transformation and the associated Riccati
techniques.
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1 Introduction

Fractional differential equations are generalizations of classical differential equations of integer order, and can find
their applications in many fields of science and engineering. Research on the theory and applications of fractional
differential and integral equations has been the focus of many studies due to their frequent appearance in various
applications in physics, biology, engineering, signal processing, systems identification, control theory, finance and
fractional dynamics, and has attracted much attention of more and more scholars. The books on the subject of
fractional integrals and fractional derivatives by Diethelm [1], Miller and Ross [2], Podlubny [3] and Kilbas et al. [4]
summarize and organize much of fractional calculus and many of theories and applications of fractional differential
equations. Initial and boundary value problems, stability of solutions, explicit and numerical solutions and many
other properties have obtained significant development [5]-[11].

The oscillation of fractional differential equations as a new research field has received significant attention, and
some interesting results have already been obtained. We refer to [12]-[18] and the references quoted therein.

The definition of the fractional order derivative used is either the Caputo or the Riemann-Liouville fractional
order derivative involving an integral expression and the gamma function. Recently, Khalil et al. [19] introduced a
new well-behaved definition of local fractional derivative, called the conformable fractional derivative, depending
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just on the basic limit definition of the derivative. This new theory is improved by Abdeljawad [20]. For recent results
on conformable fractional derivatives we refer the reader to [21]-[25].

Impulsive differential equations are recognized as adequate mathematical models for studying evolution
processes that are subject to abrupt changes in their states at certain moments. Many applications in physics, biology,
control theory, economics, applied sciences and engineering exhibit impulse effects, see [26]-[28].

Recently, in [29] Tariboon and Thiramanus considered the following second-order linear impulsive differential
equation of the form

(@) [x' () + 2x(@®)]) + pO)x(t) =0, t>10,1F# 1,
()
x(tF) = bix(tp), X(F) =X’ (t7), k=1.2,...,
where 0 <fp <11 <...<tx <...,limgooty = +00,a € C([ty, 00), (0,0)), p € C([to, 00),R), {bx}, {ck}
are two known sequences of positive real numbers and A € R. By using the equivalence transformation and the
associated Riccati techniques, some interesting oscillation results were obtained.

In this paper, we investigate some new oscillation results for the solutions of impulsive conformable fractional

differential equations of the form

5 D (p(O) [, DX (@) + r()x(0)]) + q()x () =0, ¢ >10,1 # 1,
x(th) = arxy), k=12,..., 2)

4 DEx(tF) = b 4, D¥x (i), k=1,2,...,

where 4 D% denotes the conformable fractional derivative of order 0 < o < 1 starting from ¢ € {to,...,%,...},
0<to<t] <-- <tx <-,limgooty =00, peC(ty,0),(0,00)),q,r € C([tp, 00),R), {ax} and {by } are
two known sequences of positive real numbers and x(l,j') =limg_ o+ x(tx + 0), x(t;7) = limg_, o+ x(tx — 0).

Some new oscillation results are obtained, generalizing the results of [29] to impulsive conformable fractional
differential equations. Note that if ax = 1 for all k = 1,2,..., then x is continuous on [fg, c0). However, if
ap = bx = 1forallk = 1,2, ..., then it does not guarantee that x’ is also continuous function, as by the definition
of conformable fractional derivative (see Definition 2.1 below) we have

x(td + ety — 1)) - x(th)
. ,

6 DYx (") = lim

and .
x(t; +e(ty —tp—1) % —x(t;
tk,IDax(tk_) — lim (k (k k 1) ) (k )
e—0 &

We organize this paper as follows: In Section 2, we present some useful preliminaries from fractional calculus. In
Section 3, we prove some auxiliary lemmas. The main oscillation results are established in Section 4. Examples
illustrating the results are presented in Section 5.

2 Conformable Fractional Calculus

In this section, we recall some definitions, notations and results which will be used in our main results.

Definition 2.1. [20] The conformable fractional derivative starting from a point ¢ of a function f : [¢,00) — R of
order 0 < a < 1 is defined by

flt+et—¢)' =)~ f(0)

#D% f(0) = lim - ©

provided that the limit exists.
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If f is differentiable then , D¥ f(t) = (t — ¢)! =% f(¢). In addition, if the conformable fractional derivative of f
of order « exists on [¢, 00), then we say that f is a-differentiable on [¢, 00).
It is easy to prove the following results.

