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1 Introduction

Fractional differential equations play an important part in modeling of many phenomena in various fields of science
and engineering, and the subject of fractional differential equations is extensively researched (see [1-19] and the
references therein).

On the other hand, impulsive differential equation is a key tool to describe some systems and processes with
impulsive effects. There have appeared many papers focused on the subject of impulsive differential equations with
Caputo fractional derivative [20-31].

Recently, we have found that there exist general solutions for several kinds of impulsive fractional differential
equations in [32-38]. Based on these works, we will further study the general solution of the generalized impulsive
differential equations of fractional-order g € (2, 3).

aDIx@) = f(t,x1)), qe@3),teJ=[aTt#t(i=12,.,L)and
t#5 (j=12,..Myandt #1; I =1,2,..,N),
Ax|imy = x(tH) —x(7) = I; (x(¢7)),  i=1,2,...,L,

AX|, g =X G =X @) = 1 (x@) . =12, M.

ey

AX"|,—s = x"(E) = x"(G7) = I (x()). 1 =1.2,...N,

x(a) = xq, x'(a) = X4, X" (a) = X4.

where , D denote Caputo fractional derivative of order ¢ in interval [a, 7], f : J x R — Rand I;, I;, I;:R—>R
are appropriate functions (here i = 1,2,...,Land j = 1,2,...,M and[ = 1,2,..., N, respectively), a = tg <

*Corresponding Author: Xianmin Zhang: School of Electronic Engineering, Jiujiang University, Jiujiang, Jiangxi 332005, China,
E-mail: z6x2m@ 126.com, z6x2m @sohu.com, z6x2m@qq.com

Tong Shu: School of Electronic Engineering, Jiujiang University, Jiujiang, Jiangxi 332005, China

Zuohua Liju: School of Chemistry and Chemical Engineering, Chongqing University, Chongqing 400044, China

Wenbin Ding: School of Electronic Engineering, Jiujiang University, Jiujiang, Jiangxi 332005, China

Hui Peng: School of Electronic Engineering, Jiujiang University, Jiujiang, Jiangxi 332005, China

Jun He: School of Electronic Engineering, Jiujiang University, Jiujiang, Jiangxi 332005, China

[ ISET=TH|© 2016 Zhang et al., published by De Gruyter Open.
This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 License.



DE GRUYTER OPEN On the concept of general solution for impulsive differential equations =—— 453

n<.<Iitp<itp41= T, a =fo<fl < ... <l_M <I_M+1 =T,a Zfo <f1 <...<fN <fN+1 = T. Here
x(ti+) = lim,_, o+ x (¢ + &) and x(¢;7) = limg—0- x(4; + &) represent the right and left limits of x(¢) at t = ¢;,
respectively, (x/(t_jﬂ'), x'(7;7) and x”(fﬁ'), x”'(f;") have similar meaning for x’(r) at r = 7; and x”/(¢t) att = 1,
respectively).

Next, take a,t1,t2, -+ tr F1,02,+ irpgoE1, b2, iy, T toa = th<t] <..<tp< t}<+1 = T such that

set{t1, 12, ,tp, 01,02, ipg 01,00, IN ) = set{t], 15, o k)

Let J) = [a,t{] and J,g = (t,/(,t,’c_i_l] (k = 0,1,2,..., K). For each [a,t,/c] (here k = 0,1,2,..., K), assume
la.txo] S [a.t;] C [a.trg41] (here ko € {1,2,...,L}) and [a, ix,] € [a.1;] C [a, tx, 1] (here k1 € {1,2, ..., M})
and [a. x,] C [a.1}] C [a,lx,41] (here k2 € {1,2, ..., N}) respectively.

With simplification of system (1), we get
aDix(t) = f(t,x(1)), qe€@,3),teJ=[aT]t#t (k=12,..L),
Ax|i—y, = 1 (x@7)., i=12,..L,
AX'|,_, =1 (x(t)). i=12,..L, )
A, = I (x(¢7)), i=12,..L,

x(a) = xq, x'(a) = X4, x"(a) = X4.

Let Jo = [a,tl] and J; = (li,ti+1] (i=12,..,L).
Considering some limiting cases in (1), we have

lim {impulsive system (1)}
Ii(x(t7))—0 for all i€{l.2.....L}
and I;(x(@;7))—0 for all jetl.2,...M}
and I;(x(7))—0 for all 1€{1.2,....N}

aDix(t) = f(t,x(t).q € (2.3),t €J =[a,T],

x(a) = xq, x'(a) = Xq4, X" (a) = X4.

3

lim {impulsive system (1)}
I;(x(@))—0 for all jet1.2...M}
and f/(x(ff))—>0 Sfor all 1€{1,2,....N}

aDix(t) = ft,x(), qe@,3),teJ=[aT],t#t(i=12,..,L),
= Ax|—y, =1 (x(t7)). i=12,..L, 4)

x(a) = xq4, X' (a) = %q, X" (a) = X4.

lim {impulsive system (1)}
Ii(x(@7))—0 for all i€{1.2.....L}
and I;(x(7))—0 for all 1€{1.2,....N}

aDIx(@t) = f(t,x@t), qe@3),teJ=[aT,t#i (j=12,....M),
- Ax/|t=fj =1; (x(77))., j=12,..M, )
x(a) = xq, x'(a) = Xq, X" (a) = %4.
lim {impulsive system (1)}

