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1 Introduction

Fractional differential equations play an important part in modeling of many phenomena in various fields of science
and engineering, and the subject of fractional differential equations is extensively researched (see [1–19] and the
references therein).

On the other hand, impulsive differential equation is a key tool to describe some systems and processes with
impulsive effects. There have appeared many papers focused on the subject of impulsive differential equations with
Caputo fractional derivative [20–31].

Recently, we have found that there exist general solutions for several kinds of impulsive fractional differential
equations in [32–38]. Based on these works, we will further study the general solution of the generalized impulsive
differential equations of fractional-order q 2 .2; 3/.8̂̂̂̂

ˆ̂̂̂̂̂̂
<̂
ˆ̂̂̂̂̂̂
ˆ̂̂:

aD
q
t x.t/ D f .t; x.t//; q 2 .2; 3/; t 2 J D Œa; T �; t ¤ ti .i D 1; 2; :::; L/ and

t ¤ Ntj .j D 1; 2; :::;M/ and t ¤ Otl .l D 1; 2; :::; N /;

�xjtDti
D x.tC

i
/ � x.t�i / D Ii

�
x.t�i /

�
; i D 1; 2; :::; L;

�x0
ˇ̌
tDNtj

D x0.NtC
j
/ � x0.Nt�j / D

NIj
�
x.Nt�j /

�
; j D 1; 2; :::;M;

�x00jtDOtl
D x00.OtC

l
/ � x00.Ot�l / D

OIl

�
x.Ot�l /

�
; l D 1; 2; :::; N;

x.a/ D xa; x
0.a/ D Nxa; x

00.a/ D Oxa:

(1)

where aD
q
t denote Caputo fractional derivative of order q in interval Œa; t �, f W J � R! R and Ii ; NIj ; OIl W R! R

are appropriate functions (here i D 1; 2; : : : ; L and j D 1; 2; : : : ;M and l D 1; 2; : : : ; N , respectively), a D t0 <
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t1 < ::: < tL < tLC1 D T; a D Nt0 < Nt1 < ::: < NtM < NtMC1 D T; a D Ot0 < Ot1 < ::: < OtN < OtNC1 D T . Here
x.tC

i
/ D lim"!0C x.ti C "/ and x.t�

i
/ D lim"!0� x.ti C "/ represent the right and left limits of x.t/ at t D ti ,

respectively, (x0.NtC
j
/, x0.Nt�

j
/ and x00.OtC

l
/, x00.Ot�

l
/ have similar meaning for x0.t/ at t D Ntj and x00.t/ at t D Otl ,

respectively).
Next, take a; t1; t2; � � � ; tL; Nt1; Nt2; � � � ; NtM ; Ot1; Ot2; � � � ; OtN ; T to a D t 0

0
< t 0

1
< ::: < t 0

K
< t 0

KC1
D T such that

set ft1; t2; � � � ; tL; Nt1; Nt2; � � � ; NtM ; Ot1; Ot2; � � � ; OtN g D set ft 01; t
0
2; :::; t

0
Kg

Let J 0
0
D Œa; t 0

1
� and J 0

k
D .t 0

k
; t 0

kC1
� (k D 0; 1; 2; : : : ; K). For each Œa; t 0

k
� (here k D 0; 1; 2; : : : ; K), assume

Œa; tk0
� � Œa; t 0

k
� � Œa; tk0C1� (here k0 2 f1; 2; :::; Lg) and Œa; Ntk1

� � Œa; t 0
k
� � Œa; Ntk1C1� (here k1 2 f1; 2; :::;M g)

and Œa; Otk2
� � Œa; t 0

k
� � Œa; Otk2C1� (here k2 2 f1; 2; :::; N g) respectively.

With simplification of system .1/, we get8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

aD
q
t x.t/ D f .t; x.t//; q 2 .2; 3/; t 2 J D Œa; T �; t ¤ ti .k D 1; 2; :::; L/;

�xjtDti
D Ii

�
x.t�i /

�
; i D 1; 2; :::; L;

�x0
ˇ̌
tDti
D NIi

�
x.t�i /

�
; i D 1; 2; :::; L;

�x00
ˇ̌
tDti
D OIi

�
x.t�i /

�
; i D 1; 2; :::; L;

x.a/ D xa; x
0.a/ D Nxa; x

00.a/ D Oxa:

(2)

Let J0 D Œa; t1� and Ji D .ti ; tiC1� (i D 1; 2; :::; L).
Considering some limiting cases in .1/, we have

lim
Ii.x.t�

i
//!0 for all i2f1;2;:::;Lg

and NIj

�
x.Nt�

j
/

�
!0 for all j2f1;2;:::;Mg

and OIl.x.Ot�
l

//!0 for all l2f1;2;:::;Ng

fimpulsive system .1/g

!

(
aD

q
t x.t/ D f .t; x.t//; q 2 .2; 3/; t 2 J D Œa; T �;

x.a/ D xa; x
0.a/ D Nxa; x

00.a/ D Oxa:
(3)

lim
NIj

�
x.Nt�

j
/

�
!0 for all j2f1;2;:::;Mg

and OIl.x.Ot�
l

//!0 for all l2f1;2;:::;Ng

fimpulsive system .1/g

!

8̂̂<̂
:̂

aD
q
t x.t/ D f .t; x.t//; q 2 .2; 3/; t 2 J D Œa; T �; t ¤ ti .i D 1; 2; :::; L/;

�xjtDti
D Ii

�
x.t�i /

�
; i D 1; 2; :::; L;

x.a/ D xa; x
0.a/ D Nxa; x

00.a/ D Oxa:

(4)

lim
Ii.x.t�

i
//!0 for all i2f1;2;:::;Lg

and OIl.x.Ot�
l

//!0 for all l2f1;2;:::;Ng

fimpulsive system .1/g

!

8̂̂<̂
:̂

aD
q
t x.t/ D f .t; x.t//; q 2 .2; 3/; t 2 J D Œa; T �; t ¤ Ntj .j D 1; 2; :::;M/;

�x0
ˇ̌
tDNtj

D NIj
�
x.Nt�j /

�
; j D 1; 2; :::;M;

x.a/ D xa; x
0.a/ D Nxa; x

00.a/ D Oxa:

(5)

lim
Ii.x.t�

i
//!0 for all i2f1;2;:::;Lg

and NIj

�
x.Nt�

j
/

�
!0 for all j2f1;2;:::;Mg

fimpulsive system .1/g

!

8̂̂<̂
:̂

aD
q
t x.t/ D f .t; x.t//; q 2 .2; 3/; t 2 J D Œa; T �; t ¤ Otl .l D 1; 2; :::; N /;

�x00
ˇ̌
tDOtl
D OIl

�
x.Ot�l /

�
; l D 1; 2; :::; N;

x.a/ D xa; x
0.a/ D Nxa; x

00.a/ D Oxa:

(6)
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lim
OIl.x.Ot�

l
//!0 for all l2f1;2;:::;Ng

fimpulsive system .1/g

!

8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

aD
q
t x.t/ D f .t; x.t//; q 2 .2; 3/; t 2 J D Œa; T �; t ¤ ti .i D 1; 2; :::; L/

and t ¤ Ntj .j D 1; 2:::;M/;

�xjtDti
D Ii

�
x.t�i /

�
; i D 1; 2; :::; L;

�x0
ˇ̌
tDNtj

D NIj
�
x.Nt�j /

�
; j D 1; 2; :::;M;

x.a/ D xa; x
0.a/ D Nxa; x

00.a/ D Oxa:

(7)

lim
NIj

�
x.Nt�

j
/

�
!0 for all j2f1;2;:::;Mg

fimpulsive system .1/g

!

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

aD
q
t x.t/ D f .t; x.t//; q 2 .2; 3/; t 2 J D Œa; T �; t ¤ ti .i D 1; 2; :::; L/

and t ¤ Otl .l D 1; 2; :::; N /;

�xjtDti
D Ii

�
x.t�i /

�
; i D 1; 2; :::; L;

�x00
ˇ̌
tDOtl
D OIl

�
x.Ot�l /

�
; l D 1; 2; :::; N;

x.a/ D xa; x
0.a/ D Nxa; x

00.a/ D Oxa:

(8)

lim
Ii.x.t�

i
//!0 for all i2f1;2;:::;Lg

fimpulsive system .1/g

!