Lemma 2.2. Leta € (0, 1], k1, k2, p, A € R and functions f, g be a-differentiable on [¢, 00). Then:
() ¢ D¥(k1 f +k2g) = k1o DY(f) + k2p D¥(g);

(i) ¢ DY(t —¢)? = p(t —)P™%;

(iii) ¢ DA = 0 for all constant functions f(t) = A;

(iv) ¢ D¥(f8) = f¢D%g + g D* [

(v) ¢ D¢ (g) = gd’Dafg;zf‘bDagfor all functions g(t) # 0.

Definition 2.3 ([20]). Let o« € (0, 1]. The conformable fractional integral starting from a point ¢ of a function
f i [p,00) = R of order « is defined as

t
oI (1) = [ (s — $)*~1 f(s)ds. 4
]

Remark 2.4. If ¢ = 0, the definitions of the conformable fractional derivative and integral above will be reduced
to the results in [19].

Definition 2.5. A nontrivial solution of Eq. (2) is said to be nonoscillatory if the solution is eventually positive
or eventually negative. Otherwise, it is said to be oscillatory. Eq. (2) is said to be oscillatory if all solutions are

oscillatory.

3 Auxiliary results

Let Jx = [tk,tx+1), k = 0,1,2,... be subintervals of [¢tg, 00). PC([tg, 00) = {x : [to,00) — R : x be continuous
everywhere except at some % at which x(t/j' ) and x (") exist and x(7;7) = x (1)}

Lemma 3.1. Lerw € PC([to, 00),R) be integrable on Ji, k = 0,1,2,...andz € C([tg, 00), R)N P C([to, 00),R)
such that

t
Z(t) = CXp(Z lklaw(t)) = eXP(toIaw(tl) + l11aw(12) + -+ lklaw(z))v (5)

to

forsomet € Ji, k =0,1,2,.... Then

t

z(t) = exp(Z;kIaw(t)> — ,D%z(t) =w(t)z(t), t € Jx, k=0,1,2,.... (6)

o

Proof. Observe that z(¢t) > 0 for all # € [tg,00) and z(f9) = 1. Assume that ;, D*z(t) = w()z(¢) holds. For
t € Jo, we have

1o DO LeXD(—1 T “w(1))2 ()] = exp(—1o 1% w (D)1 D2 () — w(®)2(1)] = 0.

Taking the conformable fractional integral of order « to both sides of the above equation, we get
z(1) = exp(s I *w(2)).

In particular, z(¢1) = exp(s, [ *w(1)). For ¢ € J; and following the above process, we have

exp(—1, I%w(D)z() — 2(1) = 0.



500 — J. Tariboon, S.K. Ntouyas DE GRUYTER OPEN

which implies
z(t) = exp(so I w(t1) + ¢ [“w()), € J1.

Repeating the above method, forany ¢ € Jix, k = 0,1,2,..., we obtain (5).
On the other hand, forany ¢t € Jx,k =0,1,2,..., we have

t

4 D¥z(t) = exp(z ,kIO‘w(t)) 5 DY (5 I%w()) = z(Ow(?).

to
This completes the proof. O
Let T > to be a positive constant. We denote ¢, = n}(in{tk T <tx,k=0,1,2,...}.
Lemma 3.2. Letr g,h € C([tg,o0),R) be two given functions. The linear conformable fractional differential

equation
uD%z(t)—g)z(t) = h(@t), tex,k=rr+1,r+2,..., @)

has a solution given by

t t t
2(1) = z(t,) exp (Z Io‘g) +y [10‘ (e—’”gh) exp (Z I“g)] . )
r r r
Proof. Fort € J,, we have
o R0 — e O,

which leads to
2(0) = 2(6)en TE O 4 on 150, 1 (=15 R) ()

Therefore, (8) is true for [¢,, f,41). Now assume that (8) holds for ¢ € [t,,t,4,) for some integer n > 1. Then, for
t € [tr4n,tr4n+1), it follows from (7) that

2(t) = z(typn)e'r+n 198@) 4 iy yn Iag(t)tH_,,Ia (e_’r+n Iagh) o).