1;(x(t7))—0 for all i€{1.2.....L}
and I;(x(i7))—0 for all je{1.2...M}

aDIx(t) = f(t,x(1)), qe€@2)3),teJ=[aT],t#i(=12,.,N),
-4 A, = I (x@), 1=1,2,..,N, (©6)

x(a) = xq, x'(a) = Xq4, X" (@) = %4.
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. lim {impulsive system (1)}
I;(x({7))—0 for all 1€{1.2.....N}

aDIx(t) = ft,x(t)), qe@3),teJ=[aT),t#t (i=12,.,L)

andt #1; (j =1,2... M),
-4 Axl—y, =1; (x(t7)). i=12,..L, o
A =1 (x(@) . J=1.2... M,

x(a) = x4, x'(a) = X4, x"(a) = X,.

lim {impulsive system (1)}
I;(x@))—0 for all jet1,2,...M}

aDIx(t) = ft,x1), qe@3),teJ=[aT]t#t(i=12,.,L)
andt #6 (1=1,2,...N),
— ¢ Ax|—y, =1 (x(t7)). i=12,..L, 8)
Ax"|,_; = I (x@7)), 1=1,2,..,N,
x(a) = x4, x'(a) = %q, x"(a) = X,.

lim {impulsive system (1)}
I;(x@7))—0 for all i€{1.2.....L}

aDix(t) = f(t,x(1)), qe€@3),teJ=[aTl,t#i;(j=12,...M)
andt #1t; (I =1,2,..,.N),

LAY =T (). S =12, o
Ax” —t = I (x(fl_)), 1=1,2,....N,
x(a) = xq, x'(a) = %4, x"'(a) = X4.

This means that the solution of (1) satisfies:

(6))] lim {the solution of system (1)} = {the solution of system (3)},
Ii(x(t7))—0 for all i€{l.2.....L}
and l__,-(x(t_j_))—>0 for all je{1,2,...M}
and I;(x(f7))—0 for all 1€{1.2,....N}
(ii) lim {the solution of system (1)} = {the solution of system (4)},
Ij(x@))—0 for all jet1.2,...M}
and I;(x(7))—0 for all 1€{1.2,....N}
(iii) lim {the solution of system (1)} = {the solution of system (5)},
Ii(x(t7))—0 for all i€{l.2.....L}
and I;(x(f7))—0 for all 1€{1.2,....N}
(@iv) lim {the solution of system (1)} = {the solution of system (6)},

I;(x(t7))—0 for all i€{l.2.....L}
and I;(x(@;))—0 for all jet1.2....M}

) lim {the solution of system (1)} = {the solution of system (7)},
I (x(F7))—0 for all 1€{1,2,....N}
(vi) lim {the solution of system (1)} = {the solution of system (8)},
I (x@))—0 sfor all jetl.2,...M}
(vii) lim {the solution of system (1)} = {the solution of system (9)}.
Ii(x(t7))—0 for all i€{1.2.....L}

Thus, we present the definition of solution for (1) as follows
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Definition 1.1. A function z(¢t) : [a,T] — R is said to be the solution of impulsive system (1) if z(a) = xq,
z/(a) = Xq and 2" (a) = R4, the equation condition o D{z(t) = f(t,z(t)) foreacht € (a, T| is verified, impulsive
conditions AZ|,=li = I; (Z(ti_))(here i = 1,2,...,L), Az’|t=;j = I_j (z(t_j_)) (here j = 1,2,....M)
and Az"|,_; = I; (x(@;7)) (here | = 1,2,...,N) are satisfied, the restriction of to the interval J;. (here
k=0,1,2,...,K) is continuous, and conditions (i)-(vii) hold.

Define a function

//( +)
X@) = x(t )+ x (t )t —tx) +

(t—1)> + m[(l — )97 f(s,x(s))ds  fort € (tx, 1]

By the definition of Caputo fractional derivative, we have

g~
[aDt x(t)]te(tkstk+1]
t

(t — 1) + % (t =) f(s,x(s))ds

- te(tg.tr+1]

//( +)

= | 4DY x(tk )+ x’ (tk )& —tx) +

t
Y ﬁ / (t — )7 f(s.x(s))ds
- Lk te(tk . tx+11
= w0f | )[(z—sw L Gs.x)ds
- ey Ik +11]
f(t’x([))|t€(lk,tk+1]'

Therefore, X(¢) can meet the condition of fractional derivative and impulsive conditions in (1). But, X(¢) is only
considered as an approximate solution of (1) since it doesn’t satisfy conditions (i)-(vii).

Next, we provide some definitions and conclusions in Section 2, and prove the formula of general solution for
(1) in Section 3. Finally, an example is provided to expound the main result in Section 4.

2 Preliminaries

Definition 2.1 ([2]). The fractional integral of order q for function x is defined as

aI2x(t) = " )/(t XE;)l ~ds, t>a,q>0,

where I is the gamma function.

Definition 2.2 ([2]). The Caputo fractional derivative of order q for a function x can be written as

x(”)(s)

PO =50 | G

ds = oI 9x" (), t>a,0<n—1<q<n.

Lemma 2.3 ([39]). If the function h(t, x) is continuous, then the initial value problem

aDIx(t) = h(t,x(t)), g€ @mn+1,neRT U0},
x(k)(a):xlac, k=0,1,2,...n
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is equivalent to the following nonlinear Volterra integral equation of the second kind,
n

x(1) = Z —(z— )+ m/(z —5)97 (s, x(5))ds,
k= 0

and its solutions are continuous.

Lemma 2.4 ([32]). Let q € (0, 1) and £ is a constant. Impulsive system
oDIu@) = h(t,u()), teJ=[0,T),t#tk, k=12,...m
Auly—y = Ix (@), t=tp. k=12..m
u(0) = ug.

is equivalent to the fractional integral equation

1
uo + m/(t — )9 h(s,u(s))ds, fortel0,1],

ug + Z I (u(ty)) + %q) / (t — )4 h(s, u(s))ds
u(t) = = (10)

+ s ) Zlk(uak ) / (1 — 9™ h(s.u(s))ds + / (1 = )7 h(s. u(s)ds

!
—/ (t — )9 Vh(s, u(s))ds fort € (th,th+1],1 <n <m,
0

provided that the integral in (10) exists.