8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

aD
q
t x.t/ D f .t; x.t//; q 2 .2; 3/; t 2 J D Œa; T �; t ¤ Ntj .j D 1; 2; :::;M/

and t ¤ Otl .l D 1; 2; :::; N /;

�x0
ˇ̌
tDNtj

D NIj
�
x.Nt�j /

�
; j D 1; 2; :::;M;

�x00
ˇ̌
tDOtl
D OIl

�
x.Ot�l /

�
; l D 1; 2; :::; N;

x.a/ D xa; x
0.a/ D Nxa; x

00.a/ D Oxa:

(9)

This means that the solution of .1/ satisfies:

(i) lim
Ii.x.t�

i
//!0 for all i2f1;2;:::;Lg

and NIj

�
x.Nt�

j
/

�
!0 for all j2f1;2;:::;Mg

and OIl.x.Ot�
l

//!0 for all l2f1;2;:::;Ng

fthe solution of system .1/g D fthe solution of system .3/g ;

(ii) lim
NIj

�
x.Nt�

j
/

�
!0 for all j2f1;2;:::;Mg

and OIl.x.Ot�
l

//!0 for all l2f1;2;:::;Ng

fthe solution of system .1/g D fthe solution of system .4/g ;

(iii) lim
Ii.x.t�

i
//!0 for all i2f1;2;:::;Lg

and OIl.x.Ot�
l

//!0 for all l2f1;2;:::;Ng

fthe solution of system .1/g D fthe solution of system .5/g ;

(iv) lim
Ii.x.t�

i
//!0 for all i2f1;2;:::;Lg

and NIj

�
x.Nt�

j
/

�
!0 for all j2f1;2;:::;Mg

fthe solution of system .1/g D fthe solution of system .6/g ;

(v) lim
OIl.x.Ot�

l
//!0 for all l2f1;2;:::;Ng

fthe solution of system .1/g D fthe solution of system .7/g ;

(vi) lim
NIj

�
x.Nt�

j
/

�
!0 for all j2f1;2;:::;Mg

fthe solution of system .1/g D fthe solution of system .8/g ;

(vii) lim
Ii.x.t�

i
//!0 for all i2f1;2;:::;Lg

fthe solution of system .1/g D fthe solution of system .9/g :

Thus, we present the definition of solution for .1/ as follows
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Definition 1.1. A function z.t/ W Œa; T � ! R is said to be the solution of impulsive system .1/ if z.a/ D xa,
z0.a/ D Nxa and z00.a/ D Oxa, the equation condition aD

q
t z.t/ D f .t; z.t// for each t 2 .a; T � is verified, impulsive

conditions �zjtDti
D Ii

�
z.t�

i
/
�
(here i D 1; 2; : : : ; L); �z0jtDNtj D

NIj

�
z.Nt�

j
/
�

(here j D 1; 2; : : : ;M )

and �z00jtDOtl
D OIl

�
x.Ot�

l
/
�

(here l D 1; 2; : : : ; N ) are satisfied, the restriction of to the interval J 0
k

(here
k D 0; 1; 2; : : : ; K) is continuous, and conditions (i)-(vii) hold.

Define a function

Qx.t/ D x.tC
k
/C x0.tC

k
/.t � tk/C

x00.tC
k
/

2Š
.t � tk/

2
C

1

�.q/

tZ
tk

.t � s/q�1f .s; x.s//ds for t 2 .tk ; tkC1�:

By the definition of Caputo fractional derivative, we have�
aD

q
t Qx.t/

�
t2.tk;tkC1�

D

24
aD

q
t

0@x.tC
k
/C x0.tC

k
/.t � tk/C

x00.tC
k
/

2Š
.t � tk/

2
C

1

�.q/

tZ
tk

.t � s/q�1f .s; x.s//ds

1A35
t2.tk;tkC1�

D

24
aD

q
t

0@ 1

�.q/

tZ
tk

.t � s/q�1f .s; x.s//ds

1A35
t2.tk;tkC1�

D

24
tk
D

q
t

0@ 1

�.q/

tZ
tk

.t � s/q�1f .s; x.s//ds

1A35
t2.tk;tkC1�

D f .t; x.t//jt2.tk;tkC1� :

Therefore, Qx.t/ can meet the condition of fractional derivative and impulsive conditions in .1/. But, Qx.t/ is only
considered as an approximate solution of .1/ since it doesn’t satisfy conditions (i)-(vii).

Next, we provide some definitions and conclusions in Section 2, and prove the formula of general solution for
(1) in Section 3. Finally, an example is provided to expound the main result in Section 4.

2 Preliminaries

Definition 2.1 ([2]). The fractional integral of order q for function x is defined as

aI
q
t x.t/ D

1

�.q/

tZ
a

x.s/

.t � s/1�q
ds; t > a; q > 0;

where � is the gamma function.

Definition 2.2 ([2]). The Caputo fractional derivative of order q for a function x can be written as

aD
q
t x.t/ D

1

�.n � q/

tZ
a

x.n/.s/

.t � s/qC1�n
ds D aI

n�q
t x.n/.t/; t > a; 0 � n � 1 < q < n:

Lemma 2.3 ([39]). If the function h.t; x/ is continuous, then the initial value problem(
aD

q
t x.t/ D h.t; x.t//; q 2 .n; nC 1�; n 2 RC [ f0g;

x.k/.a/ D xk
a ; k D 0; 1; 2; :::; n:
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is equivalent to the following nonlinear Volterra integral equation of the second kind,

x.t/ D

nX
kD0

xk
a

kŠ
.t � a/k C

1

�.q/

tZ
a

.t � s/q�1h.s; x.s//ds;

and its solutions are continuous.

Lemma 2.4 ([32]). Let q 2 .0; 1/ and � is a constant. Impulsive system8̂̂<̂
:̂

0D
q
t u.t/ D h.t; u.t//; t 2 J D Œ0; T �; t ¤ tk ; k D 1; 2; :::; m;

�ujtDtk
D Ik

�
u.t�k /

�
; t D tk ; k D 1; 2; :::; m;

u.0/ D u0:

is equivalent to the fractional integral equation

u.t/ D

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂:

u0 C
1

�.q/

tZ
0

.t � s/q�1h.s; u.s//ds; for t 2 Œ0; t1�;

u0 C

nX
kD1

Ik.u.t
�
k //C

1

�.q/

tZ
0

.t � s/q�1h.s; u.s//ds

C
�

�.q/

nX
kD1

Ik.u.t
�
k //

24 tkZ
0

.tk � s/
q�1h.s; u.s//ds C

tZ
tk

.t � s/q�1h.s; u.s//ds

�

tZ
0

.t � s/q�1h.s; u.s//ds

35 for t 2 .tn; tnC1�; 1 � n � m;

(10)

provided that the integral in (10) exists.

3 Main results

For convenience, let f D f .s; x.s// and
P0

iD1 yi D 0 in this section.

Lemma 3.1. Let q 2 .2; 3/ and �0 is a constant. System (4) is equivalent to the fractional integral equation

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

kX
iD1

Ii

�
x.t�i /

�
C

1

�.q/

tZ
a

.t � s/q�1fds

C

kX
iD1

�0Ii .x.t
�
i //

8<: 1

�.q/

24 tiZ
a

.ti � s/
q�1fds C

tZ
ti

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � ti /

�.q � 1/

tiZ
a

.ti � s/
q�2fds C

.t � ti /
2

2Š�.q � 2/

tiZ
a

.ti � s/
q�3fds

9=;
for t 2 .tk ; tkC1�; k D 0; 1; 2; :::; L:

(11)

provided that the integral in (11) exists.

Proof. “Necessity”, for system (4), there exist an implicit condition

lim
Ii.x.t�

i
//!0 for all i2f1;2;:::;Lg

fsystem .4/g !