Using (8), we deduce that

r+n r+n r+n
z(t) = z(tﬂexp(Z ¢ ) |: =1 gh) exp(Z 1 >:|}e’r+nl g()
eI HO, g (o5 )
t r+n t
:z(tr)exp(ZIo‘ )—i— Z |:I°‘ Ia&'h)exp(Zl“g)]
r r
+ €tr+nlag(t)lr+”1a (e ’r+nl gh) (l)
t
:z(tr)exp(ZI“ )—I—Z[la Iwgh)exp(ZI“g)},
r r
which gives (8) for ¢ € [t,, t,45+1). The proof is completed. O

4 Main results

Theorem 4.1. If the following conformable fractional differential equation

D (P @) [ DYy (1) + r* )y (@)]) + ¢*()y(1) =0, > 19, ©)
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is oscillatory, then Eq. (2) is oscillatory, where cx = by [ak, dx = p(ti)r(tx)(ax — bx)/ak, fork = 1,2,3,...,
and

1
ro={ [T —|ro (10)

r<tp<t

r(r)_r(z)—— oI edw (11)

l St <t 1 <t; <t

2

co= 1 =||ww+-5| & I1 od)-ro ¥ T[] el

<ty <t =<t <t tx<t; <t =<t <t tp<t; <t

Proof. Without loss of generality, we assume that Eq. (2) has an eventually positive solution x. This means that there
exists a constant 7' > to such that x(¢) > O forallz > T. Forany t € Ji withtx > 1, > T, setting

P([)tkDa (e‘k Iar(t)x(t))

u(t) = e 7T (1) , (13)
it is easy to verify that
u(y = PO DO +rOx®) -
x(1)
Therefore, we obtain
D [ p(t)y D* (e x(0))] (1w D° (erk"’r“)x(z)))z
lkDau(t) = 197 (1) _p(l) 2
ek X(Z) (etkl"‘r(t)x(t))
. D® [etkl“r<f>p(t) (1, DYx(1) + r(t)x(t))] 20
B etk T x (1) - p(®)
5 DY [p(0) (. D¥x(1) + r(1)x(1))] @) (4 D¥x(0) +r()x (1)) u>(1)
= +r() -
x(t) x(1) p(0)
2
=40+ r(u(n - 0.
which leads to
u?(1)
4 D%u) —r(u() + 20 +q@)=0, >ty t F#ty. (14)

For ¢ =t,j' >t.,k=1,2,..., wehave

P (5 DUx ) + raHx ()

(65 =
" x(t7)
_ P (b 1y DEX(10) + r(t)arx (1))
arx(t;)
R L A et
ay x(t;) ak

= cru(ty) +dy.

Define a function v(¢) for ¢ > ¢, by

vy =[] é u@y— Y [ eidk

r<tp<t =<t <t (g <t; <t
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For each ¢, > t,, we see that

1
v, = ] = u(t; )= Y [ cide
tr <tk =<in tr<tx<In tk<tj =<in

= l_[ ci cpu(ty, ) +dy — Z 1—[ cjcndr —dn

tr<ti<tn tr<tp <ty tpy<t;<typ

= |1 L u(t;))— Y [] cidx

ty<tp<tp tr <ty <tp tx<t;<tp

=v(t, ),

which implies that v(¢) is continuous on (#,, 00).
Denote t,, o = (t — tn)l_“‘ for some ¢t € J, and t,, > t,. From the definition of conformable fractional
derivative, for ¢ € J,, we obtain

1, D¥v(t) = lim ( 1_[ ci u(t + etn.q) — Z H c;jdi

e—0

r<tp<t+etpa r<tx<ttetp o lx<tj<t+eéetna
1

S tlo- © 1T ewl)/

r<tp<t Ck =<l <t [ <l; <t

. 1 1

= lim 1—[ —u(t + ety.q) — 1_[ —u(t) e

e—0 Ck Ck

tr<tx<t+etpq tr<tx<t

1 . u(t +etyo) —ult) 1
| | lim d = | | — D%u(t).
Ck s—>1 0 3 fn u()

tr <ty <t tr<tx <t

From (14), we have

2
W0 = [ — [r(r)u(r)—”(’)—qm}

tr<tp <t ¢ p()

I 1 |:r(t) v | [T e |+ Do ] <idk

<ty <t Ck <ty <t <t <t 1y <t; <t
2
1
—5 1o IT e |+ > ] ¢k —q(t)}
P <t <t <t <t 1 <t; <t
d vz(t)
=r(Hv(t) +r () Z 1_[ P 1_[ Ck o
tr<ti<ttr<tj<ty tr<tr<t P

2

v(®) de 1 .
_Zm Z 1_[ c;jdxk (0 1_[ Z 1_[ cjdk

C
<l <t [ <l; <t r=<tp<t k r<tp <t 1y <t; <t
1
- I — a0
Ck
tr<tp <t
by using the fact that