3 Main results

For convenience, let f = f (s, x(s)) and Z?:l y; = 01in this section.

Lemma 3.1. Let g € (2,3) and &9 is a constant. System (4) is equivalent to the fractional integral equation

k
x(t) =xq +Xq(t —a) + —(t—a)z—l— Zl x(l

i=1

r()/(t—s)q Y fds

k
+ > gl (x(t7)

i=1

9]
1 L a1 a1 _ _aya—1
@ /(t, 5)? fds—l—[(t )47 fds !(r $)97 fds an

— 1 -2 tl)z -3
F(q 1)/(1, $)97= fds +2'F( /(l, $)972 fds

fOV t e (tk,lk+1], k=0,1,2,....L.

provided that the integral in (11) exists.

Proof. “Necessity”, for system (4), there exist an implicit condition

aDIx(t) = ft,x1), qe€@,3),teJ=[aT],

lim system (4); — x(@) = xq, X'(a) = Xq, x"(a) = X4.

I;(x(t7))—0 for all i€{l.2.....L}
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That is

lim {the solution of system (4)} = {the solution of system (3)} . (12)
Ii(x(t7))—0 for all i€{l.2.....L}

In fact, we can verify that Eq. (11) satisfies condition (12).
Next, we can obtain x(t]j')—x (ty) = Ix(x(z; ) Thatis, Eq. (11) satisfies the impulsive condition of system (4).
Finally, using Eq. (11) for each t € (tx,tx41] (where k = 0,1,..., L), we have

q _ q T xa 2 1
[ DEX O,y gy = aD¥ | ¥a + Falt —0) + 520 — ) +§11 x7) F()/a—s)q fds

k
+ > Eoli(x(t7)

i=1

t; t
%q) /(zi —s)"_lfds+/(t—s)”_1fds—!(t—s)"_lfds

— 2 ti)? 3
B — 1)/0, 9972 fs + 5 /(r,—s)q sds

z t
=1/ xO”'»ﬁZ% i DY [(r—s)q—lfds — D] /(t—s)q_lfds

i=1 li a

k
= %f(r,x(r))hza + 5 6L (7)) [ £ X @) yny, — f(t,x<t)>|tza]§
i=1 rey . tr+1]
= f(tvx([))le(tk,lk+1]-
So, Eq. (11) satisfies the condition of fractional derivative in (4). Thus, Eq. (11) satisfies all conditions of system (4).
“Sufficiency”, we will prove that the solutions of (4) satisfy Eq. (11) by using mathematical induction. For

t € [a,t1], it is certain that the solution of system (4) satisfies Eq. (11) by Lemma 2.3 and

x(1) = xq + Xalt —a) + —(z —a)’ + m / (t — )77 fds. (13)

Using (13), we have

x(th) = x(7) + I (x(t))) = xa + Xalt) — a)+—(t —a)? + I (x(&)) /(tl—s)q ! fds.

)

x’(’1+) = x/(zl_) =Xg + Xq(t1 —a) + ﬁ / (t1 _s)q—Zfds,

151
x//(tl—}—) _ X”(ll_) =%, + ﬁ / (11 —3)4—3fds.

Therefore, the approximate solution X(#) is given by

_ ”( +)
x@) = x(t1 )+ x’ (t1 )t —1t1) +

(t_ )2+m/(l—5)q lde

t
= x4 +5ca(t—a)+);—‘:(z—a)2+ll (x(tD)) + [(rl —s)q_lfds+/(t—s)q_1fds (14)

1
['(q)

2
“) /(r 5y 2fds+2'1,(71)/(1 _ )03 fds  fort e ().
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Letej () = x(¢t) — x(¢), for t € (¢1,2]. Due to

lim x(t)zxa+)'ca(t—a)+§—7(t )2+—f(z—s)q Yrds  fort e (t1,12),

I (x@7))—0 . I'(q)
we get
Il(x(lti?l))—>061(t) - Il(x(ljlrjl))—>0 ) - x}
I 1 t t
_ _ a1 a1 _ _ aa—1
N |:/ (t1 — )¢ fds—i—[(t $)97 fds /(l 5)? fds:| 15)

—1) /(z )72 fds — /(r — )73 fds,

F(q 2'r<

Then, by (15), we assume
er(t) = o (L (x(17)) {r( ) [/(zl—s)" ‘fds+/(t—s)" ‘fds—/(t—s)" lfds}

—1)?
2'F( /(l -5 3fds}

where o is an undetermined function with o (0) = 1. Therefore

(16)

—1) /(r — )72 fds -

F(q

x(t) = X(t) + e1(t)

_xa+xa(t—a)+—(t—a) + I (x(t /(t—s)" Urds

)

N t
+[1—o (h(x))] {F(lq) [/ (1 —S)q_lfds+/(t—S)q_lde—[(t—s)"_lfds}

—11)
F(q

/(r —$)972 fds +2'F( 2)f(t — 57~ 3fds} fort e (11,12].