(
aD

q
t x.t/ D f .t; x.t//; q 2 .2; 3/; t 2 J D Œa; T �;

x.a/ D xa; x
0.a/ D Nxa; x

00.a/ D Oxa:
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That is

lim
Ii.x.t�

i
//!0 for all i2f1;2;:::;Lg

fthe solution of system .4/g D fthe solution of system .3/g : (12)

In fact, we can verify that Eq. (11) satisfies condition (12).
Next, we can obtain x.tC

k
/�x.t�

k
/ D Ik.x.t

�
k
// That is, Eq. (11) satisfies the impulsive condition of system (4).

Finally, using Eq. (11) for each t 2 .tk ; tkC1� (where k D 0; 1; : : : ; L), we have

�
aD

q
t x.t/

�
t2.tk;tkC1�

D aD
q
t

8<:xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

kX
iD1

Ii

�
x.t�i /

�
C

1

�.q/

tZ
a

.t � s/q�1fds

C

kX
iD1

�0Ii .x.t
�
i //

8<: 1

�.q/

24 tiZ
a

.ti � s/
q�1fds C

tZ
ti

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � ti /

�.q � 1/

tiZ
a

.ti � s/
q�2fds C

.t � ti /
2

2Š�.q � 2/

tiZ
a

.ti � s/
q�3fds

9=;
9=;

D

8<:f .t; x.t//jt�a C

kX
iD1

�0Ii .x.t
�
i
//

�.q/

24
ti
D

q
t

0@ tZ
ti

.t � s/q�1fds

1A � aD
q
t

0@ tZ
a

.t � s/q�1fds

1A359=;
D

(
f .t; x.t//jt�a C

kX
iD1

�0Ii .x.t
�
i //

�
f .t; x.t//jt�ti

� f .t; x.t//jt�a

�)
t2.tk;tkC1�

D f .t; x.t//t2.tk;tkC1�:

So, Eq. (11) satisfies the condition of fractional derivative in (4). Thus, Eq. (11) satisfies all conditions of system (4).
“Sufficiency”, we will prove that the solutions of (4) satisfy Eq. (11) by using mathematical induction. For

t 2 Œa; t1�, it is certain that the solution of system (4) satisfies Eq. (11) by Lemma 2.3 and

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

1

�.q/

tZ
a

.t � s/q�1fds: (13)

Using (13), we have

x.tC
1
/ D x.t�1 /C I1

�
x.t�1 /

�
D xa C Nxa.t1 � a/C

Oxa

2Š
.t1 � a/

2
C I1

�
x.t�1 /

�
C

1

�.q/

t1Z
a

.t1 � s/
q�1fds;

x0.tC
1
/ D x0.t�1 / D Nxa C Oxa.t1 � a/C

1

�.q � 1/

t1Z
a

.t1 � s/
q�2fds;

x00.tC
1
/ D x00.t�1 / D Oxa C

1

�.q � 2/

t1Z
a

.t1 � s/
q�3fds:

Therefore, the approximate solution Qx.t/ is given by

Qx.t/ D x.tC
1
/C x0.tC

1
/.t � t1/C

x00.tC
1
/

2Š
.t � t1/

2
C

1

�.q/

tZ
t1

.t � s/q�1fds

D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C I1

�
x.t�1 /

�
C

1

�.q/

24 t1Z
a

.t1 � s/
q�1fds C

tZ
t1

.t � s/q�1fds

35
C

.t � t1/

�.q � 1/

t1Z
a

.t1 � s/
q�2fds C

.t � t1/
2

2Š�.q � 2/

t1Z
a

.t1 � s/
q�3fds for t 2 .t1; t2�:

(14)
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Let e1.t/ D x.t/ � Qx.t/, for t 2 .t1; t2�. Due to

lim
I1.x.t�1 //!0

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

1

�.q/

tZ
a

.t � s/q�1fds for t 2 .t1; t2�;

we get

lim
I1.x.t�1 //!0

e1.t/ D lim
I1.x.t�1 //!0

fx.t/ � Qx.t/g

D
�1

�.q/

24 t1Z
a

.t1 � s/
q�1fds C

tZ
t1

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
�
.t � t1/

�.q � 1/

t1Z
a

.t1 � s/
q�2fds �

.t � t1/
2

2Š�.q � 2/

t1Z
a

.t1 � s/
q�3fds:

(15)

Then, by (15), we assume

e1.t/ D �
�
I1.x.t

�
1 //

�8<: �1�.q/

24 t1Z
a

.t1 � s/
q�1fds C

tZ
t1

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
�
.t � t1/

�.q � 1/

t1Z
a

.t1 � s/
q�2fds �

.t � t1/
2

2Š�.q � 2/

t1Z
a

.t1 � s/
q�3fds

9=; :
(16)

where � is an undetermined function with �.0/ D 1. Therefore

x.t/ D Qx.t/C e1.t/

D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C I1

�
x.t�1 /

�
C

1

�.q/

tZ
a

.t � s/q�1fds

C
�
1 � �

�
I1.x.t

�
1 //

��8<: 1

�.q/

24 t1Z
a

.t1 � s/
q�1fds C

tZ
t1

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � t1/

�.q � 1/

t1Z
a

.t1 � s/
q�2fds C

.t � t1/
2

2Š�.q � 2/

t1Z
a

.t1 � s/
q�3fds

9=; for t 2 .t1; t2�:

Let � .z/ D 1 � � .z/ for z 2 R in the above equation, then

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C I1

�
x.t�1 /

�
C

1

�.q/

tZ
a

.t � s/q�1fds

C �
�
I1.x.t

�
1 //

�8<: 1

�.q/

24 t1Z
a

.t1 � s/
q�1fds C

tZ
t1

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � t1/

�.q � 1/

t1Z
a

.t1 � s/
q�2fds C

.t � t1/
2

2Š�.q � 2/

t1Z
a

.t1 � s/
q�3fds

9=; for t 2 .t1; t2�:

(17)
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Using (17), we get

x.tC
2
/ D x.t�2 /C I2

�
x.t�2 /

�
D xa C Nxa.t2 � a/C

Oxa

2Š
.t2 � a/

2
C

X
iD1;2

Ii

�
x.t�i /

�
C

1

�.q/

t2Z
a

.t2 � s/
q�1fds

C �
�
I1.x.t

�
1 //

�8<: 1

�.q/

24 t1Z
a

.t1 � s/
q�1fds C

t2Z
t1

.t2 � s/
q�1fds �

t2Z
a

.t2 � s/
q�1fds

35
C
.t2 � t1/

�.q � 1/

t1Z
a

.t1 � s/
q�2fds C

.t2 � t1/
2

2Š�.q � 2/

t1Z
a

.t1 � s/
q�3fds

9=; ;
x0.tC

2
/ D x0.t�2 / D Nxa C Oxa.t2 � a/C

1

�.q � 1/

t2Z
a

.t2 � s/
q�2fds

C �
�
I1.x.t

�
1 //

�8<: 1

�.q � 1/

24 t1Z
a

.t1 � s/
q�2fds C

t2Z
t1

.t2 � s/
q�2fds �

t2Z
a

.t2 � s/
q�2fds

35
C
.t2 � t1/

�.q � 2/

t1Z
a

.t1 � s/
q�3fds

9=; ;
x00.tC

2
/ D x00.t�2 / D Oxa C

1

�.q � 2/

t2Z
a

.t2 � s/
q�3fds

C
�
�
I1.x.t

�
1
//
�

�.q � 2/

24 t1Z
a

.t1 � s/
q�3fds C

t2Z
t1

.t2 � s/
q�3fds �

t2Z
a

.t2 � s/
q�3fds

35 :
Thus,

Qx.t/ D x.tC
2
/C x0.tC

2
/.t � t2/C

x00.tC
2
/

2Š
.t � t2/

2
C

1

�.q/

tZ
t2

.t � s/q�1fds

D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C I1

�
x.t�1 /

�
C I2

�
x.t�2 /

�
C

.t � t2/

�.q � 1/

t2Z
a

.t2 � s/
q�2fds

C
.t � t2/

2

2Š�.q � 2/

t2Z
a

.t2 � s/
q�3fds C

1

�.q/

24 t2Z
a

.t2 � s/
q�1fds C

tZ
t2

.t � s/q�1fds

35

C �
�
I1.x.t

�
1 //

�8<: 1

�.q/

24 t1Z
a

.t1 � s/
q�1fds C

t2Z
t1

.t2 � s/
q�1fds �

t2Z
a

.t2 � s/
q�1fds

35
C

.t � t1/

�.q � 1/

t1Z
a

.t1 � s/
q�2fds C

.t � t1/
2

2Š�.q � 2/

t1Z
a

.t1 � s/
q�3fds

C
.t � t2/

�.q � 1/

t2Z
t1

.t2 � s/
q�2fds C

.t � t2/
2

2Š�.q � 2/

t2Z
t1

.t2 � s/
q�3fds

�
.t � t2/

�.q � 1/

t2Z
a

.t2 � s/
q�2fds �

.t � t2/
2

2Š�.q � 2/

t2Z
a

.t2 � s/
q�3fds

9=; for t 2 .t2; t3�:

(18)
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Let e2.t/ D x.t/ � Qx.t/, for t 2 .t2; t3�. By (17), the exact solution x.t/ of system (4) satisfies

lim
I1.x.t�1 //!0;I2.x.t�2 //!0

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

1

�.q/

tZ
a

.t � s/q�1fds for t 2 .t2; t3�;

lim
I1.x.t�1 //!0

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C I2

�
x.t�2 /

�
C

1

�.q/

tZ
a

.t � s/q�1fds

C �
�
I2.x.t

�
2 //

�8<: 1

�.q/

24 t2Z
a

.t2 � s/
q�1fds C

tZ
t2

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � t2/

�.q � 1/

t2Z
a

.t2 � s/
q�2fds C

.t � t2/
2

2Š�.q � 2/

t2Z
a

.t2 � s/
q�3fds

9=; for t 2 .t2; t3�;

lim
I2.x.t�2 //!0

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C I1

�
x.t�1 /

�
C

1

�.q/

tZ
a

.t � s/q�1fds

C �
�
I1.x.t

�
1 //

�8<: 1

�.q/

24 t1Z
a

.t1 � s/
q�1fds C

tZ
t1

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � t1/

�.q � 1/

t1Z
a

.t1 � s/
q�2fds C

.t � t1/
2

2Š�.q � 2/

t1Z
a

.t1 � s/
q�3fds

9=; for t 2 .t2; t3�:

Thus,

lim
I1.x.t�1 //!0;

I2.x.t�2 //!0

e2.t/ D lim
I1.x.t�1 //!0;

I2.x.t�2 //!0

fx.t/ � Qx.t/g

D
�1

�.q/

24 t2Z
a

.t2 � s/
q�1fds C

tZ
t2

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
�
.t � t2/

�.q � 1/

t2Z
a

.t2 � s/
q�2fds �

.t � t2/
2

2Š�.q � 2/

t2Z
a

.t2 � s/
q�3fds for t 2 .t2; t3�;

(19)

lim
I1.x.t�1 //!0

e2.t/ D lim
I1.x.t�1 //!0

fx.t/ � Qx.t/g

D
�
�1C �

�
I2.x.t

�
2 //

��8<: 1

�.q/

24 t2Z
a

.t2 � s/
q�1fds C

tZ
t2

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � t2/

�.q � 1/

t2Z
a

.t2 � s/
q�2fds C

.t � t2/
2

2Š�.q � 2/

t2Z
a

.t2 � s/
q�3fds

9=; for t 2 .t2; t3�;

(20)

lim
I2.x.t�2 //!0

e2.t/ D lim
I2.x.t�2 //!0

fx.t/ � Qx.t/g

D
�
�1C �

�
I1.x.t

�
1 //

��8<: 1

�.q/

24 t2Z
a

.t2 � s/
q�1fds C

tZ
t2

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � t2/

�.q � 1/

t2Z
a

.t2 � s/
q�2fds C

.t � t2/
2

2Š�.q � 2/

t2Z
a

.t2 � s/
q�3fds

9=;
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� �
�
I1.x.t

�
1 //

�8<: 1

�.q/

24 t2Z
t1

.t2 � s/
q�1fds C

tZ
t2

.t � s/q�1fds �

tZ
t1

.t � s/q�1fds

35
C

.t � t2/

�.q � 1/

t2Z
t1

.t2 � s/
q�2f .s; x.s//ds C

.t � t2/
2

2Š�.q � 2/

t2Z
t1

.t2 � s/
q�3f .s; x.s//ds

9=;
for t 2 .t2; t3�:

(21)

By (19)-(21), we obtain

e2.t/ D
�
�1C �

�
I1.x.t

�
1 //

�
C �

�
I2.x.t

�
2 //

��8<: 1

�.q/

24 t2Z
a

.t2 � s/
q�1fds C

tZ
t2

.t � s/q�1fds

�

tZ
a

.t � s/q�1fds

35C .t � t2/

�.q � 1/

t2Z
a

.t2 � s/
q�2fds C

.t � t2/
2

2Š�.q � 2/

t2Z
a

.t2 � s/
q�3fds

9=;
� �

�
I1.x.t

�
1 //

�8<: 1

�.q/

24 t2Z
t1

.t2 � s/
q�1fds C

tZ
t2

.t � s/q�1fds �

tZ
t1

.t � s/q�1fds

35
C
.t � t2/

�.q � 1/

t2Z
t1

.t2 � s/
q�2fds C

.t � t2/
2

2Š�.q � 2/

t2Z
t1

.t2 � s/
q�3fds

9=; for t 2 .t2; t3�:

Thus,

x.t/ D Qx.t/C e2.t/

D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C I1

�
x.t�1 /

�
C I2

�
x.t�2 /

�
C

1

�.q/

tZ
a

.t � s/q�1fds

C �
�
I1.x.t

�
1 //

�8<: 1

�.q/

24 t1Z
a

.t1 � s/
q�1fds C

tZ
t1

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � t1/

�.q � 1/

t1Z
a

.t1 � s/
q�2fds C

.t � t1/
2

2Š�.q � 2/

t1Z
a

.t1 � s/
q�3fds

9=;
C �

�
I2.x.t

�
2 //

�8<: 1

�.q/

24 t2Z
a

.t2 � s/
q�1fds C

tZ
t2

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C

.t � t2/

�.q � 1/

t2Z
a

.t2 � s/
q�2fds C

.t � t2/
2

2Š�.q � 2/

t2Z
a

.t2 � s/
q�3fds

9=; for t 2 .t2; t3�:

(22)

Letting t2 ! t1, we have

lim
t2!t1

8̂̂̂̂
<̂
ˆ̂̂:

aD
q
t x.t/ D f .t; x.t//; q 2 .2; 3/;

t 2 J D Œa; t3�; and t ¤ t1; t2;

�xjtDtk
D Ik

�
x.t�k /

�
; k D 1; 2;

x.a/ D xa; x
0.a/ D Nxa; x

00.a/ D Oxa:

!