Nl 2 Mex)=- 2 T %

C C
<ty <t k =<t <t 1y <t; <t tr<tx<t ty=<t; =<ty J
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Setting

t
E(l)=exp (ZtklaO'(l)), t =1,

where

(1) 2
0’([):—r(t)+ l_[ Ck % T Xt: 1_[ dek,

r<tip<t <t 1 <tj<t

we have £(¢) > 0 for ¢t > ¢, and from Lemma 3.1 that

5 DYEW) = E(t)o (1)

—co [0+ | T )20+ ¥ 1 b

T<tx<t T<t <t 1x<tj<t
Hence
d
sov = [ = |roupseo+| [T = |roroc0-2 3 ] Zew
tr <t <t ¢ T<tx<t ¢ <t <t T<t; <ty €
— PO [ DEW) + r* (OED))]. (1)

Applying the conformable fractional derivative of order @ on any interval Jx to the above equation, we get

n D¥E@) (1) = E(t) 1, D¥v(t) + v(t)y, DYE(1)
=&£(1) [, D%v(1) + v(1)o (1)]

=su)[r<r) S 10 %10 o Jaw

1<ty <t T <tj <ty € tr<tp <t
2
1 1
50 [T -l X II o | (16)
p <ty <t k I <tx <t 1y <t; <t

From (15) and (16), we obtain

5D (p™(0) [ DYE@) + r*(DEMD)]) + ¢* (DEX) =0, 1 =1,

This means that £(¢) is an eventually positive solution of Eq. (9) which is a contradiction. In the same way, we can
prove that Eq. (9) could not have an eventually negative solution. Therefore, the solution of Eq. (9) is oscillatory.
This completes the proof. O

Theorem 4.2. Assume that g,h € C([tg, 00),R) and f € C([tg, 0), R4). If

Zlo‘(e_[agh) oo and Zla( 1%g —):oo,
then
0 DY (f(0) [, D¥x (1) + g()x(1)]) + h(D)x (1) =0, t > 19, 17

is oscillatory.

Proof. Let a function x be a nonoscillatory solution of Eq. (17). Then we can assume that there exists a constant
T > to such that x(z) > O for all t > T. For the case x(¢) < 0,¢ > T, the proof is similar and we omit it.
Using the Riccati transform for conformable fractional differential equation

@) D (en 5O x (1))

elk I"‘g(t)x([)

w(t) = , tedig, k=>r, (18)
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we get that the equation

7 D¥w(t) — g(Hw(t) + mwz(r) + h(t) = (19)

has a solution w(?) on [¢,, 00). From Lemma 3.2, we get

‘ t ‘
w(r) = w(ir)exp (Z Iag) - Z |:la (e_,agu;) exp <Z Iag):|

r r
t t
_ Z|:1°‘ (e_lagh) exp (Z 1“g)i| ) (20)
r r
Since > 7° I (e_lagh) = 00, then there exists a fixed point n > ¢, such that
t

t t
wity) exp (Z I“g) -y [1“ (e7"“<h)exp (Z I“g)} <0, Vielp o).

r

Thus (20) implies

t t
w() <= [1"‘ (e_’“gu}z> exp (Z I“g)} . Vi e(n, 00).

r r

Letn <t € J; for some j. We observe that

£ )l

2
A _ a, W
= ¢! g(t)|: > 1 <€ ! gf> (tk+1) exp > 4 I%k)

tr<tx<tj—1 tr<tp<tj—1
o —i; 1« gw
+1 1 ( 7 ) (l‘):|
o
eti! g(t)u(t).

Then we have w(t) < —e’ Iag(t)u(t) and

ey w2 (1) o 178 u?(r)

f@) f@’

; D%u(t) =e e

which yields for f = ¢; 11
1

1 o o
_u(tj+1)+m>tjl (e gf)(tjﬂ)

and also

1
—~ +
u(tj42)  ultj+1)

agy 1
> t_,‘+1la (e’j+11 g7) ([j+2),....

Summing up the above inequalities, we obtain

o0

1 1 wl goe]
ity T o («"<7)

Therefore,

of 1°g _ 1
Zl ( ) oo<u(tj)<oo,

which is a contradiction. Hence, the solution x is oscillatory. This completes the proof. O
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Theorem 4.3. If
il“(e_lar*q*) oo and ZI“(” *pi):oo, 21)
.
where functions p*, r* and q* are defined by (10)-(12), respectively, then Eq. (2) is oscillatory.
Ifap = by = ey forallk =1,2,3,...,thency = landdy = 0fork =1,2,3,...and (2) can be written as
4 DY (p(t) [, D¥x(t) + r()x(0)]) + q(t)x(t) =0. ¢ >to, t # t,
x(t )=erx(ty), k=12,..., (22)
u DY x(t )=ekt,_, D¥x (), k=12,....
Theorem 4.4. Assume that ay = by forallk = 1,2,3,.... Eq. (22) is oscillatory, if and only if
5 D* (PO [ Dy () + r()y®)]) +q@)y(t) =0, 1> 10, (23)
is oscillatory.