Let 0 (z) = 1 — o (z) for z € R in the above equation, then

x(t) = xq + Xq(t — a)—i——(t—a)z—l—ll (x(@)) I‘( )/(t $)471 fds

151 t t
0 (L)) {F( ; { [ —s=gas+ [a=srtsas— [ (t—s)"_lfds} a7

n a

—11)
F(q

/(r — 85972 fds +

2vr( /(z — )9~ 3fds} fort e (11, 1].
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Using (17), we get

x(t0) = x(13) + L2 (x(13))

=Xgq + Xq(t2 —a) + —(tz —a)’> + (x@7) (t2 —5)97 ! fds
IZIZ F( )[

9(11(x(t1 )) {F( ) [/(rl_s)q lfds+/(zz—s)q lfds—/(tz—s)q lfds:|

2
+([2 Z‘1) /([ _S)q 2fd + 2('11%( tl) /(l _S)q 3fds}

x(tz)—x(tz)—xa + Xq(t2 — )+ﬁ/(f2—s)q_2fds

1 12 ]
(MMQM{(1D{/m—QWWM+/@—QW%M—/@—QWQM}

151 a
+([2 ’“/(r )™ 3fds}
X = x"(13) = %a + 71“(6,1_ % /(tz —5)973 fds

151 123 1)
0 (11 (x(t7))) |: 3 -3 -3 :|
+—— (tr =) fds+ | (ta—5)T"fds— | (12 —s)"fds |.

I'(g—-2)
Thus,
x(t)—x(t )+x(t )(t—tz)—l— ( )(t— ) +m/(t—s)q ]fds
_ - Xa 2 — — [2) q—2
=Xxq + X4 —a) + i([ —a)® + I (x(1 )) + I (x(15 )) /(t )Y fds
2]

(t —12)? 3 -1 -1
Z'F(q % /(t — 59~ fds—l—m |:/ (ta — )" fds +Z(r—s)q fds:|

0 () {F( ) [/(u—s)" 1fds+/(tz—s)" lfds—/(tz—S)q lfds}

PtV /(z Ry T i Vi /(z — )73 fds

r(q 2'F(

(18)
(l lz) -2 3
N ) (t —5)97* fds +2'I‘( 2)/(t — )97 fds

2
’2) /(r — )92 fds _2|r( — 1) /(z )4 3fds} fort € (ta, 13].
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Letex(t) = x(¢t) — X(¢), for t € (t2,3]. By (17), the exact solution x(¢) of system (4) satisfies

11(X(tf))—>loi,nllz(x(t{))—>0xa) = %a +Xalt —a)+ 7( B )2 * m / ¢ =9 lfds fort € (2. 13],

lim x(t) = x4 —I—)'ca(t—a)—i-);—a'(t—a)z—i-lz (x(t2 f(t—s)q 1fds

11 (x(t7))—0 ! F( )
15) t
0 (I>(x(15)) {r(lq) { [ =5yt pas+ [ -5 pas - / (t - s)"_lfds}
15) a
o2
— / (2 =) s + 512 (fz—s)"_3fds} for 1 € (i3],

lim x(t) =xq4 + X4t —a)+ i—a'(t —a)Y+ 1 (x(tl /(t — )9~ 1fds

I>(x(t5))—0 : F( )
0 (I (x (7)) {F( ) {/(n—sw 1fds+/<z—s>q lfds—/(r—s)‘f lfds}
2
“) /(x $)4~ 2fds+2'r( f) /(z —5)~ 3fds} fort € (12, 13].
Thus,
ll(x(ltily)l)—m, e2lt) = 11(x(lzi|£I)l)—>0 ) - X0}
I (x(t7))—0 I>(x(t7))—0
| 123 t 14
-0 [ [ 2=yt pas+ / -y s~ [ @ —s)q—lfds} (19)
EPRC I
- / =52 s = 5 2 [ =93 as forte (.
ll(x(ltilr_n))—>0e2(t) B I (x(l;lr_n))—> () =0
=[-1+0 (I2(x(t3)))] {r( ) U(zz_s)q 1fds+/(r—s)a 1fds_/(z—s)q ' fd } o0
r(q —f2) /(z 992 fds + 2'r( 2)/(t2—s)”_3fds} fort € (t2.13],
) =0 2 T D)o O T
| 15) t t
=[-1460 (L (x(7))] { |: (=) fds+ | ¢ =) fds— | (¢ —s)q_lfdsi|
ol fur- |

2
tz) /(t —s5)9" 2fds+2'1"( f2) /(t —s5)9" 3fds}
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-0 (I1 (x(t7))) {r( ) |;/(12—s)q 1fds+/(t—s)‘1 lfds—/(z—s)q lfds:|

oy @1
[ (t2 — )93 f(s. x(s))ds

lz)

[ (t2 — )92 f(s, x(5))ds +

2vr(

fort € (t2,t3].
By (19)-(21), we obtain

15 t

ex(t) = [-1 + 0 (L (x(7)) + 0 (I (x(13)] {F(lq) { / (62— )7 fds + / (t — )7~ fds

%]

t
—/(t—s)q_lfds:| ) /(t —$)972 fds +W/([ —5)4~ 3fdv}
1 1 1
— 0 (I1(x(17))) {F( ) [/ (tr — )4~ fds+/(t )47 fds — /(t $)4~ fds:|

—12)
F(q

2
/(z )92 fds +2'F( —12) f(z _ 5y 3fds} fort € (ta,13].

Thus,

x(t) = X(t) + ea(t)

‘
=Xxq + X4t —a)+ %’(t —a)’+1; (x(tl_)) + I (x(tz_)) + % / (t —s5)97 1 fds

9([1()6([1 )) {F( ) |:/([1 $)4~ 1fds+/(l—s)q lfds /(I—S)q lfds:|
—11) 2 tl)2 3 (22)
F(q /(t $)97 = fds +72'I‘( /(l —5)9 fds}

15) t t
(Iz(x(tz ))) {F( ) |:/ (t2 —s)q—lfds + / (t —s)q_lfds — / (t —s)q—lfds:|

12 a

— ‘2 2
+ lft(q _ZZI)) /(tz—s)q—Zfds+ T —12) /(z —s5)9~ Sfds} fort € (t2,13].

a
Letting t» — ¢1, we have
aD{x(@) = f(t,x(1), q€(23), aD{x() = f(t,x(1), q€(2,3),
] teJ =la,t3], and t #t1,12, teJ =la,t3], and t #t1,
lim _ — _ _
n=n | Axlo,, = Ik (x()), k=12, Ax|i—p =11 (x(t])) + 12 (x(13))

x(a) = xq, x'(a) = X4, x"(a) = X4. x(a) = xq, x'(a) = Xq4, x"(a) = %4.