8̂̂̂̂
<̂
ˆ̂̂:

aD
q
t x.t/ D f .t; x.t//; q 2 .2; 3/;

t 2 J D Œa; t3�; and t ¤ t1;

�xjtDt1
D I1

�
x.t�1 /

�
C I2

�
x.t�2 /

�
;

x.a/ D xa; x
0.a/ D Nxa; x

00.a/ D Oxa:

(23)

Using (17) and (22) for (23), we obtain

�
�
I1.x.t

�
1 //C I2.x.t

�
2 //

�
D �

�
I1.x.t

�
1 //

�
C �

�
I2.x.t

�
2 //

�
for 8I1.x.t

�
1 //; I2.x.t

�
2 // 2 R: (24)
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Therefore � .z/ D �0z for 8z 2 R (where �0 is a constant). Thus

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C I1

�
x.t�1 /

�
C

1

�.q/

tZ
a

.t � s/q�1fds

C �0I1.x.t
�
1 //

8<: 1

�.q/

24 t1Z
a

.t1 � s/
q�1fds C

tZ
t1

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � t1/

�.q � 1/

t1Z
a

.t1 � s/
q�2fds C

.t � t1/
2

2Š�.q � 2/

t1Z
a

.t1 � s/
q�3fds

9=; for t 2 .t1; t2�:

(25)

and

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C I1

�
x.t�1 /

�
C I2

�
x.t�2 /

�
C

1

�.q/

tZ
a

.t � s/q�1fds

C �0I1.x.t
�
1 //

8<: 1

�.q/

24 t1Z
a

.t1 � s/
q�1fds C

tZ
t1

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � t1/

�.q � 1/

t1Z
a

.t1 � s/
q�2fds C

.t � t1/
2

2Š�.q � 2/

t1Z
a

.t1 � s/
q�3fds

9=;
C �0I2.x.t

�
2 //

8<: 1

�.q/

24 t2Z
a

.t2 � s/
q�1fds C

tZ
t2

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � t2/

�.q � 1/

t2Z
a

.t2 � s/
q�2fds C

.t � t2/
2

2Š�.q � 2/

t2Z
a

.t2 � s/
q�3fds

9=; for t 2 .t2; t3�:

(26)

Next, suppose

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

kX
iD1

Ii

�
x.t�i /

�
C

1

�.q/

tZ
a

.t � s/q�1fds

C

kX
iD1

�0Ii .x.t
�
i //

8<: 1

�.q/

24 tiZ
a

.ti � s/
q�1fds C

tZ
ti

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � ti /

�.q � 1/

tiZ
a

.ti � s/
q�2fds C

.t � ti /
2

2Š�.q � 2/

tiZ
a

.ti � s/
q�3fds

9=; for t 2 .tk ; tkC1�:

(27)

Using (27), we get

x.tC
kC1

/ D x.t�kC1/C IkC1

�
x.t�kC1/

�
D xa C Nxa.tkC1 � a/C

Oxa

2Š
.tkC1 � a/

2
C

kC1X
iD1

Ii

�
x.t�i /

�
C

1

�.q/

tkC1Z
a

.tkC1 � s/
q�1fds

C

kX
iD1

�0Ii .x.t
�
i //

8<: 1

�.q/

24 tiZ
a

.ti � s/
q�1fds C

tkC1Z
ti

.tkC1 � s/
q�1fds �

tkC1Z
a

.tkC1 � s/
q�1fds

35
C
.tkC1 � ti /

�.q � 1/

tiZ
a

.ti � s/
q�2fds C

.tkC1 � ti /
2

2Š�.q � 2/

tiZ
a

.ti � s/
q�3fds

9=; ;
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x0.tC
kC1

/ D x0.t�kC1/

D Nxa C Oxa.tkC1 � a/C
1

�.q � 1/

tkC1Z
a

.tkC1 � s/
q�2fds

C

kX
iD1

�0Ii .x.t
�
i //

8<: 1

�.q � 1/

24 tiZ
a

.ti � s/
q�2fds C

tkC1Z
ti

.tkC1 � s/
q�2fds �

tkC1Z
a

.tkC1 � s/
q�2fds

35
C
.tkC1 � ti /

�.q � 2/

tiZ
a

.ti � s/
q�3fds

9=; ;
x00.tC

kC1
/ D x00.t�kC1/ D Oxa C

1

�.q � 2/

tkC1Z
a

.tkC1 � s/
q�3fds

C

kX
iD1

�0Ii .x.t
�
i
//

�.q � 2/

24 tiZ
a

.ti � s/
q�3fds C

tkC1Z
ti

.tkC1 � s/
q�3fds �

tkC1Z
a

.tkC1 � s/
q�3fds

35:
Thus,

Qx.t/ D x.tC
kC1

/C x0.tC
kC1

/.t � tkC1/C
x00.tC

kC1
/

2Š
.t � tkC1/

2
C

1

�.q/

tZ
tkC1

.t � s/q�1fds

D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

kC1X
iD1

Ii

�
x.t�i /

�
C
.t � tkC1/

�.q � 1/

tkC1Z
a

.tkC1 � s/
q�2fds

C
.t � tkC1/

2

2Š�.q � 2/

tkC1Z
a

.tkC1 � s/
q�3fds C

1

�.q/

264 tkC1Z
a

.tkC1 � s/
q�1fds C

tZ
tkC1

.t � s/q�1fds

375
C

kX
iD1

�0Ii .y.t
�
i //

8<: 1

�.q/

24 tiZ
a

.ti � s/
q�1fds C

tkC1Z
ti

.tkC1 � s/
q�1fds

�

tkC1Z
a

.tkC1 � s/
q�1fds

35C .t � ti /

�.q � 1/

tiZ
a

.ti � s/
q�2fds C

.t � ti /
2

2Š�.q � 2/

tiZ
a

.ti � s/
q�3fds

C
.t � tkC1/

�.q � 1/

24 tkC1Z
ti

.tkC1 � s/
q�2fds �

tkC1Z
a

.tkC1 � s/
q�2fds

35
C
.t � tkC1/

2

2Š�.q � 2/

24 tkC1Z
ti

.tkC1 � s/
q�3fds �

tkC1Z
a

.tkC1 � s/
q�3fds

359=; for t 2 .tkC1; tkC2�:

(28)

Let ekC1.t/ D x.t/ � Qx.t/, for t 2 .tkC1; tkC2�. By (27), the exact solution x.t/ of system (4) satisfies

lim
Ii .x.t�

i
//!0;

for all i2f1;:::;kC1g

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

1

�.q/

tZ
a

.t � s/q�1fds for t 2 .tkC1; tkC2�;
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lim
Ip.y.t�p //!0;

for 8p2f1;2;:::;kC1g

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

X
1�i�kC1
and i¤p

Ii

�
x.t�i /

�
C

1

�.q/

tZ
a

.t � s/q�1fds

C

X
1�i�kC1
and i¤p

�0Ii .x.t
�
i //

8<: 1

�.q/

24 tiZ
a

.ti � s/
q�1fds C

tZ
ti

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � ti /

�.q � 1/

tiZ
a

.ti � s/
q�2fds C

.t � ti /
2

2Š�.q � 2/

tiZ
a

.ti � s/
q�3fds

9=; for t 2 .tkC1; tkC2�:

Then,

lim
Ii .x.t�

i
//!0;

for all i2f1;:::;kC1g

ekC1.t/ D lim
Ii .x.t�

i
//!0;

for all i2f1;:::;kC1g

fx.t/ � Ox.t/g

D
�1

�.q/

264 tkC1Z
a

.tkC1 � s/
q�1fds C

tZ
tkC1

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

375
�
.t � tkC1/

�.q � 1/

tkC1Z
a

.tkC1 � s/
q�2fds �

.t � tkC1/
2

2Š�.q � 2/

tkC1Z
a

.tkC1 � s/
q�3fds;

(29)

lim
Ip.y.t�p //!0;

for 8p2f1;2;:::;kC1g

ekC1.t/ D lim
Ip.y.t�p //!0;

for 8p2f1;2;:::;kC1g

fx.t/ � Ox.t/g

D
�1

�.q/

264 tkC1Z
a

.tkC1 � s/
q�1fds C

tZ
tkC1

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

375
C

X
1�i�kC1
and i¤p

�0Ii .x.t
�
i //

8̂<̂
: 1

�.q/

264 tkC1Z
a

.tkC1 � s/
q�1fds C

tZ
tkC1

.t � s/q�1fds

�

tZ
a

.t � s/q�1fds �

tkC1Z
ti

.tkC1 � s/
q�1fds �

tZ
tkC1

.t � s/q�1fds C

tZ
ti

.t � s/q�1fds

�
.t � tkC1/

�.q � 1/

24 tkC1Z
ti

.tkC1 � s/
q�2fds �

tkC1Z
a

.tkC1 � s/
q�2fds

35
�
.t � tkC1/

2

2Š�.q � 2/

24 tkC1Z
ti

.tkC1 � s/
q�3fds �

tkC1Z
a

.tkC1 � s/
q�3fds

359=;
�
.t � tkC1/

�.q � 1/

tkC1Z
a

.tkC1 � s/
q�2fds �

.t � tkC1/
2

2Š�.q � 2/

tkC1Z
a

.tkC1 � s/
q�3fds:

(30)
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By (29) and (30), we obtain

ekC1.t/

D
�1C

PkC1

iD1
�0Ii .x.t

�
i
//

�.q/

264 tkC1Z
a

.tkC1 � s/
q�1fds C

tZ
tkC1

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

375
�

kC1X
iD1

�0Ii .x.t
�
i //

8̂<̂
: 1

�.q/

264 tkC1Z
ti

.tkC1 � s/
q�1fds C

tZ
tkC1

.t � s/q�1fds �

tZ
ti

.t � s/q�1fds

375
C
.t � tkC1/

�.q � 1/

24 tkC1Z
ti

.tkC1 � s/
q�2fds �

tkC1Z
a

.tkC1 � s/
q�2fds

35
C
.t � tkC1/

2

2Š�.q � 2/

24 tkC1Z
ti

.tkC1 � s/
q�3fds �

tkC1Z
a

.tkC1 � s/
q�3fds

359=;
�
.t � tkC1/

�.q � 1/

tkC1Z
a

.tkC1 � s/
q�2fds �

.t � tkC1/
2

2Š�.q � 2/

tkC1Z
a

.tkC1 � s/
q�3fds:

(31)

Thus,

x.t/ D Qx.t/C ekC1.t/

D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

kC1X
iD1

Ii

�
x.t�i /

�
C

1

�.q/

tZ
a

.t � s/q�1fds

C

kC1X
iD1

�0Ii .x.t
�
i //

8<: 1

�.q/

24 tiZ
a

.ti � s/
q�1fds C

tZ
ti

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � ti /

�.q � 1/

tiZ
a

.ti � s/
q�2fds C

.t � ti /
2

2Š�.q � 2/

tiZ
a

.ti � s/
q�3fds

9=; for t 2 .tkC1; tkC2�:

Therefore, the solutions of system (4) satisfy Eq. (11). So, system (4) is equivalent to Eq. (11). The proof is now
completed.

With similarity to Lemma 3.1, the following two conclusions can be proved.

Lemma 3.2. Let q 2 .2; 3/ and �1 is a constant. System (5) is equivalent to the fractional integral equation

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

kX
jD1

NIj
�
x.Nt�j /

�
.t � Ntj /C

1

�.q/

tZ
a

.t � s/q�1fds

C

kX
jD1

�1
NIj .x.Nt

�
j //

8̂<̂
: 1

�.q/

264 NtjZ
a

.Ntj � s/
q�1fds C

tZ
Ntj

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

375
C
.t � Ntj /

�.q � 1/

NtjZ
a

.Ntj � s/
q�2fds C

.t � Ntj /
2

2Š�.q � 2/

NtjZ
a

.Ntj � s/
q�3fds

9>=>;
for t 2 .Ntk ; NtkC1�; k D 0; 1; 2; :::;M:

(32)

provided that the integral in (32) exists.



466 X. Zhang et al.

Lemma 3.3. Let q 2 .2; 3/ and �2 is a constant. System (6) is equivalent to the fractional integral equation

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

1

2Š

kX
lD1

OIl

�
x.Ot�l /

�
.t � Otl /

2
C

1

�.q/

tZ
a

.t � s/q�1fds

C

kX
lD1

�2
OIl .x.Ot

�
l //

8̂<̂
: 1

�.q/

264 OtlZ
a

.Otl � s/
q�1fds C

tZ
Otl

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

375
C
.t � Otl /

�.q � 1/

OtlZ
a

.Otl � s/
q�2fds C

.t � Otl /
2

2Š�.q � 2/

OtlZ
a

.Otl � s/
q�3fds

9>=>;
for t 2 .Otk ; OtkC1�; k D 0; 1; 2; :::; N:

(33)

provided that the integral in (33) exists.

Corollary 3.4. Let q 2 .2; 3/ and �0 is a constant. If a function x is the general solution of system (4) then

x00.t/ D Oxa C
1

�.q � 2/

tZ
a

.t � s/q�3f .s; x.s//ds

C �0

kX
iD1

Ii .x.t
�
i
//

�.q � 2/

24 tiZ
a

.ti � s/
q�3fds C

tZ
ti

.t � s/q�3fds �

tZ
a

.t � s/q�3fds

35
for t 2 .tk ; tkC1�; k D 0; 1; 2; :::; L:

Corollary 3.5. Let q 2 .2; 3/ and �1 is a constant. If a function x is the general solution of system (5) then

x00.t/ D Oxa C
1

�.q � 2/

tZ
a

.t � s/q�3fds

C �1

kX
jD1

NIj .x.Nt
�
j
//

�.q � 2/

264 NtjZ
a

.Ntj � s/
q�3fds C

tZ
Ntj

.t � s/q�3fds �

tZ
a

.t � s/q�3fds

375
for t 2 .Ntk ; NtkC1�; k D 0; 1; 2; :::;M:

Corollary 3.6. Let q 2 .2; 3/ and �2 is a constant. If a function x is the general solution of system (6) then

x00.t/ D Oxa C

kX
lD1

OIl

�
x.Ot�l /

�
C

1

�.q � 2/

tZ
a

.t � s/q�3fds

C �2

kX
lD1

OIl .x.Ot
�
l
//

�.q � 2/

264 OtlZ
a

.Otl � s/
q�3fds C

tZ
Otl

.t � s/q�3fds �

tZ
a

.t � s/q�3fds

375
for t 2 .Otk ; OtkC1�; k D 0; 1; 2; :::; N:

Remark 3.7. Impulses �xjtDti
, �x0jtDNtj and �x00jtDOtl

have similar effect on x00.t/ of (3) by Corollaries 3.4-
3.6. Thus, we will consider �xjtDti

and �x0jtDNtj as some special impulses �x00jtDOtl
for system (3).
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Lemma 3.8. Let q 2 .2; 3/ and �b (where b 2 f0; 1; 2g) are three constants. If a function x is the general solution
of system (1) then

x00.t/ D Oxa C

k2X
lD1

OIl

�
x.Ot�l /

�
C

1

�.q � 2/

tZ
a

.t � s/q�3fds

C �0

k0X
iD1

Ii .x.t
�
i
//

�.q � 2/

24 tiZ
a

.ti � s/
q�3fds C

tZ
ti

.t � s/q�3fds �

tZ
a

.t � s/q�3fds

35
C �1

k1X
jD1

NIj .x.Nt
�
j
//

�.q � 2/

264 NtjZ
a

.Ntj � s/
q�3fds C

tZ
Ntj

.t � s/q�3fds �

tZ
a

.t � s/q�3fds

375
C �2

k2X
lD1

OIl .x.Ot
�
l
//

�.q � 2/

264 OtlZ
a

.Otl � s/
q�3fds C

tZ
Otl

.t � s/q�3fds �

tZ
a

.t � s/q�3fds

375
for t 2 J 0k ; k D 0; 1; 2; :::; K:

(34)

Proof. By Definition 2.2, we have

fsystem (1)g ,

8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂
ˆ̂̂̂̂̂̂
ˆ̂̂:

aD
q�2
t

�
x00.t/

�
D f .t; x.t//; q 2 .2; 3/; t 2 J D Œa; T �; t ¤ ti .i D 1; 2; :::; L/

and t ¤ Ntj .j D 1; 2; :::;M/ and t ¤ Otl .l D 1; 2; :::; N /;

�xjtDti
D Ii

�
x.t�i /

�
; i D 1; 2; :::; L;

�x0
ˇ̌
tDNtj

D NIj
�
x.Nt�j /

�
; j D 1; 2; :::;M;

�x00
ˇ̌
tDOtl
D OIl

�
x.Ot�l /

�
; l D 1; 2; :::; N;

x.a/ D xa; x
0.a/ D Nxa; x

00.a/ D Oxa:

Moreover, �xjtDti
and �x0jtDNtj are considered as impulse �x00jtDOtl

by Remark 3.7. Thus, using Lemma 2.4
and Corollaries 3.4-3.6, Eq. (34) can be obtained.