Proof. From Theorem 4.1, we only need to prove that if Eq. (22) is oscillatory, then (23) is oscillatory.
Assume that the function y is an eventually positive solution of Eq. (18) such that y(¢) > O forallz > T > to.
We define

xoy=| [ e|»®. t=z4=T
tr<tr <t

Then, we obtain x(¢) > 0 forz > 7, and

xh = [] e|veH=e| TI ex|rtn)=enxtn)

tr<tx<itn tr<tp<typ

for some n > r. In addition, for ¢t € J,,n > r, we have

a0 =| [[ ex|wD*y.
tr <t <t
and fort =1,
uDOxH = J] e |uD@H =en| ] e | D) =ens,  D*x(1;).
r<tp<tn <tk <in

Forany t € Ji, k > r, we have

i DY (P(®) [ D¥x (1) + r(0)x(1)])

w D\ pO || ] e |uPyO)+r@| ] e ]|y®

tr<tp <t tr<tx <t

[T ex|uD¥(p@) [ D*y(@) + r@)y®)])

tr<tr <t

= _ 1_[ ex | q()y() = —q(t)x(@).

tr<tp <t

Therefore,
DY (p(0) [ D¥x (@) + r()x(@)]) + q()x () =0, t #1,, 1 > T.

This means that x is an eventually positive solution of Eq. (22) which is a contradiction. The proof is completed. [



506 —— J. Tariboon, S.K. Ntouyas DE GRUYTER OPEN

Corollary 4.5. If
o0
ZI“ (e_larq) oo and Zl"‘( rer )ZOO,
"

then Eq. (22) is oscillatory.

5 Examples
Example 5.1. Consider the following impulsive conformable fractional differential equation

«D3 ([r] [kD%x(r) + %x(t)}) +(@+2)3" =0, rekk+1),

x(kt)y = kx(k7), xD3x(kt) =k + Dx1 DIx(k™), k=1,2,3,....

24)

Here o« = 2/3, p(t) = [t], r(t) = 1/[t], t > 0, where [-] denotes the greatest integer function, ¢(z) = (t + 2)3’4,
ax =k, by =k+1,k=1,2,3,....Wefind cx = by /ax = (k+1/k),dr = p(t)r(ty)(ax —br)/ax = —1/k.
Let ¢, € (m,m + 1] for some integer m > 1. Then we have

1—[ 1 1—[ k m+1 m+2 [t] m+1

k+1 m+2 m+3 f+1 [[]+1

tr<tx<[tl+1 tr<tp<[t]+1

and

YOI ek X T (5)(7)

tr <t <[t] tx <tj <[t] tr<tp<[t] 1 <t; <[t] J
_ ( 1 m+3 m+4 []

m+1 m+2 m+3 [[]—1
1 m+4 m+5 [£]

Ttz mts mra -1

T ]
m—2m-1 " m—l)
1]
m4+1

Observe that 1 — ([¢])/(m + 1) < 0. Hence, by direct computation, we have
ZI% (q* exp (—I%r*))
N zmd ORI U N S Y
‘Z"(m {( rte g () - 0 m+1)}
S )
[l ] m+ 1
> Z %((m+1)3f exp(lg {%(1—2’”[:11)%)) — o0,

wIN

and

=S e (i ()
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e (o (0 ) -

Therefore, by Theorem 4.3, we deduce that Eq. (24) is oscillatory.

Example 5.2. Consider the following impulsive conformable fractional differential equation

1
kD% (ﬁ I:kD%X(t) +tx(t):|) + 54t+3 = 0, IS (k,k + l),

3k +1
4k +2

25
3k +1 3)

T +2k_1D%x(k—), k=1,23,....

x(kt) = x(k7), xD3x(kT) =

Here p(t) = 1/V12 +4,r(t) =t,q(t) = 5* 13, o = 2/3. We find that ;. 12/3r(t) .

For each t, € (m,m + 1], m > 1, we have

o
Z I% (54t+3 exp (—I%t» = 00,
"

1 = (GBI +G/5).

and

oQ.

o0
E (\/rz T dexp (I%z))
"
Applying Corollary 4.5, we obtain that Eq. (25) is oscillatory.
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