(23)

Using (17) and (22) for (23), we obtain

O (I (x(t7)) + I2(x(15))) = 0 (11 (x(17))) + 0 (I2(x(t3))) for YIi(x(17)), I2(x(15)) € R. (24)
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Therefore 0 (z) = &gz for Vz € R (where & is a constant). Thus

x(1) = xq + Xalt — a)—l——(t—a)z—i—ll (x(7) /([—s)q L rds

i)

15
+Eoh (x(i]) {F(lq) { [ (11 — )7 fds + / (t — ) fds / t —s)q_lfds} 25)

_ o 2
+F(t(q _“1)) /(tl—s)q_zfds—l— G —f) /( 5y~ *fds} fort € (t1.1a].
and
x(1) = xq4 —i—ia(l—a)—i-%(l—a)z—{—ll (x(tD) + I (x(15)) r( )/(l—s)q fds
1 t
NN {F(lq) { [ (1 — )97 fds + / (t — ) fds / (t —s)q_lfds}
( ll) 2 ll) 3
+I‘(q ) (t —5)97* fds +2'1"( 2)/(1‘ -5~ fds} (26)

t
+ bl (x(55) {F(‘q) { / (62— )7 fds + / (t — )= fds - [ (i — s)q—lfds}

—12) —12)?
+1"(q /(t —5)972 fds + 2'F( /(t — 59~ 3fds} fort € (2, 13].

Next, suppose

k

x(t)—xa—i—xa(t—a)—i——(t—a)z—i—ZI (x(t) r( )/(t—s)q U rds

i=1

k l
3 6ol (x(7) {r(lq) { [ =9 pas + / (t - )7 fds - / (t — )7 fds} @
a t; a

i=1

— 1. i a2 L
+F(2q _tll)) a/ (t; — )92 fds + 25;((;1_)2) af ( —s)q—3f'ds} fort € (tx, ti+1].

Using (27), we get

X(l;:r]) = Xt 1) + D1 (¥ (g y))
Tk+1
A k+1
_ X 1 _
=Xq + Xq(tk+1 —a) + 2—7(1;(.;_1 —a)* + Z (x@7) @ / (tk+1 — )" fds
a

i=1

i Tk+1 Tk41
- bolitetr )){F()[/ =" s+ [ =9 pas— | (rk+1—s)q—1fds}

t; a

153
(lk+1 1) (tk4+1 — 11)? _
+—>" /(lz—S)q Zfds‘f‘m/(fi—s)q 3fd5},
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Xt ) =¥ (60y)

Tk+1
= Xg4 +)Aca(tk+1 —a)+ ﬁ af (tk+1 _s)q—Zfds

t Tk+1 Tk+1
+l; Soli (x(1f” )){ Tq-1 {/ (t; = )72 fds + / (k1 —5)?72 fds — f (tk+1 —S)"‘Zfds}

(k41— 1) _\a=3
+ Tq—2) /(t, s) fds}
q Tk41

x”(t,j__i_l) = x”(tk__H) =X4+ Ta-2 / (tka1 — )93 fds

k . _ Tk+1 trk+1
+Z§°I’("“")){/(n—sr’ 3 fds + / (e 11— )93 fds — / (i1 — )7~ 3de}

— T@-2)
Thus,
X(r) = x( )+ X' (e, ) —1 )+h(r )2+— f (t —s5)47" fds
k+1 k+1 k41 21 +1 T(q)
tk+1
_ fa 2 & — tk+1) ' a—2
= a o Ralt =)+ =0+ 3 (x7) + A / (11— )72 fds
’ i=1
) th+1 Ik+1
(;;(tf,‘“;) / (— *fdwm / (te1 — )91 fds + / (t — )7 fds
Tk+1
Tk+1
+l§£‘_01 (Y(t )){F( ) |:/(11—S)q lde+ / (lk+1—s)q lfds (28)

o N2 4
/ (tk1 =)™ lfds} T(q [11)/(t,—s)q 2 fds +% (t — )77 fds

a

kg1 Ik+1
+ % |:/ (tk+1— )72 fds — / (tk+1—5)7" 2fds:|

B 5 tk+1
+(;!F(tqki12)){/ (tk1— )77 fds — / (tk+1—9)7" %de}} Sfort € (tx41.tk+2].

Let ex41(t) = x(t) — X(¢), fort € (tk41,tx+2]. By (27), the exact solution x(¢) of system (4) satisfies
x(t) = xq + Xq(t —a) + —(t —a)? + — / (t —s)17 fds fort e (txs1.tk+2l,

lim
I; (x (17 ) =0, I'(g)
For all ietl,...k+1}
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t