Theorem 3.9. Let q 2 .2; 3/ and �b (where b 2 f0; 1; 2g) are three constants. System (1) is equivalent to the
fractional integral equation

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

k0X
iD1

Ii

�
x.t�i /

�
C

k1X
jD1

NIj
�
x.Nt�j /

�
.t � Ntj /

C
1

2Š

k2X
lD1

OIl

�
x.Ot�l /

�
.t � Otl /

2
C

1

�.q/

tZ
a

.t � s/q�1fds

C

k0X
iD1

�0Ii .x.t
�
i //

8<: 1

�.q/

24 tiZ
a

.ti � s/
q�1fds C

tZ
ti

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � ti /

�.q � 1/

tiZ
a

.ti � s/
q�2fds C

.t � ti /
2

2Š�.q � 2/

tiZ
a

.ti � s/
q�3fds

9=;
C

k1X
jD1

�1
NIj .x.Nt

�
j //

8̂<̂
: 1

�.q/

264 NtjZ
a

.Ntj � s/
q�1fds C

tZ
Ntj

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

375
C
.t � Ntj /

�.q � 1/

NtjZ
a

.Ntj � s/
q�2fds C

.t � Ntj /
2

2Š�.q � 2/

NtjZ
a

.Ntj � s/
q�3fds

9>=>;
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C

k2X
lD1

�2
OIl .x.Ot

�
l //

8̂<̂
: 1

�.q/

264 OtlZ
a

.Otl � s/
q�1fds C

tZ
Otl

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

375
C
.t � Otl /

�.q � 1/

OtlZ
a

.Otl � s/
q�2fds C

.t � Otl /
2

2Š�.q � 2/

OtlZ
a

.Otl � s/
q�3fds

9>=>; for t 2 J 0k ;

(35)

here k 2 f0; 1; 2; :::; Kg, provided that the integral in (35) exists.

Proof. For t 2 J 0
0

, it is clear that system (1) is equivalent to

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

1

�.q/

tZ
a

.t � s/q�1fds for t 2 J 00:

For t 2 J 0
k
.1 � k � K/, by Lemma 3.8, we have

x00.t/ D Oxa C

k2X
lD1

OIl

�
x.Ot�l /

�
C

1

�.q � 2/

tZ
a

.t � s/q�3fds

C �0

k0X
iD1

Ii .x.t
�
i
//

�.q � 2/

24 tiZ
a

.ti � s/
q�3fds C

tZ
ti

.t � s/q�3fds �

tZ
a

.t � s/q�3fds

35
C �1

k1X
jD1

NIj .x.Nt
�
j
//

�.q � 2/

264 NtjZ
a

.Ntj � s/
q�3fds C

tZ
Ntj

.t � s/q�3fds �

tZ
a

.t � s/q�3fds

375
C �2

k2X
lD1

OIl .x.Ot
�
l
//

�.q � 2/

264 OtlZ
a

.Otl � s/
q�3fds C

tZ
Otl

.t � s/q�3fds �

tZ
a

.t � s/q�3fds

375:
Integrating both sides of the above equation twice, we get

x.t/ D C0 C C1t C
Oxa

2Š
t2 C

1

2Š
t2

k2X
lD1

OIl

�
x.Ot�l /

�
C

1

�.q/

tZ
a

.t � s/q�1fds

C

k0X
iD1

�0Ii .x.t
�
i //

8<: 1

�.q/

24 tZ
ti

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35C t2

2Š�.q � 2/

tiZ
a

.ti � s/
q�3fds

9=;
C

k1X
jD1

�1
NIj .x.Nt

�
j //

8̂<̂
: 1

�.q/

264 tZ
Ntj

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

375C t2

2Š�.q � 2/

NtjZ
a

.Ntj � s/
q�3fds

9>=>;
C

k2X
lD1

�2
OIl .x.Ot

�
l //

8̂<̂
: 1

�.q/

264 tZ
Otl

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

375C t2

2Š�.q � 2/

OtlZ
a

.Otl � s/
q�3fds

9>=>;;
here C , C1 are two constants. Supposing NIj

�
x.t�

j
/
�
D 0, OIl

�
x.Ot�

l
/
�
D 0; Ii

�
x.t�

i
/
�
D 0, OIl

�
x.Ot�

l
/
�
D 0 and

Ii

�
x.t�

i
/
�
D 0, NIj

�
x.t�

j
/
�
D 0 (here i D 1; 2; :::; k0, j D 1; 2; :::; k1, l D 1; 2; :::; k2) respectively, by Lemmas

3.1-3.3, we obtain
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C0 D xa � NxaaC
Oxa

2Š
a2
C

k0X
iD1

Ii

�
x.t�i /

�
�

k1X
jD1

NIj
�
x.Nt�j /

�
Ntj C

1

2Š

k2X
lD1

OIl

�
x.Ot�l /

�
Ot2l

C

k0X
iD1

�0Ii .x.t
�
i //

24 1

�.q/

tiZ
a

.ti � s/
q�1fds �

ti

�.q � 1/

tiZ
a

.ti � s/
q�2fds

C
t2
i

2Š�.q � 2/

tiZ
a

.ti � s/
q�3fds

35C k1X
jD1

�1
NIj .x.Nt

�
j //

264 1

�.q/

NtjZ
a

.Ntj � s/
q�1fds

�
Ntj

�.q � 1/

NtjZ
a

.Ntj � s/
q�2fds C

Nt2
j

2Š�.q � 2/

NtjZ
a

.Ntj � s/
q�3fds

375
C

k2X
lD1

�2
OIl .x.Ot

�
l //

264 1

�.q/

OtlZ
a

.Otl � s/
q�1fds �

Otl

�.q � 1/

OtlZ
a

.Otl � s/
q�2fds

C
Ot2
l

2Š�.q � 2/

OtlZ
a

.Otl � s/
q�3fds

375 ;
and

C1 D Nxa � a Oxa C

k1X
jD1

NIj
�
x.Nt�j /

�
� Otl

k2X
lD1

OIl

�
x.Ot�l /

�
C

k0X
iD1

�0Ii .x.t
�
i //

24 1

�.q � 1/

tiZ
a

.ti � s/
q�2fds �

ti

�.q � 2/

tiZ
a

.ti � s/
q�3fds

35
C

k1X
jD1

�1
NIj .x.Nt

�
j //

264 1

�.q � 1/

NtjZ
a

.Ntj � s/
q�2fds �

Ntj

�.q � 2/

NtjZ
a

.Ntj � s/
q�3fds

375
C

k2X
lD1

�2
OIl .x.Ot

�
l //

264 1

�.q � 1/

OtlZ
a

.Otl � s/
q�2fds �

Otl

�.q � 2/

OtlZ
a

.Otl � s/
q�3fds

375:
Thus, for t 2 J 0

k
(here k = 1, 2,. . . , K), we get

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

k0X
iD1

Ii

�
x.t�i /

�
C

k1X
jD1

NIj
�
x.Nt�j /

�
.t � Ntj /

C
1

2Š

k2X
lD1

OIl

�
x.Ot�l /

�
.t � Otl /

2
C

1

�.q/

tZ
a

.t � s/q�1fds

C

k0X
iD1

�0Ii .x.t
�
i //

8<: 1

�.q/

24 tiZ
a

.ti � s/
q�1fds C

tZ
ti

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
C
.t � ti /

�.q � 1/

tiZ
a

.ti � s/
q�2fds C

.t � ti /
2

2Š�.q � 2/

tiZ
a

.ti � s/
q�3fds

9=;
C

k1X
jD1

�1
NIj .x.Nt

�
j //

8̂<̂
: 1

�.q/

264 NtjZ
a

.Ntj � s/
q�1fds C

tZ
Ntj

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

375
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C
.t � Ntj /

�.q � 1/

NtjZ
a

.Ntj � s/
q�2fds C

.t � Ntj /
2

2Š�.q � 2/

NtjZ
a

.Ntj � s/
q�3fds

9>=>;
C

k2X
lD1

�2
OIl .x.Ot

�
l //

8̂<̂
: 1

�.q/

264 OtlZ
a

.Otl � s/
q�1fds C

tZ
Otl

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

375
C
.t � Otl /

�.q � 1/

OtlZ
a

.Otl � s/
q�2fds C

.t � Otl /
2

2Š�.q � 2/

OtlZ
a

.Otl � s/
q�3fds

9>=>; :
So, the solution of system (1) satisfies Eq. (35).