lim x(t) = xq + Xq(t —a) + x—c:(t —a)’ + Z Ii (x(t]) / — )97 fds
I,(y(t;))—0, 2! 1<i<k+1
Sor Vpe{l.2,...k+1} and i#£p a
1 t; t 14
bY sl g | [ -9 pds 4 [ -9t ps = [ -9 pds
1<i<k+1 (q) a ti a
and i#p
) (t —1;)? 3
; —s5)? fds+2'I‘( /(t,—s)q fds ¢ fort € (tk+1,tk+2]
Then,
Ii(x(z;))l—l>m0, ee+10) = 1,~<x(zr)>l—l>m0, ) =203
Sfor all ie{l,..., k+13} Sfor all ie{l,..., k+1}
Tk +1
_ a1 _ a1 _ _ a1
F(q) /(fk—H )97 fds + / (t—s)1"" fds /(t )97 fds (29
Tk4+1
(=t [ (=2 [
_ =tk _ a2 &/ _ a3
ot [ e =02 ps = S (11— 5072 fs,
a
lim ex+1(t) = lim {x(@)—x()}
1,(y(1;))—0, 1,(y(t;))—0,
Sfor Vpe{l,2,..., k+1} for Vpe{l,2,..., k+13}
Tk+1
/ (txv1 — )9 fds + / (t—s5)1~ lfds—[(z—s)q U rds
Tk+1
Tk+1
+ Y el [ (tet1 — )71 fds + / (1 — )7~ fds
A
Tk+1
/(r $)4 fds — / (tx+1—5)"  fds — /(z $)4~ 1fds+/(z )47 fds
Tk+1
( ) Ik+1
_ U=l _ a2 _/ a2
S { / (1= fds — [ Gieyr —)72 fds
ti a (30)
¢t )2 I+ I+
U=tk _ \a-3 _ -3
ey { [ =9 sds= [ wia-9) fds”
i a
Tk+1

t —txk41) (t —tx41)?
- /(rk+1 072 fs = S /<k+1—s>q 3 fds.
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By (29) and (30), we obtain

ex+1(1)
tr+
1+ Y5 oL (x () /(tk+1—5)q fds + / (t—s)? ! fds — /(t )97 fds
I'(q) o
k+1 Tkt
— Y bl (x() %q) / (te 1 — )91 fds + [ (t — )97 fds - / (t — )97 fds
i=1 tk+1
_ Tk+1 Ik+1 (31)
+7(tr(qt/:+11)) !(tk+1—8)q_2fds— a/ (tk+1— )72 fds
Th+1 Tk+1
o Ut [ =9 s [ s =97 pds
20(g —2)
t; a

7(;&11511)) / (tk+1— )72 fds _(Q!F(tkH) / (tk1— )77 fds.

Thus,

x() =x(t) + ex41(2)

= X ( ta t —a)? 5 I [ — 9= rg
=Xa +Xalt —a) + 5, (t —a) +,§ i (x( )+m/( )47 fds
k+1 | ti
+ ,; Eoli (x (1)) X)) a/(li — )91 fds +zf(t — )97 fds _a/(t — )7 fds
[— . t’ _ . 2
+% [ (t; — )72 fds + % (t; —s) 3 fdsy  fort € (tkg1,tkt2l.

Therefore, the solutions of system (4) satisfy Eq. (11). So, system (4) is equivalent to Eq. (11). The proof is now
completed. O

With similarity to Lemma 3.1, the following two conclusions can be proved.

Lemma 3.2. Let g € (2,3) and &1 is a constant. System (5) is equivalent to the fractional integral equation

A k l
X(0) = ¥ + Falt —a) + 50— 0)? +,§1 I (x() (¢~ ) + F(lq)a/(r — 571 fs
& ) £ t t
+J; £11; (x(t'j_)) @ a/(t'j — )77 fds +_/ (t —s5)97 ! fds —a/(t — )71 fds o)
i
_f. 2

fort e (t_k,l_k+1], k=0,1,2,.... M.

provided that the integral in (32) exists.



466 —— X.Zhang etal. DE GRUYTER OPEN

Lemma 3.3. Let g € (2,3) and &> is a constant. System (6) is equivalent to the fractional integral equation

1

x(t) = xq + Xa(t —a) + %(l —a)* + Z Iy (x()) (e — )% + m (t —5)?7 1 fds
’ Ti=1

f[ t 1

k
+ Y el | g | [ 6= s+ [ @9 pas = [ a0 pas

=1 p (33)

i a
ll) -2 3
/(t -89 fds + ——— 2'1,( 2) /(l — )97 fds

fort e (fk,fk+1], k=0,1,2,...,N.

provided that the integral in (33) exists.

Corollary 3.4. Let g € (2,3) and &9 is a constant. If a function x is the general solution of system (4) then

1
7 _ =z 1 _ -3
X (l) = Xq + m / (f S)q f(S,x(S))dS

ég' Z I (X([ )) /(tl —S)q 3fds-|—/([ S)q 3de /(t S)q 3de

fort c (lk,tk+1], k= 0,1,2,....L.

Corollary 3.5. Let g € (2,3) and &1 is a constant. If a function x is the general solution of system (5) then
| t
"(t) = % 7[1— 473 fd
X0 = Fa+ gy [ (=977 s

+§1Z j(( ))
J

/<,—s)" 3fds+/(t—s)" 3 fds - [(z 9973 fds
=1
fort e ([_k’tk+]]’ k=0,12,...M.
Corollary 3.6. Let g € (2,3) and &> is a constant. If a function x is the general solution of system (6) then
k | !
"(t) = % I (x(i] 7/z— 93 fd
0 =t I D)+ gy | €=

=1

kK 7 A 1 : .
I ~
+ 521=21 % /(tl - s)q—3fds + f (t— s)q—3‘fds - / (t— S)q_3fds

fort € (tx,tx+1], k=0,1,2,..., N.

Remark 3.7. Impulses Ax|,—,,, Ax/|t=;/_ and Ax"|,_; have similar effect on x"(t) of (3) by Corollaries 3.4-
3.6. Thus, we will consider Ax|,;—, and Ax/|t=t-/. as some special impulses Ax"'|,_;, for system (3).
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Lemma 3.8. Let q € (2,3) and & (where b € {0, 1,2}) are three constants. If a function x is the general solution
of system (1) then

k>

¢
& S 1
x"(t) = X4 + Z I; (x(tl_)) + m / (t — )93 fds

=1

e ZI(X(Z ) /(t,—s)q 3fds+/(t )4~ 3fds—/(l—s)q > fds

ki g, (X( )) (34
+ & =SNG =9)3fds+ | ¢ =) 3 fds— | ¢ —5)973 fds
B4 famar | /
i 1 t t
+& Z II‘E;C(IIZ))) /(f, —s)"_3fds+/(t —s)"_3fds—/(t—s)q_3fds
a 7 a

forteJi, k=0,12, .. K.
Proof. By Definition 2.2, we have

aDIT2 (X)) = f(t,x(1), qe23), t€d =[a, Tl t #4(G =1,2,..L)
andt #1;(j = 1,2,...M)and t # (I =1,2,...,N),

Ax|i—y, = 1; (x(47)), i =1.2,... L,

Ax'|t=;j =1; (x(7)). j=12,.. M,

AX|,_p = Iy (x@7)), 1=1,2,...,N,

x(a) = xq. x'(a) = Xa, x"(a) = %a.

{system (1)} &

Moreover, Ax|,—,, and Ax/|t=;/. are considered as impulse Ax”|t:;[ by Remark 3.7. Thus, using Lemma 2.4
and Corollaries 3.4-3.6, Eq. (34) can be obtained. O

Theorem 3.9. Ler g € (2,3) and &p (where b € {0,1,2}) are three constants. System (1) is equivalent to the
fractional integral equation

~ ko K
X(0) = X+ Salt = @)+ =@ + 304 (<) + 30 T (@) (=)

i=1 Jj=1

1 &
+Elglll (x([l_ ([—ll) +m/(t_5)q_1fds

i=1

b3 tontr )){F() /(rl—s)" 'fds+/(t 907! fds - /(r 947! fds

l tl
(r —17) . 5 (t — ti)z ' s
—I—l_,(q_l)!(lz —s5)? fds—}—ma (ti — )4 fds}

1 t t

k1
28l ﬁ /(fj—S)q_]fds+/(I—S)q_lfds—/(t—s)"_lfds

J=1 a Z; a

—1t;) —1;)
G0 ]1)[(” 9 s+ g /(”—S)q >fs
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ko2 i t t
+ Y el i | [ =0t sas+ [ (=57 fds - [ =57 gas
=1 A H 2

(35)

—1) 2 i) 3
F(q /(t $)9~ fds—i—ﬁf(t — )97  fds ¢ forte Ji,

here k € {0, 1,2, ..., K}, provided that the integral in (35) exists.

Proof. Fort € J/, itis clear that system (1) is equivalent to

X([)=Xa+)za([ a)+7([— ) +m/(l‘—.§')q lde f()F[GJO

Fort € J(1 <k < K), by Lemma 3.8, we have

k> !
x"(t) = %4 + Z I; (x@) + ﬁ / (t —s5)973 fds

=1

& (x(r ))
48y —L2 | (¢ =) 3 fds+ | (t =) fds — | (t —5)?73 fds
1N / / /

L;(x(7;))
+ & 27 (G =) 3 fds+ | ¢ —s)93fds— | (t —)773 fds
j / , / /

=1

_lr_szzll(x([l )) /(l‘ —S)q 3fds+/(t_s)q 3fds—/(t—s)q 3fds .

=1

Integrating both sides of the above equation twice, we get

x(t)—Co+C1t+—t + 5 221, (x(F))) F()/(x $)471 fds

=1

ko
Y ol ey )){r(>[/“ 97! fds - /(z 97 lfds} e z)fm 97 3de}

i=1

eSS 6 ) @ [(z—s)q ! fds - /(r 9971 fds +W[<r,—s)q 3 fds

Jj=1

ko> 1
~ A —1 —1
+ 3 el s /(r — 59~ fds - / (=977 fds | + W / (ii — )73 fs |
i3 a
here C, C are two constants. Supposing I_j (x(t;)) =0, 1 (x(fl_)) =0;[; (x(ti_)) =0, 1 (x(fl_)) = 0 and

I (x(;7)) =0, I; (x(t/._)) =0c¢herei =1,2,...ko, j =1,2,....k1,1 = 1,2, ..., k2) respectively, by Lemmas
3.1-3.3, we obtain
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ko

k2
1 ~ Ay A
Co = xq4 —xaa+2—a + E Ii (x(17) E G (x @) lj"‘iZE:l:Il(x(tl )i

i=1 Jj=1

x

ko N ti
# Lol | g )/al_s)q R R

7
3 1 = —1
+2!F(q z)/(“ -9 fds} + ZSII (@) [r(q)a[(t, )77 fds

Z 7
d 2 a2 _ a3
0 $)47= fds + 2'F( / (& — )4 fdsj|

o L] Wl
~ A 2 g—1 . / f— q—2 d
+ 3 el ) [F(q) / (=" fds = s / (i1 — )72 fds

A2 7 X
_0d—
+2'F(q ) /(ll s) fds

and

C| = Xq—akqg + iij (x@;) i (x(@))

- - 1
+Zsol (7 )){ — [ (7 =92 fds = [ (rl-—s)Hfds}

I
+,21 il (x Ty )){ ])/(t, — )72 fds — (qt_j_z)!(fj s)‘”fds}

R 1
" Zszlz(x(r, >){ — / (=92 fs = / @w“m}.