Next, we can verify that Eq. (35) satisfies all conditions (including conditions (i)-(vii)) in system (1). So, system
(1) is equivalent to Eq. (35). The proof is completed.

Remark 3.10. For impulsive system (1), we have

lim
q!3�

fimpulsive system .1/g

!

8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂
ˆ̂̂̂̂̂̂
ˆ̂̂:

x.3/.t/ D f .t; x.t//; t 2 J D Œa; T �; t ¤ ti .i D 1; 2; :::; L/ and

t ¤ Ntj .j D 1; 2; :::;M/ and t ¤ Otl .l D 1; 2; :::; N /;

�xjtDti
D Ii

�
x.t�i /

�
; i D 1; 2; :::; L;

�x0
ˇ̌
tDNtj

D NIj
�
x.Nt�j /

�
; j D 1; 2; :::;M;

�x00
ˇ̌
tDOtl
D OIl

�
x.Ot�l /

�
; l D 1; 2; :::; N;

x.a/ D xa; x
0.a/ D Nxa; x

00.a/ D Oxa:

(36)

On the other hand, using (35), we get

lim
q!3�

x.t/ D

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂:

xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

1

2

tZ
a

.t � s/2fds; for t 2 J 00;

xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

k0X
iD1

Ii

�
x.t�i /

�
C

k1X
jD1

NIj
�
x.Nt�j /

�
.t � Ntj /

C
1

2Š

k2X
lD1

OIl

�
x.Ot�l /

�
.t � Otl /

2
C
1

2

tZ
a

.t � s/2fds for t 2 J 0k ; k D 1; 2; :::; K:

(37)

Moreover, we can verify that Eq. (37) is the solution of (36), and indirectly supports our results.

Corollary 3.11. Let q 2 .2; 3/ and �b (where b 2 f0; 1; 2g) are three constants. System (2) is equivalent to the
fractional integral equation

x.t/ D xa C Nxa.t � a/C
Oxa

2Š
.t � a/2 C

kX
iD1

�
Ii

�
x.t�i /

�
C NIi

�
x.Nt�i /

�
.t � ti /C

1

2Š
OIi

�
x.t�i /

�
.t � ti /

2

�

C
1

�.q/

tZ
a

.t � s/q�1fds C

kX
iD1

h
�0Ii .x.t

�
i //C �1

NIi .x.t
�
i //C �2

OIi .x.t
�
i //

i

�

8<: 1

�.q/

24 tiZ
a

.ti � s/
q�1fds C

tZ
ti

.t � s/q�1fds �

tZ
a

.t � s/q�1fds

35
(38)
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C
.t � ti /

�.q � 1/

tiZ
a

.ti � s/
q�2fds C

.t � ti /
2

2Š�.q � 2/

tiZ
a

.ti � s/
q�3fds

9=;
for t 2 Jk ; k D 0; 1; 2; :::; K:

provided that the integral in (38) exists.

4 Example

Example 4.1. The analytical solution of system (1) is difficult to obtain when f is a nonlinear function in (1). So,
let us consider a linear impulsive system.8̂̂̂̂

ˆ̂̂<̂
ˆ̂̂̂̂̂:

0D
9=4
t x.t/ D t; t 2 Œ0; 2�nf1g;

x.1C/ D x.1�/C I .x.1�// ;

x0.1C/ D x0.1�/C NI .x.1�// ;

x00.1C/ D x00.1�/C OI .x.1�// ;

x.0/ D x0; x
0.0/ D Nx0; x

00.0/ D Ox0:

(39)

Next, we give the general solution by

x.t/ D

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
:̂

x0 C Nx0t C
Ox0

2Š
t2 C

1

�.9
4
/

16

9 � 13
t

13
4 for t 2 Œ0; 1�;

x0 C Nx0t C
Ox0

2Š
t2 C I .x.1�//C NI .x.1�// .t � 1/C

1

2Š
OI .x.1�// .t � 1/2 C

1

�.9
4
/

16

9 � 13
t

13
4

ˇ̌̌̌
ˇ
t�0

C

�
�0I.x.1

�//C �1
NI .x.1�//C �2

OI .x.1�//
�" 1

�.9
4
/

16

9 � 13
C

1

�.9
4
/

4

9 � 13
.t � 1/

9
4 .4t C 9/

ˇ̌̌̌
ˇ
t�1

�
1

�.9
4
/

16

9 � 13
t

13
4

ˇ̌̌̌
ˇ
t�0

C
.t � 1/

�.9
4
C 1/

ˇ̌̌̌
ˇ
t�1

C
.t � 1/2

2Š�.9
4
/

ˇ̌̌̌
ˇ
t�1

#
for t 2 .1; 2�:

(40)

where �0, �1 and �2 are arbitrary constants.
Next, for Eq. (40), we have

0D
9
4
t x.t/ D 0D

9
4
t

(
x0 C Nx0t C

Ox0

2Š
t2 C

1

�.9
4
/

16

9 � 13
t

13
4

)
D t for t 2 Œ0; 1�;

and

0D
9
4
t x.t/ D 0D

9
4
t

�
x0 C Nx0t C

Ox0

2Š
t2 C I .x.1�//C NI .x.1�// .t � 1/

C
1

2Š
OI .x.1�// .t � 1/2 C

1

�.9
4
/

16

9 � 13
t

13
4

ˇ̌̌̌
ˇ
t�0

C

h
�0I.x.1

�//C �1
NI .x.1�//C �2

OI .x.1�//
i " 1

�.9
4
/

16

9 � 13
C

1

�.9
4
/

4

9 � 13
.t � 1/

9
4 .4t C 9/

ˇ̌̌̌
ˇ
t�1

�
1

�.9
4
/

16

9 � 13
t

13
4

ˇ̌̌̌
ˇ
t�0

C
.t � 1/

�.9
4
C 1/

ˇ̌̌̌
ˇ
t�1

C
.t � 1/2

2Š�.9
4
/

ˇ̌̌̌
ˇ
t�1

#)
t2.1;2�
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D 0D
9
4
t

(
1

�.9
4
/

16

9 � 13
t

13
4

ˇ̌̌̌
ˇ
t�0

C
�0I.x.1

�//C �1
NI .x.1�//C �2

OI .x.1�//

�.9
4
/

4

9 � 13

"
.t � 1/

9
4 .4t C 9/

ˇ̌̌̌
t�1

� 4t
13
4

ˇ̌̌̌
ˇ
t�0

#)
t2.1;2�

D tt2Œ0;2�jt2.1;2� C

h
�0I.x.1

�//C �1
NI .x.1�//C �2

OI .x.1�//
i �
tt2.1;2� � tt2Œ0;2�

�
t2.1;2�

D t; t 2 .1; 2�:

So, Eq. (40) satisfies Caputo fractional derivative condition in (39).
Secondly, we can verify that Eq. (40) satisfies

x.1C/ D x.1�/C I .x.1�// ; x0.1C/ D x0.1�/C NI .x.1�// and x00.1C/ D x00.1�/C OI .x.1�// :

Moreover, we can verify that Eq. (40) satisfies the corresponding conditions (i)-(vii) of (39). Therefore, Eq. (40) is
the general solution of (39).
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