Thus, for ¢ € J{ (herek = 1,2,..., K), we get

k1

~ ko
x(t):xa+xa(t—a)+);—"‘(z—a)2+Zli(x(r Z () — 1))

1 &, . 1 g
+E};Il(x([l (t—tl) —i—m/(t—s) fds

ko t; t t
+ 38l {F(lq) { [ =9 pas + / (-~ pas = [ @ —s)"“fds}

2
—#) /(z,—s)q 2 s + L1 /(t,—s)q 3fds}

F(q 1) 2'I'(

Z t
+ Z £11; (x(;)) {F( ) [/ (i; — )17 fds +/(t—s)q—1fds—/(z S)qlfds]
L

Jj=1 a
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t
L 2 (t —ij)? - -3
+m/(tj S)q de —+ ﬁ ([J —s)q de

Y e @ /m—sw ‘de+/(t—S)" lfds—/a—s)‘f 'sds

=1
2
”) /(r — 59" Zfds—i—ZT( ) /(z — )43 fds

So, the solution of system (1) satisfies Eq. (35).
Next, we can verify that Eq. (35) satisfies all conditions (including conditions (i)-(vii)) in system (1). So, system
(1) is equivalent to Eq. (35). The proof is completed. O

Remark 3.10. For impulsive system (1), we have

lim {impulsive system (1)}
q—3—

xP@) = f,x(t), tedJ=[aT),t#tG=12,..L)and
t#5( =12,...,Myand t ##;(I =1,2,...,N),
Ax|i—y, =1 (x(¢7)), i =1.2,... L,

- [ (x(F7)). j 36
Ax/|t=fj =1 (x(tj )), j=12..M, (36)
Ax"|,_p =T (x(@)), 1=1.2,... N,
x(@) = xq, X' (a) = Xq, X" (@) = %4.
On the other hand, using (35), we get
~ | 4
Xa +)_Ca(l —a) + );76:([ —a)2 + Ef(t —S)Zfds, fort c J(,),
) a
)’e ko k1
qing,x(t) = xq+ %0 —a)+ 27"10 —a)’ + Z Ii (x(t7)) + Z I (x(@) (t = 77) 37)

i=1 Jj=1

le x(FD) t —i)* + = /(t—s) fds fortelJ, k=12, ..,K.

l—l

Moreover, we can verify that Eq. (37) is the solution of (36), and indirectly supports our results.

Corollary 3.11. Let g € (2,3) and &, (where b € {0, 1,2}) are three constants. System (2) is equivalent to the
fractional integral equation

X0 =Xa + Xalt —a) + 7@ —a)+ Z [ () + L (x(@G) (¢t = 1) + %fi (x(@) (t —t,')z]
i=1 :
1 K
T f (=) fds + ; [g0i (e + 81 T (067 + 2T (v(07) | (38)

153 t t
(ti =)V fds+ | (t =)V fds— | (t —s5)97 fds
/ / /
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— 1 a2 (t - 1)2 [ 43
+F(q l)/(Zl s) fds +2'F( ) (t;i — ) fds

forteJr,k=0,1,2,..., K.

provided that the integral in (38) exists.

4 Example

Example 4.1. The analytical solution of system (1) is difficult to obtain when f is a nonlinear function in (1). So,

let us consider a linear impulsive system.

oD *x(t) =1, t €[0.2]\{1}.

x(1F) =x(17) + 1 (x(17)).,

XA =x'17)+ 1 (x(17)), (39)
() = X"y + T (x(17)),

x(0) = x0, x"(0) = Xo. x”(0) = Xo.

Next, we give the general solution by

+ z+ I 16 ;T3f r€0,1]
o+ Fot + 5y ()9 13 orten A
Yot fotz L)+ T (N (= 1) + 1 (1)) (¢ — 1) 16 2
Xo + Yot + 17+ T (x(IT) + T (x(17) (¢ =D+ S/ (x(17) (¢ = D7 + FO)ox 13 .
() = 16 1 4 9 - 40
+ (Bl (1) + £ T (7)) + 21 (x(17 >))[F( 555 T okt TV
1 16 13 t—1) t—1)?
—_— ) _ forte(1,2).
L@ox13 | TG+D|., 2@ tzj
where &o, €1 and &> are arbitrary constants.
Next, for Eq. (40), we have
3 3 116 13
oD/ x(t) =0D; {x0 + Xot + jt + m9x 13 =t forte]0,1],
and
9 9 %o _
oD}x(t) = oD} {xo + Xot + 5# + I (x(A™N)+T(xA7) @ —-1)
1. ) 1 16 13
t oA E-D7+ r(%)79x13’4 -
+ [R0IC) 4+ T + 81N | g o + - DA +9)
r2)9x13  r(3)9x13 1
1 16 13 (t—1) (t—1)2
BETER ¢4 0 )
F@Ox13 . TG+D], 20 21D e o




472 —— X.Zhang et al. DE GRUYTER OPEN

9
2( 1 16 13
1"(1)9x 3 £20
I(x(1™ T(x(1~ T(x(1— 4 9 13
+%‘o (x(17)) + & (x(9 )) + &1 (x( ))9 - (t — )3 (41 +9) s
ING9) X >1 1=0d) 1e1 2

= tie0.21lre1.21 + [Eol(x(l_)) +E I (x(17) + ézf(x(l_))] [tre1.21 = trer0.21] e 1.2
=t1e(1,2].

So, Eq. (40) satisfies Caputo fractional derivative condition in (39).
Secondly, we can verify that Eq. (40) satisfies

x(IH) =x(I)+ I x17), XA =xA)+ 1 (x(17) and x"AH)y =x"A7)+ 1 (x(17)).

Moreover, we can verify that Eq. (40) satisfies the corresponding conditions (i)-(vii) of (39). Therefore, Eq. (40) is
the general solution of (39).
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